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Abstract This paper deals with numerical solutions of nonlinear stiff stochastic differential equations with
jump-diffusion and piecewise continuous arguments. By combining compensated split-step methods and balanced
methods, a class of compensated split-step balanced (CSSB) methods are suggested for solving the equations.
Based on the one-sided Lipschitz condition and local Lipschitz condition, a strong convergence criterion of CSSB
methods is derived. It is proved under some suitable conditions that the numerical solutions produced by CSSB
methods can preserve the mean-square exponential stability of the corresponding analytical solutions. Several
numerical examples are presented to illustrate the obtained theoretical results and the effectiveness of CSSB
methods. Moreover, in order to show the computational advantage of CSSB methods, we also give a numerical
comparison with the adapted split-step backward Euler methods with or without compensation and tamed

explicit methods.
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1 Introduction

Among stochastic differential equations (SDEs), there are a class of equations with jump-diffusion (JDS-
DEs). In the recent years, this class of equations have attracted an increasing interest due to their
effectiveness in modeling some uncertainty problems in control science, biology, economics and other sci-
entific and engineering fields (see [3,6,9,10,13,18,21,35]). Nevertheless, it is difficult to obtain the explicit
solutions of JDSDEs. Hence, developing various numerical methods to solve JDSDEs becomes an impor-
tant topic (see [9,10,12-15,17,27,28,32,39]). In the existing references, numerical methods for JDSDEs
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with delay have been concerned by some authors. For example, Higham and Kloeden [9] constructed the
compensated split-step backward Euler (CSSBE) methods and studied their convergence and stability
under the non-global Lipschitz condition, Wang et al. [28] proved that the semi-implicit Euler method is
convergent with strong order 1/2, Wang and Gan [32] presented the compensated stochastic 8-methods
and pointed out that this kind of methods are mean-square A-stable when 1/2 < 6 < 1, Jiang et al. [15]
gave a convergence criterion of Taylor approximate solutions, and Li and Gan [17] derived the almost
sure exponential stability conditions of the explicit and implicit Euler methods.

The above research for JDSDEs with delay devoted mainly to the case of constant delay. In fact, in
many actual applications, there exist some more complicated cases of delay differential equations, where
the delay argument changes with time. In [34], a detailed introduction to a class of delay differential
equations with piecewise continuous arguments (PCAs) was given. For this class of equations, some
numerical approaches have been presented (see [4,7, 16,30, 31, 33,37, 38]). Recently, they have been
extended to SDEs. For nonlinear SDEs with PCAs, the convergence criteria of the Euler-Maruyama
method were derived under the different conditions in [23,25,40], split-step and compensated split-step 6-
methods were constructed in [19,20], and stochastic one-leg 6-methods and their convergence and stability
were studied in [36].

Similar to deterministic ordinary differential equations, there are also the so-called stiff problems in
stochastic ordinary and delay differential equations. In general, this type of problems cannot be solved
by explicit methods due to the harsh requirement of the stability of explicit methods, which will lead to
an unsuccessful computation or a large computational cost owing to that the computational stepsize is
limited to very small. Hence, when solving a stochastic stiff problem, one usually considers some implicit
methods with excellent stability, which has not any harsh restriction on the computational stepsize.
In order to obtain the stochastic numerical methods with excellent stability, two techniques have been
developed, namely, balanced technique (see [1,8,12,13,24,27,29]) and compensated split-step technique
(see [9,20,26,32]). The balanced technique provides a kind of balance between approximating stochastic
terms in the numerical scheme and, in this way, one can find a numerical method with excellent stability
suitable for the integration of stiff SDEs. On the other hand, the compensated split-step technique makes
a significant improvement to the numerical stability by incorporating the compensated process into a
split-step method. As we can see in the above references, both techniques have achieved a great deal of
effect in numerically solving stiff SDEs. Motivated by these works, in the present paper, we will combine
balanced technique and compensated split-step technique to derive a class of compensated split-step
balanced methods to solve stiff SDEs with jump-diffusion and PCAs (JDPCAs).

The rest of this paper is organized as follows. In Section 2, some properties of analytical solutions are
analyzed under the one-sided Lipschitz condition and local Lipschitz condition. In Section 3, the CSSB
methods are suggested for solving stiff SDEs with JDPCAs and a strong convergence criterion of the
methods is derived. In Section 4, it is proved under some suitable conditions that the numerical solutions
produced by CSSB methods can preserve the mean-square exponential stability of the corresponding
analytical solutions. Finally, in Section 5, several numerical examples of stiff SDEs with JDPCAs are
given to illustrate the obtained theoretical results and the effectiveness of CSSB methods, where, in
order to show the computational advantage of CSSB methods, a numerical comparison with the adapted
split-step backward Euler methods with or without compensation and tamed explicit methods is also
given.

2 The SDEs with JDPCAs

Let £1([0, T]; R?) be the family of all R%-valued measurable {F; }-adapted processes f = {f(t)}o<i<7 With
fg |f(#)|dt < oo with probability 1 (w.p.1.), where | - | denotes the norm induced by the standard inner
product (-,-) in R, and £2([0, T]; R4*™) the family of all R4*™-matrix-value measurable {F;}-adapted
processes f = {f(t) }o<t<r With fg |f(#)]?dt < 0o w.p.1. For a given matrix A, we define its trace norm
|A| = y/trace(AT A) and the operator norm ||A|| = sup{|Az| : |z| = 1}.
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Moreover, we assume that W (t) = (Wi(¢), W2(t),..., W™ (t))T is an m-dimensional Brownian motion,
N(t) is a scalar Poisson process with intensity A > 0, and they are all defined on the complete probability
space (2, F,{Fi}+>0,P) and independent with each other, where the filtration {F;};> is increasing and
right-continuous and Fy contains all P-null sets. Consider the following problems of SDEs with JDPCAs:

{dw(t) = fl@(™),2([t™]))dt + g(x(t™), ([t ])dW(t) + h(z(t7), =([t7]))dN(t), t<[0,T],

H0) — a0 (2.1)

where z(t7) = lim,_,,~ x(s), || denotes the greatest-integer function, f : R x R? — R%, g : R? x R¢
— R>*™ and h : RY x R? — R? are three given functions with {f(z(t7), ([t~ ) }o<t<r € L£1([0, T]; RY),
{h(2(t™),2([t~ ) }oser € L1([0, T RY) and {g(z(t7), z([t7])) o< € L2([0, THRP™), and 2o is a
Fo- measurable Re-value random variable with ElzoP < N, < oo for all p > 0.

