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1 Introduction

In this paper, we consider the fractional powers of Laplacian on the conformal infinity of a Poincaré-
Einstein manifold introduced by Graham and Zworski [13]. Suppose that (X"*1 g, ) is a C™ confor-
mally compact Poincaré-Einstein manifold with the conformal infinity (90X, [g]), i.e., X is identified with
the interior of a compact manifold with boundary X, and § = p?g, can be O™ extended to X and
satisfies

Ricy, = —ngy,

glox €14],

where p is a smooth boundary defining function. Here, we require that n > 3 and m > 3. If one fixes a
smooth representative § on 0X, and an identification of X x [0, €) with the collar neighborhood of 09X,
then by the boundary regularity theorem in [7], there exists a geodesic normal defining function x such
that

g+ = a~%(da? + G(2)),

where G(z) is a family of metrics on dX with the expansion

go+a2%ge+ -+ 2" g1 +a"gy + Oz ), n is odd,

G(z) =
(@) go +2%ga + -+ 2" 2%g, o+ (x"logx)h + 2"g, + O(2" T logz), n is even.
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Here, go = ¢, ¢; (1 <i < n—1) and h are symmetric 2-tensors determined by ¢, and g, is the global
term which cannot be locally determined.

Consider a fractional power 0 < v < % and define s = & 4. Assume v ¢ N and %2 —~2 ¢ Spec(—A4).
Then given any f € C*°(0X), there is a unique solution satisfying the following equation:

—Aju—s(n—s)u=0, z° "ulsx = f.
Moreover, u takes the form
u=a""F+2°G, Fly=f FGeC™X).
We can define the scattering operator S(s) by
S(s)f =G lm.
In addition, the fractional GJMS operator is defined by the renormalized scattering operator

N F'y n & 2
P297 = 227 (7) S<2+'y>, ng = mpgvl.

Here, ng is called the fractional Q-curvature.

This family of operators are intensively studied in [3,13,19,24]. The most important property includes
that PgﬂY is a self-adjoint and conformal covariant pseudo-differential elliptic operator with the principal
symbol [€ \27. The meromorphic extension of S(s) given in [19] implies that wa is a continuous family of
operators in the real parameter v as long as

?’L2

B~ 47 ¢ Spee(—A,).

While v = k < § is a positive integer, it coincides with the classical GJMS operator of order 2k, which
is only determined by the boundary metric. For example, if v = 1, then PJ is the conformal Laplacian

. n—2 1
Py =—-AN;+——J,; ;i = —R;.
2 g + 2 J97 JQ 2(TL _ 1) Rg
If v =2, then Pf is the Paneitz operator
g 2 n—4 §
P{ = (=8g)" +95((n = 2)J5 — 445)d + ——@Q1.

Here, d; is the divergence operator with respect to g, A is the Schouten tensor with respect to g and
Q1 = —AgJ; + —J% — 2 A2
4= 979 57 g

(see Section 3 for more details). In this paper, we mainly study the fractional Yamabe constants
Y2,(0X, [g]) and the first eigenvalues associated with P3_, which are defined by the following:

X JPy. fdS;
Yo, (90X, () = inf ox I PaldSy
fe ( )7f> (faX fnf2'y ng) n
; PJ fdS,
M(PL) = i faxf—évfg
fec=0x) $,y f2dSq

A standard example is the ball model of the hyperbolic space H"*!, which has the conformal infinity
(S™, [gs]), where gs is the round metric on S™. In this case,

2

Spec(—A4) = [Z,+oo).
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Hence for all v € (0, %), P§5 can be represented by

9 2'y
I(B+1+ —1\?
P = LB+35+7) 2 V), where B = (| —Ay + z (1.1)

(see [2]). Then the fractional Q-curvature is

2
gs _ PQS 1) =
Q2'y n— 2,}/ 2'}/( )

2 I

_2 LE+9)
n—2yI(3 —7)

b

ISIRINTS

the fractional Yamabe constant is

2

e (G +7) [r(nﬂ)]‘"’_w -
- n
2

}/QW(S 7[95]):2nﬂ- " ]_"(%—'y) 2

and the first eigenvalue is
I'(5+7)
I'(5—7)
We are aiming to understand the family property of those operators by comparing them with the
standard model. We first give the comparison theorems between Pf and Pg .

