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1 Introduction

Let g be a (twisted or untwisted) affine Kac-Moody algebra (without derivation), and g be the quotient
algebra of g modulo its center. When g is of untwisted type, the universal central extension g of the
loop algebra (C[tl,tfl] ® g is called a toroidal Lie algebra. This algebra was first introduced by Moody
et al. [19], where the authors introduced the famous Moody-Rao-Yokonuma (MRY) presentation. The
presentation makes it more effective to study representations of toroidal Lie algebras in a manner similar
to that of untwisted affine Lie algebras [7,8,14-16, 19,25, 26]. Moreover, it turns out that the classical
limit of the quantum toroidal algebra is just the MRY presentation of the toroidal Lie algebra [11,13].

Let p be a diagram automorphism of g of order IV, and i be the automorphism on g induced from p.
The twisted loop algebra £(g, i) of g is defined as follows:

L(3,11) = P Tt @ Gy

nez

where g,y = {z € g | fi(z) = {"r} and £ = e2™V=I/N n this paper, we study the universal central exten-
sion g[u] of L£(g, 1), and give the Moody-Rao-Yokonuma presentation for gu] when yu is non-transitive.
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Just as the untwisted case, one may expect that the MRY presentation could be used to study the
representation and quantization for the twisted toroidal Lie algebras [11,13,19].

An extended affine Lie algebra (EALA) is a complex Lie algebra, together with a non-zero finite-
dimensional Cartan subalgebra and a non-degenerate invariant symmetric bilinear form, which satisfies
a list of natural axioms [1,12,21]. The root system of an EALA is a disjoint union of isotropic and
non-isotropic root systems, and the rank of the free abelian group generated by the isotropic root system
is defined to be the nullity of the EALA [1]. It is known that the nullity 0 EALAs are finite-dimensional
simple Lie algebras over the complex number field, and the nullity 1 EALAs are precisely the affine
Kac-Moody algebras [3]. We remark that the nullity 2 EALAs are the most important class of EALAs
other than the finite-dimensional simple Lie algebras and affine Kac-Moody algebras, which are closely
related to the singularity theory studied by Saito [22] and Slodowy [23]. In addition, the nullity 2 EALAs
are classified in [5] (also see [10]).

For a given EALA £, the subalgebra of £ generated by the set of non-isotropic root vectors is called
the core of £ [1]. We denote by E the class of all Lie algebras that are isomorphic to the centerless
cores (cores modulo their centers) of EALAs with nullity 2. Let s, (C,;) (n > 2) be the special linear Lie
algebra over the quantum torus C, in two variables [6]. It is proved in [5] that any Lie algebra in E,
is either isomorphic to s, (C,) with ¢ € C* not a root of unity, or isomorphic to a Lie algebra of the
form L(g, 1) with p non-transitive. The universal central extension ET[n((Cq) of sl,(C,) is given in [6],
and its MRY presentation is obtained in [27] for the purpose of determining the classical limit of the
two-parameter quantum toroidal algebras. The purpose of this paper is to study the universal central
extension g[u] of £(g, i), and the MRY presentation for g[u] with u non-transitive.

The rest of this paper is organized as follows. In Section 2, we recall some facts for the affine Kac-
Moody algebras which will be used later on. In Section 3, we show that any diagram automorphism u of
an affine Kac-Moody algebra g can be lifted to an automorphism fi for the universal central extension g of
£L(g,1d). The Lie subalgebra of g fixed by i is denoted by g[u]. We prove that g[u] is the universal central
extension of £(g, j1) (see Theorem 3.3), and give the MRY presentation for g[u] with p non-transitive (see
Theorem 3.6). Sections 4 and 5 are devoted to the proofs of Theorems 3.3 and 3.6.

We denote the sets of non-zero complex numbers, non-zero integers, and positive integers, respectively
by C*, Z* and Z,. For M € Z., we set {pp = e2™V=1/M and Zy, = Z/MZ.

2 Diagram automorphisms of affine Kac-Moody algebras

2.1 Affine Kac-Moody algebras

In this subsection, we collect some basics about affine Kac-Moody algebras that will be used later on.

Let A = (aij)fﬂ-:o be a generalized Cartan matriz (GCM) of affine type, and g be the affine Kac-
Moody algebra (without derivation) associated to the GCM A. We denote the set {0,1,...,¢} by I. By
definition, the Lie algebra g is generated by the Chevalley generators

with the defining relations (i,j € I)

[af,af] =0, [aiv,e;t] = +a;; ejﬂ [eiﬂe;] =0, ad(ef)lmo (ej-[) =0, i#].

Let A be the root system (including 0) of g, A* be the set of real roots in A, and A? = A\A* = Z§; be
the set of imaginary roots in A. Then g has a root space decomposition g = @, 8o Let IT = {a;,i € I}
be the simple root system of g such that efﬁ € g+, fori e I, and Q = @, ; Za; be the root lattice of g.
Then the root space decomposition naturally induces a Q-grading on g. In addition, let g be the quotient
algebra of g modulo its center. Then the Q-grading on g naturally induces a Q-grading g = @ aeq Ja
on g.
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Now we recall the twisted loop realization of the affine Kac-Moody algebra g (see [17, Chapters 7
and 8]). Using the notations given in [17, Chapter 4, Tables Aff 1-3], we assume that the GCM A is of
type X,

We start with a finite-dimensional simple Lie algebra g of type X,,. Let

-V nE= s
o, E-, 1=12,...,n

be the Chevalley generators of §, and h = @._, Ca; be a Cartan subalgebra of §. We denote by A the
root system (containing 0) of g with respect to h. Then g has a root space decomposition § = Dica a
such that go = h. Let II be a fixed simple root system of A, and A, be the set of positive roots with
respect to II. In addition, for each & € A+, there exist E € g+ and &V € h, such that {E dV,E;}
form an sly triple. Moreover, for a simple root ¢&; € II, we assume that EjE EjE

Let © be a diagram automorphism of g of order r. By definition, there ex1sts a permutation © on the
set {1,2,...,n}, such that

V(EF) = By, and (&) =&y for i=1,2,...,n
For each x € g and m € Z, we set

=r ! Z § "PoP(x) and G = {7y | @ € g}
PEZLy

In addition, define the Lie algebra

Aff(3,7) = @D Ct5' @ §pm) ® Cko

mEZ

with Lie bracket given by
(15" @z +arks, 15 @ y + aske] = 577 @ [2, 4] + (2, Y) Oy +ms 0mi ko,

where my,mo € Z, & € gm,1,Y € Fms)» @1, a2 € C and (-, -) is the normalized symmetric invariant bilinear

form on g.
We denote
the highest root of g, ifr=1 or X, =Ag, r=2,
0’_ 041—|-+O(g, ian:Dl-‘rla r=23,
Gy + o+ G2, if X, =A91, 7=2,

Q1 + 20 + 203 + Gy + &5 + &g, if X, = Fg, r=2.

