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1 Introduction

One of the most studied random graphs is the Erdds-Rényi random graph G(n,p), which has vertex
set [n] = {1,2,...,n} and where each pair of vertices is connected by an edge with probability p, in-
dependently of all other edges. However, G(n,p) is not suitable for real-world complex networks. The
power-law degree sequence is one of the most important features of real networks while G(n,p) has an
extremely light tailed degree distribution. In this paper, we will study inhomogeneous random graphs
that generalize G(n,p) but have power-law degree distributions.

Let [n] = {1,2,...,n} be the set of vertices. We first assign a weight W; > 0 to each vertex i and assume
that these weights are i.i.d. random variables. Conditionally given the weights {W;,i = 1,2,...,n}, we
connect each pair of vertices i,j € [n] independently with probability p;;, which depends on the vertex
weights. By choosing different edge occupation probabilities, we can obtain many kinds of inhomogeneous
random graph models, for example, the Chung-Lu model [6], the generalized random graph model [5],
and the Norrs-Reittu model [15].

For the above three models, the number of edges is linear in the number of vertices when the weights
have a finite mean. We call it “the sparse case”. The sparse case has been studied in detail; for example,
Janson and Luczak [10], Bhamidi et al. [2] and van der Hofstad [18] studied the sizes of the largest
components, and Chung and Lu [6,7] and van den Esker et al. [17] studied the graph distance between
two random vertices. From these results, we can conclude that in the sparse case, except the degree
distributions, many behaviors of inhomogeneous random graphs are similar to those of the Erdés-Rényi
random graph G(n,p/n).
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In this paper, we consider the properties when the weights have an infinite mean. This case has
not received much attention. van der Hofstad [19] and Hu et al. [9] discussed the asymptotic degree
distributions. Janson et al. [11] studied large cliques in the Norrs-Reittu model. The behaviors of
inhomogeneous random graphs are different from those when the weights have a finite mean. In this
paper, we focus on the number of edges. It is known that the number of edges is O(n) if the weights have
a finite mean, while it is O(nlogn) here.

Assume that {W;,i=1,2,...} are i.i.d. random variables with a power law of the form

PW >z)~cx™®, x— o0,

where ¢ > 0, € (0,1) are some real constants. It is well known that (see [8])

n ey w4 s, (1.1)

=1

where S is a positive stable random variable with exponent o and

R R R R )

with v(dz) = caz™'~*dz on (0,00), ¢1 = cL(w) cos(ra/2) and L) = [ %dy > 0.
Let {X;,0 <t < 1} be an a-stable subordinator with X3 2 §. Then n = Zogtgl dax, is a Poisson
process on (0, 00) with intensity En = v (we refer to [1,16] for more details).
Let the edge occupation probability be given by
W; W5

=t J 1.2
L, +W,W;’ (12)

Pij

where L, can be a real constant or random variable. Assume that G,, is the inhomogeneous random
graph with the edge probability (1.2), and e(G,,) is the number of edges in G,,. At first, we consider the
case where L,, = nl/@.

Theorem 1.1.  Assume that L, = n*/*. Then under the above conditions, we have

G(Gn) p 62a7r
nlogn 2sin(am)’ (1.3)
Furthermore, _
&(Gn) — Ee(Gn) i>/ h(@)(n(dz) — v(dz)), (1.4)
n 0
where .
be) = (1o ). o>

Remark 1.2. In Theorem 1.1, h(z) is a continuous function on (0,00) and bounded above by 1.
Furthermore, from the proof of Lemma 2.4 in Section 2, we have h(z) < Co(z® A 1) for some Cy > 0 and
the integral [ h(xz)(n(dz) — v(dx)) exists. By applying [13, Lemma 12.2], the limit distribution in (1.4)
has the characteristic function

Eexp {it /0 ~ (@) n(der) — Z/(dx))} ~exp {ca /0 e ;a: ith(z) da;}.

Remark 1.3.  We can get the exact expression of h(x) by using an integral with respect to the distribu-
tion function of W. But unfortunately, the calculation of the integral is generally too complicated. We now
consider the special case where P(W > x) = 2= for all # > 1. Then we have h(z) = at® [ mdu.
If we further assume that o = 1/2, then h(x) = t*(7w/2 — arctan \/x).

