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Abstract For equations of order two with the Dirichlet boundary condition, as the Laplace problem, the

Stokes and the Navier-Stokes systems, perforated domains were only studied when the distance between the

holes d. is equal to or much larger than the size of the holes €. Such a diluted porous medium is interesting

because it contains some cases where we have a non-negligible effect on the solution when (g,d:) — (0,0).

Smaller distances were avoided for mathematical reasons and for these large distances, the geometry of the holes

does not affect or rarely affect the asymptotic result. Very recently, it was shown for the 2D-Euler equations

that a porous medium is non-negligible only for inter-holes distances much smaller than the sizes of the holes.

For this result, the boundary regularity of holes plays a crucial role, and the permeability criterion depends

on the geometry of the lateral boundary. In this paper, we relax slightly the regularity condition, allowing a

corner, and we note that a line of irregular obstacles cannot slow down a perfect fluid in any regime such that

elnd. — 0.
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1 Introduction

In this article, we consider the behavior of the 2-D FEuler equations in a porous medium. The
velocity u® = (uj,u§) of an ideal incompressible fluid filling a domain Q° is governed by the Euler
equations

Ot +uf - Vus +Vp* =0, (¢ z)€ (0,00) x Q°,

divu® =0, (t,x) € ]0,00) x Q°, (L1)

ut-n =0, (t,x) € [0,00) x 00°,

u¢(0,-) = uf, x € QF
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where p° is the pressure and ° is an exterior domain that is defined later.

Since these equations were established by Euler in 1755, the study of well-posedness and stability was
a constant concern (see, e.g., the references given in the introduction of [8]). One of the main reasons of
so large literature is that the vorticity, defined by

w® = curlu® = dyus — dauf,
satisfies a transport equation
Ow® +u®-Vw® =0, (t,z)€ (0,00)xQ°, (1.2)

where the velocity should be reconstructed from w®. This special structure allows to place the 2D-Euler
equations in the intersection of many mathematical areas: non-linear PDEs, the transport equation with
flow maps, the elliptic problem with the Green kernel and the conformal mapping (i.e., using the tools
from complex analysis), geodesic flows on a Riemannian manifold, convex integration.

Here, we are interested in the influence of a porous medium on the behavior of the perfect fluid. The
porous medium is modelized by N, impermeable obstacles (also called inclusions or holes), of size & and
separated by a distance d.. For practical interest, it is important to understand the leading behavior
when € and d. are very small compared with the experiment scale.

Such a question is a standard issue in the homogenization problems. For the Laplace equation, it is
easy to show that the perforated domain has no effect at the limit in the regime d./|Ine| — oo if the
holes are uniformly distributed on a surface and in the regime d.|Ine| — oo if the holes are distributed
on a curve. If the above quantities tend to C' > 0 instead of oo, it was proved that we get a homogenized
system for the Laplace, Stokes and Navier-Stokes steady flows [2,3,21,24,25]. Therein, the authors then
considered a very diluted porous medium—d, > €? for any 3 € (0, 1]—and it is natural that the criterion
does not depend on the geometry of the holes. For inviscid fluids, Lions and Masmoudi [19] and Mikelic
and Paoli [22] obtained a homogenized limit for the weakly nonlinear Euler flow through a periodic grid,
i.e., in the regime d. = € when the holes are distributed on a surface. The Euler equations were treated
in [5,15], where the cases of inter-holes distances smaller than the hole sizes were finally achieved. Here,
the geometry of the lateral boundaries of the holes plays a role in the criterion, so we define precisely the
domain properties.

The shape of the inclusions K was assumed to be a simply-connected compact subset of [—1,1]? such
that 0K € C1@ for a > 0 is a Jordan curve. All the inclusions considered have the same shape

€
Kij=z;+ 5’@ (1.3)

where the points z7 ; € R? are uniformly distributed such that the inclusions of size ¢ are at least separated
by a distance d., i.e., for i,j € Z and € > 0, we set

o, = (; -1 (e+d), (G - 1)(5+d€)) - (;o> tletd)(i—1,5—1). (1.4)

In the horizontal direction, we consider the maximal number of inclusions that we can distribute on the
unit segment [0, 1], and hence we consider

i=1,...,N. in (1.3)-(14),

1+d.
N, =
LerJ

(where [z] denotes the integer part of x). In the vertical direction, we consider two situations:

with

e inclusions covering the unit square, namely

j=1,....,N. in (1.3)-(1.4);
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e inclusions concentrated on the unit segment, namely
j=1 in (1.3)-(1.4).

When the obstacles are distributed only in one direction, we need to describe the geometry of the
lateral boundaries around the points where the distances between two holes are reached. For simplicity,
let us assume that (£1,0) € 9K and that the boundary 9K is locally parametrized around (1,0) by

.Z‘(S) =1- p‘s‘l-‘r’y’ y(S) =S, s € [_6a 5]
with p,v > 0, where ~ is called the tangency exponent, and § > 0 can be assumed small. For example,
v = 1 corresponds formally to the case where K is the unit ball)), whereas v = oo corresponds to the
case where the solid is flat near (£1,0): [(1, —po), (1, po)] C OK.

In the case of holes distributed in one direction, the main results of [5,15] are as follows: if —d=

then the limit motion is not perturbed by the porous medium, whereas, if % — 0 then the unit
Y

segment becomes impermeable at the limit. We note here that the regimes considered correspond to
close inclusions d. < ¢, and it is physically natural that a fluid passes easier between disks than between
flat solids.

In the case of holes distributed in the two directions, the asymptotic behavior depends on the limit
of df: if this limit is co the presence of the porous medium is not felt at the limit, whereas the unit square
becomes impermeable if the limit is zero. Even if the criterion is independent of v, it was important in

— 0

the analysis to have the existence of such a v > 0, as a consequence of the C1'® regularity assumption.