Definition 2.1. An Révalued stochastic process {z(t)}o<i<r is called a solution of (2.1) if, z(t)
is left-continuous and F;-adapted, {f(z(t7),z([t™]))o<t<r € L1([0, T RY), {h(z(t™), z([t~])}o<i<T
€ LY([0,T;;RY), {g(z(t), z([t~])) Yo<t<r € L2([0,T]; R4*™) and (2.1) holds for all ¢ € [0,T] w.p.1.
For the subsequent analysis, we introduce the following conditions:
A (The local Lipschitz condition). There are constants R, Lr > 0 such that

|z, 1) = f(@2,92)° V |g(21,51) — 9(@2,y2) [P V [h(z1,91) — h(22,52)?
< Lr(|zr — 952|2 + |y — y2|2), Va1, T2,y1,y2 € Rd, (2.2)

where |x1| V |z2| V11| V |y2| < R.
As. There exist constants ; (i = 1,2,...,6) such that

<x1*I2,f($17y)*f(I2,y)> g’yl‘xlizﬂza vxhyhyeRda (23)
|f(2,y1) = f(2,92)] < 2lyr — w2l Vao,y1,y2 € RY, (2.4)
9(x1,91) — g(x2,92)|* < 3lw1 — 22? + Yaly1 — 92|?, Vo1, 22,y1,90 € RY, (2.5)
\h(z1,91) — h(z2,y2)|> < ysl21 — 22| + Y6lyr — 92|?,  Va1,22,91,92 € R (2.6)
It follows from the condition Ay that
1 1\, g, 1 o, 1 ,

(@, f,9)) < {m+ 572+ 5 |l27 + 57elyl” + 51£(0,0)[% (2.7)

lg(z, y)[> < 2ys|z|® + 27y4ly[* + 2]9(0,0) %, (2.8)

|h(x,y)[> < 25|z + 296 |y[* + 2| (0,0)[*.

Moreover, it is well known that the compensated Poisson process N(t) := N(t) — At is a martingale with
the following properties:

E(N(t+s)—N() =0, E|N(t+s)—N(t)]>=\s.

Let fa(z,y) := f(x,y) + Ah(x,y). Then (2.1) can be written in an equivalent form

du(t) = fa((t), z([t™])dt + g(x(t™), ([t ])dW (t) + h(z(t™), z([t™])dN (1), (2.10)
x(0) = xo. .
Under the condition Aj, for z1, 22, y1,y2 € R?: |z1| V |22| V [y1] V |y2| < R, we have
|fa(z1,y1) — fa(@2,y2)[2 < 2Lp(1 + A2 (Jo1 — 22| + [y1 — v2?). (2.11)

Under the condition As, for all z,y, z1, 22 € R?, we have

(z1 — 22, Ar(w1,9) — rlz2,y)) < (1 + As)|z1 — 22| (2.12)
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and

V2

(@ fa@0)) < 3B+ L VAN + SBuly + S 1FO,0F + SN0, (213)

where 81 = 2v; + 72 + 2\/5)\\/% + \/i)\\/% and B4 = 2 + \/5)\\/%.
Under the above settings, a uniform moment estimate for the solution z(t) of (2.1) can be stated as
follows.

Theorem 2.2.  Assume that the conditions Ay and Az hold. Then, (2.1) has a unique global solu-
tion x(t) and, for all p > 2, there exists a constant Hy depending on p and T such that

E[ sup |x(t)|P} < Ho(1 + E|xo[?). (2.14)
0<t<T

Proof.  Since f, g and h satisfy local Lipschitz conditions, by Theorem 3.2 in Mao [21, Chapter 5], we
know that there is a unique maximal local solution z(¢) on {(¢t,w) € Ry xQ: 0 < ¢ < pe}, where p. is the
explosion time related to the parameter w. Define stopping times pg = inf{p. >t > 0: |z(¢)| > R} and
Poo = limp_, o pr. It is obvious that pg increases as R — 00, and ps < pe a.s. Hence, in the following,
we need only to prove that p., = 0o a.s. Applying the It6 formula (see [5]) to (2.1) yields that

tApr

2t A pr) P = [ +2 / ((s), F(2(s),2([s)) + lg(x(s), 2(|s]))|2ds
t/\pr Cl T x(s ), x(|s™ S
+2/0 () g(a(s ™), a(Ls™])dIW (s)
2 [ 2Aa(s).ha(9). 2([5)) + (). a( )Pl
+ / " aa(s), ha(s) a(lsm ) + h(a(s ), 25 )PAR(s). (2.15)
By (2.7)-(2.9), we further obtain
tApPR tAPR
ot npwl? <laof + H [ ()P + a(lsDP)ds+2 [ ot glals)als™ D)W (s)
0 0

+ / " (s, hats a5~ ) + IhGa(s ™), a5~ ]) PaN (s), (2.16)

where H is a generic constant depending on p (> 2) and T'. Taking the power £ on both sides of (2.16)
and using the common inequality (a + b + ¢ + d)P < 4P~ (aP + bP + c? + dP) (a,b,c,d € R) give that

lz(t A pr)IP

2

<451(m|p+ﬂ / pR(1+x(s)”+lx(tsJ)|”)d8>+25 / " (™) g (s), (L5~ ))dW ()

p

+ \ / " afa(s) (s ) 2[5 1) + [(a(s ) a([s |)PAN(s)| (2.17)

It follows from the condition Az, the Burkholder-Davis-Gundy inequality (see [21]), Young’s inequality
2ab < a® + b* (a,b € R) and Holder’s inequality that
]

E[ sup / " Y (a2l ) AW ()

0t<T

< HE VOTAPR |ﬂ?(t)|2g(fdt%m(tﬂﬁﬁdt} MT

< HE :{02% [z(t A pr)|? /OTMR Ig(w(t)vf”(m))ﬁdt} ”/4]
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H H_» Thon
< SB[ sup fa(tnpr)?| + 5TEE [ gta(t)a(le) P
2 logegr 2 0
T
<HE[ sup |x(t/\pR)|p} +HE/ (1+ sup \x(r/\pR)|p>dt. (2.18)
0<t<T 0 0<r<t

With a similar proof for (2.18), we can deduce that

]

T
<HE[ sup |x(t/\pR)\p} +H/ (1+ sup \x(r/\pg)|p)dt. (2.19)
0

0<t<T 0<r<t

E[ sup /O (@(r™), h(a(r™), z([r"])))dN(r)

0<t<T

Also, in terms of the Burkholder-Davis-Gundy inequality (see [21]) and the condition A3, we have

]

< HE[ / P+ |x<m>|2>2dt]

E[ sup / Ih(z(r), (7= ]))[2dN (r)

0<t<T

p/4 p/4

< AHE[ / o Ih(x(t),x(LtJ))l‘*dt}

< H/OT [1 + E{ sup |z(r A pR)|pHdt. (2.20)

o<r<t

Inserting (2.18)—(2.20) into (2.17) yields that

E[ sup |x(t/\pR)\p} < H{(1+E[x0|p])+/OTE{ sup |m(r/\pR)|p}dt} (2.21)

