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1 Introduction and notations

Non-additive probabilities and non-additive expectations are useful tools for studying uncertainties in
the statistics, measures of risk, superhedging in finance and non-linear stochastic calculus (see Denis and
Martini [4], Gilboa [5], Marinacci [13] and Peng [14-16,18,19], etc.). Peng [16] introduced the notion of
the sub-linear expectation. Under the sub-linear expectation, Peng [16-21] gave the notions of the G-
normal distributions, G-Brownian motions, G-martingales, independence of random variables, identical
distribution of random variables and so on, and developed the weak law of large numbers and central
limit theorem for independent and identically distributed (i.i.d.) random variables. Furthermore, Peng
established the stochastic calculus with respect to the G-Brownian motion. As a result, Peng’s framework
of nonlinear expectation gives a generalization of Kolmogorov’s probability theory. Recently, Bayraktar
and Munk [1] proved an a-stable central limit theorem for independent and identically distributed random
variables. This paper considers the general central limit theorem for random variables which are not
necessarily i.i.d. under the sub-linear expectation. We establish a central limit theorem and a functional
central limit theorem under the conditional Lindeberg’s condition for a kind of martingale-difference-like
random variables. As applications, the central limit theorem for independent but not necessary identically
distributed random variables under the popular Lindeberg’s condition is obtained. The tool for proving
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the central limit theorem is a promotion of Peng’s [20] and gives also a new normal approximation method
for classical martingale differences instead of the characteristic function. For proving the functional central
limit theorem, we also establish Rosenthal’s inequalities for the martingale-like random variables. As the
central limit theorem of classical martingales which is the fundamental tool for studying the convergence
of stochastic processes under the framework of the probability and linear expectation, especially stochastic
integrals and differential equations (see Jacod and Shiryaev [9]), the (functional) central limit theorem of
martingale-difference-like random variables under the sub-linear expectation will provide a way to study
the weak convergence of stochastic integrals and difference equations with respect to the G-Brownian
motion.

In the rest of this section, we state some notations about sub-linear expectations. The main results
on the central limit theorem and functional central limit theorem are stated in Sections 2 and 3 with the
proofs given in the last section. In Section 4, we establish the Rosenthal-type inequalities and an expo-
nential inequality for the maximal sums of the martingale-difference-like random variables. In Section 5,
we consider the Lévy characterization of a G-Brownian motion in a general sub-linear expectation space.
The Lévy characterization of a G-Brownian motion under G-expectation in a Wiener space is established
by Xu and Zhang [25,26] and extended by Lin [11] by the method of the stochastic calculus. We give
an elementary proof without using stochastic calculus. We find that the functional central limit theorem
gives a new way to show the Lévy characterization.

We use the framework and notations of Peng [20]. Let (£2, F) be a given measurable space and let .72
be a linear space of real functions defined on (2, F) such that if X;,...,X,, € 5 then o(X1,...,X,)
€ J for each ¢ € CjLip(R,,), where C) 1ip(R,,) denotes the linear space of (local Lipschitz) functions ¢
satisfying

lp(®) =) < CA+ 2™ + |y[™)|le —yl, Va,yeR,,
for some C' > 0, m € N depending on ¢.

€ is considered as a space of “random variables”. In this case, we denote X € #. We also denote the
space of bounded Lipschitz functions and the space of bounded continuous functions on R,, by C4 Lip(Ry,)
and Cy(R,,), respectively.
Definition 1.1. A sub-linear expectation E on # is a function E : # — R satisfying the following
properties: for all X,Y € 77,

(1) monotonicity: if X >V then E[X] > E[Y];

(2) constant preserving: Elc] = ¢;

(3) sub-additivity: E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form +oo — co or
—00 + 00;

(4) positive homogeneity: B[AX] = AE[X], A > 0.
Here, R = [~00,00]. The triple (2, 7, E) is called a sub-linear expectation space. Given a sub-linear
expectation E, let us denote the conjugate expectation Eof E by EA[X] = ,E[,X]’ VX e

A sub-linear expectation E is countably sub-additive, if

E{ZXZ} < ZE[XZ] for all random variables X; > 0.
i=1 i=1

If X is not in %, we define its sub-linear expectation by E*[X] = inf{E[Y] : X < Y € /#}. When
there is no ambiguity, we also denote it by E. From the definition, it is easily shown that £[X] < E[X],
EX+d =E[X]+cand E[X —Y] > E[X] —E[Y] for all X,Y € # with E[Y] being finite. Furthermore,
if E[|X|] is finite, then £[X] and E[X] are both finite.

Definition 1.2 (See [19,20]). (i) (Identical distribution) Let X; and X3 be two n-dimensional random
vectors defined, respectively, in the sub-linear expectation spaces (Qh%,ﬁl) and (927%‘5,]@2). They
are called identically distributed, denoted by X3 4 X, if

Erlp(X1)] = E2lp(X2)], V¢ € Criip(Rn),
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whenever the sub-expectations are finite. A sequence {X,;n > 1} of random variables is said to be
identically distributed if X; < X for each i > 1

(ii) (Independence) In a sub-linear expectation space (2, .52, E), a random vector Y = (Y1,...,Y,),
Y; € 4 is said to be independent to another random vector X = (Xi,...,X,,), X; € 4 under E,
if for each test function ¢ € Cjrip(Ry x R,) we have El¢(X,Y)] = E[E[p(z,Y)] |s=x], whenever
?(x) := E[|p(x,Y)|] < oo for all z and E[|p(X)|] < co.

Random variables X1, ..., X,, are said to be independent if for each 2 < k < n, X is independent of
(X1,...,Xk-1). A sequence of random variables is said to be independent if for each n, Xi,..., X, are
independent.

Next, we introduce the capacities corresponding to the sub-linear expectation. We denote the pair
(V,V) of capacities on (2, 57, E) by setting

V(A) :=inf{E[¢] : Ia < & € #), V(A):=1-V(A°), VAcF,

where A€ is the complement set of A. Then it is obvious that V is sub-additive, i.e., V(AU B) <
V(A) +V(B). But V and £ are not. However, we have

V(AUB) < V(A)+V(B) and &[X +Y] < E[X]+E[Y]

due to the fact that V(A° N B°) = V(A°\B) > V(A°) — V(B) and E[-X — Y] > E[-X] — E[Y].
The Choquet integrals/expectations of (Cy, Cy) are defined by

/ V(X dt+/0 V(X >t)—1]dt

— 00

with V being replaced by V and V), respectively.

Finally, we recall the notations of G-normal distribution and G-Brownian motion which are introduced
by Peng [20,22].
Definition 1.3 (G-normal random variable).  For 0 < 2 £ 3% < o0, a random variable ¢ in a sub-
linear expectation space (€, H E) is called a normal N (O [ 2,5?]) distributed random variable (written
as & ~ N(0,[¢c?,5?%]) under E), if for any ¢ € C1.Lip(R), the function u(z,t) = Elp(z+V1)] (z € R,t > 0)
is the unique viscosity solution of the following heat equation:

atu - G(az'ru) = 07 U(O, ‘T) = 90(1‘)7

where G(a) = 3(7%at — g%a7).
That £ is a normal distributed random variable is equivalent to that, if £’ is an independent copy of &,
then
E[p(a + B¢)] = Elp(Va? + f2X)], Vo€ CLp(R) and Va,5>0

(see Peng [22, Definition II.1.4 and Example 11.1.13)).

Definition 1.4 (G-Brownian motion). A random process (W3)>0 in the sub-linear expectation space
(Q, A, E) is called a G-Brownian motion (see Peng [22, Definition I1I.1.2]) if

(i) Wo = 0;

(ii) foreach 0 <t < -+ - <tg <t < s

)

Elp(Ws,, ..., Wi, Wy — Wy)]
= E[E[p(z1,. .., 24, VE — 5)¢] lor =W, oza=we, s Vo € Crip(Rat1), (1.1)

where ¢ ~ N(0, [0?,7?]).

In some papers, for example, [25,26] by Xu and Zhang, the test functions ¢ are only required to be
elements in Cp 1ip(Ra41). It can be shown that if E[|W;|P] < oo for all p > 0 and ¢, then that (1.1)
holds for all ¢ € Cj Lip(Ryt1) is equivalent to that it holds for all ¢ € CjLip(Rgs1). Furthermore, if



1266 Zhang L-X  Sci China Math  June 2021 Vol. 64 No.6

the sub-linear expectation E is countably sub-additive, then these two kinds of definitions are equivalent
because, if X is a random variable in (9, 77, E) such that

Blp(X)] =E[p(Q)]l, Y9 € Corip(R), (1.2)
then B[|X|?] < oo for all p > 0. In fact, if £ ~ N (0, [¢2,52]) under E, then (see Peng [22, p.22])

- > 1 2
E[|€]7] ZEP/ |z|P——=e"" /2dx = c,o", Yp>1.
V2r

—oo s

Now, for any z > 0, one can choose a function ¢ € Cp 1,;p(R) such that I{z > 2z} < p(z) < I{z > z —€}.
From (1.2), it follows that

V(IX| > 2) < Elp(X)] = Elp(¢)] < V(¢ > =z —e).