In addition, for each i=1,2,...,n, we let r; be the cardinality of the set {¢*(i)|k € Z,}. If the GCM
A is of type A% , we set

+ + nEs ) .
E = TlE'L[O]’ E E;El], EO = 2\/§E[[0]’ H = 7’1 7,[0]’ HZ = —9\/’ HO = 4@2/[0],
where i = 1,...,¢ — 1. Otherwise, we set
Ef = riEii[o], H; =rid)y, By = rE';Fm, Hy=—rbyy, i=1,...,L (2.1)

It is proved in [17, Theorem 8.3] that g is isomorphic to Aff(g, ) with

@Y =rag'ke + 1@ Hy, ef=tT'@E*, o) =190 H;, ef=10F5 i#e¢ (2.2)

K2

where € = 0,a¢p = 1 except that the GCM A is of type Aé?, in which case e = ¢,a¢9 = 2. From now on,
we will often use the following identifications:

meZ
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without further explanation.
Let Q = @?:1 &; be the root lattice pf g. Note that v induces an automorphism of Q such that
v(dy) = Ay for i = 1,2,...,n. For & € Q, set

dp=r"" Y ()
PEZLy

and also set
Qo) = {00 | & € Q} C b*.
Then the root lattice Q of g is equivalent to Q[O] @ Zd, and the simple root system II of g is equivalent to

{ae = —0jg) + 02, av—c = dyo], @i = o], @ # €, — €}
We extend the normalized bilinear form (-, ) on § to a symmetric invariant bilinear form on g by letting
(t3" @ & + arke, t5" @y + azks) = Sy 4ma,0 (2, ),

where my,my € Z, & € §m,], Y € [m,) and a1, az € C. Since the restriction of (-, -) on b is non-degenerate,
we get a non-degenerate bilinear form (-,-) on h* by duality. In addition, the bilinear form (-, -) can be
extended to a symmetric bilinear form on @ by letting

(a +mdz, B+ nd2) = (v, B), (2.3)

where o, 5 € Q[O] and m,n € Z.

2.2 Diagram automorphisms

Throughout this paper, we let u be a permutation of I with order N such that a;; = a,(s).(j) fori,j € I.
It is known that p induces a diagram automorphism p of g such that

(o) = s p(ef) = ei(i), iel. (2.4)

This subsection is devoted to an explicit description of the action of p on g.

It is immediate to see that the permutation p induces an automorphism of @ such that p(da) = 0.
Recall from [17, Proposition 8.3] that the finite-dimensional simple Lie algebra § can be generated by the
elements E;", i € I defined in (2.1). Then we have the following lemma.

Lemma 2.1. (a) The action

Ef - ET

- e G€l (2.5)

defines (uniquely) an automorphism [ of §.
(b) The Cartan subalgebra ¥y of § is stable under 1, and

ju((h)) = i(ji(h)), Vheb. (2.6)
(c) There is a homomorphism p,, : Q — Z of abelian groups such that
pu((@)) = pu(@),  pldpe) = (@) + pu(d)d2, @ € Q. (2.7)
(d) For & € A, z € §4 and m € Z, we have

(T m)) = 0T [metp,. (6] (2.8)
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Proof.  We first consider the case where © = id. For each & € Q, write
u(@) = (&) + pu(@)da  with j(d) € Q and p,(a) € Z.

Then the map

i:Q = Q. & uc)
is an automorphism of @ (with order N) and the map

p#:Q—>Z, & pu(a)
is a homomorphism of abelian groups. We define a linear map i on g as follows:

pig—a, Ey = uEy), &Y= paY), for daeAy,
where M(Ef) are the elements in g4, (4) determined by the following equation:
1o BY) =55 @ p(B7).

It is easy to see that ji is an automorphism of § (with order N). Moreover, one can check that the
automorphism ji and the homomorphism p,, defined above satisfy all the assertions in the lemma.

Next, we consider the case where © # id. If u = id, then we only need to take f = id and p, = 0. So
we assume further that p is nontrivial. Then either

X =A% and p=(0,1)

n

or
XM =p® and p= [ G.l-9).

n
0<i< [ 55

Observe that, i.f Xr(f). = Agi)_l (Dg_)l, respectively), then the set {—i(0),co, ..., dar 2, -0} ({ov_1,
Gy—2,...,01,—0,—1(0)}, respectively) is another simple root system of g. Thus, if x = Agll, then

there is an automorphism £ on g given by

EitH—E;F(éy EXf s EX, 2<i<20-2, E';HHE;F.

In addition, if Xff) = Dg_)l, then there is an automorphism /i on g given by

Ef s BE., 1<i<t—1, EgiHE;Fa Ezt+1'_>_E;F(é)'

It is straightforward to check that in both cases the automorphism /i defined above satisfies the properties
(2.5) and (2.6). This proves the assertions (a) and (b).
For the assertion (c), we define a homomorphism p,, : Q — Z by letting

1= p,u(O-é2€—1); p,u(az) = 07 2 < { < 20 — 23 if XT(LT) = Aéi)_p
pulcn) =0, 1<i<l=1, pula) =1=pulaer), if X[ =D

+1°

It is obvious that the property (2.7) holds true for all ¢&; € II and hence for all & € Q. Finally, it can be
checked case by case that, the property (2.8) holds true for every = Eii, 1=1,2,...,n. For the general

case, we may assume that & = &;, +---+¢&;, and x = [Efl, ce [E:r_17Ej]] for some i1,...,is € I. Then
) — ot ot et
fi(x) = #( Z [Eil[kl]’ cees [Eis—l[k.s—1]7Eis[ks]”)
ki,....,ks €%,
= Z (7102150 [PPSO /710 /D [ SR 10 5/ [P SR |

ki,...,ks €L
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It implies that

/l(x)[erpu(d)] = Z [U(En )[k1+p“(di1)]7 SRR [/:L(E‘isfl )(k5—1+pu(é‘i§71 ))s /:[’(E.‘is)(k:s+pu(a.is))]]
kit tks=m
= ”( > [EZ[W'--’[EL%S11’Ei[ksﬂ]> = ()
ki+--+ks=m
holds true for every m € Z,. This completes the proof of the assertion (d). O

Let /i and p, be as in Lemma 2.1. Since the bilinear form (-, -) is non- degenerate on h, we may and do
identify [) with its dual space f)* and extend p, to a linear functional on h by C-linearity. The following
result is an explicit description of the action of the diagram automorphism p.

