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Abstract We consider the local well-posedness of strong and classical solutions to the three-dimensional
barotropic compressible Navier-Stokes equations with density containing vacuum initially. We first prove the
local existence and uniqueness of the strong solutions, where the initial compatibility condition proposed by
Cho et al. (2004), Cho and Kim (2006) and Choe and Kim (2003) is removed in a suitable sense. Then
the continuous dependence of strong solutions on the initial data is derived under an additional compatibility
condition. Moreover, for the initial data satisfying some additional regularity and the compatibility condition,

the strong solution is proved to be a classical one.
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1 Introduction and main results

We consider the three-dimensional barotropic compressible Navier-Stokes equations which read as follows:

pe + div(pu) = 0,

1.1
(pu); + div(pu @ u) + VP = pAu + (u + A\)Vdivu, (1.1)

where t > 0, z = (z1,22,23) € Q C R?, p = p(a,t), u = (u1(x,t),uz(x,t),uz(x,t)) and P = P(p)
represent, respectively, the density, the velocity and the pressure. The constant viscosity coefficients pu
and \ satisfy the physical hypothesis

>0, 2u+3)>0. (1.2)

Let © C R? be either a smooth bounded domain or the whole space R3. We impose the following
initial and boundary conditions on (1.1):

p(a:,O) = pO(x)v pu(a:,O) = mo(ﬂf), z € (13)
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and
u(z,t) =0, z€dQ, ifQccR? (1.4)
(p,u)(7,t) = (poo,0), as|z| = o0, fQ=R3 '
with constant p, = 0.

It is important to investigate the well-posedness of strong solutions for compressible Navier-Stokes
equations.

As long as the initial density is away from vacuum, the local well-posedness theory of the problem (1.1)
is established in [22] and [19,21], respectively. In 1980s, Matsumura and Nishida [18] proved the existence
of global classical solutions when the initial data are close to some positive constants. Besides, it is shown
by Hoff [8,9] that the system will admit at least one global weak solution with strictly positive initial
density and temperature for discontinuous initial data.

Things become more complicated when the density is allowed to vanish. In 1990s, the major break-
through is due to Lions [16,17] (then improved by Feireisl et al. [5,6]), where the global existence of weak
solutions with finite energy without any size restriction on the initial data can be proved under the condi-
tion that the exponent - is suitably large. Later, Hoff [10], Hoff and Santos [11] and Hoff and Tsyganov [12]
obtained a new type of global weak solutions with small energy. Considering the strong or classical
solutions with vacuum, Cho et al. [2], Cho and Kim [3], Choe and Kim [4] and Salvi and Straskraba [20]
obtained the local existence and uniqueness of strong and classical solutions for three-dimensional bound-
ed or unbounded domains and for two-dimensional bounded ones. It should be noted that the results
in [24,20] are derived under some additional compatibility conditions (see (1.9) in the below). More
precisely, they required that g € L?(Q) or g € HY(Q) in (1.9) for the strong or classical solutions, respec-
tively. In this direction, a natural question arises whether one can remove or relax the initial compatibility
conditions with nonnegative density in a suitable sense. Indeed, this is the aim of this paper, i.e., we
establish the local existence of strong solutions without the initial compatibility condition.

Before stating the main results, we first explain the notations and conventions used throughout this
paper. For 1 < r < oo and k > 1, the standard Lebesgue and Sobolev spaces are defined as follows:

Lr = LT(Q), Wk,r — ch,r(Q)’ Hk — Wk’27
Dl = HL(Q) for bounded Q C R3,
{felb|VfelL? forQ=R3
The first main result of this paper is the following Theorem 1.2 concerning the local existence of strong
solutions whose definition is as follows.

Definition 1.1. If all the derivatives involved in (1.1) for (p,u) are regular distributions, and the
equations (1.1) hold almost everywhere in © x (0,7, then (p,u) is called a strong solution to (1.1).

Theorem 1.2.  Assume that P = P(-) € C'[0,00). For some 3 < q < 6 and ps > 0, assume that the
initial data (po,mo) satisfy

0020, po—pec €ELPADINWHL 4y e D(l) (1.5)
and
mo = PoUo, (1.6)
where 3
= for Q=R3 and po, =0,
p=q3 4 P (1.7)

2, otherwise.

Then there exists a positive time Ty > 0 such that the problems (1.1)—(1.4) have a unique strong solution
(p,u) on Q x (0,Tp] satisfying that
P — poo € C([0,Tp); LP N D N Wha),
Vu, VtV2u, Vi /pus, tVu, € L>=(0,Ty; L?), (1.8)
tVu € L0, Ty; Wh),  /puy, ViVu, € L*(Q x (0,Tp)).
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Furthermore, if in addition to (1.5) and (1.6), (po,uq) satisfies the compatibility conditions
— pAug — (p+ A\)Vdivug + VP(pg) = p(l)/Qg, (1.9)

for g € L?, (p,u) also satisfies

(1.10)

Vu e L>(0,Ty; HY), tVu e L=(0,Ty; Wh9),
VPue, VtVuy € L(0,To; L?),  Vuy € L*(Q x (0,Tp)).

Next, the following Corollary 1.3 whose proof is similar to that of [4, Theorem 3] gives the continuous
dependence of the solution on the data provided (1.9) holds.