Hence

5 2\ _ 2PE[EP] _ 77
V(X| > =) < V<§| > 2) < o = z2pp’

It follows that

Cy(IXP) = /OOOV(|X|” > 2)dz < 1 +/

1 z

00 —=2p
cPc
22pdz <1 +52p02p <oo, Vp=>=2.

So, if E is countably sub-additive or E[|X[P] = lime_,o0 B[(|X| A ¢)?], then E[|X|P] < Cy(|X[P) < oo for
all p > 0 by Zhang [28, Lemma 3.9].

Let Co,1) be a function space of continuous real functions on [0, 1] equipped with the supremum norm
2]l = supgeicy [2(t)] and Cy(Clo,y)) is the set of bounded continuous functions h(z) : Cpp,1;) — R. As
showed in [3,19,22], there is a sub-linear expectation space ((NZ, ,7?/, E) with Q = Cio,1) and Cy(Clo,1)) C A
such that (%A”/7 E[|| - |]) is a Banach space, and the canonical process W(t)(w) = wi(w € Q) is a G-

Brownian motion. In the sequel of this paper, the G-normal random variables and G-Brownian motions
are considered in (9, 77, E).

2 Lindeberg’s central limit theorem for independent random variables

We write 7, B nif V(|n, —n| = €) — 0 for any € > 0, and write 7, 4 n if E[g(n,)] — E[p(n)] holds for
all bounded and continuous functions ¢. In this section, we consider the independent random variables
{Xpaik = 1,...,kn}. Denote 72, = E[X2,], 02, = E[X2,] and B2 = ;"2 ,. We have the
following Lindeberg’s central limit theorem.

Theorem 2.1.  Suppose that the following Lindeberg’s condition is satisfied:
— SN E[(X2, —eB2)T] =50, Ve>0. (2.1)

Furthermore, there is a constant r € [0, 1] such that

kn |
Zk:l |7"031,1c - Qi,k|
B2

-0, (2.2)

and also,

Sk {B[Xos] + 1€ X ][}

- 0. 2.3
B, (2.3)

Then for any bounded continuous function o,

lim E[so(zz—“)} — Blp(e)) (2.4

n—00 B,

where & ~ N(0,[r,1]) under E.
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Theorem 2.1 will be a direct corollary of Theorem 3.1 on the central limit theorem for the martingale-
like sequence. The central limit theorem for independent and identically distributed random variables
under the sub-linear expectation was obtained by Peng [20]. Li and Shi [10] generalized Peng’s result
to a central limit theorem for independent random variables {Xn;n > 1} satisfying E[X;] = £[X;] = 0,

E[X;]3] < M < o0,i=1,2,..., and

IR 21 _ =2 IR 2 2
LS IR -2 0, D IEX - ¥ 0,
i=1 i=1
It is easily seen that the array {—=X;k = 1,...,n} satisfies the condition (2.2) with r = ¢2/32, (2.3
vn
and (2.1).
When E is a classical linear expectation, (2.2) is automatically satisfied with » = 1. Tt is easily seen
that (2.2) implies
kn
PP Qi k
Zk 17 n,k
One may conjecture that (2.2) can be weakened to (2.5). The following example tells us that it is not
the truth.

=T (2.5)

Example 2.2. Let 0 < 7,72 < 1, and {X,,x;k = 1,...,2n} be a sequence of independent normal
random variables such that

X, kwN(O [11,1]), k=1,...,n and X, kwN(O [12,1]), k=n+1,...,2n.

It is easily seen that {X,, ;& = 1,...,2n} satisfies the conditions (2.1), (2.3) and (2.5) with r = (71 +72)/2,
and B2 = 2n. It is obvious that

2
kil Xn,k _ 22:1 Zk n+1

d
Y AN i e

where ¢ and 7 are independent normal random variables with & < N(0,[r,1]), 2 N(0, [r2,1]). Song
[24] showed that & + 7 is not G-normal distributed if 71 # 72, and hence (2.4) fails.

3 The central limit theorem for the martingale-like sequence

In this section, we consider a general martingale. First, we recall the definition of the conditional ex-
pectation under the sub-linear expectation. Let (2, 77, E) be a sub-linear expectation space. We write
X<YinL,if E[((X —Y)")?P]=0,X =Y in L, if both X <Y and ¥ < X hold in L,.

Let 27,0 C --- C 2, 1, be subspaces of ¢ such that

(1) any constant ¢ € J&, i, and

(2)if Xy,...,Xq € I, 1, then ¢(X1,...,Xq) € H, 1, for any ¢ € Cprip(Rg), k=0,...,k,.
Denote £(#) = {X : E[|X]] < 00, X € #’}. We consider a system of operators in .2(),

E, ) : L(H) = L(Hy)

and denote E[X | S k) = En’k[X], gx| I, 1] = —]/E\}n,k[—X]. E[X | 1) is called the conditional sub-
linear expectation of X given J%, ;, and En,k is called the conditional expectation operator. Suppose
that the operators Enk satisfy the following properties: for all X, Y € £(57),

(a) Bui[X +Y] =X +En4[Y] in Ly if X € #p, and By, 1 [XY] = XTE, 4[Y] + X B x[-Y] in L
if X EAJ@JC and X}ie L(H);

(b) ElBn4[X]) = BX]. ) ) )
It is easily seen that (a) implies that E, x[c] = ¢ in Ly and E, x[AX] = AE, [X] in Ly if A > 0. The
definition of the conditional sub-linear expectation can be found in Peng [22], and Xu and Zhang [25, 26]
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[X_Y]v

with the operators satisfying (a), (b) and Enk[X] < Enk[Y] if X <Y, Enk[X] - Enk[Y] E, &
and (b) (see

Ep i [[Eni[X]]] = Eniar[X]. It can be showed that these properties can be implied by (a)
Lemma 4.3).

Now, we assume that {Z, x;k =1,...,k,} is an array of random variables such that Z,, ; € 4,  and
E[Zflk] < oo, k=1,...,k,. The following is the central limit theorem.

Theorem 3.1.  Suppose that the operators En,k satisfy (a) and (b). Assume that the following Linde-
berg’s condition is satisfied:

kn
STE[( | Ay eo] 50, Ve 0. (3.1)
k=1

Furthermore, there are constants p = 0 and r € [0,1] such that

ko
> EIZp k| Ak o, (32)
k=1
ko ~ ;
D IEZ: | Hga] = E[Zn i | Hr]| = 0, (3.3)
k=1
CAPN s v,

{[E[Zn 1 | k1l + [E[Zn 1 [ Ak -]]} = 0. (3.4)
k=1

Then for any bounded continuous function p,

i B[ (Zznk)] = Ble(v7e)l. (35)

i.e., ZZ“:’l Lk N VP&, where & ~ N(0, [r,1]) under E.

Remark 3.2. When E[an | 7, k—1] = 0 and é’\[Zn,k|j£,7k_1] =0, then {Z, x;k =1,...,k,} is an
array of symmetric martingale differences (see Xu and Zhang [25]). If E[-] = Ep[] is a classical linear
expectation, then (3.3) is satisfied with » = 1, and the conclusion coincides with Hall and Heyde [6,
Corollary 3.1].

The following is a direct corollary of Theorem 3.1.

Corollary 3.3. Let {mn} be a sequence of zndependent random. variables on (0, 7, E) with Eln,] =

Elnn] = 0, E[?] = 52 — 72, €] := o2 — o% and sup, E[(n2 — ¢)t] = 0 as ¢ — oco. Suppose that
{ani;i=1,...,kn} is an array of real random variables in J€ with a,; being a function of m,...,mi—1,
kn
v v
max |an:| =0 and Zafm = p,
i=1

where p > 0 s a constant. Then

nlggoﬁ[w(gan,imﬂ = E[¢(¢)] (3.6)

for any bounded continuous function o, where & ~ N(0, [pa?, p5?]) under E.

The following corollary is a central limit theorem for moving average processes which include the
autoregressive moving average (ARMA) model.

Corollary 3.4. Let {nn} be a sequence of independent and identically distributed random variables in
(0, 2, E) with E[p] = Em] = 0, En?] = 52 and E[n?] = o2, and {an;n > 0} be a sequence of real
numbers with 3" |an| < 0o. Let Xj, =Y .2 anitr. Then

1 d 2 2 2-2
—E Xk—>N(O,aU,aU )7 3.7
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where a = 327°  aj.
Proof.  Let a,, =0 if n < 0. Then Xj, = > .2 a;,—xn; and

- o (ke aik)
- Xk' — (- ;-
Let an,; = % Then max; |a,, ;| < n~/2 Z;‘i,oo lag] = 0 and ) % a2 ; — a®. The result follows
from Corollary 3.3. O

Finally, we give the functional central limit theorems.