M(PE) = PE(1) =

Theorem 1.1.  Suppose that (X"t gy) (n = 3) is a Poincaré-Einstein manifold, which is C*% con-

. . . A n2_ ~
formally compact with the conformal infinity (X, [g]). Assume that "1 ¢ Spec(—A,) and Y1(9X, [g])
can be achieved by some smooth representative g. Then

Y2(0X,13) _ (Yi(0X,[a)\?
Va5 lgs]) (ms",[gg])) ’

(1.2)

and the equality holds if and only if (X, gy) is isometric to the hyperbolic space H" 1.

Here, we need a condition that Y; can be achieved. This relies on the solvability of the fractional

Yamabe problem for v = =, or equivalently the second type Escobar-Yamabe problem on the manifold

1
with the boundary [9]. Sinie a C* conformal compactification of the Poincaré-Einstein manifold always
has umbilical boundary, the condition is satisfied in the following cases:

(a) the dimension 2 < n < 6;

(b) the dimension n > 7 and X is spin;

(¢) the dimension n > 7 and X is locally conformally flat.
Please refer to [1,5,8-10,22] for more details. By a certain type compactification, we relate Q; to the
boundary mean curvature of the compact metric and hence (1.2) can be transformed to the inequality
between the boundary Yamabe constant and the second type Yamabe constant for the manifolds with

the boundary given in [6] (see Section 2 for more details).

Theorem 1.2.  Suppose that (X", g.) (n > 3) is a Poincaé-Einstein manifold with the conformal
infinity (0X,[g]). Assume that ”iT_l ¢ Spec(Ay) and g is a C>% conformal compactification such that
the interior scalar curvature Rg vanishes and the boundary mean curvature Hg is a constant. Define
d=7lox. Then

MED (MDY
e < () )

and the equality holds if and only if (X, gy) is isometric to the hyperbolic space H" ™! and (X, g) is the
flat ball.

By [1,5,9, 10,22, 23], every (n + 1)-dimensional compact Riemannian manifold with the boundary
(n > 2) carries a conformal scalar flat metric with respect to which its boundary has constant mean
curvature. (This metric might not be the minimizer such that Y7 is achieved in Theorem 1.1.) While
taking this metric to be the conformal compactification of the Poincaré-Einstein manifold, we can find
a particular compactification, as well as a boundary representative, such that its Q1 is constant. By
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relating @1 to the boundary mean curvature, (1.3) can be transformed to the inequality given by [25,
Theorem 3.1]. We provide a slightly different proof here. We want to point out that for Plg being well
defined, the condition
n?—1
T & Spec(Ay),
or an equivalent condition for the compactification, is necessary.

We also give some similar comparison theorems between the classical GJMS operators P», P, and Fs.
However, in this case, we only need to work on a general closed Riemannian manifold (M™, h) with
no requirement of Poincaré-Einstein filling-in. Under certain geometric conditions, we derive some
inequalities between the Yamabe constants and between the first eigenvalues associated with them. Some
characterisation of the equalities and applications in conformal geometry is also given.

Theorem 1.3.  Suppose that (M™, h) (n = 5) is a smooth closed compact Riemannian manifold. Then

Ya(M, [h]) Ya (M, [h]) \?
Ya(S™, [gs]) S (YQ(S",[QS])) : (1.4)

Moreover, if the equality holds, then there exists an Einstein metric g € [h] such that both Ya(M,[h]) and
Yi(M, [h]) can be achieved by g.

A question left is that when h is a positive Einstein whether the equality in (1.4) holds or not. This
leads to the validity of Obata’s theorem for the 4th order Yamabe problem, which is not completely clear
currently. Theorem 1.3 directly implies the following conclusion for the 4th order Yamabe problem.

Corollary 1.4.  Suppose that (M™, h) (n = 5) is a smooth closed compact Riemannian manifold such
that the Yamabe constant satisfies

*1/2(8”7 [gSD < YQ(M7 [h]) < YQ(Snv [gSD'

Then
Ya(M, [h]) < Yi(S", [os]) ws)
and the equality holds if and only if (M, h) is conformally equivalent to (S™, gs).

See [16-18] for more results on the 4th order Yamabe problem. Similarly, we also have a comparison
theorem for the first eigenvalues of Py and PJ.

Theorem 1.5.  Suppose that (M™, h) (n > 5) is a smooth closed compact Riemannian manifold such
that the scalar curvature is constant. Then

AP (M@
AL(P) S (Al(Pzgs)> ' (1.6)

Moreover,

(i) if (M, h) is a nonnegative Einstein manifold, then the equality holds;

(ii) if the equality holds, then (M, h) must be Einstein.