In both results, it was crucial that v > 0, and the case of a corner—which corresponds to v = 0—
was one of the open problems listed in [15]. More precisely, with a corner, the following questions are
unsolved:

(1) If the inclusions are distributed in one direction, are there some regimes such that the porous
medium is not felt at the limit?

(2) If the inclusions are distributed in one direction, are there some regimes when we observe the
impermeable segment?

(3) If the inclusions are distributed in two directions, is it possible to state the impermeability result
when dE—E — 07

As we will explain in the final remark, the questions (2) and (3) are unreachable without changing the
full analysis. In this paper, we focus on the first question, where we use the technics developed in [16] by
Lacave et al., in particular the precise behavior of the conformal mapping in the neighborhood of corners.
Formally, taking v = 0 in the criterion d. > 52+%7 we would like to prove that the fluid is not perturbed
by the porous medium if d. = £ for any 3 > 0 arbitrarily large.

More precisely, we assume in this article that

(H1) 0K is a Jordan curve of class C1® for a > 0 except in a finite number of points {z }x=1,. N where
0N is a corner of angle 6y,

which reads as
lim OAngle(—F’(s;€ —5), (s + 5)) = 0k € [0,27],

s—0,5>

where T' is a parametrization of 99 (counterclockwise direction) and xp = I'(sg) for all k = 1,..., N.
With this definition, 6 corresponds to the angle in the fluid, which means that 6, = 37/2 if K is a
square. Moreover, we assume that a corner is exactly located at the point where the distance is reached
between K7, and K7, ;; for example, let us assume that

(H2) 21 = (1,0) and there exists p > 0 such that the set £ N (R x {s}) C [0, (1 — p|s|)] x {s} for all
s€[-1,1].

1 Or any regular compact set whose curvature is non zero and finite. See (15, (H2)] for the extension of the tangency
exponent to any boundary.
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Here, we have assumed that there is a corner at the point (1,0) € 9K, with an angle
0 > 2(m — arctanp™ ') > .

To avoid painful arguments for a non-interesting case, let us assume that all the angles 6, are greater
than 7, which means that K is assumed to be locally convex near the corners. For a technical reason
that will be explained in due course, we also avoid the cusps and we finally assume

(H3) 6y € (m,27m) forall k=1,...,N.

Hence, the domain considered in this paper is the exterior of holes distributed on the unit segment:

Ne
@ =R\ J K5,
i=1
with K5 := K5 | and 2§ := z{, defined in (1.3)-(1.4).
Concerning the initial data, we consider as usual an initial vorticity independent of &, compactly
supported wy € L°(R?) and we define the unique continuous initial velocity u§ associated to wg through
the following div-curl problem:

divug =0 in Q°f, curlug=wy in QF, ug-n=0 on 09Q°

|z|—o0

lim ug =0, / ug-7ds =0, forall .
aKe

The last condition means that the initial circulations around the holes are zero.
For fixed €, Gérard-Varet and Lacave [8] established the existence of a global weak solution (uf,w®) to
the Euler equations in €2¢ such that

(P) |lw® | oo +;21nL(02)) < llwollL1nLne=(0<) and the circulations around the holes remain zero.

We denote by (u,w) the unique global weak solution to the Euler equations in the whole space with the
initial data (ug,wp), where ug is the solution of

divug=0 in R? curlug=wy in R? lim wug =0.
|z|—00

Now, we are in the position to state our main result.

Theorem 1.1.  Assume K verifies (H1)—(H3). Let wy € L°(R?) and (u,w®) be a global weak solution
(verifying (P)) to the Euler equations (1.1) on QF with initial vorticity wo|os and initial circulations 0
around the inclusions. If |elnd.| — 0 as (g,d:) — (0,0), then u® — u strongly in L3 _(RT x R?) and
we — w weak * in L=°(R* x R?).

Here, we have extended (uf,w*®) by zero inside the holes. For any 3 > 0, we note that the case d. = &”
satisfies [eInd.| — 0. Even if this result is a natural extension of the previous works [5,15], the proof
is not obvious. Indeed, it was listed in [15] as an open question because the conformal mapping is not
regular if the boundary admits a corner. The behavior of solutions of elliptic problems with respect to the
boundary regularity is an important research focus in analysis of PDEs as testified by the huge literature
(see, for example, [12] for results when 0f) is Lipschitz, and [6,9,13] in domains with corners) and also in
complex analysis (see [23]). The authors of this article have already used such a theory to prove in [16]
the uniqueness of the Euler solutions if the domain has some corners whose angles are less than or equal
to m/2. The main idea here is to use this analysis to adapt a key proposition of [15] which will give
automatically Theorem 1.1.

Unfortunately, the permeability result when |elnd.| — oo and the case of hole distributions in both
directions cannot be achieved with this argument (see the final remark for technical details).

The rest of this article is divided in three sections. In the next section, we give the proposition
concerning the behavior of the conformal mapping which will be the key to extend the analysis performed
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in [5,15]. We also state the new estimate for the cell problem and briefly recall how it implies Theorem 1.1.
Section 3 is dedicated to the proof of this new estimate. In the last section, we adapt an argument
performed in [4] and recently revisited?), to state a new stability estimate, with a precise rate, before w
reaches the segment. Namely, we will prove the following theorem.

Theorem 1.2.  Assume K verifies (H1)—(H3). Let wy € C1(R?\ ([0,1] x {0})) and (u,w®) be a global
weak solution (verifying (P)) to the Euler equations (1.1) on QF with initial vorticity wo|qs and indtial
circulations 0 around the inclusions. Let T > 0 and Kt be a compact subset of R?\ ([0,1] x {0}) such
that suppw(t,-) C Kr for all t € [0,T]. If [elnd.| — 0, then there exist ep > 0 and Cr > 0 (depending
only on T, Kr and wy) such that

o = wllL=(o.1)xE2) < Or(de +ellndc|)2, Ve <er.