Proposition 2.2.  For each m € Z, & € A\ {0}, z € g4 and h € b, we have

w(ty? ®x[m]) =ty mreu(@ )®ﬂ(m[m])u p(ka) = ko,

. (2.9)
p(ty ® h[m]) =ty ® N(h[m]) + 0m,0 pu(h) ka.

Proof.  Using Lemma 2.1 and the identification (2.2), one can check that the action given in (2.9) defines
an automorphism of g such that the equation (2.4) holds, as desired. O

3 The Lie algebra g[u] and its MRY presentation

In this section, we define the twisted toroidal Lie algebra g[u] and state its Moody-Rao-Yokonuma pre-
sentation.

3.1 The Lie algebra g[u]

In this subsection, we introduce the definition of the Lie algebra g[u].
For My, My € Z, let K, a1, be the C-vector space spanned by the symbols

t7 ke,  t7"'t5%ke, mq € MWZ, mo € MoZ
subject to the relation
mat] ™ty 2ky + mot] "ty 2ke = 0.
We define
i= P CtMy @i ek, (CH 5@ oK,
m,n€”L

to be a Lie algebra with Lie bracket given by

2

(72 @ o, 70 @ y] = t?{%l-‘rmtgzz-i-”z ® [z, y] + (z,y) < Z mit;n1+nltgl2+n2ki), (3.1)

i=1
where & € @[m,], ¥ € [ny]> M1, M2,n1,n2 € Z and Ky, is the center. It follows from [19,24] that the
projective map
V3= P Ci'ty @ g = Cltr, 7' @3
m,n€”z
is the universal central extension of the loop algebra £(g,id) of g.
For convenience, we view Cltq, tfl] ® g as a subspace of g in the following way:

7" @x =ty @ & + at]" ke

for z =ty ® © + ake € g, my € Z. Then it is easy to see that the Lie algebra g is spanned by the
elements t1"* ® x, ky, t1't5%ky, x € g, m1,n1 € Z and ny € rZ*. Moreover, the commutator relations
among these elements are as follows.
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Lemma 3.1. Let o, EA, 2 € g,y € gp and my,n1 €Z. If a+ f € A* U{0}, then
[t @a, P @y =t7 T @ [2,y] + M10m, ny (T, Y)K1. (3.2)

Ife=t"®%, y=1t3> @y and a + B € A®\ {0}, then

7 @ w1 @ y] =1 ® g + (b ) I (33)
Observe that the Lie algebra g is generated by the elements
thees, Moo, k, icl, mel (3.4)

Similar to (2.4), the permutation ;4 induces an automorphism of g as follows.

Lemma 3.2. The assignment

e = M @er,, el 5 MR, kiek (3.5)

forie I, m € Z, defines an automorphism [i of g.
Proof.  'We define a linear transformation fi on g by letting
T @ M @ p(x),
e e (i 0 () - 2p, e ).
k1 —> kl, t?lt’gzkl —> finlt?ltgzkl,
where my,n1 € Z, x € go, 0 € AXU{0}, h = 5 ® h, me € ZX, ny € rZ* and h € f')[mQ]. Note that
pu(h) # 0 only if my € rZ, and so fi is well defined.
By using the explicit action of u given in Proposition 2.2 and the commutator relations of g given in

Lemma 3.1, one can easily verify that the map [ is an automorphism of g. Moreover, it is obvious that
the actions of fi on those generators in (3.4) coincide with that in (3.5). This completes the proof. O

We define g[u] to be the subalgebra of g fixed by fi. Recall from Section 1 that f is the automorphism
of g induced from p, and that £(g, i) is the twisted loop algebra of g related to fi. Note that £(g, i) is
the subalgebra of £(g,id) fixed by the automorphism

N @n: L(g,id) = L(g,id), V'@r— P Qux), meZ, xeg.
It follows from (3.5) that
o= (M@)o (3.6)
Thus, by taking the restriction of ¢ on g[u|, one gets a Lie algebra homomorphism
U = lgp) 2 8lu) = L(8, )-

The following theorem is the first main result of this paper, whose proof will be presented in Section 4.

Theorem 3.3.  The Lie algebra homomorphism v, : g[u] — L(8, i) is a universal central extension of
the twisted loop algebra L(g, [i).

3.2 The MRY presentation

Here we state an MRY presentation for g[u]. Throughout this subsection, we assume that p is non-
transitive. Observe that a diagram automorphism on g is transitive if and only if g is of type Ay) (£=1),
and the diagram automorphism is an order £ + 1 rotation of the Dynkin diagram.
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We first introduce some notations. Set V =R ®zQ and extend (-, -) (see (2.3)) to a bilinear form on V/
by R-linearity. For i,j € I, we set

1
G = — ey and G = QEZ“Z@

We fix a representative subset of I as follows:
I={icI|uk@) >ifor ke Zy}.

It was proved in [5, Proposition 12.1.10] (see also [9]) that the folded matrix

A= (aij); jer
of the GCM A associated with p is also a GCM of affine type.

For i € I, we denote by O(i) C I the orbit containing ¢ under the action of the group (u). The following
result was proved in [5, Lemma 12.1.5].

Lemma 3.4.  For each i € I, exactly one of the following holds:
(a) The elements oy, p € O(1) are pairwise orthogonal,

(b) O@) = {i, p())} and aguiy = =1 = @i
As in [5], for ¢ € I, we set
1, if (a) holds in Lemma 3.4,
S; =
’ 2, if (b) holds in Lemma 3.4.
Now we introduce the following definition.