Let Djg,1j be the space of right continuous functions having finite left limits which is endowed with
the Skorohod topology, and 7, (t) be a non-decreasing function in Djy 1) which takes integer values with
70(0) = 0, 7,(1) = k. Define S = 34— Zn g,

W) = Sr o) (3.8)

Theorem 3.5.  Suppose that the operators Emk satisfy (a) and (b). Assume that the conditions (3.1),
(3.3) and (3.4) in Theorem 3.1 are satisfied. Furthermore, there is a continuous non-decreasing non-
random function p(t) such that

> EBIZ) | Hpea] = plt), e 0,1], (3.9

k<7 (t)

Then for any 0 =1tg < --- <ty <1,

(Wat1), ., Wata)) 5 (W (p(t1)), .., W (p(ta))), (3.10)

and for any bounded continuous function ¢ : Dy 1) — R,

lim E[p(W,)] = Elp(W o p)], (3.11)

n—oo

where W is G-Brownian motion on [0,1] with W (1) ~ N(0,[r,1]) under E, and W o p(t) = W (p(t)).
Because the proofs of Theorems 3.1 and 3.5 are a little long and need some preparation, we will give
them in the last section.

4 Moment inequalities and exponential inequalities

To prove the central limit theorems and functional central limit theorems, we need some inequalities on
the sums of martingale-difference-like random variables as basic tools. Before we give the inequalities, we
state some properties of the sub-linear expectations E and En’k. The first is Holder’s inequality which is
Proposition 16 of Denis et al. [3].

Lemma 4.1 (Holder’s inequality).  Let p,q > 1 be two real numbers satisfying %—i—% = 1. Then, for two
random variables X,Y in (0, #,E) we have E[|XY]] < (EHX\”])%(EHYM)% whenever B[ X|P] < oo,
E[[Y]9] < o0

The next two lemmas are on the properties of the sub-linear expectation, the capacity and the operators
En,k- The proofs will be given in Appendix A. We write X <Y in capacity V if V(X —Y > ¢) =0 for
all e >0, and X =Y in capacity V if both X <Y and Y < X holds in V.

Lemma 4.2.  We have
(1) if X <Y in Ly, then X <Y in V;
(2) if X <Y in'V and E[(X = Y)T)P] < oo, then X <Y in Ly for 0 < q < p;
B)if X <Y inV, f(z) is non-decreasing continuous function and V(|Y| = M) — 0 as M — oo, then
100 < 100 in
(4)ifp=1, X,Y >0 in L,, X <Y in L,, then E[X?] < E[Y?];
(5) sz is countably additive, then X <Y in 'V is equivalent to X <Y in L, for any p > 0.
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Lemma 4.3.  Suppose that the operators Enk satisfy (a) and (b). For X,Y € L (), we have

(1) if X <Y in Ly, then E, 4[X] < Epx[Y] in Ly;

(2) lzjn,k[)f] - En,k[Y]AS Eni[X = Y] <Enil|X = Y] in Ly;

(3) Enkl[En[X]]] = EnarlX] in Ly;

(4) if |X| < M in L, for all p > 1, then |E, x[X]| < M in L, for allp > 1

For the martingale-difference-like random variables, we have the following theorem on the Rosenthal-
type inequalities.

Theorem 4.4. Set Sy =0 and S, = Zle Zn,i. Suppose that {Z,;} are a set of bounded random
variables. Then,

E[(max(skn - Sk))2] < E[iﬁ{zﬁhk | %,kﬂ] (4.1)

Skn =1

when E[Zn’k|ji€hk,1] <0,k=1,...,k,, and in general,

kn
E{%chwk} 256{ {Z nk|%,k1]}

Pn

kn

H Z Zo k| Horpr ) + (EZn i | c%”n,k—l]))}T } (4.2)

k=1

Moreover, for p > 2 there is a constant C,, such that

kn p/2
~ - 72
E[%§|Sk|ﬂ { {Z (1 Zn P | A1 1}+E{<;E[Zn,k|%,k]) ]

+E[{ X S (2| i)+ € A} ]} (4.3

k=1

Proof. Let Qr = max{Z, ,Znk + Znk-1,---»Znk + -+ Zn1}, My = max;¢i|S;|. Then, Qp =
Znk + Qz_l, Qi = Z?L,k + 2Zn7sz_1 + (Q;_1)27 ‘Qk| < 2My,, . It follows that

b
(HéaX(Sk Sk)) ZZ k‘f'zzzn ka 1
s k=1 k=1
kn R kn R
< E[Zg,ﬂ%ﬁnkfl]‘f' (22 [Z 1 | 70 k1))
k=1 k=1
kn kn
+2 E[Zy g | Ak ]Q 1+2Z wk — ElZu k| A )QE
k=1 k=1
kn R kn R
<Y EBIZ2 | k] + 4 (E[Zns | A goa]) T My,
k=1 k=1
kn A kn R
+Y (22 —BIZ2 | Hk)) + 2D (Zng — Bl Zy g | Hy i1 QY-
k=1 k=1

By the fact that Z, ;s are bounded, Lemma 4.3(4) and Hélder’s inequality, the random variables con-
sidered above and in the sequel have finite moments of any order. So, the properties of the conditional
expectation operator can be applied freely. The sub-linear expectations of the last two sums above
are non-positive, and the sub-linear expectation of the second sum is also zero when E[an | 7,1 <0
k=1,...,k,. Taking the sub-linear expectation yields (4.1). By considering {—Z,, 1}, for max<, (—Sk,
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+ Sk) we have a similar estimate. Note My, < 2maxggg,, |Sn — Sk|. It follows that
kn
Bl ] < 8E| Y- Bzl o
k=1

kn
" wﬁ[Z{(E[m | i) + €| Hosa) I, |
15 2
SE{ZE ke | Pk~ 1}] + QE[M,%]

+128I§[(Z{ Zn k| Ao k—1])" (g[Zn,klﬁx—l])_})Q}

where the last inequality is due to ab < ‘12241’2.

For (4.3), we apply the elementary inequality
@+ ylP < 2PpP[alP + [y[P + palyP~ sgny + 27p%2|ylP 2, p>2,

and yield
|Qkl? < 2°9%| Zn P + |Qur|P + pZn 1 (QF )P + 270 70 1 (QF )72

It follows that

(max(Skn - Sk))p <@k, |

XPn

<QPQZ|Z |p+pZZ”ka 1p1+2p 22 ka1

o b
<2p* Y Bl ZuplP | Haa) + 0 Y (EZnn | )T (QF )P
k=1

k=1
kn =N kn .
+ 202 Y BIZ3 o | Ao Q)P 42707 (120l = El| Zn il | Ao go-1])
k=1 k=1

+pz nk_ nk|%zk 1])(62;71)1)71

+27p° Z Zy k| )@ 2
The sub-linear expectations of the last three sums are non-positive. Note Q; < 2Mp, and for

(inax(—Skn + Sk))p,

IPn

we have a similar estimate. It follows that

kn kn
B[M? ] < Cp{E [ > Bl Zusl | «%”n,m]} +E [ > ElZ | %’“]M’Z?]

k=1 k=1

VZ E[Zn k| k1)) + (E[Zn,kjﬁhk_ﬂ)}M}:nl}}

{ {i |Zn,k|p|a7ﬁz,k—1]}+EK§:E[Z£,1€%,k—l])pﬂ}

k=1
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VB [(}i{(ﬁ[zn,k | Ao+ €l A ) |+ 308

where the last inequality is due to ab < %|a|p/2 +(1- %)|b|p/(1’_2) and ab < %|a\p +(1- %)|b|p/(p_1). The

proof is completed. O
The next theorem gives the exponential inequality of the martingale-like sequences.