Moreover, for any compact subset K of R?\ ([0,1] x [—e7,er]), there exists Cp ¢ > 0 (depending only
onT, Kr, K and wy) such that

lu(t,-) —u(t, )| L=(x) < Crx(de + end.|)7, Vte[0,T], Ve<er.

Let us note that it is obvious that for any 7', w is compactly supported on [0, 7]. So the main constraint
is that this theorem holds true until w reaches the segment. Of course, there are many cases where the
2D Euler vorticity never meets the segment, and then our estimates are global in time in these cases. As
we notice in the core of the proof, this is related to a stability estimate of the Lagrangian trajectories
associated to u® and u. Such an estimate is usually obtained by using a C! (or log-Lipschitz) norm of
u® — u which sounds very hard to obtain in the vicinity of the porous medium.

We also mention that we can write the last statement in Theorem 1.2 as follows.

Moreover, for any compact subset K of R?\ ([0, 1] x {0}), there exist e r, Cr ¢ > 0 (depending only
on T, Kr, K and wy) such that

U (t,-) — u(t, )| e xe) < Croxc(de +elndc))?, Ve [0,T], Ve <erx.

2 The conformal mapping and the new cell estimate

In this section, we bring together several arguments coming from [14, 16] concerning the behavior of the
conformal mapping in domains with corners, and from [5,15] concerning the proof of Theorem 1.1 from a
permeability proposition (see Proposition 2.2). This proposition is independent of the Euler motion but
gives the key estimate of the cell problem for tangent divergence free vector fields.

2.1 The conformal mapping

Let 7: K¢ — R?\ B(0,1) be the unique biholomorphism such that 7 (co0) = oo and 7" (00) € R}, which
means that there exists a bounded holomorphic function A on K¢ such that

T(z) = Bz+ h(z) (2.1)

for some 3 € RY}. Up to a vertical translation and considering that the corner is located at (1, hg) instead
of (1,0), we assume without any loss of generality that a small neighborhood of zero is included in K.
This conformal mapping is of class C* up to the boundary if 9Q is of class C*, for a € (0,1).
The boundary does not verify this regularity assumption in domains with corners, and we collect in the
following proposition the properties of 7 that we will use later.
Proposition 2.1.  Assume that OK wverifies (H1) and (H3). Let 6y = ¢minz;{|z; — x|, |T ()
— T (x;)|}. Then there exists M > 1 depending on K such that
e 7 and T~ extend continuously up to the boundary;

2) Hillairet M, Lacave C, Wu D. A homogenized limit for the 2D Euler equations in a perforated domain. In progress



1126 Lacave C et al. Sci China Math  June 2019 Vol. 62 No.6

o forallx € K¢\ Ui\;l B(xk,8) and y € B(0,1) \ Uivzl B(T (z1),d0), we have
M~ <|DT(2)| < M, M <|DT '(y)| < M;
o foranyk=1,2,...,N and all z € K°N B(x,d0) and y € W,l)C N B(T (zx), d0), we have
Mo — a7 < DT ()] < Mla — |70,
M~y = T ()™ < IDTHy)l < Mly — T ()7
o for all x,y € K¢, we have
T () = T(y)l < Mmax{|z —y|*, |z -y},

where p = miny, 5- € (1,1);
C

e for all z,y € B(0,1) , we have

[T @) = T ()] < Mz —yl.

Proof.  Because T is a Riemann mapping and 9K € C%<, the first bullet point can be directly obtained.
Here, the main job is to study the behavior of 7 near corners. We consider the corner at z; = (1,0).
First, we define a straighten mapping: 1 := (z — xl)%. It is easy to verify that ¢ is injective and
continuous on K¢ N B(x1,201) with some small data d;.
Next, we define D; € B(0, 1)c to be a C*° Jordan domain such that

K°n B($1,51) C T_l(Dl) cKn B($1,2(51)

and g; : D1 — B(0,1) be a Riemann mapping. Define Q; := 7~1(D;), which is C*® except at x1, and
Q, = ©1(Q1), which is C1® (for more details about localization and straightening, we refer to the proof
of [23, Theorem 3.9)).

Based on the above notations, we define a Riemann mapping f; = @107 Log; ! : B(0,1) — Q. By
the Kellogg-Warschawski theorem (see [23, Theorem 3.6]), we have

Cr<IAOISC, VEeBO,1).
On the other hand, g; ! is a Riemann mapping which satisfies the same property, and hence

Crl< (1o TV ()| <C, Y¢eDy,

which implies that

01 . ~ 0.Cy .
AT @) =T T W] < ET )~ T, vy e D
Tt
Thus, we get that
T /611 4 7751 7/61—1
— |z — x| T (2)| € —— |z — 21|77, Vo e Q.
9101 01

For any « € K¢ N B(x1,d1), we look for a smooth path v in K¢ N B(z1,d1) joining x; = (1,0) and z.
Due to the definition of a corner (H1), we state that there exists an angle 6 such that the segment
[(1 —61,0),(1,0)] C R(A)K, where R(f) is the rotation of angle 6 around z; (considering d; slightly
smaller if necessary). For example,

0=— lim Angle((1,0),I"(sx — s)) + b

T 550,50 & T k 2
holds. We choose §; smaller if necessary, and this rotation is needed to state that the regularity of 0K
away from the corner implies that, for any (a,b) € R(0)K° N B(x1,01), the segments [(a,b), (1,b)] and
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[(1,b),(1,0)) belong to R(§)Kc N B(x1,01). Hence we denote by (a,b) the coordinates of R(6)z and we
define  on [0,1] as
3(t) = ((a—1)t7 +1,bt), v =R(-0)7, (2.2)

where B > 1 is chosen large enough such that ¥ C R(0)K N B(x1,61). Of course, if the segment
(z1,2] C K°N B(x1,01), then we choose B = 1 (which means that «y is the segment). Integrating on the
curve vy, we get

|7 (x) — T (x1) / 1T (v(@)y ()|dt < C/ (Ja — 1[tB + [b|t)™/ 1= (|a — 1| BtB~ + |b|)dt
c/ LBy g — 1[BEB 4 ([blt)™ O b]) dt
C/ 7r/91BtB7r/01 1+‘b|7r/01t7r/91 1)dt