For P} and P!, we have the following comparison theorem. Let W}, be the Weyl tensor and Ej, be the
trace free part of the Ricci tensor with respect to the metric h.

Theorem 1.6.  Suppose that (M™ h) (n > 7) is a smooth closed compact Riemannian manifold of
positive Yamabe type. If h is a Yamabe metric and satisfies

2|E 3 —dn? —4n + 48
|E] < C(n)J, where C’(n):n " nt , (1.7)

[Wh| + (n—2)2/n(n-1) 8n(n — 2)2

then

YoM, [) (YoM, ] \° MY _ (WP
Y6<S"v[gs1>g(msn,[gsn) an >\1(P<§’S)<<>\1(Pzgs)>'

Moreover, if one of the equalities holds, then (M, h) is Finstein.
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Notice that the condition (1.7) is fulfilled if a Yamabe metric h is locally conformally flat and satisfies
either Q% > 0 or its Schouten tensor Aj, is semi-positive (see Section 4 for more details). In addition, a
direct conclusion for the 6th Yamabe problem is the following corollary.

Corollary 1.7.  Suppose that (M™,h) (n > 7) is a closed smooth compact manifold and satisfies the
assumption of Theorem 1.6. Then
Y (M, [h]) < Y6(S™, [gs])

and the equality holds if and only if (M, h) is conformally equivalent to (S™, gs).

The rest of this paper is outlined as follows. In Section 2, we mainly study the relationship between Pl"j
and Pg under the Poincaré-Einstein setting (X, g+; 9X, [§]), and prove Theorems 1.1 and 1.2. In Section 3,
we study the relationship between P} and P} on a general closed manifold (M™, h) and prove Theorem 1.3,
Corollary 1.4 and Theorem 1.5. In Section 4, we study the relationship between P! and Pl and prove
Theorem 1.6 and Corollary 1.7.

2 Plg Vs. Pzg

Suppose that (X"*1 g,) is a Poincaré-Einstein manifold and g = p?g, is a C*“ conformal compactifi-
cation. Define
g=29lox.
Let Rz and R; be the scalar curvature of g and g, and Ej be the trace free part of the interior Ricci
curvature Ricy. Let Hj be the boundary mean curvature. Notice that as a C*® compactification of the
Poincaré-Einstein manifold, (X, g) always has umbilical boundary. Hence the second fundamental form
of the boundary is .
I = —Hgg.

We first derive some curvature identities for this system. In particular, the following integral formula

was first introduced in [15] under a slightly different assumption.

Lemma 2.1. If R =0, then Hy = nQ“f and

2 1 1
m-12 /XPIEglde.a = fgx (an - n_lR.a>d5@- (2.1)

Proof.  Take x to be the geodesic normal defining function with respect to (g, §). Then by [7],
gy =z (d2* + G(z)), Glz)=g+2°g2+ -

in a collar neighborhood [0, €), x dX. In particular, go = —A; is the Schouten tensor of g. For § = p?g4
satisfying Ry =0, v = p% satisfies

n2—1 1

Ajv— v=0, 22 v|px =1

It is equivalent to saying p is the adapted defining function in the sense of [3]. Therefore, v has asymp-
totical expansion

v:x%(l—&—xvl—i—x%g—&—--),
2 b

v =—PI(1) = — vy = =Ry

This implies that p has asymptotical expansion
p=x(l+axp+a’ps+--),

1 n—3 9\2

p1=-Qf, p2=
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Then
G=p%gs =[1+ap1 +22ps + O (da® + § + 2%g2 + -+ ).

This implies that II; = —p; g with respect to the outward unit normal on the boundary and hence
H=—npy = nQ{?-

Next, the conformal transformation of the Ricci curvature under g, = p~27 gives

= 1
— 2 _
Eg=—(n—1)p ! (V pP— W(Agp)!J),
where V and Ay are the covariant derivative and Beltrami-Laplacian with respect to g. Therefore,

2 2 2 7
(n_l)z/XplEgl dVg:*m/XEmdeVg

2 P 2
= — _E“7 ’Ldvf E* 5 dSA
n_l/X zy.p 9+n_1fgx 9(1/1/) g
2
=3 - E;(v,v)dS;.
Here, v = —0,, is the outward unit normal vector field on the boundary. By the Gauss-Codazzi equation
and R; = 0, we have
n—1

2E;(v,v) = Tﬂg — R;.
Then the integral formula (2.1) follows. We finish the proof. O
We also recall a rigidity theorem from [4], which is first proved in [6].