0<t<T 0<r<t

An application of the Gronwall inequality (see [21]) derives that

E[ sup |x(tApR)\P] < H(1 + E[Jzo|?]) exp (HT). (2.22)
0<t<T
This shows that

Plpr < T}R” < H (1 + E[|zo["]) exp (HT),

and thus limg_,o P{pr < T} = 0. Now T > 0 is arbitrary, and it holds that p,, = oo a.s. Hence, the
existence and uniqueness of the global solution is proven. Moreover, the inequality (2.14) can be derived
by letting R — oo in (2.22). This completes the proof. O

3 The CSSB methods and their convergence
3.1 A class of CSSB methods

In the recent years, for solving stochastic stiff problems, some balanced methods have been proposed (see,
e.g., [1,8,12,13,24,27,29]), where theoretical analyses were performed on the basis of the globally Lipschitz
condition and the linear growth condition. However, as for stiff problems, their Lipschitz constants are
very large in general. Hence, in [9], Higham and Kloeden considered the stochastic stiff problems with
the one-sided Lipschitz condition on the drift item and, for this class of problems, presented the CSSBE
methods and their strong convergence and stability results. Motivated by this research, in the present
section, we construct a class of CSSB methods for the stochastic stiff delay problems (2.1) with JDPCAs
and one-sided Lipschitz condition on the drift item.
Let At = & (Q € N), t, = nAt (n € NU{0}) and

C, = Co(tn, Yn>At + Z Cj(tn7Yn)|AWr];|7

Jj=1
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where Y,, is an approximation to z(t,), AW = Wi (t,41) — W (t,) and ¢;(+,-) (j = 0,1,...,m) denote
a series of d x d matrix-valued functions on [0, 0o] x R?, which are called control functions and required
to satisfy the following condition (see [24]):

Asz. There exists a constant B > 0 such that |c;(t,z)| < B (j = 0,1,...,m) on [0,00] x R? and, for
any real sequence of the form {a; : ap € [0,At], a; > 0,7 =0,1,...,m} and all (t,z) € [0,00] x R%, the
matrices

M(t,x) :=T + ageo(t, ) + Z ajci(t, ) (3.1)

are invertible and satisfies |[M (t,z)™'| < K < oo, in which Z is the d x d identity matrix and K (K > 0)
is a given control constant.
Under the above settings, a class of CSSB methods for (2.10) can be suggested as follows:

Y =Y, + (Y, Vi )AL,
Va1 =Y + g(Y Yooi JAW, + h(Y,", Yi JAN, + Co (Y — Yyiq),

where Y, is the intermediate stage value, Y,, = z(t,), AW,, = W (tpt1)— W (tn), AN, = N(tns1)—N(t,)
and i, = |(tn — [tn])/At]. Write

N N N

Zy( ZI[Atk Atk+1) Y,  Zo(t ZI[Atk Atk+1) Y, Z3(t) = ZI[Atk,At(k—i-l))Yk—ika (3.3)
k=0 k=0 k=0

where I[a¢k At(k+1)) 18 the indicator function defined by

1, te[Ath, At(k+1)),

Iiatk,at(k+1)) = {0 otherwise

By (3.2) and (3.3), a continuous time approximation scheme can be established as follows:
Y(t)=Yo+ Ot IA(Za(s), Z3(s))ds + /Ot(I+ C(s, Z1(s))) " g(Z2(s), Z3(s))dW (s)
+ /Ot(I +C(s, Z1(5))) " W(Za(s), Zs(s))dN (s), (34)
where s = [s/At]At, C(s, Z1(s)) = co(s, Z1(s)) At + 3270, (s, Z1(5))[AW/, 5, |, and it is easy to check
that Y (t,) =Y, and Y ([tn]) = Yp_i, .

3.2 Convergence analysis of the CSSB methods

For studying the strong convergence of the methods, in the following, we first give some preparatory
results.

Lemma 3.1.  Let the conditions As and As hold. Then, for each p > 2, there exist constants Hy =
Hi(p,T) and At. € (0,1] such that

E[ sup \Yn+1|2p]\/E[ sup |Y;|2p]vE[ sup |Y(t)|2p}<H1, At < At,. (3.5)
0<nAtLT 0<nAtLT 0<t<T

Proof. Tt follows from (2.13) and the first equality of (3.2) that

|}/7f|2 < n? >+At<Y;:<7f>\( no n ln)>
1
Va1 4 S IVal? + 381+ 1+ VENALY 4+ S A%, g,

2
+ 5At|f(0,0)|2 + gmm(o, 0)]?, Vn>0. (3.6)

1
2
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Since anyone of the following two groups of conditions:

e B1+vV2A+1<0and At < At, = 1;

B+ V2 +1>0and 0 < At < At < 1/(B1 + V21 + 1)
implies that 1 — (81 + v2A + 1)At > 0, it holds by (3.6) that

VA2 < 1Yol + BalYni, |? + At|£(0,0)? + V2AtA|R(0,0)

. 0< At < At,. 3.7
1— (B +1+V2))At (3.7)
Substituting (3.7) into the second equality of (3.2) yields that
+V2X + 1At
Yol < 1of? 4 8 L
1— (B +V2X+ 1At
1— (B +V2A+ 1A ™ 1— (B4 V2 + 1At
+K2‘g( n? n in )AW ‘2+K2|h( " 7’7L)AN |2
+2(Y,, (T +Cn) " Hg(Yy, nfin)AWn> +20Y,7, (T + Co) M h(Yy Yami, ) AN,)
+2((Z + Cn) (Y Yo ) AW, (T + Co) " h(Y), Yoes, )AN, > (3.8)
Let N be any given positive integer. Then by (3.8) we have
N-1
+V2A+ 1A
< frpf? + > I
1—(51+\f)\+1 At p=
Byt Nzl VPt NAH£(0,0)]2 + NV2ALA|R(0,0)]2
— (B V2A+ )AL = T 1— (B +V2\ +1)At
N-1 N-1
2 |g j zj AWj‘2+2 <ij*7(I+Cj)7lh(Y* ji— ZJ)AN >
7=0 Jj=0
N-1 N-1
+ K2y (Y] Y ) AN 2 (Y (T4 Ch) (Y] Y, ) AW))
j=0 §=0
N-1
2 ST+ C) gV Vi) AW, (T 4 C5) (Y, Y )ARS). (3.9)
j=0

Taking the power p on both sides of (3.9), we further obtain that

2% — ap—1 2p (B1+ V2X+ 1At ) ( 2)
vl <9 {Y[)' +( —(B1+V2X+ 1)At Z“'

7=0

PaAt 2 NAt£(0,0)> + NV2AtA|R(0,0)[?
+<1—(61+WA+1At> (Z%IYJ “') ( 1—(B1+V2\+1)At >

N-1
+ KPPNPTEN g (Y], Y, ) AW, PP 4 27

> (Z
(z

,_.