C((|la—1))™% +[p]™/) < Cla — 21|™%, Ve KN B(a1,61),

where we have used 7/6; < 1. In the above estimate, C' is independent of a,b and B, hence of x.
If we choose D; convex, by considering the segment [y, T (z1)] we also obtain that

T ) — 21l = (1o T )(y) = (pro T (T (@))|"/™ < Cly = T(@1)|"/", Vye D,

which implies that
|z — 1™ < C|T(x) = T(x1)], Vae.

The two previous inequalities give the conclusion for the estimates of (7~!)’ in the neighborhood of T ().

These inequalities yield the claims in the second bullet point for k& = 1, and similarly for any k& =

., N. The claims in the first bullet point are also obtained by the Kellogg-Warschawski theorem, by
considering a smooth domain Dy C B(0,1) such that

N

N
ICC\ U B(mk,ék) C T_I(Do) C K:c\ U B("Ek75k/2)7
k=1 k=1

: Dy — B(0,1) 1) is a Riemann mapping and ¢g(z) := z.

We now focus on the third bullet point. We now claim that K€ is a-quasiconvex for some a > 1, i.e., for
any z,y € K¢ there exists a rectifiable path v joining z, y and satisfying () < a|z —y|. This follows from
(H1) and (H3) because K is a piecewise C! Jordan curve with no interior cusp and hence a quasidisc
(see, e.g., [10]), and Ahlfors [1] showed that in 2D, we have

OK is a quasidisk < K¢ is quasiconvex.

Hence, for any x,y € K¢, let us consider such a path . Then we decompose the path as v = 7o U V&,
where v, = yN B(x, 6;) and vo = yN (R*\ U, B(zk, dx)). Up to shorten -, it is clear that v can intersect
O0B(zy, dx) only twice, or once (which means that x or y belongs to B(xy,d))) or never (which means
that the curve avoids this disk or that v C B(zg, d)).

In any of these three cases, we only need to show that for z,5 € K¢ N B(xzg,d;) and 75 a path in
K¢ N B(xg, 0) between these two points,

1
\ [ e dt‘ < Ol — g™/, (2.3)

because it will imply

T(x) = T(y)| < ’/O T’(W(t))v’(t)dt‘ < Ml(vo) + > Clp)™% < Mi(v) + cZe )™/ O
k



1128 Lacave C et al. Sci China Math  June 2019 Vol. 62 No.6

< Cmax{|z — y|*, |z — y|},

where p = ming %.
As

1
| T =16 - 7@
does not depend on the path, we choose another curve. If the segment
[7,9) € K°0 B(ak, o),

then we consider this segment. If not, we consider a curve as (2.2), i.e., on the form

v(t) = R(O)(At?,Ct + %) + a1 € K° N B(ay, 0), Vi€ [to, 1],
where B > 1, A,C € R and R(#) is a rotation around zj of angle 6 such that the segment

[(=61,0) + zp, ] C R(OK

(considering oy slightly smaller if necessary). To find such a curve, it may be possible to consider ty < 0
and t; > 0. Hence, repeating the computations below (2.2), we get (2.3) with C independent of Z, §
and 7.

The last bullet point is much easier to prove, because it is clear that B(0, 1)C is §-quasiconvex and the
first two bullet points imply that D7 ~! is uniformly bounded.

This ends the proof. O

2.2 The cell estimate and Theorem 1.1

For € > 0 fixed, it was proved in [8] that the Euler equations (1.1) have a global weak solution

ut € L°(RT;L2.(Q)) and w® € LR L' N L>®(Q)),

loc

which satisfies (P). We refer to [8] for the definition of weak-circulation on irregular domains. However,
in the domains considered here, there are some extra regularities which come from the div-curl problem
in domains with corners. We can deduce that u® has a trace which is integrable. This implies that the
weak-circulation coincides with the standard circulation and the conservation then reads as

/us(t,-)-Tds:O for a.e. teR".
ks

We refer to [14, Lemma 2.7 and (2.21)] and [15, Step 4 of Subsection 2.3] for more details.
So the idea in [5] is to compare u® which satisfies

divu*=0 in Q°, curlu®=w® in Q°, u*-n=0 on 00°

|| =00

lim w®(t,x) =0, 7{ u®-17ds=0 forall i,
oK

and

T — )t
K [f](t,2) := % /R (m_yy)ow(tvy) dy

which verifies
div Kg2[w®] =0 in Q°F, curlKp2[w]=w® in QF,

lim Kg2[w®](t,z) =0, Kg2[w®]-7ds=0 forall i.

|z]|— 00 oK
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As the only difference is the tangency condition, the trick is to introduce, for any function f € L°(Q¢),
an explicit approximate solution v¢[f] such that

diveo®[f]=0 in Q° °[f]-n=0 on 09Q°, lim o°[f](t,z) =0, (2.4)

|| =00
which is close to Kg2[f] in the L? norm. The main proposition, which is proved in the next section, reads

as follows.

Proposition 2.2 (Permeability).  Assume that K wverifies (H1)-(H3). For any f € L°(Q¢) there
exists v=[f] satisfying (2.4) such that

162 (] = v [flll 20y < Cllfllanse (de +llnde|)2,

with C independent of f and ¢.

In the rest of this section, we repeat quickly why this proposition implies Theorem 1.1. For more
details, we refer to [15, Section 2.2].