Theorem 4.5.  Suppose that the operators Enk satisfy (a) and (b), {Z, k;k=1,...,kn} is an array of

random variables such that Z, j € 5, and E[Zﬁk] <oo, k=1,...,k,. Assume that E[Z, i | 7, k—1]

<0in Ly, k=1,...,k,. Then for all x,y, A > 0,

)

m kn
V( max Zan>a:> <V<maxZn}k>y0r E[Zfb’k|ji€1k,1] >A>

k\ n

+exp{2(xyxfm<l+§ln(l+ﬁl>)}. (4.4)

Proof. Let Xy, = Znx ANy. Then Z,, — X, = (Znx —y)t = 0. Denote afb’k = E[Z,QL,H%ancq],
S, = Zf 102k =1,... k,. Let f(z) be a function with bounded derivative such that I{x < A} <
flx) < H{w < At} Let Yk = X f(0k), Tie = Yoy Ve Then B[Yy | 7, 1] < F(00)E[Zp | s 1] <0
in Ly, [Y,C | 0 k—1] < £2(6:)E (Z2 x| 1] = f?(0k)o2, in Ly. Denote &; = ZZ L FP0k)ol e Tt
follows that for any x,y, A > 0,

<maXZan >\V(irg]xchnyk>yor5kn>A)+V(inaka2x).

m<k <kn SKn
For any ¢ > 0, by noting Y}, <y, 0 < f?(dx)02 , <65 < A+ € and
Ve 1 -ty W1t
M =14 Y + 61/72’“3/,3 <14tV + ——yp,
k
we have
e —1—1t ~
exp{ = ST P02 B ]
e —1—ty , e —1—ty~
< eXP{ - Tf (Ok)o, k}{l + TyE[YkZ \ %,k—ﬂ}
< 1 in Ll-
Write w1
—1—t
Up =1, Uk—exp{—ezy(ﬁ}etﬂ“, k=1,...,k,.
Yy
Then
E[Uk‘c%n’kfl] <Uk71 in Ll7 k:L...,kn. (45)

Next, we show that for any o > 0,

=)

[Uo] '

V(max U, > a) <

vn

(4.6)

For a given 8 € (0,a), let f(x) be a continuous function with bounded derivation such that I{z <
a— B} < f(x) < I{z < a}. Define fo =1, fy = f(U1) - f(Ux). Then fi € 74, 0< fi <1 and

foUo + > foe1(Uk = Uk—1) = fuUn + > fr1(1 = f(UR))Us

k=1 k=1
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> faUn+ Y fr1(1= f(UR)(a = B)

k=1
= (O‘_ﬂ)(l_fn)"_fnUn
> (a— ﬁ)]{ max U, > a}.

IPn

By (4.5),

~

E[fe—1(Ux — Up—1)] = E[E[fo—1(Ug — Up—1) | #1]]
= E[fi—1 (E[Ux | #4—1] — Up—1)] < 0.

It follows that
(o — B)V( max Uy, > a) < E[folUs] = E[Up].

IPn

(4.6) is proved. Now, note §; < A+ . We have for any ¢ > 0,

{ety—l—ty

exp {t max Tk} < max Uy exp "

IRn XAn

(A+ e)}
Hence by (4.6),
k<kn

W 1—t
V(maka > x) <V(maXUk > exp {tx— 6)21/(14—1—6)})
Yy

gexp{ —t.’E+y2(A+E)}

Choosing t = %ln(l + A1), we have

A
V(maXTk>w)<exp{x—x< +€—|—1)ln(1+ Yy )}
k<kn y  y\ xy A+e

Applying the elementary inequality

t 12 2
In(l+¢) > 1+ =In(1+1¢)),
n(l+1) 1+t+2(1+t)2<+3n(+))

we have

A+e Ty Ty 2 xy
1)n(1l+— )21+ —"—(1+=-In(1 .
< Ty + > n( JrA—|—6> Jr2(9[:y-i—A—i—e)< T3 n( JrA—i—e

(4.4) is proved by letting € — 0. O

5 Lévy’s characterization of a G-Brownian motion

In this section, we give a Lévy characterization of a G-Brownian motion as an application of Theorem 3.5.
Let {%;t > 0} be a non-decreasing family of subspaces of .7 such that (1) a constant ¢ € .74, and (2)
if Xq,...,Xq € 5, then o(X1,...,Xy) € 4 for any ¢ € Cj1ip. We consider a system of operators in
L(AH), By : L(AH) — L(H) and denote E[X | 4] = Ey[X], E[X | 4] = —E,[—X]. Suppose that the
operators Et satisfy the following properties: for all X, Y € Z(7),

(1) Bg[X + Y] = X + By[Y] in Ly if X € 54, and E,[XY] = XTE,[Y] + X E,[-Y] in L, if X € %
and XY € Z(5);

(i) B[E/[X]] = E[X].
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Example 5.1. Let W; be a G-Brownian motion in a sub-linear expectation space (2, 5, E), and

H={X =o(Wy,....We,) 1 0< ty <+ < tg, 9 € Cruip(Ra),d > 1},
G ={X=oW,,...., Wy,) : 0<t1 <--- <tg<t,p € Crrip(Ra),d > 1}.
For X = o(Wy,, ..., Wy,) 63?/, assume 0 < ¢ <t; <t <tipq < -+ < tg, and define

E[X] = E[‘P('wtl sy Wi, Wiy = Wit wey oo, Way = Wi wi)] |wg, =W, =W, =W -

Then, in the sub-linear expectation space (Q,%A”/,]/E\)), the family {%7Et}t>0 satisfies the properties
(i) (iii).
Definition 5.2. A process M, is called a martingale, if M; € £ (5), M, € 5 and

E[M,; | ] = M,, s<t.

Denote
wr (M, 6) = sup [M(t) — M(s)|
[t—s|<3d,t,s€[0,T)
and
Wi (M, ) :sEpE max |M(t;) — M(ti_1)| A 1},

1<ign

where the supremum sup,, is taken over all ¢;s with

)
O=tg<ti1 < ---<t,=T, §<ti—ti_1<(5, 1=1,...,n.

The following theorem gives a Lévy characterization of a G-Brownian motion.
Theorem 5.3.  Let M; be a random process in (Q, 5, 4, E) with My =0,

forallp>0andt >0, Cy(|MP) < oo = E[|M[P] < cc. (5.1)

Suppose that My satisfies

(I) both My and —M; are martingales;

(I) for a constant 3> > 0, M? — >t is a martingale;

(IT1) for a constant 0 < g2 < &2, —(M? — a?t) is a martingale;

(IV) for any T > 0, lims_,o Wp(M,d) = 0.
Then, My satisfies Property (ii) as in Definition 1.4 with My ~ N (0, [c%,7?]).
Remark 5.4. The assumption (I) implies that E[Mt — M, | ] = E[Mt — M, | 7] =0 for all t > s.
Also, under the assumption (I), the assumption (II) is equivalent to that E[(M, — M)2 | #] = 52(t — s)
for all ¢ > s, and (III) is equivalent to that E[(M; — M,)? | 7] = o2(t — s) for all t > s.

The assumption (IV) means that M; is continuous. Note Wr(M,d) < ¢ + V(wr(M,6) > €). It is
satisfied if

(IV') for any T, e > 0, lims_o V(wr(M,d) > €) = 0.
The condition (IV’) means that M; is continuous in capacity V uniformly in ¢ on each finite interval.
Also, W (M, d) < supy, (>, E[|M(t;) — M(ti_1)|2+°‘])2+%. (IV) is also satisfied if

(IV") there is a constant a > 0 such that for any ¢ > s > 0, EHMt — M **?] =o(t —s) as t — s — 0.
Remark 5.5. Lévy characterization of a G-Brownian motion is first established under G-expectation
in a Wiener space by Xu and Zhang [25,26] by using the stochastic calculus. We give an elementary
proof by using the functional central limit theorem.
Remark 5.6. IfE is countably sub-additive, then the condition (5.1) is automatically satisfied. The
G-expectation space considered in Xu and Zhang [25,26] is complete and so the sub-linear expectation
is countably additive, and (5.1) is satisfied.

In [25,26], the operators Et are also supposed to have the following assumptions:
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(ili) if X <Y, then E,[X] < E,[Y];
(iv) Be[X] = E[Y] S E[X - Y];
(v) E[[Es[X]]] = Eins[X].
As in Lemma 4.3, (iii)—(v) hold in L; if the operators satisfy (i) and (ii).
For proving Theorem 5.3 we need a more lemma.
Lemma 5.7.  Suppose that the operators E, satisfy (1) and (ii), M; is a martingale in (Q,%,th,ﬁ)
such that Theorem 5.3(1V) is satisfied and E[(M; — M,)? | ) < (t — s)o? for allt > s > 0, where o is a
positive constant. Then,
2

x)2}7 forall t>s>0, x>0. (5.2)
o

V(M — Ms > z) < -3

In particular, for any p > 0, Cy([(M; — Ms)*]P) < ¢p(t — s)P/%0P.

Proof. Let s =ty <t; < --- <t =t be a partition of [s,t] with §/2 < ¢; — t;_1 < J. Note E[Mt1
- Mti—l |%i—1] =0 and E[(Mtq - Mti—1)2 ‘%1—1} < (tl - ti—l)O-Q' SO, Zf:l E[(Mtz - Mti—l)Q |%i—1]
< (t — s)o%. By Theorem 4.5, for 0 < y < 1 and z > 0,

V(M — M, > @) <V(max(My, — My, ,) > y)

*e"p{ - 2<xy+?:— 507) <12+§1“ (”(t—yw))}
< WT(ym”Xp{‘ S (=9 (“gln (”(t—xyw))}

By letting 6 — 0 and then y — 0, we conclude (5.2). Finally, for p > 0,

Cy([(My — My)*]P) < /OOO V(M; — My > 2'/?)da

00 22/p
< (t—s)p/chp/ exp{—2}dx<cp(t—s)p/20p.
0

The proof is completed. O

Proof of Theorem 5.3.  Suppose that (I)—(IV) are satisfied. Note that both M; and —M; are martingales,
and E[(M; — M,)?| 7, ] = (t — 5)%. By Lemma 5.7,

Ov(|My — My[P) < cp(t — 5)P/%57.