Corollary 1.3.  For each i = 1,2, let (p;,u;) be the local strong solution to the problems (1.1)—(1.4)
with the initial data (poi,uoi) satisfying (1.5), (1.6), and the compatibility condition (1.9) with g = g;.
Moreover, assume that (po;,uo;) satisfies

1p0i = poollLznpraw e + [[Vuoill i + [lgill L2 < K. (1.11)

Then there exist a small time Ty and a positive constant C depending only on Ty and K such that
1/2 To
sup (|lpy " (w1 —u2) |22 + llpr = p2)175) +/ IV (w1 — uz)|[2ds
0<t<Ty 0
< Cllost? (uor — uo2)||22 + Cllpor — pozllZs 1.12
< Cllpor”~ (uor — uo2)|z2 + Cllpor — pozllzs- (1.12)

Finally, if the initial data (pg, mg) satisfy some additional regularity and compatibility conditions, the
local strong solution (p,u) obtained by Theorem 1.2 becomes a classical one.

Theorem 1.4.  Assume that P(p) satisfies either
P(-) € C?[0, 00) (1.13)

or

Pp)=Ap" (A>0,7v>1). (1.14)

In addition to (1.5), (1.6) and (1.9), assume further that
V2o, V2P(po) € L* N LY. (1.15)

Then, in addition to (1.8) and (1.10), the strong solution (p,u) obtained by Theorem 1.2 satisfies
V2p, V2P(p) € C([0, Ty]; L? N L9),
Vu € L2(0,Ty; H?), tVu € L>=(0,Ty; H?),
tVu € L0, To; W29),  iVu, € L2(0, To; HY), (1.16)
tVuy, GLOO(O,CTO;]:II)7 tuy € Lz(O,To;D(l)),
t\/ﬁutt S LOO(O, TO, L2)7 \/i\/ﬁutt S .[/2(07 ,I‘()7 L2)

A few remarks are in order.

Remark 1.5. To obtain the local existence and uniqueness of strong solutions, in Theorem 1.2, we
need the compatibility condition (1.6) which is much weaker than those of [2—4,20] where not only (1.6)
but also (1.9) is needed. Moreover, the strong solutions obtained in Theorem 1.2 are somewhat more
regular than those in [2-4] when ¢ > 0. In this sense, we successfully remove the compatibility condition
required in [2-4,20]. Indeed, as indicated by Li and Liang [14], after they are motivated by our results
which appeared as [11] there, they continue to consider the 2D Cauchy problem of the density-dependent
compressible Navier-Stokes equations. Moreover, some of the results of Li and Xin [15] were also partially
based on ours which appeared as [18] there.
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Remark 1.6.  After obtaining the existence result in Theorem 1.2, we show the continuous dependence
of the solution on the data in Corollary 1.3, provided that the initial data satisfy the compatibility
condition (1.9). Indeed, Theorem 1.2 and Corollary 1.3 tell us how the compatibility condition (1.9)
plays its role when we discuss the local well-posedness of strong solutions to the problems (1.1)—(1.4)
with vacuum.

Remark 1.7. For the local existence of classical solutions obtained in Theorem 1.4, we only need the
initial data satisfying the compatibility condition (1.9) for some g € L? which is in sharp contrast to
Cho and Kim [3], where the compatibility condition (1.9) is needed for g € H!. This means that our
Theorem 1.4 essentially weakens those assumptions on the compatibility condition in [3].

We now comment on the analysis of this paper. First, we will consider the approximating system for
the initial density strictly away from vacuum, whose local existence theory has been shown in Lemma 2.1.
By employing some basic ideas due to Hoff [8,9] and careful analysis, we succeed in deriving the uniform
a priort estimates on the density and velocity which are independent of the lower bound of the density.
To do this, the key issue is to get the uniform upper bound of the density without requiring the addi-
tional compatibility condition (1.9). Indeed, this is achieved by deriving the time weighted estimates on
l\/pue| 2 and ||Vu||r2 (see Lemma 3.3), which are crucial for bounding the L' L>-norm of Vu and thus
getting the uniform upper bound of the density. Then with the desired estimates on solutions at hand,
we will apply the standard compact arguments which show that the limit is exactly the strong solutions
of the original one. Finally, for the initial data satisfying some additional regularity and compatibility
conditions, the standard arguments will be used to obtain the higher order estimates of the solutions
which are needed to guarantee the local strong solution to be a classical one.

We shall briefly describe the structure of this article. Some fundamental lemmas will be exhibited in
Section 2. To get the local existence and uniqueness of strong and classical solutions, we establish some
a priori estimates in Sections 3 and 4. Consequently, we arrive at the results of Theorems 1.2 and 1.4 in
Section 5.

2 Preliminaries

First, in this section and the following two, we define

LY for bounded © C R3,
f Br 2 {x € R3||z| < R} for Q=R3

and
LV = LP(QR), WFP=WFFP(Qg), H*=W"H?
for p > 1 and positive integer k.

Then for the initial density strictly away from vacuum, the following local existence theory can be
shown by similar arguments to that in [2-4,22].