(T +CH) T (Y], Y, ) AN; >)p

Zu

N-1
+ KPNPTEN (Y], Y ) AN, P + 2P
j=0 7=0

N—-1 p
+2P<Z<(I+Cj)lg(Yjﬁinj)AWn,(IJrCJ) YWY}, Y, ) AN; >> ] (3.10)

=0

(T4 C)gvy mnAW»)p
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Next, we continue to estimate the various items of the right-hand side of (3.10). By the conditions
Aa—Asz, (2.8) and (3.7), the following inequalities hold for any given positive integer M > N:

N-—1
E| su (Y}, Yji,) AW; 27’}
|:O<NI<)M Z o€ ) |

M-—1
=E Z |g(ij*7Y'jfi_,»)AWj|2p
=0

M—1
<37 P (AP ST El(298)7 V] 7 + (290)7]Y i, [*7 + 2719(0,0)[7]
7=0

M-—1
< 2737l ME|g(0, 0)F (AL)? + (293)3° mr (A" S BJY;[*

7=0
M-1
+(292)P3P T ImP (AP Yy E[Y;, [
j=0
N M-1 M-1
< Hy(At)P~1 <1 +At > EYSP ALY E|Yj_ij2p>, (3.11)
j=0 j=0

where 1/1\7/2 denotes a positive constant independent of At. Similarly, there exists a constant IA{;, >0
independent of At such that

[ sup Z (Y[, Y, AN |2”}

0<N<M

M-—1 M-1
< Hy(At)P~* (1 +ALY BSR4 AE Y Einj|2p>. (3.12)

Jj=0 Jj=0

Applying the Burkholder-Davis-Gundy inequality (see [21]), the conditions As—A3 and (2.8) yields that

N—-1 p
E[Oj;vlgM Z_:<Y* (T+Cy)~'g(Y},Y,i,)AW;) ]
pp+l , . ) %
{ _MJ { V7T + Cy)~2lg(¥7, Y, At]
PPt , - M-1 ) . ) )
<[ ~ Ty 1} JPHEEM)? ‘E[Zyj P((29) B Y717+ (230) § Vi, [P + 25 [g(0,0)1")
7=0

M—1

<E| X (14 3 Y 430 Y [+ 32 l9(0,0

=0
M—-1 M-—1

< I’{Z(l +AE ST BV ALY EYj_iJ|2p>, (3.13)

Jj=0 j=0
where H, denotes a positive constant independent of At. With the same arguments for (3.13), we also

get
N— p:|

> Y (Z+Cy) T (Y] Y ) AN;)

7=0

,_.

E[ sup
0SKNEM
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M—-1 M-1

< Hj (1 +ALY B[V ALY E|Yj_ij|2p), (3.14)

=0 =0

where I;T; denotes a positive constant independent of At. Moreover, in terms of the Cauchy-Schwarz
inequality, Young’s inequality 2ab < a? + b? (a,b € R), the conditions As—Aj3 and the estimations (3.11)
—(3.12), the following inequalities hold:

]

N-—-1 N—-1 p
<E{ sup [Z|I+C) (Y;,Yj,i].)AWjFZ|(I+Cj)*1h(y* i—i,)AN; |2] }

N-1
Y AT+ C) T (Y] Y ) AW, (T + Cp) 7 (Y] Y, )AN)

7=0

E[ sup
0OKNEM

OKNLM 0
Jj= Jj=
M-—1 p 1 M-—1 . p
[ZII+OJ 9(Yj", Yj—i; ) AW; 2} +2E{ZII+C) 1h(Y}‘%—z’j)Ale2]
7=0
M-1 M-1
< GMPE| YT+ )07 Yo JAW |+ SAE| ST 4 €)Y JAR )
7=0 =0
N M-—-1 M-—1
< H6<1 +ALY B[V ALY E|in].|2p>7 (3.15)

=0 =0

where Hg denotes a positive constant independent of At. Substituting the inequalities (3.11)~(3.15) into
(3.10) derives that

M-1
E[ sup |YN|2p} < E(l + At Z E{ sup |YN|27"}>7 (3.16)
0SNEM oo LOSNS

where I,{v7 denotes a positive constant independent of At. An application of the discrete-type Gronwall
inequality (see [22]) to (3.16) shows that there is a constant H; > 0 such that E[sup,,ae(o.7) [Ynl|*?] < Hi.
This, together with (3.7), implies that there is a constant Hy > 0 such that

E[ sup |Y;|2p}<f11. (3.17)
nAte[0,T]

It follows from the continuous-time approximation solution (3.4) that

Y(t) = Yo+ (Y, Yooi, )t = nlt) + (T + Co) " (Y7, Y, )W (E) = W (tn))

+(Z+C ) (Y Yo, J(N (1) = N(ta)). (3.18)
Since by (3.2) fu(Y,5,Y,—;,) = Y”*At , (3.18) is equivalent to the following equality:

V()= (1 - )Y, + oY, +(T+Co) gV, Yoi, )W (t) — W(tn))
t — nAt
At

+(ZT+Co) ' h(Y, Yoi J(N(t) = N(tn)), where av:= (3.19)

This, as well as the condition A3, derives that

sup |V (1)[*
ot<T
< supsup {[Y (a4 8)[ 4+ KPIAY, Yoo, (N (tn + 8) = N(ta))*7)
0<nALLT 0<s<AL
N
SHp| sup |YaPP+ sup [VIPPP 4 sup Y |g(Y]L Y ) (Wt +s) = W(ty)[*
X n n 717 ] J
o<nAtLT o<nAtLT OgsgAtj:O
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+0533At2\w Vi)Wt +9) - Ka)P), (3.20)

where Hy > 0 is a constant independent of At. Hence, by Doob’s martingale inequality (see [21]), the
condition Ay and (2.8), we obtain

) 2p \* \
B[ s 10007 Y- 0V (s +8) = W] < (527 ) Bla(0y oy AW,
0<s<AL 2p—1

< HsAt, (3.21)
where Hs > 0 is a constant independent of At. In a similar way, we can infer that

B[ sup |R(YV}", Y50 (N (L + ) = N(t;)[*| < Haat, (3.22)
0<s<AL

where H, > 0 is a constant independent of At. Substituting the inequalities (3.21) and (3.13) into (3.20)
concludes that there exists a constant F; > 0 such that E[supgc;<r |V (t)|?"] < H,. This gives the desired
result when setting H; = f[l Vv ﬁl v Hj. O

Define the following stopping times:
pr=if{t >0:|z(t)| >R}, tr=inf{t>0:|Y(t)] > Ror|Z(t)| >R}, or=prATr

Then we have the following lemma.