The sequel is organized as follows. Section 2 is devoted to the proof of Theorem 1.1 stated above. In

Section 3, Theorem 1.1 is generalized to the case where L,, is a random variable, especially L,, = ZZ=1 Wi
and L, = Ln'/®.
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2 Proof of Theorem 1.1

Before proving Theorem 1.1, we show four preliminary lemmas.

Lemma 2.1.  Under the conditions of Theorem 1.1, we have
E(e(Ga)) ~ —0T_p1 -
e(Gp)) ~ ———nlogn, n — oo.
2sin(am) &
Proof.  Let a, := n'/*. Since P(W > z) ~ cx™® as x — oo, we get that, for any € > 0, there exists
some xo > 0 such that
(c—e)z ™ <PW >z)<(c+e)z™%, x> 0. (2.1)
At first, we calculate the quantity
WiW,
0, =E——=—. 2.2
an + W1iWs 22)

By a direct calculation, we have

1 1
WiWy
e [ (Y [ e 2 Y
0 an+W1W2 0

=/0°°(an"+y) <W1W2>y>dy—/w:mf+y) (W1W2>y>dy+0(an> (2.3)

At first, we estimate P(W;W5 > y). By Fubini’s theorem, we can get that
EW*I(W <vy) = /Oy az® 'P(W > z)dz — y*P(W >vy), y>0. (2.4)
Then, for any y > xg, we have
EW*I(W <y) > /y az® 'P(W > x)dx — y*P(W > y)
xo

y
> (c—e) / ar® e r — (c+¢) = (c — e)a(logy — log ) — (c+€).
€T

0

2
Thus, for any y > z§,

P(WiWs > y) > P<W2 Yowy > y)
Wy

> (c— s)y"‘EWf‘I(WQ y>
To
> (c—e)ay*(logy — 2log xg) — (¢* — ?)y~°. (2.5)

Similarly we can get the upper bound

Y
EWYI(W < y) < / az® 'P(W > z)dx + xf

Zo

< (c+e¢)a(logy —logmo) + x5, y > o,

and, for any y > 22,
P(WiWs > y) < P(W2 Lowy > ) P(W2 > )

< (c+e)y “EWSI < y) @

T
< (c+e)?ay *(logy — 2logxg) + 2(c + €)xfy . (2.6)
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Note that
[ el T
o (an+y)? o (1+u)?
e 1
~ —1—o¢1 n/ L |
a, oga w0 u
am 4
= *log a, 2.7
sin(om)a" o8 2.7)
and
> yia —l-a > 1 am —l-a
d — d = . 2.8
L = ™= e 28)
Then it follows from (2.3)—(2.8) that
ca’n cam
~Yog ay, “Llogn. 2.9
sin(am) " °8 sin(a) oen (2:9)

Let I;; denote the indicator when the edge ij is occupied. Then e(G,,) = Zl<i<j<n I;; and

W;W;  n(n-— 1)9 Aar
an +W;W; 2 " 2sin(an)

B(e(Gn)) = BE(e(Gy) | Wi W) = Y

1<i<j<n

nlogn.

This proves Lemma 2.1. L
Lemma 2.2.  Under the conditions of Theorem 1.1, we have Var(e(Gy,)) = o(E(e(G))?), n — oo.

Proof. By using the same method as that in the proof of Lemma 2.1, we have
WiW, 2 /1 Wy Ws /°° 2any 1
E( ——————— | = Pl ——————— > dr = ———=P(W1 W5 > y)dy + O —
(anJrWle) o \an+ W1, v ) da w2 (an +y)° (WiW2 > y)dy + O\ 25

o] 1—a1 oo, 1l—a 1 n 1
/ y ~“logy _1_a/ u "*(logan +logu) .
0 0

(an ) W = 1+ u)p

] -« 1—
~ a_l_alogan/ Y du = ma(l - o) a1 %log an,
o (1
)
)

and

" 14 u)? 2sin(

/oo ylfa dy _ a;l—a /oo ulfa du— 7TOL(]_ —
o (an+y)? o (I+u)? 2sin((1 —a

Combining the above facts with (2.5) and (2.6), we get that

2
(m> = O(1)a,*loga, = O(1)n"'logn. (2.10)
Then
E(e(Gn)(e(Gn) —1) = > Bl
Ly A5}
{ig3n{i’j'}=0 {ig}y#{i 3"

{6,33n{i",5"}#0

n Wi Ws Wi W3
= Z EI;ElL +3< )E
(7107 =0 3 an + W1iWs ay, + W1W3

3 W, W 2 W, W 2
< 2, 1Wa 1Ws
< (B(e(G)? + 1 (E(aﬁwl% u(

= (E(e(Gn)))* + O(1)n?logn.