Step 1.  Uniform L? estimate for u® — Kga[w®].

For each time, we remark that u® — v¢[w®] and Kgz|w®] — v®[w®] are divergence free, tend to zero when
|z] — oo, have the same curl and circulations around K¢ for all i. The only difference is that u® — v=[w®]
is tangent to the boundary of ¢, which implies that it is the Leray projection of Kge[w®] — v®[w®].
Therefore, by orthogonality of this projection in L? together with the triangle inequality, we have

u® — v W[ L2(0e) + ([0 [w°] — Kgre[w®]||L2(0)

||u5 —KRz[QJEHILQ(Qs) |
2”’1)8[(,05] - KRz [w8]||L2(QE).

<
<

Under the estimate of |w®||p1nL in (P), Proposition 2.2 gives that
lu® — Kp2[w®]|[z2(0s) =+ 0 as & — 0 uniformly in time.

Recalling the standard estimate for the Biot-Savart kernel

1 |f (W)l
27 /]R2 |z —yl v

and the fact that ||Ige\q<||z2 — 0 (because € — 0), we infer that

1/2 1/2
< ClFII T 122 5o (2.5)

| Kge [f]l  ) < \
Lo (R2)

uf — Kg2[w®] — 0 strongly in L (R™"; L*(R?)), (2.6)

where we have extended u® by zero inside the holes.
Step 2. Compactness for the vorticity.

Thanks to the uniform estimate of ||w®||f1q in (P), Banach-Alaoglu’s theorem infers that we can
extract a subsequence such that

W' —=w weak-x in L®(R'; L' N L>(R?)),

which establishes the vorticity convergence.

Next, we derive a temporal estimate, so let us fix any test function ¢ € C°((0,00) x R?). In [8],
it was proved that (w®,u®) satisfies (1.2) in the weak sense for any test function compactly supported
in Q2°. However, in our case u® is regular enough to deduce from the tangency property that the transport
equation is also verified for ¢ (see [14, Proposition 2.5 and Lemma 2.6]):

/ / of@t(b—i-/ / u*w® - Vo =0,
0o Jre 0o Jr2
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where we have extended® w® and u by zero in R?\ Q°. Thanks to (P), (2.5) and (2.6), we state that
/ u'w® Vo= [ (v — Kg2[w®])w® - Vo + | Kpr2[w]w® - Vo
R2 R2 R2
is bounded by C||V(t,-)||r2. Hence, we have
04| oo e+ 11-1(R2)) < C.
By [18, Lemma C.1], this property can be used to extract a subsequence such that
W' = w in C([0,T]; L¥? N L*(R?) —w) forall T. (2.7)

Step 3. Compactness for the velocity.

Now, we define u := Kg2|w] and we use the previous steps to pass to the limit in the decomposition

u —u = (u° — K2 [wf]) + Kge[w® — w]. (2.8)
Thanks to (2.6), it is obvious that the first term on the right-hand side of (2.8) converges to zero in
L
L} (RT x R?). Considering the second term: for z fixed, the map y (liii’l)‘z belongs to

LY3(B(x,1)) N L*(B(x, 1)),

then (2.7) implies that for all ¢ and x, we have

_ L

/ %(ws —w)(t,y)dy -0 as e —0.
Rz |z =yl

So, this integral converges pointwise to zero, and it is uniformly bounded by (2.5) and (P) with respect

to = and ¢t. Applying the dominated convergence theorem, we obtain the convergence of Kg2[w® — w] in

L2 (RT x R?). This ends the proof of the velocity convergence.

Step 4. Passing to the limit in the Euler equations.

Finally, we verify that (u,w) is the unique solution of the Euler equations in R2.

The divergence and curl conditions are verified by the expression: u = Kg2[w]. Next, we use that
u® and w® satisfy (1.1) in the sense of distributions in Q¢, that u® is regular enough and tangent to the
boundary, to infer that for any test function ¢ € C2°([0, 00) x R?), we have

/ / w0y dxdt + / V¢ -uwdadt = — | ¢(0,2)wo(x)lg-dz,
0o Jre 0o Jr2 R?

where we have extended w® by zero and used that w®(0,-) = wp |q= (see Step 2). By passing to the limit
as € — 0, thanks to the strong-weak convergence of the pair (u°,w®), we conclude that (u,w) verifies the
vorticity equation. In the whole plane, this is equivalent to stating that u verifies the velocity equation.
As this solution is unique (see the Yudovich theorem), we deduce that the convergence holds without
extracting a subsequence. This ends the proof of Theorem 1.1.

Remark 2.3. Even if we have a precise rate in Proposition 2.2, for solutions in the Yudovich’s class,
we use Banach-Alaoglu’s and Ascoli’s theorem which do not allow us to give a rate for u® —u. For stronger
solutions, we will manage in the last section to keep this rate.

3 Permeability proposition

In this section, we give the proof of Proposition 2.2. The strategy of the proof is the same as [5,15]. The
main difference is the estimates of the cell problem where we have to use that the conformal mapping is
less regular when 0K has a corner.