Lemma 2.2.  Suppose that (X, g) is a C>* conformal compactification of the Poincaré-Einstein man-
ifold (X,g4). If the interior Ricci curvature Rics vanishes and the boundary mean curvature Hy is a
constant, then (X,g) is isometric to the flat ball (B"™, gr) and (X,gy) is isometric to the hyperbolic
space H™.

Proof.  Notice here Ry = "T_lH §2 by the Gauss-Codazzi equation and hence R; is a constant. Consider
the transformation of scalar curvature and Ricci curvature under conformal change § = p?g, , which gives

n+1

op=——r (IVol3 = 1), (2:2)
- 1 _ 1
Vip - m(Agp)g = —mPEg =0. (2.3)

By identifying a collar neighborhood of 90X with [0,¢) x 0X, g takes the normal form
g =dr*+g(r), (2.4)

where g(r) is a family of metrics on dX with g(0) = g. Then according to [11], p has asymptotical

expansion
p =1+ cor® 4 ez + O(r31),
where 1 1 1
¢g=——H;, 3=——R;— —H2=0.
T P T 6n—1)7 6n 9
Direct computation shows that
n+1
Agplox = — Hy

and
_ _ on+1 5 =
Vi(Agp) = (n+1)p~ " pijp’ — P 2(IVpl5 = Dps
+1

_ n e
=p! Aé—iz p H(|Vpl2 —1)|p.i = 0.
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Hence all over X,
n+1

Hj.

Ang— g

Since p > 0 in the interior, we have that Hz must be a positive constant. Then up to a scaling, we set
Hj =n and hence Agp = —(n + 1). Thus the equations (2.2) and (2.3) become

IVpl2 —1+2p=0, (2.5)
V?p+g=0. (2.6)

Moreover, R; = ”771H §2 = n(n — 1) implies that the boundary (90X, g) has a positive Yamabe constant.
By [26], 0X is connected.

Take any normal geodesic (t) such that v(0) = p € 0X. Then v(¢) = (t,p). By the equation (2.6),
the function f(t) = p(y(t)) satisfies

ffA)+1=0, f(0)=0, f(0)=0plox =1

Hence in the small collar neighborhood,

t2 7,.2
)=t——=p=r——. 2.7
fy=t-5sp=r-" (27)
On each hypersurface 0X, = {r = constant} for r small, p|sx,. is a constant. Moreover, by (2.6), p|sx,
satisfies

V2p = (9,p)II(r) + g(r) =0,

where II(r) is the second fundamental form with respect to the outward unit normal —9,.. Here, V is the
connection on 0X, with respect to the metric g(r). However, we know II(r) = —1¢/(r) while using the
normal form (2.4). This implies that

(1=7)g'(r) +29(r) = 0= g(r) = (1 - 1)°3. (2.8)

Those formulae (2.7) and (2.8) hold in the collar neighborhood such that the normal form (2.4) holds.
At any point 0 < rg < 1, if (2.8) holds, then (2.4) extends in a neighborhood [rg, 7o + €) and hence (2.7)
and (2.8) can also be extended. The extension will not stop until arriving at = 1. Therefore,

g=dr*+(1-7r)%3, 0<r<l.

When r — 1, 9X shrinks to one point since it is connected, which corresponds to the unique maximum
point of p. The maximum point is non-degenerate and smooth. Hence § must be the standard sphere
metric on S™. Therefore, by taking t =1 —r,

(X,9) = ([0,1]; x S", g = dt* + t?gs),

which is the flat ball of radius one in R"*1. In addition, g, = p~2g with p = (1 — ¢?)/2 shows that
(X, g, ) is the standard hyperbolic space H"*1. O

Next, we generalize some positivity results for P, with v € (0,1) by Guillarmou and Qing [14,
Theorem 1.2] to the nonnegative case.

Lemma 2.3.  Suppose Yo(0X,[3]) = 0. Then for all v € (0,1),
(1) if g is a representative such that R > 0, then ng > 0;
(2) the first eigenvalue of PQQAY s nonnegative.