Definition 3.5. Define M(g, 1) to be the Lie algebra generated by the elements

£ ¢ iel, mel (3.7)

hi,ma 1'1,7m7

subject to the relations
(TO) hu(i).m = gmhi m #(Z m gm Lim»
(T1) [e,hin] =0=]c, ?:n]
(T2)  [him, hjnl = > mN{(ey, ) ;))0minome* e,

kEZN

(T3) [hl m, L j’l’L == Z a’lu jm+n€km
keln
mN (o), o)) ,

(T4) [ 'Lm7 jn Z 61/1 ( Jm+’ﬂ+ ) 5m+n,Oc fkm?

kEZN
(T5) (adaj(y)' ™% (x7,) =0, if a; <0,
(T6) [2E s, ok, 2t ] =

In view of (3.4) and (3.5), we know that the Lie algebra g[u] is generated by the following elements:

" ® el(m), "' ® al(m) ki, i€l, meZ, (3.8)

where x(,,) = ZPGZN EPm P (z) for « € g. The following theorem is the second main result of this paper,
whose proof will be presented in Section 5.

Theorem 3.6.  The assignment

c ki, him Q). T, o Qe i€l, meL

i(m)?
determines a Lie algebra isomorphism from M(g,u) to gp]-

When g is of untwisted type and u = id, Theorem 3.6 is proved in [19].
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4 Proof of Theorem 3.3
4.1 Multiloop algebras

We start by recalling the definition of multiloop algebras (see [2]). Let € be an arbitrary Lie algebra, and
let 01, 09,...,0 be pairwise commuting automorphisms on ¥. From now on, we denote by £71:72::%s
the fixed point subalgebra of £ under the automorphisms o1, 09, ...,0s. Suppose further that each auto-
morphism o; has a finite period M;, i.e., o™i =1, i =1,...,s. The multiloop algebra associated with &,
01,02,...,0 is by definition the following subalgebra of (C[tfl, tgd, U e =R 2

m m m
£M1,M2,~.7Ms(?’0'170'2""508) = @ (Ctl 1t2 : ERRE M ®E(m1,m2,-~’ms)’
where

Emima,.m,) = 12 € €| oi(x) = A"}la:, 1=1,2,...,s},
and when each M; is the order of o; we often write
L 01,02,...,05) = Lpry Ms.... M. (8,01,02,...,05).
Let o be an automorphism of ¢, and (¢, co, ..., cs) be an s-tuple in (C*)*. Let
' 0t w0

be the automorphism of (C[tfcl,tgil, ..., tF1 ® £ defined by

migmsa m —miy ,—ma —m mipmsa m
Tyt @ o] ey M e TS T @ o (),

where z € £ and m,; € Z. It is obvious that the multiloop algebra Las, ., (¢, 01,...,0,) is the subalgebra
of (C[tlil, t2i1, ..., t¥1] @ ¢ fixed by the following commuting automorphisms:
5;4?1(@1@...@1@01, 1®§X4§2®~~®1®02, R 1®'--®1®€]\_£”®05-

4.2 The functor uce

In this subsection, we recall the endofunctor uce on the category of Lie algebras introduced in [20]. Let &
be an arbitrary Lie algebra, and B be the subspace of £ ® £ spanned by all elements of the form

ry+y®z and @[y, z]+y®[zz]+2®[x,y], x,y,z€¢L
We define uce(t) = ¢ ® ¢/ B to be a Lie algebra with Lie bracket
2@ 2",y @Y ucery = 2,2 @ [y, '] + B.
Then we have the following well-defined Lie algebra homomorphism:
ug s uce(t) > €€ Ct, zy— [z,yl,

which is in fact a central extension of [¢, €].
Let f: € — €y be a homomorphism of Lie algebras. Then the map

uce(f) : uce(€) — uce(ty),
@y f(z)® f(y)

is also a Lie algebra homomorphism. Note that uce is a covariant functor. Therefore, if f is an isomor-
phism, then so is uce(f).
We say that a homomorphism f : uce(¥) — uce(€y) covers f : € — & if

ug, o f = foug.

The following results were proved in [20].
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Proposition 4.1.  Let ¢ be a perfect Lie algebra. Then

(a) the map ue : uce(t) — € is the universal central extension of €, and ker(ug) is the center of uce(€)
when € is centerless;

(b) for any homomorphism f : € — ¥ of Lie algebras, the map uce(f) is the unique homomorphism
from uce(t) to uce(ty) that covers f.

We also record the following straightforward result as a lemma that will be used later on.

Lemma 4.2. Let 01,...,05 and 71,...,7s be pairwise commuting automorphisms of Lie algebras €
and €y, respectively. Assume that there is a homomorphism ~ : € — € such that v o o; = 7; 0y for each
i=1,...,s. Then one has

(a) if the map uce(y) is injective, then

uce(,y)(uce(e)uce(al) ..... uce(as)) — uce(?o)““(“) ..... uce(7s) n im(uce(y));
(b) if the map v is an isomorphism, then
uce(v) : uce(é)uce(ol) uce(os) A uce(é )uce(n)w..,ucc(rs)'

Suppose now that oy and o9 are two commuting automorphisms of g with periods M; and Ms, respec-
tively. We define
EMth (gv 01, 02) = EMl,M2 (gv 01, 02) S ICML,MQ
to be the Lie algebra with Lie bracket as in (3.1). In particular, we have g = L1 +(8,id, v). It was proved
in [24] that EMI’ M, (8,01,02) is the universal central extension of /.ZMh M, (8,01,02). For convenience,
when M, is the order of o; for i = 1,2, we also write £(g,01,02) LMl,M2 (§,01,09).
For o € Aut(g) and c¢1,co € C*, one can easily verify that the assignment

My @ o] Moy T2 @o(x), x€g, mi,ms €L,
FT K, e ¢ ey TRk, i =1,2

determines an automorphism on E(g,id id) = uce(L(g,id,id)). Note that this automorphism covers
;" ® ;% ® o, and hence coincides with uce(c; ™ ® ¢;% ® o) (see Proposition 4.1(b)). By using this,
it is easy to see that

~ -~ —d —d- — —d
Lrvy iy (8.01,02) = (E(3.id,id))*(E3iy &1 0o s 06,2 se)

In other words, we have the following isomorphism:
uce(L(g, id, id)§;4(11 ®1792Q0y,17 4 ®E;,‘;2 ®o—2) =~ uce(L(g, id, id))uce(f&il ®17%2®0;),uce(171 ®§;/I‘;2 ®03) (4.1)
4.3 Automorphism groups

In this subsection we collect some basics on the automorphism group of g, one may consult [5, Section 6]
for details. Let Aut(A) be the group of diagram automorphisms of g. Define the outer automorphism
group of g to be

Out(A) = (w) x Aut(A),

where w is the Chevalley involution of g.