Lemma 2.1.  Assume that P(-) € C3[0,00) and that the initial data (po, mo) satisfy
0<d6<po, po€H® wyeH;NH? mo= poug.

Then there exists a small time Ty, > 0 such that the problems (1.1)—(1.4) admit a unique classical solution
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(p,u) on Qg x (0,T,] satisfying

p € C(0,T.); H?), weC(0,T.]; H N H?) N L*(0,T,; H*),

ug € L=(0,Ty; Hy) N L*(0,Ty; H?), \/puy € L*(0,Ty; L?),

Viu € L0, T,; H), tu, € L=(0,T.; H?), /tuy € L?(0,T.; HY),
Viy/puy € L=(0,T,; L?),  tu, € L>(0,Ty; H?),

tug € L=(0,Ty; HY) N L2(0,Ty; H?),  t\/pu € L*(0,Ty; L?),

320y € L0, T,; H?), 3/ ?uy € L*(0,T,; HY),

32 fpuy € L>=(0, Ty; L?).

Next, the following well-known Gagliardo-Nirenberg inequality will be used later frequently (see [13]).
Lemma 2.2 (Gagliardo-Nirenberg inequality [13]).  For p € [2,6], ¢ € (1,00) and r € (3,00), there
exists some generic constant C' > 0 independent of R such that for f € H}(Qr) and g € LI(Qr) N
WLT(QR)a

17117, < CIFIEE 21w 15RO, (2:2)
lgllz= < Clgllzs + Clgllfs et D[ gllz/ e, (233)

Finally, we state the following LP-bounds for the weak solutions to the Lamé system with the Dirichlet
boundary conditions:

{—uAv— (p+ANVdive = F, z € Qp, (2.4)

1}:0, xe@QR.

Lemma 2.3 (See [1,2]). Forp > 1 and k > 0, there exists a positive constant C' independent of R
such that
IV *20[| Lo () < ClIFllwep(an) (25)

for every solution v e Wy (Qr) of (2.4).

3 A priori estimates (I)

Let Qi and (pg, mg) be as in Lemma 2.1 and (p, u) the solution to the problems (1.1)—(1.4) on Qg x (0, 7]
obtained by Lemma 2.1. For ¢ € (3,6), we define

Y(t) £ 1+ [[Vullze + llp = poollLonprawa- (3.1)

Then the main aim of this section is to derive the following key a priori estimate on ).

Proposition 3.1.  For q € (3,6), there exist positive constants Ty and M both depending only on p,
A, P, q, poo, ¥(0) and Q but independent of R such that

To
S (W1 + (I V?ullzz + [[VouellZe) + (V|22 + [ VullL0)) +/O tVug|z2dt <M. (3.2)
tx10

To prove Proposition 3.1, we begin with the following L?-bound for V.

Lemma 3.2.  There exist positive constants o = a(q) > 1 such that

sup ([VullZz + [P = P(pw)|Z2) / Iv/puel|72ds

<s<t

<C+ C/ Mp(¥)ds, (3.3)
0
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where and in this section,
Mp(y) £ 1+ ma

X
0<s<p

(I1P(s)[ + [P'(s)]), (3.4)
and C' denotes a generic positive constant depending only on u, A, P, q, pso, ¥(0) and Q but independent
of R.

Proof. First, multiplying the equation (1.1), by u; and integrating the resulting equations by parts,
we have

d .
T ((p + N (divu)? + p|Vu|?)dz + /p\ut\zdx

< C/p|u|2|Vu|2dx + 2/(P — P(pso))divude, (3.5)

where, in this section and the next, we define

/-dx:/ -dx.
Qr

Then on the one hand, the Gagliardo-Nirenberg inequality implies that

[ oluP19uP s < ol [ulfts |Vl

Clipll = IVullZ [Vl 2

<
< CY*||V2ul| 2 + O, (3.6)

where (and in what follows) o = a(g) > 1. Note that u is a solution of the following elliptic system:

—pAu — (p+ N Vdivu = —p(us +u - Vu) — VP, z € Qp,
(3.7)
u =0, x € 00g.
Applying Lemma 2.3 to (3.7) yields
IV?ull 2 < C(llp(ur +u- V)2 + VP £2)
1
< CP2|y/purlze + CMp ()9 + 5 [V2ull 2,
where in the second inequality we have used (3.6). This implies
IV%ull L2 + p(we + - Vu)l| L2 < COY2||\/pul| L2 + CMp (). (3.8)
On the other hand, we deduce from the Sobolev inequality that
2/(P — P(poo))divugdx
d . / .
= 2% (P — P(poo))divudz — 2 | P'(p)pidivudx
d
<22 [ (P = Plpe))divudz + CMp ()9, (3.9)
where we have used
lpellze < Cllull sl Vollzs + Cllpll eI Vul 2 < C¥?, (3.10)

due to (1.1)1.
Substituting (3.6), (3.8) and (3.9) into (3.5) and using Cauchy’s inequality lead to

% /((,u + )\)(divu)2 + u|Vu\2 —2(P — P(po))divu)dz + /p|ut|2d:r
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< CY°|p" w2 + CMp (1)0°
1
< §||P1/2ut||%2 + CMp(Y)y©.