This together with Lemma 2.1 yields Lemma 2.2. O
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Lemma 2.3. Let {X,Y,, X, Ximn,n = 1,m > 1} be random variables such that as n — oo,
d
X — X
holds for any fited m > 1, and moreover X,, 4y X asm — co. Assume that for any e > 0,

limsup limsup P(| X, — Y, > €) =0.

m—»0oQ0 n—oo

ThenYni>X, asn — 00.

Proof.  See Theorem 4.2 in [3]. O
Lemma 2.4.  Under the conditions of Theorem 1.1, we have
1 W;W;

~ D (%JFWWJ —9n> — /OOO h(z)(n(dx) — v(dz)),

n
1<i<j<n

where 0, is defined in (2.2).

Proof. By the Hoeffding representation (see [14]), we have

n

Win TZ(n - 1)97; _ (n . 1) Z(gn(Wl) _ Egn(Wz)) + Z hn(Ww Wj),

1<igen M T Wil B 2 i=1 1<i<j<n
where
() = —— = gu(@) = gu(y) + b0, £ <0, y>0
an + Yy
and
gn(x) = E(anlj—/lﬂii?Wg W, = x) = E(%/) = h<(fn>, x>0
with

W ! W
W) _E(1+$W> _/0 P(1+mW >y>dy

e T
/0 e (W > y)dy
By the Lebesgue dominated convergence theorem, we can easily get that h(x) is a continuous function
on [0,00). For any € > 0, by applying (2.1), we have

oo

*o T T
h < —_— — @
(@) /0 (1+wy)2dy+(c+6) /m (1 +ay)?’ w

o 1
+ (c+ ¢ l‘a/ _
(cte)a® | Ty

i 1
gx;v/\l—kc—i—sxafxgl/ _

)71704.

Tox
<
14+ zox

dy

dy

+ (c+e)z*I(z > 1) (zxo

1+«

Thus, we obtain that h(z) < Co(z® A1) for some constant Cy > 0. Now in order to prove Lemma 2.4, it
is sufficient to show that

Zn: (h(zz> - Eh(Z)) 5 /OOO h(@)(n(dz) — v(dz)) (2.11)

i=1
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and

= > (Wi, W) B0 (2.12)

1<i<j<n

Denote random counting measures (point processes) by jin, = >\ | 0w, /4, ,n = 1 on (0,00). Then by
[13, Theorems 15.28 and 15.29] we have

pn 51, Ep, S En=v,

where 7 = Y _,<,<; 0ax, is a Poisson process on (0, 00) with intensity v, — denotes the vague convergence
<X'=

on (0,00) and 4 means convergence in distribution of random measures with respect to the vague
topology. (Please refer to [12] for the details on convergence of random measures.) For any § > 0 and
K >0, hs x(z) = h(x)I(§ < z < K) is a continuous function with compact support on (0, 00). Then we

have
> (nase (%) o (22)) = [ hase(o) () ~ )

i=1 " 0

d o0

— hs i (z)(n(dz) — v(dx)). (2.13)
0

Note that 7 is a Poisson process with intensity v(dz) = caz=*!dz on (0,00). Then, by the fact that

h(z) < Co(z* A1) is a continuous function, we have [ h?(z)v(dx) < oo. Hence, by [13, Theorem 12.13],
the integral [ h(z)(n(dz) — v(dx)) exists and

/ s (@) () — v(da)) 2 / " i) (n(dr) — v(da)) (2.14)

as 6 - 0 and K — oo.
Define h§ ;- (z) := h(z) — h(z)[(6 < z < K). Then, by noting that h(z) < Co(z* A 1), we have that,
forany 0<d <1< K,

(5 () (1))
() () e ()

2a
< 2C§nE<W) I(W < dap) + 2C3nP(W > Kay,).