Let Hom (@, C*) denote the set of group homomorphisms from @ to C*, which is viewed as a group
under pointwise multiplication. The group Hom(Q, C*) can be identified as a subgroup of Aut(g) in the
following way:

Hom(Q,C*) < Aut(g), pr— (z+— pla)z), =€ ga, «a€A. (4.2)
Define the inner automorphism group of g to be

Aut®(g) = (exp(adz,) | a € AX) - Hom(Q,C*).
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Consider now the group homomorphism
X : Aut(g) — Aut(g),

where X(7) = 7 is the automorphism of g induced from 7. Note that the restriction of ¥ on Out(A)
and Hom(Q,C*) are both injective. Thus we may view them as subgroups of Aut(g). The following
statements were proved in [5, Propositions 6.1.5 and 6.1.8].

Proposition 4.3.  The homomorphism x is an isomorphism. Furthermore,
Aut(g) = Aut®(g) x Out(A), Aut(g) = Aut’(g) x Out(A),

where Aut®(g) = y(Aut®(g)).

By Proposition 4.3, we have the following projections:
p: Aut(g) — Out(A) and p: Aut(g) — Out(A)

such that p oy = p. An automorphism o of g (resp. g) is said to be of the first kind if p(o) (resp. p(o))
lies in Aut(A). Otherwise, we say that o is of the second kind.

4.4 TUniversal central extensions

This subsection is devoted to a proof of the following theorem.

Theorem 4.4. dLet 7 be an automorphism of g of the first kind with period M. Then the Lie %lgebm
uce(£(g,1d)) <€ M s the universal central extension of the loop algebra Ly (g, 7) = L£(g,id ) ©7.

Recall that the automorphism i of § = uce(£(g,id)) covers the automorphism ¢~4 ® i of £(g,id)
(see (3.6)), and so coincides with uce(é~% @ fi) (see Proposition 4.1(b)). Thus, Theorem 3.3 is just a
special case of Theorem 4.4.

We first establish some technical results. Let & be an automorphism of g with period M. It is known
that the twisted loop algebra of g related to & is independent from the choice of its periods [4, Lemma 2.3].
In the following, we extend this result to their universal central extensions.

Lemma 4.5. Let 7 be an automorphism of @ of finite period, and M and M' two periods of . Then
uce(L(§,id)) <€ 89) & yee(L(g, id))HcEnrt 89 (4.3)
Proof. ~ 'We may (and do) assume that M’ = bM for some b € Z,.. Consider the natural imbedding
iy : £(g,id) — L(g,id), t"@z— " @,

where m € Z and = € g. It is clear that the image of 4 is the Lie algebra £4(g,id) = £y (g,1d, ) and
that

E @a)oiy=ipo (6, ®5). (4.4)

By using Proposition 4.1(b), it is easy to see that the action of uce(i,) on the center of uce(£(g,id))
= uce(Lq,,(g,1id, )) is given by

2k s 52k, i =1,2, my €Z, mg € .
This implies
the map uce(ip) is injective (4.5)
and

im(uce(ip)) = uce(Lp - (g,id, 7))
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= uce(£(g.id, id))ee(@ @R ED (e, )
= (uce(L(g, id, id))uee( @€ 2@0) yuce(g, @172 01)
= uce(L(g, id)) e D), (4.6)
Note that we also have
uce(L(g, id))““(g;/ﬁl@ﬁ) C uce(L(g, id))ww(g;ﬁﬁ@ﬁ)w
— uce(L(§, id)) << (Enr' €M)
— uce(L(§,id)) <& O,
This together with (4.6) gives
im(uce(iy)) N uce(£(g, id)) "€ ©7) = uce(£(g, id)) < Enr' 82, (4.7)

Now the assertion is implied by (4.4), (4.5), (4.7) and Lemma 4.2(a). O

Let & be an automorphism of g with the period M. Now g = £(g,7) itself is a twisted loop algebra
and so is independent from the choice of the period of . Namely, if M’ is another period of 7, then one
has the natural isomorphism g = £,,/(g, 7). Via this isomorphism, & induces an automorphism, say &,
of Ly (g,v) with the period M. Similar to Lemma 4.5, we have the following lemma.

Lemma 4.6. Let 5, M, M’ and ¢’ be as above. Then one has
uce(L(g, id))““(f;fdl‘@&) =~ uce(L(Lar (g, 7), id))”‘e(gfdl@&l). (4.8)
Proof.  Set b= M'/r and define the embedding
Jpid=L(§,0) = L(g,id), I oz—ti" o, myeZ, zeg.
Then the image of j, is the Lie algebra L/ (§,7) and
jpod =a o . (4.9)
Moreover, the action of uce(174 ® j,) on the center of uce(£(g,id)) is given by
ETmR s T2k i =1,2, my €Z, my €.

This implies

the map uce(179 ® jp) is injective (4.10)

and
im(uce(1™ @ 5;)) = uce(Ly 0 (§,1d, 7)) = uce(L(Lar (g, v),id)). (4.11)
Then the lemma follows from (4.9)—(4.11) and Lemma 4.2(a). O

Using Lemma 4.5, we have the following result.

Lemma 4.7. Let & be an automorphism of g with period M. Then
uce(ﬁ(@,id))”‘e(i&dl@&) = uce(ﬁ(@id))““(f;fdlg’ﬁ(&)). (4.12)

Proof.  Recall the isomorphism Y : Aut(g) — Aut(g) given in Proposition 4.3. Then we may choose an
automorphism o of g such that ™ = id and x(c) = &. This together with [18, Lemma 4.31] gives that
there exists a p € Hom(Q, C*) such that

pp(@)=p@)p, pM =id and & is conjugate to p(a)p.
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Note that the automorphisms p and p() of g satisfy all the assumptions stated in [4, Theorem 5.1]. Then
it follows from [4, (5.3)] that the automorphism fx/[dl ® pp(7) is conjugate to gﬁl ® p(7). This together
with Lemmas 4.2(b) and 4.5 gives

uee(£(§, 1)) <6 ©7) == yce(L(g, id))HeeEar 0P(7)
& uce(£(g, id)) <z €2
> wee(L(g, id))ueeEn ©P(@),

Therefore, we complete the proof. O

Let Hom(Q, C*) be the set of group homomorphisms from @ to C*. Similar to (4.2), we may (and
do) view Hom(Q, C*) as a subgroup of Aut(g). From now on, let 77 be as in Theorem 4.4. The following
characterization of L£/(g, ) plays a key role in the proof of Theorem 4.4.