Finally, it follows from (3.10) that

GIP = Plo)lts <C [ 1P~ Plo)IP(o)lorldz
< CMp()pe,
which together with (3.11) gives (3.3) and finishes the proof of Lemma 3.2.
Lemma 3.3. It holds that

t t
sup s/p\ut|2d:z:+/ 8| Vug||22ds < Cexp {C/ Mf;(l/})wo‘ds}.
0 0

0<s<t
Proof.  Differentiating (1.1), with respect to ¢ gives
— uAuy — (g + N\)Vdivu,
= —puy — pu - Vup — pi(up + u - Vu) — pug - Vu — VP,

Multiplying (3.14) by w;, we obtain after using integration by parts and (1.1), that
1d
2 dt
= —Q/pu-Vut-utda:—/pu-V(u-Vu~ut)da:

plusl?dz + / (1 + N (divae)? + Ve )de

— /put -Vu - ugdx + /Ptdivutdx

<C [ lullal(Vul + [FuP + el VZulds + € [l Vul [Vl dz

4
+ C’/p|ut|2|Vu|da: + c/ (P ldivaldz 2 3,
We estimate each term on the right-hand side of (3.15) as follows.
First, it follows from Holder’s and the Gagliardo-Nirenberg inequalities that

1/2 1/2 1/2
Ty < Clipll 2 ull sl 2uel 127 10" 2ue | 162 | V| 2

+ Cliplze lullzelluell e Vullgs + Cllpllzs lullZs el e [Vull 2

< Ol 2|57 Ve 75 4 O | V|| 2|Vl o
< el Vuele + Cle)® (1 + |V2ul|22 + 0" 2uq|22)
and
Jo + J3 < Cllpll = llul26 | Vul 1| Vue | 2 + OVl g2 || ouel| 36 | Vue | 15
< el Vue2: + Cle)d®||V2ull22 + C(e)d® || p" 2us 2.

Next, it follows from (3.10) that

T < CIIP ()| llpell 2|V 2
< el Vuellz + Cle)ME(w)p.

Substituting (3.16)—(3.18) into (3.15) and choosing ¢ suitably small lead to

d
% /p|ut|2dx + /((,u + A)(divug)? + p| Vg |?)dz

1777

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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CY (14 [lp 2wl 72 + V20l 72)

<
< Ov°p P22 + OMB ()0, (3.19)

where in the last inequality one has used (3.8).
Finally, multiplying (3.19) by ¢, we obtain (3.13) after using Gronwall’s inequality and (3.3). The proof
of Lemma 3.3 is completed. O

Lemma 3.4. It holds that

t
sup 1o~ o lsommeune < Cop € [ arpoperash (3.20)
0

st

Proof.  First, using (1.1);, we have

d [e3
%HP— PoollLs < CY°. (3.21)

Next, differentiating (1.1); with respect to x; and multiplying the resulting equation by r|d;p|"~2Vp
with € [2, q], we obtain after integration by parts that

d
IVl < CUIVulz< Vol + ol IV2ullz-)
< CY([|Vul| = + [Vl ). (3.22)

Taking r = 2, ¢ in (3.22) and using the Gagliardo-Nirenberg inequality, we have

d
aHVPHL?qu < O(1+||IV2ull p2nra) Y%,

which together with (3.21) yields (3.20) provided we show that

t t
/ ||v2u||’z<;mds<0exp{c / Ml%wwads} (3.23)
0 0

A 99— 6 7
s 2970 (g L),
Po=T0,—12 <\ "6

Indeed, applying Lemma 2.3 to (3.7) yields that

for

IV2ull e < Cllputl|a + Cllpu - Vul|pa + C||VP|| L4
6-q 34-6
< Cllpuell ' lpuelle* + Cllpllpee [lull e [VullLe + CMp(¥)y®

3¢—6

6-q 3
S OV Vpull gz Vel 2 + Co* [ VullFn + CMp ()9
< CYllvpuel 2 IVudllps® + Cv®llVpull 72 + CMp ()¢, (3.24)

where in the last inequality one has used (3.8). Combining this with (3.8), (3.3) and (3.13) shows that

t t B B
/ 1V2ul|%% - ads < C / PP 2 (5| oM 2y |22) T (5| Vg | 22) 5 PO ds
0 0

t t
+c/ |\p1/2ut||2L2ds+C/ M2 ()™ ds
0 0

31¢2+12¢—36

t t
< Cexp {O/ Mz%(zb)w“ds}/ (™ + s~ 20738072 + 5]V [[35)ds
0 0

t

+ Cexp {c M,%(¢)¢ads}

0
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t
gCeXp{C/O M%(w)wads},

which proves (3.23) and finishes the proof of Lemma 3.4.
Now, we are in a position to prove Proposition 3.1.

Proof of Proposition 3.1. It follows from (3.3) and (3.20) that

Y(t) < Cpexp {02/0 Mj%(w)w“ds}.