Lemma 3.2. Let the condition Ay hold. Then there exists a constant Hy > 0 such that
Elljcon|Y (t) — Zo(t)]*] < HoAt, At<1, te[0,T]. (3.23)

Proof.  Since for any given ¢ € [0, 7] there is a nonnegative integer n such that ¢ € [t,,, t,4+1), it follows
from (3.4) and the definition of Z5(¢) that

Y (t) = Zo(t)| = | fa(Yy, Yies, ) (E = 1) + (T + C) " (Y, Yoi, ) (W () — W (tn))
+(Z+ Cn)‘lh(Yn*, Yoo )(N(8) = N(tn))]- (3.24)
Thus,
El{s<on} [V (1) — Za(t)]?]

3At2E[I{nAt<UR}|f>\( Y, ’)|2]+3K2AtE[I{nAt<aR}|g(Y Y, — Z,L) ]
+ AKPAAME[Larcoy WYV Yoo )] (3.25)

Also, under the condition A;, the following inequalities hold:

El{nat<ontl AV, Yazi, )] <8(1+A?)LrR? + 2E[£1(0,0)], (3.26)
Ell{nat<on oYy Yn i)|?] < 4LRR? + 2E|g(0,0)?, (3.27)
Ell{nar<ont b (Y, Yaoi, )] <ALRR? 4 2E|h(0,0)°. (3.28)

Let
H = 12LgR?[2(1 + \?) + K% + AK?] 4 6E| £1(0,0)|> + 6 K2E|g(0,0)|*> + 6AK2E|(0,0)|>.
Then substituting inequalities (3.26)—(3.28) into (3.25) yields that
Elljuco V() — Zo(t)?] < Ha(R)AL. (3.29)

This completes the proof. O
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With the above arguments, a strong convergence theorem can be stated as follows.

Theorem 3.3.  Let the conditions A, ~As hold. Then the continuous-time approzimation solution Y (t)
converges to the analytical solution of (2.1) in the mean-square sense, namely,

E[ sup |V(t) —z(t))?| =0, At—o0. (3.30)
0<t<T

Proof.  Write e(t) = Y (t) — x(t). It follows from (2.1) and (3.4) that
(01 = [ (1(2206). 2505) ~ (a6,
[ (@ + Ol ) 905 206)) oo, L)
# [ (@ + Ol ) M), 75(6)) — W) (51, (3.31)

Applying the common inequality (E?:1 a;)? <3 Z?Zl a? (Va; € R), Holder’s inequality and the Burkholder-
Davis-Gundy inequality (see [21]) to (3.31) yields that

E[ sup |e(s A O‘R)‘Z}
0<s<t

< 3TE / A (Za(), Zo(s)) — Fa(a(s), () 2ds
128 / NI+ O, 21(5)) " 9(Za(s). Za(s)) — a(a(s) x(s))) Pds
+12>\E/0 TN+ Cls, Z0())) R Zals), Zs(s)) — hla(s), o(|s])2ds. (3.32)

Next, we estimate the last two items on the right-hand side of (3.32). Under the conditions A; and As,
the inequality (Z?Zl a;)? <2 Z?Zl a? (Va; € R) implies that

B[ 1T+ Cls 2a(6) ol Za(5) — alals) o) P

B E/O h (Z+C(s, Z1(s)) " 9(Za(s), Z3(s)) — (Z + Cls, Z1(s)) " g(x(s), z(Ls]))
+(Z+C(s, Z1(s) " g(a(s), x([s])) — g(a(s), z(|s]))*ds
s 2K2E/O R 19(Za(s), Z3(s)) — g(x(s), x([s]))]* + |C(s, Z1(s))P|g(a(s), z(|s]))[*ds
<2’ | " 9(Za(5), Z5(s) — ga(s)alls)))Pds
+ 4T AtB?*(m + 1)(At +m)(E|g(0,0)|* + 2L R?). (3.33)

Similarly, we have
tAOR
E/ (Z + C(s, Z1(5))) " h(Za(s), Z3(s)) — h((s), z(Ls]))[*ds
0
tAoR
< QKQE/ [M(Za(5), Z3(s)) — h(x(s), =(|s]))|*ds
0
+ 4T AtB?(m + 1) (At + m)(E|h(0,0)* + 2Lz R?). (3.34)
Substituting the inequalities (3.33) and (3.34) into (3.32) and taking use of the condition A; give that

E| sup |e(s/\aR)|2]
0<s<t
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< 48AtK?B?*(1 + m)ZT{(E|g(O, 0)|? + 2LRrR?) + M(E[R(0,0)]* + 2LrR*)[6T(1 + A\*)Lr
tAoR
+24K%Ly + 24)\K2LR]E/ (|1Z2(s) — z(s)]* + | Z3(s) — x(LSJ)|2)dS}. (3.35)
0

An application of the inequality (Z?:l a;)? <2 21‘2:1 a? (Va; € R) and Lemma 3.4 derives that
E [oilizt le(s A oR)ﬂ < 2AtTLp Hy(R)[6T (1 + A2) + 24K2 + 24\K?)]
+ 48AtK?B?(1 4+ m)*T(E|g(0,0)|> + 2Lz R?)
+ 48AtAK?B%(1 4+ m)*T(E|h(0,0)|* + 2L R?)
+ALR[6T (1 + \?) + 24K? 4 24\K?) /Ot E[ sup le(r Aog)*|ds.  (3.36)

0<r<s

Thus, by the continuous Gronwall inequality (see [21]) we obtain that

E[ sup |e(st)|2] < AtHs(R,T)exp (Ha(R, T)T), (3.37)

0<s<t

where H3(R,T), Hy(R,T) > 0 are two constants depending on R and T'. Moreover, with the condition Az,
Lemma 3.1 and the similar argument in [11], the following equality holds:

E| sup |6(t)|2} :E{ sup |e(t)|21{TR>T7pR>T}} +E{ sup ‘e(t)|2]‘{TR<T or pr<T} |- (338)

0<t<T 0<t<T 0<t<T

Whereas, by Young’s inequality
a"b' " <ra+(1—-7r)b, a,b>0, re(0,1]

and Holder’s inequality, it holds that

20
E| sup |€(t)|21{rR<T or pRgT}] < fE[ sup |e(t)\P}
0<t<T p 0<t<T

2
+ 2P < Tor pr <T), V6 >0, (3.39)

por==2

where it is obvious that
P(TR < T or PR <T) < P(TR ST)-i—P(pR <T)
The facts |z(pr)|, |Y (78)|, | Z2(7r)| = R imply that

1 110(1 E|x0|p)
— p 20 T RO
) < pE|x(pR)| < - . (3.40)

[z(pr)I”

P(pr<T) < E<1{9R<T}RP

Similarly, P(tr < T') < %. Also, under Theorem 2.2 and Lemma 3.1, we have

E[ sup |e(t)|p] < 2p—1E[ sup |x(t)|p+|§7(t)|p} < 27 [Ho(1 + E|zo[?) + Hy). (3.41)
0<t<T

0<t<T

Substituting the inequalities (3.40) and (3.41) into (3.39) yields that

E|: sup |€(t)|21{7R<T or pRST} (342)

:| < 2p[H0(1 +E|1‘0|p) +H1}6 4 p— 2 |:H0(1+E.I‘0p) +H1
otLT - .