Lemma 4.8.  There exist finite order automorphisms p and 7 of § such that

pE HOI’II(Q, (Cx)a vp = pv, (VP)T = T(Vp) and L:M1,M2 (ga T, Vp) = EM(@, 77)7
where My and My are some periods of 7 and vp, respectively.
Proof. By [5, Theorem 10.1.1], there exist finite order automorphisms 7 and & such that £(g,7) =
L(g,7,0). Up to conjugation, we may assume that ¢ is of the form pd, where p € Hom(Q,C*) and ¢
is a diagram automorphism of g such that p9 = ¢ p. If g is of untwisted type, then it follows from the
proof of [5, Theorem 10.1.1] that one may take ¢ = id = v. If g is of twisted type, then by comparing

the classification results (the relative and absolute types) given in [5, Table 3] and [10, Table 9.2.4], we
find out that the diagram automorphism 1 can also be taken to be r. O

Notice that the automorphisms p and  satisfy the assumptions given in [4, Theorem 5.1]. Thus, there
is an automorphism ¢ of £(g,id) such that

po (G ®@up) oy =62 @0 (4.13)
Denote by 7/ the automorphism
po(l™2 @) op™

of £(g,id). Then 7/ commutes with the automorphism 51;1%2 ® v, and hence preserves the Lie algebra
2

Lsz(9,77). Write 7" for the restriction of 7/ on Ly2(g,7), and 7 for the automorphism of g induced
from 7" via the isomorphism g = £2(g, 7). So by definition we have

—d 7 q1—dq —d .
C(g7id7id)§&il®1*d2®+,1*dl @5;{22(8,;9 . E(ﬁ(g7id),id)£Mll®T 174 ®(£M222®u)
—di 7'” - =
= L(Lagz (6. 0),id)" 7 = Loy, (.7). (4.14)

Lemma 4.9. One has

ues(€5,3! @7 )wee(1- N @ (€2 @0)

uce(ﬁ(ﬁ(g, ld)7 ld)) = UCQ([,(EMS (97 D), id))u““;{il ®T") .

Proof.  Due to the isomorphisms

uce(1~% ®£;;22®1'/) ~

uce(£(g,1d, id)) g = uce(Ly pr2(9,1d, 7)) = uce(L(Lysz(9,0),1d)),

it suffices to show that the restriction of uce(f&?l ® 7') on uce(L(Lyz(g,7),1d)) coincides with
uce( ]\_/[‘il ®7"). Set t = L(g,id,id) and €y = £ p2(9,id, ) = L(Lpz(g,7),id). Then by definition
one has

Ug O uce(fﬁfl ®@7) = (5;/[(111 ®@7')oug, g 0 uce(fﬂil ®7") = (5;/[(111 @ 7") 0 ug,,
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_ N —d; 1 __ e—dq /
Ugy = Ue |uce(Eg):L1 La(gide) And Gyt @TT =6, @1 leo-
T2

This implies that the restriction of uce( ]\7/1(111 ® 7') on uce(ty) covers 51\}?1 ® 7”. Combining this with
Proposition 4.1(b), we obtain the desired result. O

Now, by using Lemmas 4.9, 4.2(b) and 4.6, we can extend the isomorphisms given in (4.14) to their
universal central extensions as follows:

uce(L(g,id, id))u“(éiﬁl ®1792 @) uce (11 @€, 22 @ p0)

—dg

uee(£,, @) uce(1 N1 @(E 2 @)
2

= uce(L(L(g,1d),id))
= uce(L(L g3 (6, 7),id)) " En ™)
& uce(L(§, id)) €' 7). (4.15)
Combining Lemma 4.8 with (4.14), we get the isomorphism
Lo, (8,7) = L (8, 7)-

By using [5, Theorem 10.1.1 and Corollary 10.1.5], we get that 7 is of the first kind. Moreover, it follows
from [5, Theorem 13.2.3] that the diagram automorphism p(7) is conjugate to p(77). Thus, one can
conclude from Lemmas 4.5 and 4.7 that

wee(£(g, i)' 07 & yee(£(g, id)) o< Ean ©2(7)
& uce(£(g, 1)) <<€ ®P0))
= yce(L(g, id))uce(ﬁ&“@ﬁ)'
Combining this with (4.15), we get that
uce(L(g, id))uce(gfdl @M = yee(L(g, id, id))“ce(i&(?@rdz ©F) ee(1- @€, 2 @p0)

is centrally closed. This completes the proof of Theorem 4.4.

5 Proof of Theorem 3.6

Throughout this section, we assume that the diagram automorphism g is non-transitive.
5.1 The root system of g[u]

In this subsection, we determine the non-isotropic roots in g[u]. As indicated in [5, Section 14], this
affords an explicit realization of all nullity 2 reduced extended affine root systems given by Saito [22].
Recall that V = R ®z @, and we extend p to a linear automorphism on V' by R-linearity. We denote
by V,, the fixed point subspace of V' under the isometry u, m, : V' — V,, the canonical projection of V'
onto V,,, and @# the abelian group 7,(Q) x Z.
Define a Q x Z-grading on g = @(a,n)eszﬁa,n by letting

t?l ® X E aa,n17 kl e ﬁo,()? t?ltSle E anztsg,nlﬂ

where x € go, @ € A, n1 € Z and ng € rZ*. The above grading induces a Q\H—grading

(a,n)EQy

on g[u] such that for any (a,n) € qu

o~

g[ﬂ]a’n ={ze ﬁ[,u] maﬁ,n | 8 € Qvﬂ#(ﬁ) = a}.
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Notice that this is the unique Q\u—grading on g[u] such that

' eii(n) € glulain, 11 ® ) €8luons ki €8lufoo (5.1)

fori € I and n € Z.
Consider now the following subsets of Q),,:

@, = {(a,n) € Qu | Blilan # 0},
@; = {(a’n) € @u | (OJ,OZ) 7é 0}7
X =3, N Q= {(e,n) € Dy | (v, @) # 0}

It is obvious that ®, C m,(A) x Z and so we have
;) Cmu(A)* xZ, (5.2)

where 7,(A)* = {a € m,(A) | (o, &) # 0}. By definition, for each i € I we have &; = m,(a;). In addition,
for i € I with s; = 2, we have 2&; = m,(a; + a,(;y). This shows

kidiEﬂ'u(A)X, 1<k <s;, i€l (53)

For i € I, we let N; be the cardinality of the orbit O(i) in I and set d; = Nﬂb Denote by W the Weyl
group of the folded GCM A. Then we have the following description of the set D

Proposition 5.1.  One has

‘I); = {(w(l{?idi),]ﬁ | weW,iel, 1<k <s;,p€E (k‘l - 1>di + kZChZ} (54)

and that
dimg[ya, =1, V(a,p)€ (I);>L<~ (5.5)

Before proving Proposition 5.1, we first give a characterization of the set 7,(A)*. This result is a
slight generalization of [5, Proposition 12.1.16].