Since 1(0) < M 2 C, standard arguments yield that for Ty £ min{1, [Co M3 (M)M®]~1},

sup (1) < M,

0<t< Ty

which together with (3.8) and (3.13) gives

0<t< Ty

Next, multiplying (3.14) by u + u - Vuy and integrating the resulting equation by parts lead to

1d .
S q% (| Vue|* + (A + p) (divug)?)de + /p|utt +u - Vug|2dx

d 1
=2 ( — /Ptu -Vu - upde — B /pt|ut|2dx + /Ptdivutd:c>

+ /pttu -Vu - ugdx + /pt(u V)t - upde

+ % /(,Ott + div(upy))|ue|Pdz — /ptu -Vu - (u- Vu)dz
— /put V- (ug +u-Vug)de — p / O;upOiu - Vugdx
+ g /divu|Vut|2dz —(u+ )\)/divutVu - Vupdx

+ L—;/\/divu(divut)de — /Pttdivutdx
d 11
+ /Ptdiv(u - Vuy)dr 2 o+ ;1

We estimate each I; (i =0,...,11) as follows.
First, it follows from (1.1), (3.25) and (3.8) that

1
[To| = ’ ~3 /pt|ut|2dac — /ptu -Vu - ugdx + /Ptdivutdx

< C"/div(pu)|ut|2dx

+ C||Py|| 2| Vue | 2

+ Cllpellp2llull Lo [ Vul| o[l | o

< C/ﬂlﬂllﬂtlIVUtlderO(lJr IVl ) Ve | 2

1/2 3/2
Cllul sl p" 2ue | 12 Vel |35 + CQL+ [Vl 11 )| Vg | 2

<
< ellVuel|Za + CE)llp Pz + C,

where in the third inequality we have used

otz + 1Pl 2 < Cllullzs (IVollzs + [V PLs) + ClIVull L2 < C.

To
sup t(||V?ul|72 + [|v/pul72) +/0 (U V|2 + [Vl 72)dt < C.

1779

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Next, using (1.1); and (3.25), we have
lotllL2nze + [Pl 2nze < Cl[Vullgr,

which together with (1.1); and (3.25) yields that

|I;| = ’/pttu~Vu-utdx

= ’ /(ptu + put) - V(u-Vu - ug)de

< Clipeu+ pu|| s (1V (u - V)l p2[luell s + [Ju - Vul| o[Vl £2)

1/2 1/2
CUIVull 2 + (10 2ue |12 1V ue | oV 2 | Ve | 2

<
< OVulzp [ Vuelza + ClIVullin + Cllp* 2udl 7Vl 7

and that

|IQ‘ = '/pt(u . Vu)t . Utdl’

< Cllpellall(w - Vel 2 [ o
< OVl [ Ve |2

Since (1.1); implies py + div(up;) = —div(pus), we have

1
|I5| = 2‘ /put - V|ug|*dx

1/2
we | 1o e s

1/2 1/2|

o [ug || Lo [ Ve 2

<

1/2 5/2
< CllpY 2ug |32 VeI
<C

IVuelZe (Ve + llp el 72 +¢712).

Next, Holder’s inequality gives

|I4] = ‘/ptu-Vu~ (u - Vug)dz

< Cllodlcalllul? [Vl e [ Vue ] 2
< C|IVullip [IVuelZ> + ClIVullg,

[I5| = ‘ /Put -Vu - (ug + u - Vug)de

< C|lp" 2 (uge + w - Vug)|| 2| 0" *uel| s | V|| o
1
S §||Pl/2(utt - Vag)||22 + Ol 0" 2ug|| 22 || Ve 2 | V|2

and
9

Dl < CI Va7Vl p=.

=6

Finally, direct calculations together with (3.30) lead to
110 + T11]

= ‘ /PttdiV'LLtd$ - /Ptle(U . Vut)dx

= ‘/Pttdivutdx — /Ptu - Vdivudax — /PtVu - Vudx

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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= ’ /(Ptt + u - VP)divugde + /Ptdivudivutdx — /PtVu - Vugdx

<C / PNVl Vur] + [Vl + e[V Pl Ve )

< C(IPllzollVullzr + [V Pl s lluell o) Vuel 2 + ClIVue 72
< CIVullin [Vuel 2 + Cl Ve[, (3.37)

where in the last inequality, we have used
Ptt —+u - th = *(")/Ptdlvu + *delvut + Uy - VP), (338)

due to (1.1)1.
Putting all the estimates (3.31)—(3.37) into (3.27) and choosing e suitably small, we have

V' (t) + /p|utt +u - Vug|*dz

< O Vue| 32 (V|32 + [Vpudlis + [ Vullpe + [|Vul3n +¢71/2)
+ C||Vully + Clly/pue |22 | Vul|%: + C, (3.39)
where
U(t) £ pl| V|72 + (1 + A)lldiva |72 — 210
satisfies

L
S IVuliz = Cllvoulli: = € < () < ClIVullz: + Cllvpuli: + C, (3.40)

owing to (3.28). Hence, multiplying (3.39) by t2, we obtain after using Gronwall’s inequality, (3.40),
(3.25) and (3.26) that

To
sup 12| Vu?. +/ 2] p"Pug |22 dt < C, (3.41)
0<t<Ty 0

where we have used the following simple fact that
/p|u|2|Vut|2dx < OVl |V |72 (3.42)

Combining (3.41) and (3.24)—(3.26) gives (3.2) and completes the proof of Proposition 3.1. O

Corollary 3.5.  Assume that (po,uo) satisfies (1.9) with some g € L2. Then there exists some positive
constant C' depending only on i, A, P, q, peo, ¥(0), [[Vuollmr, lgllz> and € if Qr = such that