3) Such an extension gives a Dirac mass along the boundary when we compute curlu® in R2, but this relation is not
needed in this paper.
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3.1 Construction of the correction

We use the explicit formula of Green’s function (with the Dirichlet boundary condition) in the exterior
of one simply connected compact set K:

_ 1 T =T

where 7 : K¢ — R?\ B(0, 1) is the biholomorphism defined in Subsection 2.1. Above, we have denoted by

y
y=—s
|yl?

the conjugate point to y across the unit circle in R?. Hence, it is verified in [11, Subsection 3.1] that the
following vector field

Jeovie
L Jeve/

1
v In | T ()

al / Gic(,9) £ (y) dy
R2\ K

is divergence free, tangent to the boundary, goes to zero as |x| — co. Moreover, its curl is equal to f and
the circulation around I is equal to zero.
Now we introduce a cutoff function ¢; equal to 1 close to K::

i () = ¢ (v — ) (3.1)

with ¢ € C! such that ¢ = 1 on 50K and ¢fps =0if ¢ # j. As we will see later, ¢° will be constructed
such that

SuppgDEC|:—E—2, 5 } X [—¢,¢].
If we have assumed that we also have a corner at the point (—1,0) then we could construct ¢ such that

d d
supp ¢° C [— EZ 5752 E} x [—€,é]

and then it would be obvious that ¢f 5 = 0if i # j. But constructing ¢° such that the support is included
in a polygon instead of in a square, we can avoid this assumption (see Subsection 3.3 for details).
Then, the correction is defined by

v [f] = VS,
where
V() = 5 <1 - ;wf(x)> [ mle = s dy
A [ W
with ’
T =T (T )~ BB (32)

In the neighborhood of K%, this correction corresponds to the Biot-Savart law in the exterior of one
obstacle, whereas, far away from the porous medium, it is equal to the Biot-Savart law in the whole plane
R2. More precisely, we can check that v¢[f] verifies the following properties:

dive[f]=0 in Q°F, v°[f]'n=0 on 997, wll)ngo\ve[f](xﬂ =0.
We decompose Kpz[f] — v¢[f] as
Kg2[f] = o%[f] = % D VI () (w0 w4 o (@) (w] +wi), (3-3)

i
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where
l,e o 2ﬂ|$ B y|
ul*(@) = [, W e O
wt o) = [ I Z T g,

P 7o)~ T )P
v — eyt (O -TW T
w0 = 070 [ (o

£

() = (x—y)" eyt (5 (@) = TEW)*
ww) = [ (20 - 07T T ) s as
1

R TE) S0

In the following subsection, we estimate wf ’
cutoff function ¢°.

on the support of ¢, and next, we look for the best

3.2 Cell problem estimates

When K = B(0,1), T =1d (so 8 = 1) and w§ = w§ = 0. In this case, we also have

154
7o) - Tt = 2 (o5 - = ).
Except in an e-neighborhood of the inclusion, we note that 7;%(y)* is small compared with 7% (x). Hence,
we can guess that w5 and wj are small. This remark is the main motivation of this decomposition, and
in the following estimates, we split the integrals in two parts: a small area in the vicinity of the inclusion
and the faraway region where 7 behaves as S1d. Due to the lost of the boundary regularity, some changes
are needed compared with [5,15] for the estimates close to the holes.
From the definition of 7;F in (3.2), it is clear that Proposition 2.1 gives

|75 (2) = T ()] < Cmax{e ™|z —y|*, e o —y[}, (3-4)
where
.m
p = min o
Moreover, we have that
(TE) M) = 5T ) + 2

and Proposition 2.1 also implies

(7)™ |uip < Ce. (3.5)

As T behaves at infinity as gId, it holds that for all r > 0,

TEOB(25,r) N (K5)°) © B<0,Clz> \B(O,CQZ) (3.6)

and
(T5) "1 (0B(0,r + 1)) C B(2,eCs(r + 1)) \ B(25,eCy(r + 1)) (3.7)

for some C4, Cq, C3, Cy positive numbers independent of ¢ and e. For a proof, we refer to [5, Lemma 2.2]
where we can easily check that we only use the fact that 7 and 7! are continuous up to the boundary
and that a small neighborhood of zero is included in K (see the beginning of Subsection 2.1).

Estimate of wil *®. For x € supp ¢ fixed, we decompose the integral in two parts

o=y e T (o) - Te(y) << V1),
b= {y € T (@) - Te(y) > V1)
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In the subdomain close to the inclusion, i.e., in QF. defined in (3.8), we set z = ¢7,°(z) and we change
variables n = T (y):

| A7z @) = T D)l dy

e\—1|(n
g/ ln|z,7|f<(7f)1<n>)‘|detz><7;> @,
B(z,e3/4) £

52
1
[ il (74 (2) ) fler o7 (2 )

Using that D7 ! and f are bounded functions, we compute that

N

/ In(elTE ) ~ T WD F W) dy < Ol /B oy IIEI14E < OISl 2],

To deal with In(28|z — y|), we remark that if y € QF, then (3.5) gives
| —y| = |(T7) 71T (@) = ()" H(TF ()| < eC|T5 (2) = T (y)| < C¥2.

So, we have
/ IIn(28]x — yl)f(y)| dy S/ In(28]z — yl)f (y)| dy
Q8 B(z,Ce3/4)
< HfllLoo/ n [28¢]| ¢ < C|f|| e ?[Ine.
B(0,Ce3/4)

In the subdomain far away from the inclusion, i.e., in Q% defined in (3.8), we have by (3.4),
e T (@) = T (y)| < Cmax{e ™o — gl e Ha — yl).

Hence

cl=an 23/4 23/4
J-C

|z —y| = mln{ oG

roon{f)

On the other hand, we use the definition of 77 in (3.2) and the decomposition (2.1) to write

because

T ()~ Te@) 1200 =)+ ) —hC)

In =In 3.9
2Bz —y| 28|z =yl (39)
When ¢ is small enough, we have in Q’}:
y—zf
28|z —y| Ble -yl 2
We note easily that
ot _lel ool 1
<2, if <o (3.10)
’ 0] 1b] o] 2
Applying this inequality with
e T—z\ = z5
B /2 /2
and b = 26(z — y), we compute from (3.9),
‘lnsmf(x) 7;f<y>|‘ M) RO ce
28le—yl | 28]z —y| S o=yl
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Therefore, using (2.5), we obtain

/ 2Bz — y|
Q

" T )~ T )]

which allows us to conclude that

f<y>’dy< c- [ g% dy < Ce| 1121 F1Y2,

i
Hwil’E”L‘x’(suppcpf) < C€||f||LlﬁL°° (311)
with C' independent of i,e and f.