By the assumption (5.1), E[|M, — M|P] < oo for any p > 0 and ¢,s. Let W; be a G-Brownian motion
in a sub-linear expectation (Q, ., E) with W; ~ N(0, [¢2,52]). It is sufficient to show that for any
O0<ti1 <---<tgand p e Cb,Lip(Rd)a

~

E[‘P(Mtw"'aMtd)] = E[@(Wtuu'?Wtd)]' (53)

Actually, by noting E[|Mt|p] < oo for any p > 0, we can extend ¢ from Cy 1ip(Rg) to CiLip(Rg) by an
elementary argument.

Now, without loss of generality, we assume 0 < t; < --- < tg < 1. Note B[(|M; — M|3 — ¢3)¥]
< E[|M; — M,|*]/c — 0 as ¢ — co. Then E[|M; — M,|3] < Cy(|M; — M,|?) = o(t —s) as t — s — 0. Let

kn :2n’ Zn,k :Mk/2" 7M(k—1)/2"7 %,k:%/an k:17akn

and 7, (t) = [t2"]. Then E[Zn,k | 1] = SA[Zn,k Sy 1] = 0,
“io 2, 52
E[Z, | -] = o E[Z] 4 | Ay 1] = o
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Hence it is easily seen that {Z, 1, 7, 1} satisfy the conditions (3.3), (3.4) and (3.9) with p(t) = t52,
r = o?/5%. Furthermore,

kn N 2n 1

E[|Z,, = ol — | — 0.
IREAENWE)
k=1 k=1

So, the Lindeberg’s condition (3.1) is satisfied. Let W,(-) be defined as in (3.8). By Theorem 3.5,
(Wa(t1),. ... Wa(ta) % (Wi,,...,Wy,). On the other hand,

A\
|Wn(t) — Mt| = |Mt — M[Qnt]/in — 0.

So, (5.3) holds for all ¢ € C 1,ip(Ry). The proof is now completed. O

6 Proofs of the central limit theorems for martingales

6.1 Proof of the central limit theorem

We give the proof of Theorem 3.1. By (3.1), there exists a sequence of positive numbers 1/2 > €, \ 0
such that

e Zﬁuzn—e) | A1) 5 0.

Let Z; . = (—2€,) V Zn ik A (2€5). Then

kn kn
ZE[(Zn,k_ |%k 1 |%k 1] VO
k=1 k=1
and
kn kn v
N TENZns — Z s || Hoi—1] < VY El(Z2 4 — &) | A wa] = 0.
k=1 k=1

Hence, {Z}; ;;k =1,...,k,} satisfy the conditions (3.2)~(3.4). Furthermore, let
k: ~
hie =€, ZE [(Zn s — )™ | 1]

and f be a bounded Lipschitz function such that I{z < e} < f(x) < I{x < 2¢}. Then,

V(Z, i # Z;k for some k)

kn
:V(&%xwm > 2 ) (Zm 72, — )] >ei>

Skn =1

23 FRI A (22, — )] %,k_ﬂ} V(e > 6)

k=1

VA
[N}
~
+

V(hg, 2€) -0 as n— oo and then e — 0.

n
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It follows that for any bounded function ¢,

kn kn
EH@(Z Zn7k> — QD(ZZ:;JC) H < 2sup [p(x)|V(Z, 1 # Z,, ) for some k) — 0.
k=1 k=1 v

So, without loss of generality we can assume that there is a positive sequence 1 > €, \, 0 such that
|Z’ﬂ,k‘|<€n;k:1,...,kn. . R )
Denote Sy = 0, oo = 0, Sk = Zizl Zn,i, af%k = E[Zz,k ‘ %’k,ﬂ, O = Zi:l a%m k=1,...,k,. Let

f(z) be a function with bounded derivative such that I{z < p+¢/2} < f(x) < I{z < p+€}. Let
Zh = Znkf(0k). Then {Zy sk =1,... k,} satisfy the conditions (3.2)-(3.4), and

kn
E[(Z;, 0)? | k1] = 6,
k=1

(6.1)

71,7

where 0} = Zz';l f(&k)E[Zflk | 7, k—1] < p + €. The above equalities hold in L; by the property (a) of
the operators En,k and then hold in any L, by Lemma 4.2(2) since ¢;, is bounded in L, by Lemma 4.3(4).
Furthermore,

kn
{Zny # Z}, ), for some k} C {Z“i,k >p+ ;}
k=1

So, without loss of generality we can further assume that
k"l
On, = BIZ2 | Hna] < pte
k=1

in L;. Similarly, we can assume

k

Xk 1= 3 B[ Zn k| K ksl + 1€ Zn s | A g ]|} <e< 1
k=1

in L;. Lemma 4.3(4) implies that all the random variables considered above and in the sequel are bounded
in L, for all p > 0.
Now, by Theorem 4.4,

k 2
E ) | <2568 E2 1. .
E{Igrgcx (;Znﬂ> ] < 256E[0y, ] + 256E[x7 | (6.2)

If p =0, then Jj, % 0. Note Xk, % 0. So, E[(Zfﬁl Zn.i)?] = 0, and then the result is obvious. In the
sequel, we suppose p # 0. Let ¢ be a bounded continuous function with bounded derivation. Without
loss of generality, we assume |p(z)| < 1. We want to show that

E[o(Sk, )] — Ele(y/p6)]- (6.3)

In the classical probability space, the above convergence is usually shown by verifying the convergence of
the related characteristic functions (see Hall and Heyde [6, pp. 60-63] and Pollard [23, pp. 171-174]). As
shown by Hu and Li [8], the characteristic function cannot determine the distribution of random variables
in the sub-linear expectation space. Peng [18,20] developed a method to show the above convergence for
independent random variables. Here we promote Peng’s argument such that it is also valid for martingale
differences which give also a new normal approximation method for classical martingale differences instead
of the characteristic function.

Now, for a small but fixed h > 0, let V (¢, x) be the unique viscosity solution of the following equation:

XV +GO2,V)=0, (t,x)€[0,p+h] xR, Vl]—pin=p(x), (6.4)
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where G(a) = 2(a™ — ra™). Then by the interior regularity of V,
||V||Cl+a/2,2+a([07p+h/2]XR) < 00, for some « € (0, 1) (65)

According to the definition of G-normal distribution, we have V'(t,z) = Elo(z + v/p + h — t€)] where
& ~ N(0,[r,1]) under E. In particular,

V(1,0) = Elp(vpe)], V(p+hz) =),

It is obvious that, if ¢(:) is a global Lipschitz function, i.e., |o(z) — p(y)| < Clx — y|, then |V (¢, )
—V(t,y)| < Clz —y| and

V(t.2) = V(s,2)] < CE[EIVp+ T —t = /p+h—s| < CE[&[]]t — 5"/,

So, |0,V (t,@)] < C, |9V(t,2)] < CEEN/Vp+h—t [V(p+ ha) = V(pa)| < CE[¢]VR and
[V (h,0) — V(0,0)| < CE[|¢]Vh. Following the proof of Lemma 5.4 of [20], it is sufficient to show
that

lim E[V(p, Sk,)] = V(0,0). (6.6)

n—oo
As we have shown, we can assume that 5, < p+ h/4 =: ho < 2p in Ly. It is obvious that [V (t,z)] < 1

and
E[|V(p, Sk,) = V0, Aho, Sk, )] < CE[|6k, Ahg — p|/*] = 0.