To ~
sup ([|Vull i + [lv/puel 2 + (Va7 + V20l 7)) +/ IV ||Z2dt < C. (3.43)
0

0<t<To
Proof. Taking into account on the compatibility condition (1.9), we can define

P Pu(,t = 0) = —g — pg/*uo - Vg,

which together with (3.19), (3.2) and Gronwall’s inequality yields
To ~
sup /p|ut|2dx+/ |V ||32dt < C. (3.44)
0<t<To 0

It thus follows from this, (3.8) and (3.2) that

sup || Vullm < C, (3.45)

0<t<To
which combined with (3.39), (3.40), (3.44) and (3.42) gives
To R
sup t||Vue||?. +/ tp" 2uy||22dt < C. (3.46)
0<t<To 0

Combining this, (3.44), (3.45) and (3.24) gives (3.43) and completes the proof of Corollary 3.5. O
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4 A priori estimates (II)

This section will show some higher order estimates of the solutions with the initial data satisfying the
additional compatibility condition (1.9) and further regularity assumptions (1.15). In this section, the
generic positive constant C' depends only on i, A, P, q, poo; | Vuo|| 1, [|00—pooll Linptawtas V200l L2ALa,
IV2P(po)llr2nre and [|g|ze.
Lemma 4.1. It holds that

sup (I[Vpllar + IVPlar + el e + | Pl + | Vullz:) < C. (4.1)
0<t< Ty

Proof. It follows from (1.1); and (3.2) that

d
S (IV?Plz + V20l 12)
< C(L+ || Vull=)(IV?Pl 2 + V2l £2) + Ol VPull a1 (4.2)

Applying Lemma 2.3 to (3.7) shows

IV2ull e < C(llp(ue +u- V)l + [ VPl a)
< C+C|Vul 2 + C[ V2P| e, (4.3)

where in the second inequality we have used (3.2), (3.8) and the following simple fact:

IV (p(ue + - V)2 < IVl urlll 22 + 9Vl 2 + o] Vul2]| 2
+ 19pllllVulllz2 + lolull V2l -
< OVl sllucllzo + ClIVarllzz + OVl
+ Cllullz=(1Vpllzs [Vl o + €192 £2)
< O+ 0|V 1o (4.4)

due to (3.2) and (3.43). Using (4.2), (4.3), (3.43) and Gronwall’s inequality, one obtains

sup ([V?pllz2 + [IV2Pllz2 + ] VZul ) < C. (4.5)

\t\ 0
Finally, applying V to (1.1);, we have
VP, +u-VVP+ Vu-VP +~VPdivu + yPVdivu = 0,
which together with (4.5), (3.2) and (3.43) yields
IVP 22 < Cllullz [VPllz2 + OVl [VPlLs + €2l 2 < €. (46)
Similarly, one has
IVpil[L2 < C.
Combining this with (3.2), (3.29), (4.6) and (4.5) gives (4.1) and completes the proof of Lemma 4.1. O
Lemma 4.2. It holds that ) )
sup ([[V=pllLe +[IV7P|Le) < C. (4.7)
0<t<To
Proof. First, similar to (4.2), one has

(IV?pllza + [IV2 P La)e
< CA+[IVull =) (IV?pll e + V2Pl ) + ClIVZullwra- (4.8)
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Applying Lemma 2.3 to (3.7) gives

IV2ullwra < Cllp(ue +u - Vu)|wra + C[VP|lwra
< Cllp(ue +u - Vu)|[zz + C[V(p(ur +u - Vu))|l L
+ C||VP| 12 + C||V*P| 1
< C + C|| V2P| 1 + C||V (p(us +u - V)| s, (4.9)

due to (3.8), (3.2) and (3.43). For the last term of (4.9), it follows from the Gagliardo-Nirenberg inequality,
(3.2), (3.43), (3.24), (4.1) and (4.3) that

IV (p(us +u - Vu))| La
< ClIVpllsas-o ([udll e + [lull L [|Vullze) + CIV (ur +u - V)| a
< CA+[IV2pllpa) (1 + [Vuel L2) + Cll Vel o
+ C|IVull g [Vl gz + Cllu o || V?u 1o
<O+ V2plla) (1 + [ Vuelz2) + Ol V| o (4.10)

Then, applying Lemma 2.3 to (3.14), we have

[V2us||l 2 < Cllpue + prus + pru - Vu+ pug - Vu+ pu - Vug + VP | 12

<
< Clllpuselle + llpell s lwell o + llpell o el oo [ Vul| Lo )

+ C(lluellpol|Vul s + lull oo [Vuel 22 + [V P 2)
< C|p" up| 2 + C||Vue| 2 + C, (4.11)

where in the last inequality we have used (3.43), (3.2), (3.30) and (4.1). Combining this with (3.43)
and (3.46) shows