P pd e Rp
A combination of the inequalities (3.37), (3.38) and (3.42) gives that

2P[Hy(1 + E|zo|P) + H1]d
p

E[ sup |e(t)ﬂ < Hs(R,T) exp (Hi(R, T)T)At +
0<t<T
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p—2 [Ho(1+E|xo?) + Hy

* pé% RP

While, for the right items of the above inequality, we have that, for any given € > 0, there exists a § > 0

such that
2P[H0(1 + E|$0|p) + H1]5 <

6 .
P 3
for the above §, there exists an R > 0 such that

p—2 H0(1+E|$0|p)+H1 <E'
pgp%z Rp 3’

and for the above d and R, there exists a At > 0 such that
H;(R,T) exp (Hy(R, T)T)At < §

Therefore the theorem is proved. L

4 The analytical and numerical mean-square exponential stability

4.1 The analytical mean-square exponential stability

In this section, we deal with the analytical mean-square exponential stability of (2.1), whose definition
is stated as follows.

Definition 4.1.  The solution of (2.1) is said to be mean-square exponentially stable if, there exists a
rate constant 7 such that

1
limsup;logE\gL‘(tﬂ2 < -7 (4.1)

t—o00

for any bounded initial value o € R.

Without loss of generality, we assume that f(0,0) = ¢(0,0) = h(0,0) = 0. This condition implies
that (2.1) with the initial value xg = 0 has the trivial z(¢) = 0, and, under the condition A, the
following inequalities hold:

1 1 1~ 1~
S} < (o gon )l Julos (oo} < gBuleP + 3B ()
l9(2,9)1? < vslef® +yalyl?, Rz, y)|? < vslef® + 6]yl (4.3)

where 81 =271 + 72 + 2A\/75 + A6, B2 =73+ Ms, B3 =74+ M6 and B =72 + A/
The following lemma given by Baker and Buckwar [2] will play a key role in our stability analysis.

Lemma 4.2 (See [2]). Let a, b and 7 be given constants with 0 < b < a and T > 0. Suppose that the
function v: [tg — T,00) = R is continuous and its upper Dini-derivative DV v satisfies that

DYou(t) < —av(t) +b sup w(s), t=to. (4.4)
SE[t—T,t]
Then
v(t) < sup U(S)} exp[—vT(t —tg)], t=to, (4.5)
sE[to—T,to]

where v € (0,a — b] is the zero of the function l(v) = v — a + bexp(vT).

With the above lemma, we have the following analytical stability criterion.
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Theorem 4.3.  Suppose that the condition Ag holds and El + 52 + 53 + 34 < 0. Then the analytical
solution x(t) of (2.1) is mean-square exponentially stable with 1 € (0, —(B1 + B2 + 55 —|—54)] being the zero
of the function

L(n) =+ (B1+ B2) + (Bs + Ba) exp(n).
Proof.  Applying the It6 formula (see [5]) to (2.1) yields that
Ao = (), F@(t), 2((1]) + lg(@(t), a([£)P)dt + 20(t™) Tg(a(t™), 2([t~ 1))dW,
+ (2 (1), h(x(t), 2 ([t]))) + AlR(x(t), 2([t]))*)dt
+ (Je () + ha(), 2t )P = e@)?)AN (). (4.6)
Thus, it follows from the condition Ay, (4.2) and (4.3) that

dlz()]” <127 +72 +93 + 2075 + A6 + M) 2 (07 + (92 + 74+ A6 + Me) [ ([¢]) P]dt + My, (4.7)

where

My = 20(67) gt ), 2([#7])dWs + (Ja(t) + h(a(t), 2|t~ ])[2 = 2(6)P)AN (1)

is a martingale. Taking expectation on both sides of (4.7) derives that

t46 t46
Elz(t +6)* < Elz(t)]* + /t a1 E|z(s)*ds + /t asE|x(|s])|*ds, (4.8)

where o = 31 + 52 and g = 53 + 54. This shows that the upper Dini-derivative of E|z(t)|? satisfies that

DTElz(t)|*> < a1E|z(t)|? + az sup Elz(s)]>, t>=0. (4.9)
s€t—1,t]

An application of Lemma 4.2 to (4.9) infers that
Elz(t)]* < E|zo|? exp(—nt), t>0.

Hence the theorem is proven. O

4.2 The numerical mean-square exponential stability

This section focuses on the numerical mean-square exponential stability of the CSSB methods, whose
definition is presented as follows.

Definition 4.4. A CSSB method (3.2) is said to be mean-square exponentially stable for any given
stepsize At > 0 if, there exists a rate constant na; such that

lim sup — log E|Yn|2 < —nae (4.10)

n—oQ A

for any bounded initial value 2y € R.

The following lemma given by Baker and Buckwar [2] will be very useful for our numerical stability
analysis.
Lemma 4.5 (See [2]).  Suppose, for some fized integer @ > 0, that t,, = to + nAt for some At > 0 and

Up,m = —Q is a sequence of real numbers that satisfies the relation

Unt1 — Up < —aniAtu, + bAtAtl [mgx ]Un_H, n,l € N, (4.11)
€

where
0 <bat <ang, 0<antAt<l, (4.12)

Then v, < {maxje—q, o) Vi} exp[—nat(tn — to)], where nar > 0 and (ar = exp(—natAt) is the zero of
the function R(Cat; ant, bar) = g;rl (1- aAtAt)Cgt — batAt.
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A numerical mean-square exponential stability criterion can be stated as follows.

Theorem 4.6.  Suppose that the conditions As—As hold and
Br+ K%(By + B3) + Ba < 0. (4.13)

Let ¢; = diag{c},c3,...,cI} with ¢§ € R (0 < j <m;1 <k <d). Then the CSSB method (3.2) for (2.10)
is mean-square exponentzally stable with hmm_m 1At being the unique positive solution of the equation

1+ By + K2Bo + (K?Bs + Ba) exp(n) = 0. (4.14)
Proof. Tt follows from the condition Az, (3.2) and (4.2) that

Yo |? + BaAL]Y,, -
1— BiAt

| 2

in

Vi < (4.15)
Taking the square on both sides of (3.2) yields that
|Yn+1|2 = |Y7:<|2 + |(I+ Cn)_lg(Y;, Ynfin)AWnP + |(I+ Cn)_lh(Y;, Ynfin)ANnF + My, (4~16)

where

no (I + Cn)ilh(Y:a Yn—in)Aﬁn>
+ 20T+ Co) gV Yosi YAW,, (T + Cp) " h(Y,, Yoy, JAN,,).