Estimate of 'w?’s. Setting z = T (x), and changing variables n = €72 (y), we get

2% 1
w?e(x):/ lnwf Sl + 25 |~ |det DT | 1 dn.
B(0,¢)° | 2] 2 € 4 €

As mentioned in the beginning of Subsection 2.1, we assume, without loss of generality, that there is
d > 0 so that B(0,d) C K. Hence, for z € supp ¢f, we note that | — 25| > de, and then, we deduce
by (3.6) that |z| > Cade. So, for any n we have

|e*n*] €
l2| T Codlyl’
and infer by (3.10) (with b = z and ¢ = —&?n*) that
220k 2|0 *
‘lnlz el Q22 e 1
|| || C26|n| Cadln| ~ 2

Therefore, we define R = 2/(C2d) and split the integral in two parts: B(0, Re)® and B(0, Re) \ B(0,¢).
In the first subdomain B(0, Re)¢, we use the previous inequality to compute

_ ~2,0%
/ mlZ=e |f<571<”) +z§>1|det D71<”> dn‘
B(0,Re)° |Z| 2 3 4 3
_ 2 [ G + =)l dldet DT(2)

< — d
o8 e U !
- . 1 . 1/2 - . 1 . 1/2
SCellfl =T ML) +2)-det DT = fl=TH L) +25)-det DT =
2 € 4 € )\l 2 € 4 e/

1/2 1/2
< Cell FI2 112,

where we have applied (2.5) for the function

Era(m) 4 o)L —y(n
n»—>‘f<27' (E)+zl>‘4|detDT |<€>

at x = 0, and used that D7 ~! is bounded and that

Hf(;Tl (Z) + zf) i det DT ! (Z)

by changing variables back.
In the second subdomain B(0, Re) \ B(0,¢), we use the relation

=[£Il
1

[z =] _ In—e2

|2| ||

)

which can be easily verified by squaring both sides. As DT ~! is bounded and £2z* € B(0,¢), we compute

2% 1
‘/ 1nzs77|f<57__1 <n> +Zf)detDT—l|<77>dn‘
B(0,Re)\ B(0,¢) |2] 2 3 4 c

< 20 |1~ / lin [ldn
B(0,(R+1)¢)

< C||fllz~e?[lnel,
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which allows us to conclude that

2,
sz 6||L°°(supp<pf) < C‘S”fHLlﬁL‘X’ (312)

with C independent of i, and f.

3,e

4 .
Estimates of w;" and w; !, Rewrite w?’s

sey_ [ @t (TR~ TEW)
w; ( )*/QE Iz — g2 fy)dy — (DT7) " ( )/E | Zs(x) zg(f’/)| fy) dy,
=: Li(z) + (D7) " (2) I ().

By (2.5), we have that

1]l Lo sy < Ol fllzrnL=-

. 2
For I, like w;°, we have

en—1 [ % . (Z*U)L € n 5 1 —1 n
b ((Ti ) (€)> B 5/5(0,6)0 2—77|2f<2T 1<5> +Zi>4|det DT |<5> dn.

So with the same argument as for the first part of wf’€7 we use (2.5) together with the bound of DT 1
to state

2] oo () < eC|I fllnrnpee-
Finally, by Proposition 2.1, we obtain that

[} | 2 supp ) < 1Ll 4 supp ooy | Tl Low ey + I DT [ o0 (02¢) (3.13a)
< 0(51/4(5 + de)1/4 + 51/2||DTHL4([_2_%E,1+%E]x[—2,2]\)c))Hf||LlﬁL°°

2\ /4
s 051/2(1 " (a) >||f|mL°° <O+ dY I pres, (3.13b)

where we have used that DT belongs to L* close to K (as 0 < 27) and goes to 3 at infinity.
For wf’s, we write a similar decomposition

w(z) = (DTF)" (2)I3()
with

z e2n* 2\ (e i 1 i
I -1 Z2)) = B S ity e e)ldet DT Y[ L) d
(72 C)) = o (R ) 157 (2) o) oo ()
Then we follow the argument of [11 Theorem 2.1], i.e., we split the integral in two parts:

e in B(0,2¢)¢ where |z — £2n*| > /2 (recalling that |z| =€), so using that

a b f_la-b
i

la[> [b]?
2 FETH(OY 1 28) 1
s/ f—f(Q ) Z’)|detDT—1|<n>d
B(0,2¢)¢ 3€ Ul 4 €

which is less than Ce||f||pinn>~ (see the argument above);
e in B(0,2¢) \ B(0,¢), where it is clear that

a/ ! f( 7! ( >—|—z )‘1|detD7'_1|<n> dn < 2| f| e
B(0,2¢) |Z| 4 €

and where we change variables &€ = ¢2n* in the last integral to compute

(z-9" (5 1 e E) 1 —1
Tz 3T * ) < |det DT
6/]3(0,5)\3(0,5/2) |Z — £|2 f 9 (5§ )+ Z; 4| et |(g§ )

we need to estimate

|§|4 4,

which is less than Ce|| f||1nr~ (as before, using (2.5) and changing variables back to compute || f/11).
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We conclude as for w?’ez
|‘w?76||L4(supp ©s) < 061/4(51/4 + d;/4)Hf||L1ﬂL°°- (314)

Therefore, putting together the form of ¢% in (3.1), the decomposition (3.3) and the estimates (3.11),
(3.12), (3.13b) and (3.14) we have obtained

IKe2[f] = v°[flllz2(0e) < Cllflinze (el Ve |2 + /4 (e + d*) 1o za), [ 1

< CIflprnps V2V (12 + e VAV + AL |65 1) (3.15)
3.3 The optimal cutoff function

So the question is to find the best ¢ such that the right-hand side term of (3.15) tends to zero.
We consider two cases.
In the regime where d. /e > § for some § > 0, then we consider ¢ € C* such that ¢ = 1 on [-1,1]?

and ¢ =0 on [-1 — 8,1+ 4]? and we set
g O T

etd. et+de 2\ e e]’
2 72 272"

we obviously have that ¢* = 1 on 50K and ¢fp5 = 0 if i # j. We also compute [|[V¢®[[zz < C and

llo|ls < Ce'/2. In this case, (3.15) reads as

As

supp ¢° C [ —

K2 [f] — v [l 202y < ClIfllprnpe (Y% + dY?),

which implies the estimate stated in Proposition 2.2.