Proof.  Fix § to be a boundary representative such that 75 is nonnegative and let = be the geodesic
normal defining function with respect to (g+,g). We first construct a test function ¢. Consider the
following equation:

Atv+(n+1v=0, avlpx =1.
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Then the solution v is unique and positive, and has asymptotical expansion
1

v=eT et to), = ey Ry,

Take ¢ = v~ ("=*). By the computation of [21], for all s € (0, n),

A dv|?
ﬂ—s(n—s)z(n—s)(n—s—i—l) 1—|7ng >0 in X.
¢ v?
This shows that spec(Ay) = [%2, +00). Here, s = § +~ with v € (0,1). So ¢ has asymptotical expansion
0 —2y)
— p3V(1 4 92 _ =2y <0.
¢ "= ( +r ¢2+ )7 ¢2 8n(n—1) g 0

To prove (1), let u be the unique solution of the following equation:

n2 — 42 s
Aju— 1 u=0, z 2 ulspx =

Then u has asymptotical expansion

=gz z (1+228( = 14 g2 =— 7 R:>0.
u=x ( +x <2+’y> + z%ug + ), Us 16(177)(71—1) 3

Moreover, u/¢ satisfies

o-(3)- (w0 5)(3) (o 3,
<

Applying the maximum principle to the above equation, we conclude that u

S<Z+7)1<O:>Q37>O

To prove (2), let A\; be the first eigenvalue of PQQW and f be the first eigenfunction, i.e., Pzgﬂ/f = M\/f.
Without loss of generality, we can assume

max f = f(p) >0

=1

¢ in X. Hence

Let w be the unique solution of the following equation:

n? —~2

Ajw— w =0, rf%wbx =f.

Then w has the asymptotical expansion
n—~ —2
_ 28 Af+ —=LRyf).
w=2x 2 (f+x < +”y>f+xw2+ > 7)< gf+4(n_1) o f

Obviously, wa(p) = 0. Similarly, w/¢ satisfies
24(5) = (0-0-52) (5) + = (5)vwo.

Applying the maximum principle again, we have u < ¢f(p) in X. Hence
n _2y T'(7)
S( + ’y> fl =2
2 » F( )
If h=e2¢g and f = e(3-¢f, then

f{ FPy fdS; = f fP fds;.
0X 0X

The sign of the bottom spectrum does not depend on the choice of the boundary representative. O

X

Af(p) 0= X =0.
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Actually, in the nonnegative case, by [3,8], we know that the first eigenvalue vanishes if and only if the
curvature vanishes (see [3, Theorem 7.3]).

Lemma 2.4.  Suppose that Spec(A}) > "TZ —~?2 for some vy € (0,1) and § is a boundary representative
such that Q3. > 0. Then Pj > 0. In addition, Ker(Py) # {0} if and only if Q3, = 0.

2.1 Proof of Theorem 1.1

If Y2(0X, [g]) < 0, then the strict inequality in (1.2) holds automatically. So we only need to consider the
2

2
case Y2(0X,[g]) = 0. In this case, Spec(A;) > % by [21]. Let ¢ be the boundary representative such
that Y71(0X, [9]) is achieved. Then

2

——Y1(0X, [3]) Vol(9X, )

Qf =

is a constant. Let p be the adapted defining function in the sense of [3]. Then g = p®g, satisfies Ry = 0.
Here, p is uniquely determined by §. Hence by Lemma 2.1, H; = n@f is also a constant and

Y2(0X,[g]) < 4(1;__21)( - Rgng)Vol(aX, §)E1
_ M g o # ) ) . 2
- 4 (ﬁX(Ql)zng n(n —1)2 /XP|Eg|2dV9>V 10X, )"
< PR X )

This proves the inequality (1.2). If the equality holds, then E; = 0 and Y2(0X, [g]) is attained by g.
Hence Rj is also a constant. By Lemma 2.2, (X, g ) must be the hyperbolic space and (X, g) is the flat
ball in R+,

2.2 Proof of Theorem 1.2

Notice that the bottom spectrum of PJ has the same sign with Y2(8X,[g]). If Y2(8X,[§]) < O, then
A1(P2) < 0 and the strict inequality in (1.3) holds automatically. So we only need to deal with the case
Y2(0X,[g]) = 0. In this case, Spec(Ay) > "72 by [21] again. Let g be a conformally compactification such
that R; = 0 and Hj is a constant. By Lemma 2.1, Qf = Hy/n is also a constant.