M, =2V (T+C,) tg(Y,r, Yo i )JAW,) + 2(Y;F

Let gij = gi; (Y, Yn—i,) and
g(YT;,ka Yn—in,) =

Then m m m T
9(Y,, Yn—i, ) AW, = [ZQMAWL ng‘AWTiL, R ngiAWf;]
i=1 i=1 i=1

Under the conditions ¢; = diag{c} c?} with c? eR(0<j<m;1<k<d), we have

Cjs ], cey
(Z+C,) !
a4 { 1 1 1 }
= 1a .
STt At AW T+ @At + y, AAWL 1+ At + 57, AW
Thus, it holds that
(T+Cn) gV, Yoi, ) AW,
{ D iy GuAWL D iy G2 AW Doy 9ai AW, } B
1+%AHQ;1JMWH1+%M+XL1AAWH 1+%M+ZL1AAWH
Also, for 1 <7< m and 1 < k < d, a direct computation gives that
AW}
- =0. (4.17)
1+%At+zjljmwﬂ

From this, we infer that
E(Y,, (T +Cn)  g(Y,), Yamin ) AW,)] =
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which implies E(M,,) = 0. Hence, by taking expectation on both sides of (4.16) and using the condi-
tion Ajg, (4.3) and (4.15), we obtain

E|Yn+1|2

3 312 3r2 3 A 312
14 B1AL +?2K At E|Yn|2 I (1 + B K At)ﬁ;;At -t (1 ﬁlAt)ﬂg,K At
1-— B1At 1— B1At

< ElYa i ?  (418)

. 3 _A._A 2
Write v, = E|Y,|%, v_; =vo (j =1,2,...,Q), aas = % and

(1+ B2K2A8)35 + (1 — 1AL B3 K>
1— B1At '

bat =

Then by (4.18) we obtain

Unt1 — Up < —aAtAtU, + bar At max vy, (4.19)
le[—Q, 0]

In terms of Lemma 4.5, in the following, we need only to confirm (4.12). Firstly, we note that aa; At < 1
for all At € (0,+00). Secondly, when setting

_ - B{Kj - ENBIEQ — B4
K2(B234 — 153)

we have by (4.13) that 0 < ba < aa for all A € (0, At*). Therefore,

At*

(4.20)

E|Y,|? < E|Yy|? exp[—nas(nAt)], At € (0, At*),
where na; > 0, and (ar := exp(—naAt) is the zero of the function
R(Car; ane, bar) == (T — (1 — ans ADCE, — baiAt.
Introduce the function
M(nat;ant, bat) =1 — (1 — antAt) exp(narAt) — barAtexp[nat(1 + At)].
When M (nat; ant,bat) = 0, it holds that
R(Cars ant, bag) = gjl - (1- aAtAt)Cgt — bas At = 0.
Write M (1as; ans, bar) = At M (nat; aas, bar). Then, by M(nas; aas, bay) = 0 and

lim J/W\(UAH ant,bat) [nat + (51 + KQEQ) + (K2ﬁ3 + 54) exp(na¢)] =0,

= lim

At—0 At—0

M\(Um; aat,batr) = 0. This implies that limas— na; is the unique positive solution of (4.14). Therefore
the theorem is proved. O

We remark that El +K2§2 + KQEg +§4 < 0 when 51 + Eg —1—53 +§4 < 0and 0 < K < 1. This,
together with Theorems 4.3 and 4.6, shows that the CSSB methods (3.2) can preserve the mean-square
exponentially stability whenever 0 < K < 1, ¢; (j =0,1,...,m) are a series of real diagonal matrices and
the condition of Theorem 4.3 holds. Moreover, it can be observed from the conditions of Theorems 4.3
and 4.6 that the parameter 7; in the one-sided Lipschitz condition (2.3) should be a small negative
number for ensuring the analytical and numerical mean-square exponential stability.
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5 Numerical illustration

In this section, with some numerical experiments, we further illustrate the computational effectiveness
and theoretical results of CSSB methods for stiff SDEs with JDPCAs. For this, we use Y,gl) to denote
the numerical approximation to the analytical solution z(*) (tn), and introduce the formulae:

1 1900 1 10000
E - v@® _ @ 2 — y ()2
(M) = T5550 2 gz [0 =2 () RO(t) = 1o { 15555 ; ¥,

to characterize the mean-square error of a numerical method M on [0, 7] and the approximation of 2nd-
moment Lyapunov exponent of the CSSB method at ¢,,, respectively. In order to show the computational
advantages of CSSB methods, in the following numerical experiments, we will also present a comparison
with the adapted split-step backward Euler (SSBE) method without compensation

Yr:k =Y, + f(Yr;ka Ynfin)Au (5 1)
Yot1 =Y, + g(Y,f, Yn—in)AWn + h(Y,:‘, Yn—in)ANn, .
the CSSBE method
Yy =Y.+ (Y, Yaoi,)At, (5.2)
Y1 =Y+ g0V, Yari, ) AW, + h(Y;, Yo s, )AN,, '
and the tamed explicit (TE) method
Yn7 Ynfi
Y1 =Y, + At A ) + gV, Yni JAW,, + h(Yy, Yo—i, JAN,. (5.3)

1+ At]f(Yn, Yo, )

The above methods can be viewed as the extended versions to the corresponding methods in [9] and [27],
respectively.

Example 5.1. Consider the linear stiff problem of SDEs with JDPCAs

dz(t) = | — 100z(t™) + %x(Lt‘ J)} dt + [O.le(t‘) + ix(Lt‘ N |dw @)

5 le) + ([ DIANG), 1> 0, (5.4)

z(0) =1,

where the intensity A of N(t) is taken as 2. It can be verified that (5.4) satisfies the conditions A; and A,
with
=100, o= — 0.0002, ;= » . =
"= =g BEY ) 74—87 B=y V6T g

Hence, by Theorem 2.2, the solution x(t) of (5.4) satisfies the estimation (2.14).