Hence, it is sufficient to show that

lim E[V (6, A ho, Sk, )] = V(0,0). (6.7)

n—,oo
Let 0; = &; A ho. Then 6,41 — &; < a2 ;,1, |6;] < ho = p+ h/4. It follows that

~ ~ C
0:V (6, 8:)| < C, |0V (6, 8)| < —= < C.
02V (05, 5) 10V (65, 5:)] Th

Also, by the fact that 9,,V is uniformly a-Holder continuous in x and «/2-Holder continuous in ¢ on
[0,p+ h/2] x R, it follows that

102,V (853, 8)] < 192,V(0,0)] + C|5;*/2 + C|Si|* < C + C|Si]*.
Now, applying Taylor’s expansion, we have

V(0k,. Sk,.) — V(0,0)

Fop—1 _ B _ _ knzl ,
= > AV(Sir1,Sit1) = V(65 Sixa)] + [VI(6i, Sivr) = V(S5 8]} = > AT + T3}
i=0 i=0

with
Ji =0,V (6;,5) (0511 — 6;) + %a&;zv@, S)Z2 11 + 05V (51, 8i) Znyin
{0110V 550 + V)21 5OV (G S0) (1 €122 | i) |
+ {@V(gz‘, Si)Zn,iv1} + {;(agmv(,gh Si)>_(rai,i+1 - g[Zr%,i+1 |f%ﬁm])}

+ {atV(gu Si)(gz'ﬂ — b — ai,i+1)}
=: :'1,1 + J’Z;L,2 + Jrlls + sz,4

and

I = (;5;-“ — S;)[(atv(gz + '7(5:2'+1 - gz)a Sit1) — atv(gzv Sit+1))
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+ 0V (85, Siv1) — 04V (3:, Si)]

1 ~ ~
+ 5[831‘/(527 Si + ﬁZﬂ,i+1) - agzv(éi’ Si)]Zrzz,iJrlv

where v and 3 are between 0 and 1. Thus

kn—1

BV, Si,)] — V(0,0) — E[ S (i J:;,2>] \
1=0
o~ o~ kn71 . .
< EHV(ékn, Si) —V(0.0) = S (T +Ty) }
1=0
~ kn’_l B B B
< E[ ST+ i) + |J;,4|>]. (6.8)

=0

For J; ,, it follows that
Bl | il = 0V (51, 85) + GO,V (6, S iga =0 in Ly,

It follows that

k‘n—l k: —2 kn_2
E{ > J:’L,l} [ Z Jiy +E[Jk I%‘%,knﬂ} :E[ > J:’LJ] =...=0. (6.9)
i=0 i=0
For Ji, 5, we denote J, 5 = |9,V (8, Si)|(|E[Znit1 | #oi]l + |€]Znit1 | #]]). Then

E[sz,z - jfz,Q | A7, 4]
= E[‘]ril,Q |%m] - 7il,2
<(0uV (81, SV YE[Znyinr | #ni) — (0:V (51, 83)) " ElZnyiwr | Hi) — Ji 5y <O in L.

Similarly E[fJf;hQ - j}LQ | #,:] <0in L;. It follows that

kep—1 kp—2
E[Z(iJi,z— z;,zﬂ =E[Z<ﬂ:;,2— )4 Bl - T 1]}

=0 =0
kn—2
< E{ > (s — Z,a] < <0 (6.10)
=0
Hence
kn—1 kn—1 kn—1 kp—1
E{j: > J:’L,Q} < E{ PINE AP 7;,2)} +E{ > f:’l,Q] < E{ > f;,z}. (6.11)
=0 =0 =0 =0

Note |0,V (8;,5:)| < C, &, %0 and Xk, < 1in any L,. Combining (6.9) and (6.11) we have

kn—1 kn—1
ﬁ[ S (T + J:;,a] ‘ < E[ > J:;,Q} < CE[xs,] — 0.
1=0

=0

For J! 5, it is easily seen that

kn—1

Z| < O(1+ max|,|” )me— 122 ;| Hia - (6.12)

Write B, = Zfﬁl ray ; — E[Z,QH | #;,i-1]|. Note that

Bk, Y0 and B, <265, <2hp inany L,
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and E[max;<, [Si|%] < 256{E[6x,] + E[x7, ]} < 256(ho + 1) by (6.2). So

kn—1 e
{Z'%]\ (Bl(1+max|sid®) ) @82, —o.

For J}, 4, note that |6;41 — 6; — a2 ;1| < ad iy, and 6,41 — 6 — a2 ;1 = 6iy1 — 0 — aZ ;1 = 0 when
O, < hg. It follows that

kn—1

E[ 3 %@ < ORlBw, I{00, > ho}] < ORI V2V (5, > ho)) /2 = 0.
1=0

For It,

in ¢ on [0, p + h/2] x R. Without loss of generality, we assume a < 7. Also, Sig1 — 0; < < apit1. We then
have

note both 0,V and 0,,V are uniformly a-Hélder continuous in z and « / 2-Holder continuous

24«

|1,] + Carzl s Znis1|® + | Zn, i+1|2+a

2
06 a‘n ,i41 + Cen n,i+1 — CE a’n Ji41 + 06 ( n,i+1 n,i+1)

< C|a'n z+l|
<

in any Lg, by Lemma 4.2. So

kn—1 kn
<20+ Cex Y (Z2; —ar;) in L, (6.13)
1=0 1=1

by noting Zf;l afl’i < 2p in Li, where the sub-linear expectation under E of the last term is zero. It

follows that -
E[ > |I:;|] <20 =0
i=0

(6.7) is proved. Hence, (6.3) holds for any bounded function ¢ with bounded derivative.
If ¢ is a bounded and uniformly continuous function, we define a function s as a convolution of ¢
and the density of a normal distribution N (0, d), i.e

1 z?
= * with x)= expq — == ¢,
s = p* s Ys(x) NoTT i { }
where ¢ * 15 denotes the convolution of ¢ and 5. Then

|¢5(2)] < sup|p(@)|672 and  sup|ps(z) — p(x)] = 0

as 6 — 0. Hence, (6.3) holds for any bounded and uniformly continuous function ¢.
Now, for a bounded continuous function ¢ and given a number N > 1, we define

p1(z) = @((=N) vV (z A N)).

Then, ¢ is a bounded and uniformly continuous function, and |p(z) — ¢1(z)| < CI{]z| > N}. So

kn kn
SupEH(p(ZZn,k> —<P1<Zzn,k> }
" k=1 k=1

kn kn 2
CV( Zan >N> < CN- supEKZZn,Q }
k=1 k=1

< ON~2sup(E[0, ] + E[X%n]) <3CN?—0 as N— oo

by (6.2). The proof of Theorem 3.1 is now completed.
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6.2 Proof of the functional central limit theorem

For proving the functional central limit theorem, we need a more lemma.

Lemma 6.1. Suppose that the operators Enk satisfy (a) and (b), X, € M C H is a di-
dimensional random wvector, and Y,, € H is a dz-dimensional random vector. Write 5, = H7 k.

Assume that X, S X, and for any bounded Lipschitz function p(x,y) : Ry, @ Ry, — R,
E[Elp(x, Ya) | 4] — Elp(@, V)] = 0, Ve, (6.14)

where X andY are two random, vectors in a sub-linear expectation space (Q, 2, E) with V(| X| > X) = 0
and V(Y || > A) = 0 as A — co. Then

(X0, Yy) 5 (X,Y), (6.15)

where Y is independent to f, X2X andY 2y.
Proof.  Suppose p(z,y) : Ry, @Ry, — R is a bounded continuous function. We want to show that

E[p(X,, Y,)] = Elp(X,Y)]. (6.16)

First we assume that ¢(x,y) is a bounded Lipschitz function. Without loss of generality, we assume

0 < p(e,y) < Land [p(21, 31) — 9(22,92)] < |21 — 22| + 91 — vall. Let ga() = Blo(z, Ya) | 4] and
g(x) = E[p(x,Y)]. Then

l9(x1) — g(a2)| < E[lp(®1,Y) — (22, V)] < ||1 — 2|

and
E[p(Xn, Yo) | 74] — gn(®)| < E[lo(Xn, Ya) — @(x, Yo)| | ] < | X, —2|| in Ly

by Lemma 4.3. We use an argument of Hu et al. [7] (see Proposition 3.4) to approximate the function
¢(x,y). For ﬁxed N > 1, denote By (0) = {x : ||z|| < N}. By partition of the unity theorem, there exist
h; € Cy, Llp( 1), i =1,...,kn, such that 0 < hy(x) < 1, Ip,(0) < Ele hi(x) < 1, and the diameter of
support A(supp(h;)) < 1/N. Choose x; such that h;(x;) > 0. Then

Elp(X,,Y,) | )] Zh ) gn ()

<3 MXIBLR(Xe, Ya) | 7] — g0 xz|+(1—zh ) Elo(X,. ¥,) | ]

kn

< Z:hi(xn)nxn — x| + (1 - Zhi(Xn)> < % + <1 - ;hi(xno in L.

i=1

It follows that

'E[ (X, Yy)] [Zh ) gn (25 ”
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Similarly,
Bi(X.7)]- E[ih@g(xn] |

- [puE - E[ghi@g(m} |

- j}ihi@g(w )

On the other hand, we have

by (6.14), and
ok rky
B[ Y- m(Xaaten| - B[ S n(Xig(en)]
= i=1
E[l -3 h,»(Xn)] — E[l -3 h,»(X)}
j i=1
as n — 0o, by the fact that X, 4 X. Combining the above arguments, we have
lim sup [Elip (X, ¥2)] = Blp(X, V)|

+2E[1Zh } —+2V(||X||>N)%O as N — oc.

Hence (6.16) is proved for any bounded Lipschitz function ¢. For a bounded and uniformly continuous
function ¢, we define

' 1 Y a2+ YRy
ps = p*1s with wa(m,y)ZWeXP{_ 20 = j}.