First, consider Y3(9X,[g]) > 0. Then by [14, Theorem 1.2], Pf has the positive spectrum and the pos-
itive Green function. Here, Q? is a positive constant and f = 1 is a positive eigenfunction corresponding
to the eigenvalue (”Q;I)Q‘{ Hence )\1(P1g) = WQ? Therefore,

)\1<P2g) < 4:”_21)(%”( RgdSQ)Vol(aX, g)—l
_nn-2) g 2 ) Nve -
- 4 <%9X(Q1)2d59 n(n —1)2 /X p|Eg|2dV9>V 1(0X, 9)
n(n —2) 5
< m()‘l(P1 )2,

This proves the inequality (1.3). If the equality holds, then E; = 0. By Lemma 2.2, (X, g) is the flat ball
in R"™! and (X, ¢g+) must be the hyperbolic space.

Second, consider Y3(0X,[§]) = 0. Then A\ (P;) = 0. Let f be the first eigenfunction of PJ. Then by
the maximum principle of P2g , we have f > 0. Take h= f W g. Then the scalar curvature R; vanishes.
By Lemma 2.3, Q" > 0 and )q(Plil) >0. If /\1(P1il) =0, then by [3, Theorem 7.3], ? = 0. Take h to be
the adapted compactification of g4 such that h=h lox. Then (X, h;0X, iL) satisfies

R, =R; =0, H=0.
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By Lemma 2.1, this implies that E; = 0. Then by Lemma 2.2, (X,h) is a flat ball. However, this

contradicts the vanishing mean curvature. So Al(Pf‘) must be positive. Take F' = ffz%é > 0. Then

n — 1 5 n41
1

P}F) =

which implies R
2 FPMFAS;
faX 1 hS

2n

Qf =
n=l g Frerds;,

By [3, Theorem 7.3] again, this implies that )q(Pf) > 0. Hence the strict inequality of (1.3) holds. We
finish the proof.

3 P, vs. Py on a closed compact Riemannian manifold (M, h)

In this section, we prove some comparison theorems between the 2nd and 4th order GJMS operators on
a general smooth closed compact Riemannian manifold (M™, h) (n > 5). For simplicity, while there is no
confusion about the background metric, we will omit the metric notation in the subscript or superscript.

Recall that
n—2

2
Py = (=A)?+6((n—2)J —4A)d +

P=—-A+ J,
n—4

2

Q47

where § = ¢}, is the divergence operator: while it acts on 1-form w,
Opw = —wi;i,

where ; denotes the covariant derivatives with respect to the metric h. Here, the curvature terms are

1
J_z(n—l)R’
E:Ricfth,
n
. 1
_ no.o 2 _ (n+2)(n—2) 2 2 2
Q4= AJ+2J 2141 = -AJ + J (n72)2‘E|'

3.1 Proof of Theorem 1.3

Without loss of generality, we assume that h is the representative such that Y2(M, [h]) is achieved. Then J
is constant and )
Ya(M, [)) = Z5=IVol(M, h)*,

where Vol(M, k) denotes the volume of (M, h). Then

Qs= F 22)7(:1 ~2) . _2 - B
By the definition of Y;(M, [h]),
Ya(M, 1)) < & ; & ( y Q4dvh)vO1(M, S
_ W(YQ(M, [h]))? — (:_24)2(/M Eh|2th>V01(M7 =
(= D0 E2) v, o, 2

n(n — 2)
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So we have proved the inequality (1.4).
If the equality in (1.4) holds, then the two inequalities in the above formula become equalities. Hence
E =0, i.e., (M,h) is Einstein and h achieves Y, (M, [h]) and Y2(M, [h]) together.

3.2 Proof of Corollary 1.4

While —Y5(S™, [gs]) < Y2(M, [h]) < Y2(S™, [gs]), Theorem 1.3 directly implies that
Yi(M, [h]) < Ya(S™, [gs))-

If the equality holds, then

(n—4)(n+2

) s (= D(n+2)
gy (M, 1) < TS

Yi(S™, [gs]) = Ya(M, [h]) < n(n — 2)

(Y2(S™, [gs]))*.

This forces all the middle inequalities to be equalities. Hence Y5(M, [h]) = Y2(S™, [gs]) and (M, h) is
conformally equivalent to (S™, gs).

3.3 Proof of Theorem 1.5

Here, h has constant scalar curvature. Hence the first eigenvalue of P, is given by

MNPy =" 27
Then
Ao(Py) < 5 1 ( /M Q4th>Vol(M, )~
= W(Al(g)f —~ (:_24)2</M |E|2th)Vol(M, h)~!
00D )

So we have proved the inequality (1.5).

If the equality in (1.5) holds, then the two inequalities in the above formulae become equalities. Hence
E =0, i.e., (M,h) is Einstein.