Lemma 5.2.  One has
(A = {w(kidn) |weW,ie I, 1<k <s;}. (5.6)
Proof.  For convenience, we set
A = (ki) |w e W,ieT,1 <k <s;}
We first show that
W(WM(A)) C mu(A). (5.7)

Let ra,, % € I denote the reflections associated to ¢;. Note that the Weyl group W is generated by these
reflections. Thus we only need to show that

re, (mu (D) C mu(A), i€l (5.8)

If s; = 1, it is shown in the proof of [5, Proposition 12.1.16] that for each a € A, the following relation
holds true:

mwmm=m((ILmeoemm»

peO(i
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If s; = 2, then 2d; = o+, ;) € A as a; ;) = —1. Note that 7,(&;) = &; and hence (¢, m, () = (&, @)
for all & € A. This implies that

re (m () =m,() — Md:ﬂ' o — (dwa)d
(Mu() = () =2 (i, ) ”( 2(6@,6@) Z)

(Ov[iv a) «
=Ty (O{ — 2m20{2 = 7'('#(7"2di (a)) c W#(A)
Thus we complete the proof of the assertion (5.8) and hence the assertion (5.7). Now, as the reflections
preserve the bilinear form (-, ), we have

W (m,(A)*) C mu(A)*.
This together with (5.3) gives
A C W(m, (A)X) C mu(A)*.

For the reverse inclusion, observe first that any non-zero element 3 € 7,(A) can be written uniquely
in the form § = ), ;n;d;, where n;’s are either all non-negative integers or all non-positive integers.
Set ht3 = > ,cjni. Assume that 8 € 7,(A)*. We then show that 3 € A°" by using inducti9n on htf.
Without loss of generality, we may assume that htg > 0. Since (3, 3) > 0, there are some i € I such that
(8, &;) > 0 and that n; > 0. If rs, () is positive, then we are done by the induction hypothesis. If 4, (5)

is negative, then = ¢d; for some positive integer ¢. This implies that § = 7, (a) for some

o= ZmpapeA with Zmp:q.
peO(3) pEO(i)

If s; = 1, then ¢ must equal 1 as all a,,, p € O(4) are pairwise orthogonal. If s; = 2, then ¢ can be 1 or 2,

as |O(i)| = 2 and a;,(;y = —1. This completes the proof. O
As a by-product of Lemma 5.2, we have the following corollary.

Corollary 5.3. Leti,j € I with a;; <0. Then for every p € Z, the elements ((1 — G;;)d; + &;,p) and

((si + 1)di, p) are contained in Q; but not contained in ®);.

Proof. By Lemma 5.2, it suffices to show that if d;; < 0, then (1 — &;;)&; + &; is non-isotropic.

Otherwise,

0=2 —
(aiaai)

= 2(1 — dij) + dij =2 dij7

which leads to a contradiction. O

Let § be the subalgebra of g[u] generated by the elements az/(oyeii(o)a i € I. Then by applying
Corollary 5.3 we have the following corollary.

Corollary 5.4. The Lie algebra § is isomorphic to the derived subalgebra of the Kac-Moody algebra
associated with A.

Proof. Tt suffices to check that the elements a;/(O), eio), i € I satisfy the defining relations of the derived
subalgebra of the Kac-Moody algebra associated with A. Only the Serre relations

(adegy))' " (ej) =0, i#jeEl

are non-trivial. But such relations are immediate from Corollary 5.3. O

Now we are ready to complete the proof of Proposition 5.1. Using (5.2) and Lemma 5.2, we know that
any element in @ has the form

(w(kidi),p), weW, 1<k <s;, 1€, péel. (59)
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Regard g[u] as a module of the affine Kac-Moody algebra § (see Corollary 5.4) via the adjoint action.
Then it is integrable, and for each p € Z, the graded subspace g[u], of g[u] is a g-submodule, where

dy= D has

aem, (A)

Using this and the standard sl-theory, we obtain that (w(kid;),p) € @) if and only if (k;dy,p) € ©F.
Moreover, we have dim @[] (k;a:),p = AM G[1]k,a,,p- S0 we only need to treat the case where w = 1.
We first consider the case where k; = 1. Note that for each i € I,

e, =Cthoel  =C " ( > gdi’“>51’8t§’®e;(i).

SEZN, k€Za,

This together with the fact
Y gt £0epedl

kEZdi

gives that (&;,p) € @ if and only if p € d;Z. Next, for the case where k; = 2 (and hence s; = 2), we
have
lul2a,p = CtY © [ef, e::(i)](l’)'
This together with the fact
n(lef e:(i)]) = [e:(i), ef] = —[ej,e:(i)]

gives that (2d;,p) € @} if and only if p € d; + NZ. Therefore, we complete the proof of Proposition 5.1.
5.2 Proof of Theorem 3.6

We start with the following lemma.

Lemma 5.5.  The assignment

c— ky, hiym»—>t’1”®al\-/(m), xmetT@)ei iel, meZ

m)’
determines (uniquely) a surjective Lie homomorphism from M(g, i) to gp].

Proof.  One needs to check that the generators a;/(m), e;.%m), ky, i € I,m € Z of glu] satisfy the defining

relations (T0)—(T6) of M(g, ). The relations (T0)—(T4) follow from a direct verification by using (3.1),

and the relations (T5)—(T6) are immediate from Proposition 5.1. O
Denote by ¢,, : M(g, 1) — @ the Lie homomorphism given in Lemma 5.5, and

¢u = wu o ¢u : M(g,,u) — ‘C(gala)

the composition of the map ¢, and the universal central extension 1, : glu] — £(g, ). By the universal
property of 1,,, we see that Theorem 3.6 follows from the following result.