Let C,, = 3At + 5|AW,,| in the CSSB method (3.2). Then, when applying the CSSB method (3.2)
to (5.4), the condition Asj is fulfilled. Thus, in accordance with Theorem 3.3, the corresponding continuous-
time approximation solution converges to the analytical solution of (5.4) in the mean-square sense. In
order to give a numerical confirmation, we apply the CSSB method (3.2) with the above C,, and the
stepsizes At = 27 (i = 0,1,...,7) to (5.4) on [0,5]. The error behaviors of the derived numerical
solutions are shown in Table 1 and Figure 1 (in log-log scale), where the analytical solutions are approx-

—10 " These numerical

imately taken as the corresponding numerical solutions with the stepsize At = 2
results verify the computational effectiveness of CSSB method (3.2) and Theorem 3.3. From Table 1 and
Figure 1, we can find that the CSSB method with C,, = 3At + 5|AW,,| has the higher accuracy than
CSSBE, SSBE and TE methods when the stepsize is not small. Moreover, we can observe from Figure 1

that the mean-square convergence order of CSSB method is approximately 0.5.
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Table 1 E(:) of the numerical solutions for (5.4)

At 20 21 272 2-3
CSSB method 1.315E—-02 1.359E—-02 1.174E—-02 1.043E—-02
CSSBE method 3.619 3.036E—01 1.380E—01 6.354E—02
SSBE method 1.861E+01 7.222E—-01 1.937E—01 7.394E—02
TE method 6.800E+04 2.681E+05 2.826E+05 4.200E+05
At 24 270 26 277
CSSB method 6.496E—03 3.385E—03 1.044E—-03 3.074E—04
CSSBE method 2.703E—02 1.003E—-02 2.940E—-03 6.762E—04
SSBE method 2.833E—02 1.160E—02 2.991E—-03 8.278E—04
TE method 1.502E—-01 4.480E—02 2.855E—03 3.814E—-04
108
—%— CSSB method
CSSBE method
104 E |—+— SSBE method
TE method
— — — Line with the slope 1
102§
E 10°
1072
1074
10°° : :
1078 1072 107" 10°

At
Figure 1 (Color online) A comparison of mean-square errors of the four methods for (5.4)

Next, we take an insight into the mean-square exponential stability of the CSSB method (3.2) for (5.4).
Firstly, we note that (5.4) satisfies the conditions A5 and

Bi+Ba+ B+ B1<0
with
Br = —195.5074, f»=1.0002, B3 =1.1250, Bs = 1.6642.

Thus, by Theorem 4.3, the analytical solution of problem (5.4) is mean-square exponentially stable. Also,
when C,, = 3At + 5|AW,,], it holds that 0 < K < 1, which implies that the condition (4.13) is true.
Hence, it follows from Theorem 4.6 that the CSSB method for (5.4) is mean-square exponentially stable
whenever 0 < At < 0.8651, where the upper bound 0.8651 of At is computed by taking K =1 in (4.20).
Moreover, when setting K = 1, we can obtain by solving (4.14) that

I ~ 4.223.
At 1At

As an example, in Figure 2, we take the stepsize At = 0.1 to plot the curve of RC(t,), which is under
the line y = —4.223. This is consistent with the conclusion of Theorem 4.6.

Example 5.2. Consider the nonlinear stiff problem of SDEs with JDPCAs

dz(t) = [-3z(t7)3 — 6x(t™) + z([t~])]dt + 0.02[sin(z(t 7)) + sin(x ([t~ ]))]dW (1),
+%[x(t*) +z([t™])]dN(t), t>0, (5.5)
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where the intensity A of N(t) is taken as 2. It can be confirmed that (5.5) satisfies the conditions Ay

and Ay with
1 1
M =-6, 72=1 ~3=0.0008, ~4=0.0008, 5= 3 =75
Thus, by Theorem 2.2, the solution z(t) of (5.5) satisfies the estimation (2.14).
Let C,, = At + 2|AW,,| in the CSSB method (3.2). Then, when applying the CSSB method (3.2)
to (5.5), the condition A3 is satisfied. Hence, in terms of Theorem 3.3, the corresponding continuous-
time approximation solution converges to the analytical solution of (5.5) in the mean-square sense. For

presenting a numerical confirmation, we apply the CSSB method (3.2) with C,, and the stepsizes

to (5.5) on [0,5]. The error of the derived numerical solutions are shown in Table 2 and Figure 3 (in
log-log scale), where the analytical solutions are taken as the corresponding numerical solutions with the
stepsize At = 2719 approximately. These numerical results verify the computational effectiveness of the
CSSB method (3.2) and Theorem 3.3. In Table 2 and Figure 3, we also give the error behaviors of the
SSBE method, the CSSBE method, and the TE method for (5.5). From Table 2 and Figure 3 again, we
can find that the CSSB method with

Cp = At + 2|AW,|

has the higher accuracy than CSSBE, SSBE and TE methods when the stepsize is not small. More-
over, we can observe from Figure 3 that the mean-square convergence order of the CSSB method is
approximately 0.5.

-30 I I I I I
0 2 4 6 8 10 12 14 16 18 20

t

Figure 2 (Color online) 2nd-moment Lyapunov exponent of the CSSB method for (5.4)

Table 2 E(:) of the numerical solutions for (5.5)

At 20 2-1 272 2-3
CSSB method 1.243E—01 7.383E—02 3.392E—02 1.496E—02
CSSBE method 3.788 6.976E—01 2.085E—01 5.485E—02
SSBE method 1.530E+02 6.889 7.885E—01 1.436E—01
TE method 7.370E4-04 2.676E+05 2.016E4+05 3.883E4-04

At 2-4 2-5 2-6 2-7
CSSB method 5.341E—03 1.943E—03 9.531E—04 4.57TE—04
CSSBE method 1.537E—02 5.281E—03 1.229E—03 3.439E—04
SSBE method 3.591E—02 9.243E—03 2.494E—03 4.965E—04

TE method 3.035E—02 4.133E-03 9.714E—-04 2.007TE—04
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th

Figure 4 (Color online) 2nd-moment Lyapunov exponent of the CSSB method for (5.5)

Next, we consider the mean-square exponential stability of the CSSB method (3.2) for (5.5). Firstly,
we note that (5.5) satisfies the conditions Az and

Bi+Ba+ B+ P81<0

with

Bi = —6.757, Bo=1.0008, B3 =1.0008, A4 =2.414.

Hence, it follows from Theorem 4.3 that the analytical solution of (5.5) is mean-square exponentially
stable. Also, when C,, = At + 2|AW,|, it holds that 0 < K < 1, which implies that the condition (4.13)
is true. Therefore, by Theorem 4.6 that the CSSB method for (5.5) is mean-square exponentially stable
when 0 < At < 0.1352, where the upper bound 0.1352 of At is obtained by taking K = 1 in (4.20).
Moreover, when taking K = 1, we have by solving (4.14) that lima;—07a: ~ 0.4423. As an example,
in Figure 4, we take At = 0.1 to plot the curve of RC(t,), which is under the line y = —0.4423. This
confirms the conclusion of Theorem 4.6.

The above examples testify the computational effectiveness and theoretical results of CSSB methods
for stiff SDEs with JDPCAs. In particular, the presented numerical results show that the CSSB method
is comparable in computational accuracy with CSSBE, SSBE and TE methods. Nevertheless, we must
state that the concerned four methods in Examples 5.1-5.2 are all sensitive on the stepsize to different
extent. This is due to the fact that the solved problems are all stiff and the stability of the methods
depend on the used stepsize in different degree. In particular, the TE method is an explicit method,
which is not suitable for solving stiff SDEs. In the end, we also point out that, for the non-stiff problems
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of SDEs, the above methods are still quite effective, which can be found in the listed references of this
paper.
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