Conversely, if (M, h) is Einstein, then

= (a4 220) (a2,

2 2n
If further J > 0, then

(n—4)(n— 2)(71—}—2)(12 (n—4)(n+2)

M(Pa) = 4n  n(n-2)

(M (P2))?.

4 P, vs. Pg on a closed compact Riemannian manifold (M, h)

In this section, we prove some comparison theorems between the 2nd and 6th order GJMS operators on a
general smooth closed compact Riemannian manifold (M™, k) (n > 7). Similar to Section 3, while there
is no confusion about the background metric, we omit the metric notation in the subscript or superscript.
Recall the formulae for Ps from [20, Theorem 10.2]:

Py = (—A)? — AdTad — 6TodA — ”TJA(JA) ST+ anGQG.
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Here,
T2 = (n - 2)J - 8A,
za=—(im—2f—4)ﬂ+4m—4»4”+&n—mJA
+ (n — 6)AJ — 48A% — 10 5
n—4"’
Qs = — (Z + 1>A(J2) + 4A(|A|2) —85(AdJ) + A%J
O Ay - 4(n — 6)J|A|* + (”_6)4th3 — 3121257,
where 1 1
vo = gl — BIIAP +2x(A%)] = 5 (B A,
Bij = AAU — Aik;jk + Wikleklv

Wikt = Rijir + (Ajiha + Auhje — Aighjr — Ajihig).
Notice that “tr” denotes the trace of a symmetric 2-tensor with respect to the metric h and (-, ) denotes
the inner product with respect to metric h. By direct computations, we can also write Qg as

Qs — _<’2‘ i 1>A(J2) +AA(JA]?) — 86(AT) + A2

24 16
D07 — 4nd| AP + 16tr(A%) + ——(B, 4).
Lemma 4.1. On (M, h), we have
/ (B, A)dVj, = / (VA2 +[0A]? + 2Wipj A AR — ntr(A3) 4 J|AP?)d Vi, (4.1)
M M
and hence
n—6 16(n—1) 9 16 9
Qth:/K - )VJ i zlVE
[ evi= [ | (5 + G ) - e v
32 g (n? —16)(n? — 4)
e : ‘E”Elk 3
+ e 4W1k31 + in? J
an?(n —4) — 16n + 192 5 64 3
- JIE]? = ————tr(E%)|dVj,. 4.2
oy sy et L By e e R i) LU (42)
Proof.  First, notice that
Aisji = Aiktj — Rimji A" — Rimjt A
= A" = Al = Rimp A™ 4 R A
So we have
Ay FAT = Ay KAy — Wi u A™ AT + (Apihis + Aithmg — Aijhmg — Apihig) A™ AT + Ry, A™ AP
= A" Ay — Wit AT AT 4 260(A) — 2J|AP? + (n — 2) Ay A" AY + Jhyj A AY
= Ayt Ay — Winjn A™ A 4 ntr(A%) — J|A].
Thus

B ANV, = —|VAP + [6A]% + 2Wis AT A* — ntr(A%) + J|A|2)d V),
J

n?—4 1
/Qﬁdv,ﬁ/ ( I J374nJ|A|2+16tr(A3)+76 (B, A>>dvh
M
6 32
/{”2 V2~ |VA|2 |5A|2 + W A A
M
n?—4 16

_|_

64 .
dn — —— ) J|AP? — ——tr(A3)|dV},.
J? ( n=—— ) J|A] n_4tr( )| dVy,
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Direct computation shows that

1 3

tr(A%) = S P+ ——S JIEP + ——tr(E?
H(AY) n2J +n(n—2)2J| | +(n—2)3 r(E),
1 1
A2 = L g2 2
AR = 27+ P,
VAP = Lwp+ —L v
n (n —2)2 ’
|6A]2 = |V.J 2
Hence we have (4.2). O

Proposition 4.2.  Suppose that (M™,h) (n > 7) is a smooth closed compact Riemannian manifold,
locally conformally flat and of positive Yamabe type. If h is a Yamabe metric and satisfies