Proposition 5.6.  The Lie homomorphism ¢, : M(g, u) — L(g, 1) is a central extension.

The rest part of this subsection is devoted to a proof of Proposition 5.6. Notice that there is a (unique)
Qu-grading M(g, 1) = B, n)eq, M9 #)an on M(g, u) such that

dege = (0,0), deghim, = (0,m) and deg:ﬂfm = (xa;,m), i€l, melZ.

We also introduce a @#—grading structure £(g,n) = @(a n)ed L(8,[1)a,n so that the quotient map

Yy 8lu] — L(g, 1) is graded. It is obvious that the homomorphism ¢, is Q\M—graded (see (5.1)) and so
is the homomorphism QZM.

Let M(g, #)* be the subalgebra of M(g, ) generated by {zlim | i€ I,m e Z}, and M(g,u)? the
subalgebra of M(g, 1) generated by {h;m | ¢ € I,m € Z}. Then we have the following triangular
decomposition of M(g, 1), whose proof is straightforward and omitted.
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Lemma 5.7.  One has M(g, 1) = M(g, )™ & M(g, )% & M(g, p) .
Recall from Lemma 5.2 that

T (A = {w(kidy) |w e W,i e I,1 <k < s;}

Lemma 5.8. Let (a,p) € Q\FXL Then the following results hold true:

(1) if M(g,t)a,p # 0, then a € T, (A);

(2) if a = w(d;) for somei € I and w € W, then the dimension of the graded subspace M(g, (t)a.p is 1
if p € d;Z, and is 0 otherwise;

(3) if a = w(2&;) for some i € I with s; =2 and w € W, then the dimension of the graded subspace
Mg, )ap 181 if p e di+ NZ, and is O otherwise.
Proof.  Denote by Mg(g, i) the subalgebra of M(g, ) generated by the elements h; g, mfo and i € I.
Then one concludes from the relations (T2)—(T5) that Mg(g, p) is the derived subalgebra of the Kac-
Moody algebra associated with A. Viewing M(g, 1) as an M(g, )-module by the adjoint action, we see
from (T3)—(T6) that the M(g, u)-module M(g, p) is integrable. Moreover, for each p € Z, the subspace

M(gnu’)p = @ M(g,ﬂ)a,p

(a,p)EQy

of M(g, ) is an My(g, p)-submodule. A standard sly-theory argument gives that
dim M(g, tt)a,p = dim./\/l(g,,u)m(a)yp, wew.

Assume now that M(g, pt)a,p # 0 for some (a,p) € Qu' We now prove that a € m,(A)* by using
induction on ht «. Here and as before, ht o = Zid n; if = Zid n;&;. By Lemma 5.7, the integers
n;, 1 € I are either all non-negative or all non-positive. We assume that ht « > 0, so that all n; are
non-negative. Then there exist some i € I such that (¢, @) > 0 and n; > 0. If ht 74, (o) > 0, then we are
done by the induction hypothesis. Otherwise ht rs, () < 0 and so o = ké; for some positive integer k.
But the relation (T6) forces that 1 < k <'s;. This proves the assertion (1).

The assertion (2) is implied by (T0) as M(g, tt)a; p = (Cx;fp. As for the assertion (3), we have N; = 2

and a;,(;y = —1 in this case. Then by the assertion (2) and Lemma 5.7, we get that

M(gvﬂ)Qdi,p = Z [M(gnuf)di,va(ga,u')di,n}' (510)
m;'z;_(?/':/g)Z

So the proof of the assertion (3) can be reduced to the proof of the following facts: M(g, it)24,, = 0 if
p € NZ, and dim M(g, )2a,p = 1 if p € N/2 + NZ. We first show that M(g, t)2s,p = 0if p € NZ.
By (5.10), this is implied by

[x:mN/Q,x:nNm] =0 if m=n (mod 2). (5.11)
Using (T4), we have
[ 2 Tl = 5 s memy N2 + ac
for some a € C. In addition, by (T3), we have

2-(=pmN
[PimNy2s x;fnzv/z] = xj,(m«kn)N/Q'

Thus, if m = n (mod 2), then

N?L +
o5 [mi,mN/Q’ xi,nN/Z}’

+ - + +
Hmi,O’ z; o), [ffi,mzv/z’ xi,nN/2H

+ + -1 _
Hxi,mN/Q’ xi,nN/QL xi,o] =0.
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Combining these with (T6), we get

N2 _
T[mImN/wxj,nN/z] = Hx%v%da ['Tj,mN/Q“r;tnNﬂH

= [[:Cj,_oa [x»j:m]\[/27 ‘T?’_nN/QHv ‘T;o] + [:Cj,_oa [[z:m]\]/27 :Cj:n]v/g]v ‘T;OH
= [[xi,o’ [x:mN/2’l‘:nN/2H7‘/I;':O] =0.

This completes the verification of (5.11).
We now prove that dim M(g, pt)2a, p =1 if p € N/2 4+ NZ. It follows from (T3) and (T4) that

[x;,oa [x;07M(97M)2di,p]] C Chyp. (5.12)

It is immediate from the (T2)—(T4) that (C:EZT’:O + Cx; 5 + Chip = sly. Then by (5.10), (5.12) and the
assertion (1), we find that the space spanned by M(g, tt)ka;.ps Pi,p, & = £1 and k = £2 is an irreducible
slp-module. This gives that dim M(g, ft)2a,,, < 1. But one can conclude from Proposition 5.1 that

dim M(g, f1)2a, p = dimg[pl2a,,p = 1,

as ¢, is a graded surjective homomorphism. Thus we complete the proof of the assertion (3). O

Now we are in a position to complete the proof of Proposition 5.6. It follows from Proposition 5.1 and
Lemma 5.8 that

ker (Z_Slt C M(gm)iso _ @ M(g’u)am, (513)

(a,p)€QY,

where
Qp = {(a,p) € Qy | (a, @) = 0}
Note that @2 + @; C @;, which in particular shows that

[, M(g, )] N M(g, p)*° = {0}, for iel, meL (5.14)
Finally, Proposition 5.6 follows from (5.13) and (5.14), as the Lie algebra M(g, ) is generated by the

elements z¥ i e I,m e Z.

i,m?
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