It is similar to (2.4) that, for da, > xo,

W 2« 2 San
nE<a> I(W < 6an) < %/ x204*1P(W > x)dl'
n n 0

2an [ x3* Sam
< —- T
T <(2a)+(c—|—£)/ x T

Zo

< 2n (x%a N c+55aaa>’

a2 \20) o "

which implies lim sup;_, lim sup,,_, .o nE(W/a,,)>I(W < da,) = 0. By noting that

lim sup lim sup nP(W > Ka,,) < limsup limsupn(c+ ¢)(Kay,)™* =0,

K—oo n—oo K—o0o n—oo

n 2
limsup limsupE Skl — )| —Eh§ | — =0,
5—>O,K—>poo n—)oop ( Z ( K ( [07% S.K A,

we have
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and then, for any ¢ > 0,

limsup limsupP (

§—0,K—o00 n—oo

B () ()0 s

Now (2.11) follows from Lemma 2.3 and (2.13)-(2.15).

We next prove (2.12). Notice that if {i1,j1} N {iz, jo} = 0, then h,(W;,, W;,) and h,(W,,,W,,) are
independent random variables and Eh,, (W;,, W;, )hn(W;,, W;,) = 0. If iy = iy and ji # jo, then W, and
W;, are conditionally independent given W;,, and

Ehn(Wll ) le )hn(Wl2 ) sz) = E(E(hn(Wh ’ le) ‘ Wll)E(hn(Wlu Wj’z) | Wil )) =0.

Thus, we have

1 > n-1_,
nQE( > hn(Wi,Wj)) = 5 Bhy (W1, Wa). (2.16)

— n
1<i<j<n

Since 0 < W1 Wy /(a, + WiWs) < 1, by the Lebesgue dominated convergence theorem, we obtain that
E(W1Wa/(a, + WiWs3))? — 0 as n — co. By conditional Jensen’s inequality, Eg2(W1) < E(W1Wa/(ay,
+ W1 Wa))2 — 0. Hence,

WiW,

2
— Eg? Eg? 0> : 2.1
i) BN+ EW) +.62) 0 (2.17)

En (W, Ws) < 4<E(

Then by using the Chebyshev inequality, (2.12) follows from (2.16) and (2.17).
The proof of Lemma 2.4 is completed. O

Now we turn to the proof of Theorem 1.1.

Proof of Theorem 1.1. By the Chebyshev inequality and Lemmas 2.1 and 2.2, we obtain (1.3).

In the following, we will prove (1.4). Let I;; denote the indicator when the edge ij is occupied. Then
we have e(G,) = E1<i<j<n I;; and EI;; = 0,, for all 1 < ¢ < j < n, where 6, is defined in (2.2).
Furthermore, for any ¢ € R, we have

Eexp {ite(G")_nEe(G")} :E(E(exp{: Z (I;; —Gn)}‘Wh---,Wn))

1<i<j<n

= E< I e (1 + (el/m — 1)%)) =: Be™,
an, ¥V

1<i<j<n
where
; W,W; itd
Y, = log (14 (el/m —1)—2 ) - =%
Z (Og( +(€ )an+Win) n >
1<i<jgsn

and log(+) is the principal value of the complex logarithm function.
By using the Maclaurin series expansion of log(1 + z) for complex x with |z| < 1, we have

log(1 — 1
—| 08( +f) 7l — =, |z|—0.
|z 2

Hence there exists some constant ¢y > 0 such that |log(1 + x) — 2| < |z|? holds for any |z| < co.
Then, for sufficiently large n, we have

it W,W.
Y, — = —rJ 9,
n Z (an + Wil )‘

1<i<j<n
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2 .
<letm 1z Y <W> o eitrm _q A
I<icien \On T W, N cicen T Wil
t wWw;  \? 2 W W
Sz — T 573 — 2.18
n2 Z <a” + W1W]> - 2n2 Z (7% + WZWJ ( )

1<i<j<n 1<i<j<n

where we have used the inequalities |el* — 1] < |z| and [e!® — 1 — iz| < 22/2 for any z € R.
By the Lebesgue dominated convergence theorem, we have