Then 5 is a bounded Lipschitz function with sup,, , [ps(x,y) — ¢(x,y)| — 0 as & — 0. Hence, (6.16)
holds for any bounded and uniformly continuous function ¢. Finally, let ¢(x, y) be a bounded continuous
function with |p(z,y)| < M. Let A > 0. For © = (x1,...,24), denote ) = ((—A) V(1 AXNA, ..., (=) V
(x4, AN)) and define y, similarly. Let ¢y (x,y) = @(xx,yx). Then @) is a bounded uniformly continuous
function with

(@, ) — w(@,y)| < 2MI{|lz] > A} + 2MI{[y] > A}.

It follows that

lim sup [Blp( X, ¥;,)] — E[p(X, V)]

n—oo

< limsup [Blpx (X, ¥,)] — Bloa (X, Y)]|

n—roo

+ 2M limsup{ V([ Xn || > A) + V([[Ya] > A)}
n—oo

+2M{V(|X] > A\ + V(Y] > N}
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4M{ <||X|>)\>+§7(|Y||>/2\>}—>0 as A — oo.

The proof is completed. O

Remark 6.2. In the original proofs of Lemma 6.1 and Theorem 3.5, we need an additional assumption
on the operators E,, ;. as follows:
@) If X = (X1,...,X4) € H, Z € I and p(z,y) is a bounded Lipschitz function, then

Elp(X,2)] = B[R, 1[o(®, 2)] |aex].

We thank one of the referees mentioning us Proposition 3.4 of Hu et al. [7] which helps us to remove
this condition, though we fail to verify this proposition when the point by point monotonicity of the
conditional sub-linear expectation (see Hu et al. [7, Definition 3.1(1)]) is replaced by the Li-monotonicity
(see Lemma 4.3(1)).

Proof of Theorem 3.5.  With the same argument as that at the beginning of the proof of Theorem 3.1,
we can assume that

kn
Xko = O AIE[Zng | il +1E[Zn s | Hp]} < 1
k=1
in Ly, 6, = S BIZ2, | #n-1] < 2p(1) in Ly and |Znx| < €n, b = 1,... Ky, with a sequence

0<e, 0. Let 0 <ty <ty <1. Consider {Z:;,k =tk k=1, k), S = 22:1 Z iz (1) +k
and k) = 7,(t2) — 7 (t1). Then

SZ; = S’Vlﬂ'n(tz) - S’Vlﬂ'n(tl) = Z Zn,Tn(tl)-ﬁ—k:

and
o \%4
Z E[Z2 . toyink | Horrtr)4h—1) = plt2) — p(ta).

By Theorem 2.1,
d
Snra(t2) — Snra(tr) — W(p(t2)) — Wip(t1)).

Furthermore, for any bounded Lipschitz function p(u,x), let V*(¢, ) be the unique viscosity solution of
the following equation:

KRV + G2 V™) =0, (tx)€[0,0+h] xR, V¥|—pin = p(u,z),
where ¢ = p(t2) — p(t1). With the same argument for showing (6.3), we can show that
ElIElp(t, Snr, (t2) = S t) | Ho )] = Elip(w, W (p(t2)) = W(p(t1)))]]] = 0. (6.17)

The only difference is that (6.8)—(6.10) are needed to be replaced, respectively, by

kr—1

EHE[V“(% Ao SE) | o any] — VH(0,0) — E[ S (Tt s %U] H
1=0
ke —1
E[ VG A ho, SE) — VE0,0) — 3 (T b Ts) }
1=0

] E
k-2
E[Z 1*+E nl* |’%ﬂ7'n(t1 +ki— 1]

(t1)+k*—1] ‘%ﬂ s (t1) }

3.

%,T”(tl):l
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kr—2

_@[;J

%77—n(t1):| — . = 0 iIl L1

and

kn—1
E|: Z (iJTZL,Z* - JrZL,Z,*) %,Tn(tl):|
=0

kn
5 [E[ ST (@ — Jh) + BT = T A ]

«%”n,rn(tl)”

5[ st o

=0

%ﬂn,m(tl)} <--<0 in Ly,

where J}, | ., J}

n7

{Zn 1} On the other hand, note S, ;, () A W (p(t1)). Hence,

5. and .7}12* are defined the same as J}, 1, J}, 5 and J! 4o with {Z7 } taking the place of

d
(S'rt,rn(tl), STL,Tn(tQ) - Sn,Tn(tl)) — (W(p(tl))7 W(p(tQ)) - W(p(tl)))
by (6.17) and Lemma 6.1. By induction, for any 0 = to < --- < t4 < 1,
(Sn,‘rn(tl) - Sn,‘rn(to)7 B Sn,‘rn(td) - Sn,Tn(td,l))
S (W(p(tr)) = W(p(to)), -, W (p(ta)) — W(p(ta-1)),

which implies (3.10). So, we have shown the convergence of finite-dimensional distributions of W,,. By
Peng [22, Theorem 9] on the tightness and the argument of Lin and Zhang [12] or Zhang [27], to show
that (3.11) holds for bounded continuous function ¢, it is sufficient to show that for any ¢ > 0,

lim lim sup V(ws(W,,) > 3¢') = 0, (6.18)

§—0 n—oo

where ws () = SUP|;_<5.4,5(0,1) [2(t) —2(5)| (see Proposition B.1 in Appendix B). Assume 0 < § < 1/10.
Let 0=ty <t <--- <tg =1such that t;, —tx_1 =6, and let tx 1 = tx42 = 1. It is easily seen that

V(w5( 2 Z V( max ‘Sm.,.n(s) - Sn77—n(tk)| = €/>.

SE[tk,trt2]

On the other hand, for ¢,y > 0, by (4.3) we have

E|: n,T, s) = Mn,T 4i|
max Sy v, () = Sn,r (0]

=R Tn(t+'7) =R =R Tn(t+'7) =R 2
< CE[ > ElZil %1716—1]] + CE [( > Bzl %,k—l]) }
k=7, (t)+1 k=7, (t)+1

=R ‘r”(t+'y) =R =N 4
+OB[( X (B sl + E 2| sl |

k=7, (t)+1
N Tn (t+7) N 2 N
< CEK > ElZ, |%,k_1]) } + Ce - 2p+ CE[x}, |-
k=7, (t)+1
The last two terms above will go to zero by (3.4). For considering the first term, we note

Tn (t+'Y)

= v
20(1) = > EIZ} | Hka] = p(t+7) — p(D). (6.19)
k=7, (t)+1
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It follows that

B[ ( mng)iﬁZﬁklﬂﬁk—ﬂ>2}»(p@Fv)p@D2~

k=7, (t)+1

So, we conclude that

K-1

lim sup 2 V( max Sy r (s) = Snyrn(te)| = e’)
n =0 se[tk,tk+2] . )
K-1 ,1\4
< limsup 2 — E[ max |S,r (s) — Sn.r 4}
" g kZ:o (6*) Se[tkvtk+2]| () otin)|
K-1
1 p(1
<O Ltoltirn) ot < 2 sup o)~ p(s)] - 0
=0 (e*) (e*)* Ji—s|<2s
by taking § — 0. Hence, (6.18) is verified. The proof is completed. O
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Appendix A The properties of the conditional expectations

In this appendix, we give the proofs of Lemmas 4.2 and 4.3 on the properties of the conditional expecta-
tion.

Proof of Lemma 4.2. (1) is obvious. For (2), note that
E[(X =Y)T)) < el + V(X =Y > ) +E[(X =Y = )")7]

and

E[((X - Y)*)7]

B(X Y —9") < ==

—0 as c¢— o0o.

The result follows.
For (3), let € > 0 and M > 0 be given. Let 0 < § < 1 such that |x — y| < ¢ and |y| < M implies

f(@) — f(y)| < c. Then,
V(F(X) = f(Y) 2 ) SV(X =Y > 6) + V(Y| > M).

The result follows.
For (4), note for y,z > 0, 2P — y? < paP~(z — ). So,

E[X?] - E[Y?] < pE[X" (X - Y)T] < p(E[X?]) V4 E[(X — Y)")")/P = 0.
For (5), note that the countable additivity of E implies
BUCC-Y) < [ V(X =) > gy = [ V- > gty
0 0

(see Zhang [28, Lemma 3.9]). The result follows. O
Proof of Lemma 4.3. (1) Let 0 < f € 4, be a bounded random variable. Then

E[f (En 5[ X] = En i [Y))] = E[En s[fX — En [£Y]]
=E[fX — Eus[fY]] SE[fX = fY + fY — Eq i [fY]]
<E[f(X = Y) ]+ E[fY - EnnlfY)) S E[fY — EnslfY]]
= E[En i [fY = EnxlfY]]] = E[En [fY] — Enx[fY]] =0,

which implies E[(Enk[X] - Enk[Y])+] = 0. In fact, let Z = Enk[X] - Enk[Y] and choose f to be a
bounded Lipschitz function of Z such that I{Z > 2¢} < f < I{Z > €}. Then,

E[Z1] < 2¢ + E[fZ] < 2e.