(n —2)(n® —4n? — 4n + 48)

tr(E3%) + CJ|E> >0, where C < Cy(n) = Ton , (4.3)
then
(n? —16)(n —6)(n +2) 3
Ys(M, [h]) < Yo (M, ,
(0, 4] g (M. A])
(n? —16)(n — 6)(n + 2) 3
P) < Py)”.
A1 (Ps) 2(n—2)? A (P2)
If any equality holds, then (M, h) is Einstein.
Proof.  Since h is the Yamabe metric, we have J is a positive constant and
-2 —2
Ya(M, [h]) = == JVol(M,h)*, A (Py) = = .
In addition, h is locally conformally flat, and by (4.2),
16 (n? —16)(n* — 4)
dvy, = - —————|VE}? J?
f 0= [ |- Ggpretver + g
dn?(n —4) -1 192 4
_ AT 4) = 1n 4192 gy 0 (E)| v, (4.4)

—t

n(n —4)(n — 2)2 (n—4)(n—2)3"
While C' < Cy(n), we have some € > 0 such that

n—=6

6—n

9 < " Qﬁth> VOI(M, h) n
. (n? —16)(n — 6)(n + 2)

Y6(M, [h]) <

- n2(n — 2)2 (V2(M, [R]))*
8(n — 6) ) ) o
- (n4)(n2)2(/M(|VE| dVy + €J|E| )th)Vol(M, h) "

< eI A v ),

If the equalities hold, then E = 0 and hence (M, h) is Einstein. Moreover, h achieves the minimizers of
both Y5(M, [h]) and Y3 (M, [h]).
A similar proof leads to the inequality

n—=6
2

(n? —16)(n — 6)(n +2)

3
n?(n — 2)2 Au(P2)”

M (FPs) <

( Q6th)Vol(M, Rt <
M

In addition, the characterisation of the equality case follows as above. O
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Proposition 4.3.  Suppose that (M"™,h) (n > 7) is a smooth closed compact Riemannian manifold,
locally conformally flat and of positive Yamabe type. If h is a Yamabe metric satisfying one of the
following:

(a) Qa4 = 0;

(b) A is semi-positive,
then the condition (4.3) holds.

Proof.  Here, J is a positive constant. Notice that since E is trace free, we have

(B < — 22— |BJ*.
Vn(n —1)
(a) If Q4 > 0 holds, then
n+2)(n—2) 4 2 5
— FEl|“ > 0.
2n J (n—2)2 B[ >0

Therefore,

n—2 (n—2)*\/(n+2)(n —2)

Vn(n —1) 2ny/n — 1

(b) If A is semi-positive, then all the eigenvalues of A satisfy u; > 0. Hence,

n n 2
AP = i < (Zui) = J
=1 =1

Since [A]> = 12 + (R_%MEP, we have

tr(E%)] < EP < JIEP? < Cy(n)J|EP.

—1
IE| < (n—2)/ 22—,
Therefore,
_ Y
()] < — 2215 < "2 5B < oy ) EP.
vn(n—1) n
This completes the proof. O

The above conclusions are based on the assumption that (M, h) is locally conformally flat. If (M, h)
is not locally conformally flat, we have the following proposition.

Proposition 4.4.  Suppose that (M™,h) (n = 7) is a smooth compact closed manifold of positive
Yamabe type. If h is a Yamabe metric satisfying

2|E| n® —4n? — 4n + 48

W1+ 22l T) < Cy(n)d, where Ca(n) = Sn(n —2)? , (4.5)
then
vaor, 1) < A= DD s
M(py) < = ﬁ)((:_ 26))2(” 25 ()

If any equality holds, then (M, h) is Einstein.

Proof.  Since h is a Yamabe metric, we have that J is a positive constant and

2
n

Ya(M, [h]) = ”T”JVOl(M, h)
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By (4.2) and (4.5), there is some € > 0 such that

Vo(a i) < 5 ( /M QGth> Vol(M, h) 5"
< (n? — ﬁ)((:_— 26))2(n +2) (M, ()
. m (/M(WE'Zth * €J|E|2)dvh> Vol(M, h) =
< (n? — ﬁ)((:_— 26))2(n +2) VoM. )

If the equalities hold, then E = 0 and hence (M, h) is Einstein. Moreover, h achieves the minimizers of
both Y5(M, [h]) and Ya(M, [h]).
A similar proof leads to the inequality

n—=6 _ (n? —16)(n — 6)(n + 2)
AM(Ps) < dVy, | Vol(M,h)™" < M (Pe)?.
1(Ps) 5 (/MQe' h) ol(M, h) 2(n 22 1(P2)
In addition, the characterisation of the equality case follows as above. O
Proof of Theorem 1.6.  This is directly from Proposition 4.4. O
Proof of Corollary 1.7.  This is similar to the proof of Corollary 1.4. O
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