2 2 2 2
W t Wi W-

B Y () <5R(tvm) o

n 1<igi<n an + WiW; ap + W1Wso

Thus, by Chebyshev’s inequality, we have

#2 ( W, W; )2 »
= > ([—E) %o (2.19)
n < Tien an + W;W;
Similarly, we have
t2 WZW] P
— > —_ 5y (2.20)
2n I<i<ien an + W;W;

Now, it follows from (2.18)—(2.20) and Lemma 2.4 that
¥, % it / h(z)(n(dz) — v(dz)).
0

Hence, by noting that |e¥»| < 1 and applying the dominated Lebesgue convergence theorem, we get
that, for any t € R,

Eexp {ite(Gn)Ee(G")} = Ee' — Eexp {it /Ooo h(z)(n(dx) — V(dx))}.

n

Then we obtain (1.4) and the proof of Theorem 1.1 is completed. O

3 Number of edges in the generalized random graph model

In Theorem 1.1, we assume that L, in the edge occupation probability (1.2) is a fixed constant. But in
most of the existing literature, L,, is assumed to be the total weight of all vertices, i.e., L, = > ,_; Wj.
Hence, in this section, we shall extend Theorem 1.1 to the case where L,, is a random variable. We still
use G, to denote the generalized random graph model with the edge probability (1.2), and e(G,,) is the
number of edges in G,,. Except that L, is a random variable, other conditions are the same as those in
Theorem 1.1.

Theorem 3.1.  Assume that n=*/*L,, % Z holds for some positive random variable Z. Then we have
e(Gn) 4  Par
nlogn 2sin(am)

Remark 3.2. If L, =Y}, Wy, then, by Theorem 3.1, we have

—«

e(Gn) a4 Parm

—Q
)

nlogn 2sin(am)

where S is defined in (1.1). The limit random variable has, apart from a scale factor, a Mittag-Leffler
distribution with parameter a (see [4, Subsection 8.0.5]). Another case of interest is that L, = Ln'/®,
where L is a positive random variable. In this case, we get that

e(Gn) a car a

nlogn 2sin(am)

It is interesting that the limit distributions are the same for L, = Zzzl Wy and L, = n'/eS.
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Proof of Theorem 3.1.  In the proof, we denote by G,,(b,) the inhomogeneous random graph obtained
with the edge occupation probability (conditionally on the weights {W;,i =1,...,n})
K by, + Wle ’
where b,, is a constant or random variable. Then, by suitable coupling, we may assume that G,,(b,) D
G (b)) if b, < b.,.
Since L, /a, 4 Zand Zis a positive random variable, for any ¢ > 0, there exists some constant A > 0
such that P(1/A < L, /an, < A) > 1 —e. We choose § > 0 small enough such that

k o
(Co+€)< 0 ) >Co+%

ko+1

holds true, where

CQCWT

ko := [(64)71).

coi=
0" 2sin(an)’

Hence, for any ¢ > 0,

oG

——— >y te
n2L, " logn 0 >

e(Gn) 1 L, L, 1
<P 77— < — <A Pl — - A
(rLZL;O‘logn>CO+6 A oa, >+ ( n ? [A }>

k1
< ZP(e(Gn)>CO+5,k5<Ln<(k+1)5>+s

n2L, " logn an

k
- e(Gp(kday,))
S Z P(nQ((k} + 1)da,)~>logn >t E) te

k
- e(Gn(kday)) 5
< P o ’

k:zk <n2(k5an)—alogn oty )te

where k1 = [A/0]. From the proof of Theorem 1.1, we can get that, for any fixed k > 0,

e(Gp(kday,)) p
n?(kda, )~ logn A

Thus, for any fixed k& > 0,

e(Gp(kday,)) €
P = 0
(nQ(k‘éan)—o‘ logn =~ ° t3) 70
and then
Gy
limsupP(ze(a) > co + 6) <e.
n—o0 n?L, % logn
Similarly
. e(Gn)
1 Pl——————<c¢—¢) <e.
lrlgsolip <n2L7LO‘ logn “ 5) c
Hence,
_clCn) 5,
n2L, % logn
Then Theorem 3.1 follows by Slutsky’s theorem and the fact that L, /a, 4 7. O
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