TO TO
/ ||Vut||qut < C’/ IIVutH(LG;q)/@q)||Vut||§}‘f_2)/(2q)dt
0 0
To
<0+C/ t_l/Q(thl/Qutt||2L2)3(‘1_2)/(4q)dt
0
To
<C+C t2a/(a+6) 4l )M 20|12, dt < C. 4.12
L
0
Finally, putting (4.9) and (4.10) into (4.8) and using Gronwall’s inequality, (3.43) and (4.12), we

obtain (4.7) and complete the proof of Lemma 4.2. O
Lemma 4.3. It holds that
To
sup t(||V3ullpe + | Vel g + ||v/pusel| ) —|—/ 2| Vug|3.dt < C. (4.13)
0<t<To 0
Proof. We claim that
To
sup £2]]y/puse % +/ £||Vug|Padt < C, (4.14)
0

StsTo

which together with (3.43) and (4.11) yields that

sup t|Vul| g < C. (4.15)
0<t<Th

It thus follows from this, (4.9), (4.10) and (4.7) that

sup t[|V3ul|L. < C. (4.16)

St<To
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Combining (4.14)—(4.16) yields (4.13).
Now, it remains to prove (4.14). In fact, differentiating (3.14) with respect to ¢ leads to
pugst + pu - Vg — pluge — (p0+ X)) Vdivug
= 2div(pu)ug + div(pu)sur — 2(pu)t - Vur — (prew + 2pruy) - Vu
— PUgt * Vu — V.Ptt.
Multiplying (4.17) by uy and integrating the resulting equation by parts yield
1d
2 dt
= —4/pu Vg - ugdx — /(pu)t [V (ug - ug) + 2Vug - ug]de

/p\utt|2dx + /(M|Vutt|2 + (4 N (divug)?)dz

- /(Pttu + 2pgur) - Vu - uyde — /putt “Vu - uydz

5
+ /Pttdivuttdx = Z Ki.
i=1

Using (3.2), (3.43) and (4.1), we can estimate each K; (i = 1,...,5) as follows:

K| < Cllp" P 2| Vueel| 22 [l oo
< el|Vuul 7 + Ce)llp" *un7z,
|Ka| < C(llpuellze + llpeullze ) (lusell po [ Vuell 2 + [[Vuel e fluel 1o )
< Ol udll 2 Nuell 6 + lpell ol o) Ve | 2 [V | .
< C(IVuel[r2 + D[ Vuw 2 [[Vue| 2
<&l Vuul 7z + Ce)|[Vuel|72 + Cle),
|K5] < C(llpetll 2 [lull o= [[Vul[ s + [ ptl o [luel| 2o [ Vull z2) e || 2o
<&l Vunelliz + C@)llpullzz + Cle) | Vurll7
and
|Ka| + |K5| < Cllpueel| 2| Vull s [uel 2o + Cl[ Peell 2 [| Ve | 22
< el|Vuge |72 + Ce)llp" Pusell7 + C ()| Pl 72

Substituting (4.19)—(4.22) into (4.18) and choosing ¢ suitably small, we have

1/2Utt||%2 + 4l Vuge |2

a I
ai'P
< CllpY uge||?2 + C||Vug|[22 + C + Cllpsel|22 + C||Pa]|25.

Finally, it follows from (3.38), (4.1) and (3.44) that
To To
/ | Pul22ds < C / (full o= [V Pl 2 + | Pell o | Vel o)
0 0

To
+C [l + el P22 2t < €
0

Similarly, one has

To
/ | pee]|22dt < C.
0

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

Multiplying (4.23) by ¢? and using (3.43), (3.46), (4.24) and (4.25), we obtain (4.14) and finish the proof

of Lemma 4.3.

O
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5 Proofs of Theorems 1.2 and 1.4

To prove Theorems 1.2 and 1.4, we will only deal with the case where 2 is bounded. Since for the Cauchy
problem, all the a priori estimates obtained in Sections 3 and 4 are independent of the radius R, one can
use the standard domain expansion technique to treat the whole space case; please refer to [17] and the
references therein.

Proof of Theorem 1.2.  Let (po,uo) be as in Theorem 1.2. For § > 0, we choose 0 < pj € C>() and
ud € C§°(9) satisfying

tim (75 — pollwe + [ — oll 1) = 0. (1)
Then in terms of Lemma 2.1, the problems (1.1)-(1.4) with the initial data (p3 + &, (53 + d)ug) have a
unique smooth solution (p°,u®) on Q x [0, T;] for some T5 > 0. Moreover, Proposition 3.1 shows that

there exist two positive constants Ty and M independent of § such that (3.2) holds for (p°,u%). More
precisely, it holds that

sup ([Vullze + llplmawra + 1Pl + t(IV2ull7z + lv/puell72))

O\t\ 0
To
+ sup (E(|[VuelZe + [IVulZ0)) +/ t| V|22t < M, (5.2)
0<t<Ty 0
sup ([ lwra + [10¢1lz2 + u’ s + 672 V208 | g2 + [|p"u’ || sr2)
<t<Th
To _
+/ (V2 I + tIVuglZe + V2l 2o + [Vl 2 + [1(0°u)el|72)dt < C, (5.3)
0

where C' is independent of §. With all the estimate (5.2) at hand, we find that the sequence (p?,u’)
converges, up to the extraction of subsequences, to some limit (p, ) in the obvious weak sense, i.e., as
6 — 0, we have

P’ = p in L=(0,Tp: L), (5.4)
p® — p weakly * in L=(0, Tp; Wh9), (5.5)
u’ —u  weakly x in L>(0,Tp; H'), (5.6)
V2u® — V2u  weakly in LP°(0, Ty; L) N L*(Q x (0,Tp)), (5.7)
/2920 —~ t1/2V%u  weakly in L(0,Ty; L9), (5.8)
/200l — t1/2Vu,  weakly in L2(2 x (0,Tp)), (5.9)
pou® = pu in L>(0,Tp; L?). (5.10)

Then by letting 6 — 0, it follows from (5.4)-(5.10) that (p,u) is a strong solution of (1.1)—(1.4) on
Q x (0,Tp] satisfying (1.8). The proof of the existence part of Theorem 1.2 is finished.