(2) The second inequality is due to (1). For the first one, let Z = En)k[X] - Enk[Y] - En’k[X -Y].
With the same argument as in (1), it is sufficient to show that E[fZ] < 0 for any bounded 0 < f € 7, .
Now,

B[fZ] = BE, 4 [fX — Bk [fY] = Ens[f X — £Y]]]
E[fX — E,i[fY] — Eoi[fX — Y]]
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(3) Suppose k < I. Let Z = E,, k[[ﬁn 1[X])] = Enk[X] and f > 0 be a bounded random variable in
Ay, k- Then,

ok Ena[fX = Eni[f X)) = E[fX — Eqx[fX]] =

~

which implies E[Z+] = 0. On the other hand, note —Z < En,k[X — E,1[X]] by Property (2). We have

~

Blf(—2)] < BEnx[fX — B [fX))] = Blf X — B, [fX]) =

which implies E[(—Z)"’] =0. So, EHZH =0,

(4) Let Z = Enk[X] and 0 < f € A, be a bounded random variable with fZT = 0 and |f| <
Then Z € £ (). We first show that f|Z|P € L () for any p > 1. Tt is obvious that f|Z| € L( )
Assume that k& > 1 is an integer, and f|Z|P € L() for p < k. Let p’ > k, p’ <p <p’ + 1. Note

ZL

0< fIXNIZ]P7 < | X7

Choosing p’' = k yields X, f|Z|P~L, fIX||Z|P~! € £ (5#). So by the properties (a), (b) and (2),

E[f|ZP] = E[f| 2"~ (—=Enx[X])] = E[-E, 4[X | Z77]

E

BIEnx[IX] - £I121P71)]) = E[f|X]|2]""] < o0

if k <p<k+1 Choosing p' = k + 1/2 and repeating the same argument, we have E[f|Z|P] < oo

if k+1/2 <p <k+3/2. So, flZ|P € ZL(H) for k < p < k + 1. By induction, for any p > 1,
[f|Z|p] < 0o which implies E[(Z~ ) ] < co. In addition, similarly by choosing f such that fZ— =0, we

have E[(Z+)P] < co. So, we have E[|Z|P] < oo for any p > 1. Finally, by (1), |Z| < M in L;. Hence, by

Lemma 4.2(2), the result follows. The proof is now completed. O

Appendix B The tightness

Proposition B.1. Let {Z, ;k = 1,...,k,} be an array of random variables with E[\kau < 0,
k=1,...,kn, and 7,(t) be a non-decreasing function in Djo 1) which takes integer values with 7,,(0) = 0

and 7,(1) = ky. Define Sy ; = ZZ=1 Zn ks
Wy(t) = Sn,.,-n(t). (B.1)

Assume that for any € > 0,
lim lim sup V(ws(W,,) > €) =0, (B.2)

=0 p—oo
where ws(T) = SUP_g <54 sepo,1) [T(E) =2 (). Then {W,} is tight in Do 1) endowed the Skorohod topology,
i.e., for any n > 0, there exists a compact set K in Do 1) such that

supV(W,, & K) < 1. (B.3)

Furthermore, if (3.10) holds for any 0 < t1 < --- < tq < 1, then (3.11) holds.

Proof.  The proof of the tightness is similar to that of the tightness of probability measures (see Billings-
ley [2]). The only difference we shall note is that V may be not countably additive and may be not
continuous. For Ty C [0, 1], define

wia, To) = sup |o(t) = (s)
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and

/ . ] ]
wi(z) = 12f 1%1?2(1/10(1:, [tic1,ti)),

where the infimum extends over all sets {¢;} with

O=to<t1i < ---<tp_1<t,=1, min(ti—ti,1)>(5.

1<igy

and W, (0) = 0. From (B.2) it follows that

lim hmsupV(supH/V )] > a) =0 (B.4)
A= n_sco
and
lim lim sup V(ws(W,,) =€) =0, Ve>0. (B.5)
=0 pnooo
For fixed n, let 0 < ¢t} < --- < t2_; < 1 be the jump times of the step function 7,(¢), t§ =0, ¢t = 1. Then
w(Wh, [t7_1,t7)) =0,i=1,...,v. Let 0§ = miny<;<,—1 (¢ —t7 ;) if t7_1 = 1, and = miny <, (¢F =7 ¢)

ift)_; < 1. Then
ws(Wy,) =0 when &< 4f. (B.6)

On the other hand, it is obvious that

PPN
n E Zn
lim V(sup|Wn(t)| > a) < tim 2kmL E1Znell
a—00 t a—00 a
Hence, (B.4) and (B.5) imply that
alingo SlrllpV(Slip|Wn(t)| > a) =0 (B.7)
and
lim sup V(w§(W,,) =€) =0, Ve > 0. (B.8)

=0 p

Now, for any n > 0 and a sequence 0 < ¢, — 0, choose a > 0 and 0 < J;, — 0 such that

supV(sgp|Wn(t)\ > a) <7 and sup V(wg, (W) > e;) <

_n
2 9k+1°

Now, let By = {x € Dj,1) : sup; [z(t)| < a}, By, = {z € Djgq) : ws, (z) < e} and A = (2, Bg. Then
SUp,c 4 sup, [z(t)| < a and lims_,o sup,c 4 w5(x) = 0. By the Arzala-Ascoli thorem, the closure of A is a
compact set in Djg 1). On the other hand, by noting (B.6),

(W ¢ cl(A4)} € { sup W, (1)] > af U{w(;k ) > e}

c {sup Wi (t)] > a} U {w}, (W) > ex}.
t kb =08

By the (finite) sub-additivity of V| it follows that

V(W 2 cl(A) < V(sup|Wa()] > a) + 37 Vlwh, (W) > i)

k6 20y
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o~ ]
<n/2+ Z ok+1 (B.9)
k=1

The proof of the tightness (B.3) is completed.
Now, consider the G-Brownian motion W. In [27], it is proved that

lim V(ws(W) =€) =0 for any € > 0.
6—0

Note that p(-) is a uniformly continuous function on [0, 1]. It follows that
lim V(ws(Wop) =€) =0 forany e>0.
6—0

With the same argument as (B.9) one can show that for any 7 > 0, there exists a compact set K in Djg y
such that WNI(W op g K) <n.
For 0 =tp <ty <ty <--- <tg—1 <tq=1, we define the projection m, _, from Dy to R? by

Ty, g = (2(t1), ..., z(tq)),

and define a map Ht_l}n-ytd from R to Djy 1) by

0, ifte [to,tl),
000 @ ma) =S ay, it € [t trgn) (k=1,...,d),

yeeey

rq, ift=tg.

Then H;%M’td is a continuous map. Denote m, ., = H;}m’td oy ,..tq- Let @ € Cyp(Dio,1y). Then
Oy, 14T) = @O Ht_lfwtd(x(tl), ...,x(tq)) and @ o Ht::}...,td € Cy(R?%). By (3.10) on the convergence of
the finite-dimensional distributions of W,,, it follows that

nlggo E[@(%tl,»---,tdw'n)] = nlgroloE[SD ° Ht_l}...,td(wn(h% B Wn(td))]

=Elp oI, (W(p(t)),- ., W (p(ta)] = Elp(e,,......W  p)].

Now, suppose that t;11—t; <dfori=0,...,d—1. Recall ws(z) = supj,_ <5 [2(t) —x(s)], and let do(, )
be the Skorohod distance in Djg 1j and ||z|| = supg<,<q |2(t)[- It is easily seen that

do(Tty....ta, ) < T, ta® — 7| < ws(2).
Let € > 0 be given. Since ¢ is a continuous function, for each x, there is an €, > 0 such that
€
lo(x) — o(y)] < 3 whenever do(z,y) < €.

Let K C Dy be a compact set. Then it can be covered by a union of finite many of the sets {y :
do(z,y) < €,/2}, x € K. So, there is an ex > 0 such that |p(z) — ¢(y)| < € whenever dy(z,y) < ex and
x € K. Denote M = sup,, |p(x)|. It follows that

P(Fer,ta) — 0(@)] < € + 2MI{ws(2) > exc} + 2MI{a ¢ K.

By the tightness of {W,} and W o p, respectively, we can choose K and § such that

€

sup V(ws(W,,) > ex) +supV(W,, € K) < —

4M
and N N .
Viws(Wop)Zex)+V(Wop g K) < L
Hence

[E[p(Wa)] = Elp(W o p)]|
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+ 2MV(ws(W 0 p) = ex) + 2MV(W 0 p & K)
< [Elp(F,....taWn)] = Elp(r, ..., W 0 p)]| + 3e.

Letting n — oo and then e — 0 completes the proof of (3.11).
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