It only remains to prove the uniqueness of the strong solutions satisfying (1.8). Indeed, we will use the
method which is due to Germain [7]. Let (p,u) and (p, @) be two strong solutions satisfying (1.8) with
the same initial data. Subtracting the mass equation for (p,u) and (p, @), we have

H, + - VH+ Hdivii + pdivU + U - Vp = 0 (5.11)

with
H2p—p, UZ2u-—a

For 3/2 < r < 2, multiplying (5.11) by 7H|H|"~2 and integrating the resulting equation by parts lead to

d
%HHH;T < C/diva|H|’”do:+O/p\VUHH\T’lderC/|U||Vp\|H\”’1dx

< ClVallp=Hz- + Cllipll, 2o +1Voll, oe)

2—r

VU | 2| H7
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< OVl pe || H]

b+ CIVU e H 5 (5.12)

where one has used p € H! N W14, This together with Gronwall’s inequality and (3.2) gives

t
|H||z- < C’/ IVU||2ds for
0

<r <2 (5.13)

Next, subtracting the momentum equations for (p, ) and (p, @), we have

pUt + pu - VU — pAU — (p 4+ N)V(divU)
=—pU-Vu—H(u, +u-Vu)—V(P(p) — P(p)). (5.14)

Multiplying (5.14) by U and integrating the resulting equations by parts lead to

d
p p\U|2dx+2u/|VU|2dx

<ClVal= [ plvPds+C [ 1HIVIa] + folVa)do
+CIP() = P(p) |2 |divU

<Vl [ plUPdz + g |U o oo
+ I U o ol ol Tl + L] 2|90

t
< O||Va||L°°/p|U|2dx+O(1+ [V 2 + HVZ'&”LQ)”VU”LQ/ VU L2ds
0
t
< C||Vﬂ||Loo/p|U|2d:r+C(1+t||VﬂtHL2 +t||V2a||L2)/ IVU||22ds + p||VU||%2
0
t
<+l + (Voo ( [ UPdss [ 1901d) + ulvUl: 5.15)
0

owing to (3.2) and (5.13). This together with Gronwall’s inequality and (3.2) gives U(z,t) = 0 for
almost everywhere (z,t) € € x (0,7p). Then (5.13) implies that H(z,t) = 0 for almost everywhere
(z,t) € 2 x (0,Tp). The proof of Theorem 1.2 is completed. O

Proof of Theorem 1.4.  Let (po,ug) be as in Theorem 1.4. We construct p§ = pJ + &, where 0 < 59
€ C§°(9) satisfies (5.1) and
V255 = V2po, V2P(pS) = V2P(po) in L*NLY, as §— 0.
Thus, we have
po — Po in Wha(9Q),
V208 — V2py in L2NLY, as & —0. (5.16)
V2P(pd) — V2P(py)  in L2N LY,

Then we consider the unique smooth solution uj of the following elliptic problem:

—pAu) — (p+ \)Vdivu + VP(pd) = /pjg® in Q, (5.17)
ud =0 on 0, .
where ¢° = g * js with js being the standard mollifying kernel of width §.
Subtracting the equations (1.9) and (5.17) gives
—pA (U —up) — (p+ A)Vdiv(u) —ug) = F in Q,
(5.18)
ug —ug =0 on Of)
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with
F £ —V(P(p}) — P(po)) + 1/ p}g° — \/pg.

Multiplying (5.18) by u$ — ug, we obtain after integration by parts that

IV (ug = wo)llz2 < ClIP(pg) = Ppo)llz= + Clly/ b — v/poll = + Cllg® — gl 2
—0, as 6§ =0, (5.19)

due to (5.1) and (5.16). Moreover, Lemma 2.3 combined with (5.18) yields that
IV2 (g — wo)| 2

< CIVP(pg) = VP(po)llrz + Clly/ b — Vo= + Cllg® — gll 12
—0, as §—0, (5.20)

owing to (5.1) and (5.16).

For the problems (1.1)—(1.4) with the initial data (p9, u$) satisfying (5.1) and (5.16)—(5.17), Lemma 2.1
shows that there exists a classical solution (p°, u’) on Q x [0, Ty]. Moreover, we deduce from (3.2) and
Lemmas 4.1-4.3 that the sequence (p°,u%) converges weakly, up to the extraction of subsequences, to
some limit (p,u) satisfying (1.8), (1.12) and (1.16). Moreover, standard arguments yield that (p, ) in
fact is a classical solution to the problems (1.1)—(1.4). The proof of Theorem 1.4 is completed. O
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