Now, we consider the interesting regime where d. /e — 0. The idea is to define a cutoff function which
depends on the space between 5K and $K + (d. +¢,0). As we have not assumed that there is a corner
at the point (—1,0), we will only use that (H2) implies that

{(xl,xg) L2 € [—£,€], % — plaa| < 21 < g +d€} C R2\ (;/c U {;/c + (de +e,0)}>,

and we split this area in two:

€ e+d
{rm) s e [edl § - ol <0 < 5% = Lol

d
(x1,22) : 29 € [—¢,¢], etee B|m2\ <r < c +d. p.
2 2 2
Therefore, we construct ¢° such that
e = : _e gy €
=1 on {(xhxg) 1 X9 € [ 2,2} 5 <11<3 p|x2|} (3.16)
and
de. de
©*=0 on R?\ {(1’1,{172) a9 € [—e,¢], —E—; - g|x2| <z < 5—; - g|x2|} (3.17)

Up to decrease p, we can assume that p < 1, and it holds true that ¢° =1 on §0K and @5 = 0if i # j,

and that J J
E o de g+ de
supp ¢~ C € 5 5

X [—&,€].
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Hence, we define

de
d(as) i= 5 + Elaal,

which verifies

and

Let ¢ € C*°(R) be a positive non-increasing function such that ¢(s) =1 if s <
We finally introduce

1137

0and p(s) =0if s > 1

@7@:¢<mﬁ;f>P_¢<c?%;gﬁo—m>_w<m-w—zz;§mm)}

As p < 1, we have that —5 < § — plza| for all 25 € [—¢,¢] and we can check that this ¢° verifies

(3.16)—(3.17).

It is not a problem that the cut-off function ¢° ¢ C' because the set where it is not derivable is

negligible. All we want is [|[V®||2 and ||¢°|| 4.
Since ¢ (z) € [0,1] for all z € R?, it is clear from (3.17) that

1

le*llee < Cle(e +de))T < Ce'2,

as we are in the regime d. < e.
Next, we see that for all  we have

Ve (z)] <

c_c
g Cl(.fg)7

where we have used that on the support of

()

we have

So we compute

2¢( de) (x2)
Vel < C (6€+ // FENE dﬂildﬂ?z)

/2

<O(1+ £

In the case d. < ¢, this gives

d 1/2
HWﬂmch+;+m§) < C(1+ [lnda])2.

€

Thus, (3.15) reads as

d |
4 -
c /0 d(z2) du)

d. d d. d 1/2
<C(1+ +/ m) C(1++1 5+p€> .
g 0 d5+px2 3 dE

1&gz [f] = 0[]l 200y < Cllfllzinr=(d2/? + /2 Ind.|'/?),

which ends the proof of Proposition 2.2.

1/2
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4 Estimates with a precise rate for stronger solutions

This section is dedicated to the proof of Theorem 1.2; then wy is now assumed to be smooth and compactly
supported in Kp, as w(t,-) for all ¢t € [0,T]. We mainly follow the proof of [4, Subsection 7.2].
For e; > 0 small enough, let us introduce two intermediate compact subsets K; and K, such that

Kre K, e K, €, forall e<ey.
Then we define T € (0,T] such that w® stays compactly supported in K;:

T, := sup {T, suppw®(t,-) C K1, Vt € [O,T]}.
T€[0,T]

By the local regularity argument, u® is continuous in K; and transports the vorticity, so we state that
T. > 0 and that there are only two possibilities:

(1) T. =T, hence suppw®(t,-) C K; for all ¢t € [0, T7;

(2) T. < T, hence suppwe¢(T%,-) NOK; # 0.
In the sequel of this section, we will derive uniform estimates for all ¢ € [0, 7.] (where the support of w®
is included in K7), and we will conclude by a bootstrap argument that (2) cannot happen if € is small
enough, which will imply that the estimates hold true on [0, T].

For Yudovich solutions, local elliptic estimates on K7 allow us to define uniquely the Lagrangian flow:
for any x € supp wyp, there exist ¢(z) > 0 and a unique curve

X (-, x) € Wh([0, t(x)))

such that X¢(t,z) € K for each t € [0,¢(z)),
t
Xe(t2) =2 +/ (s, Xo(s,2)) ds, Vi€ [0,¢(x),
0

as well as X¢(t(x),x) € 0Ky if t(z) < T.. As u® is uniformly (in time) log-Lipschitz on K3, we obtain

%X‘E(t,m) =u(t, X°(t,x)) forae. te][0,t(x)). (4.1)

When the velocity u° is not globally regular, it is not clear that the solution w® of the linear transport
equation (for u® given) constructed in [8] coincides with the solution which is constant along the char-
acteristics X°(t, -)gwo. For domains with corners, one may show that u® is even smoother and that the
vorticity is a renormalized solution of the transport equation (1.2) in the sense of DiPerna and Lions [7]
(see also [14, Lemmas 2.7 and 2.8]). By the uniqueness for linear transport equations [7], we deduce that

w(t) = X°(t,-)pwo, forae. t>0

in the sense that for a.e. ¢ > 0 we have

/6 we(t,z)p(x) de = /E wo(x)p(XE(t,x)) dx

for all p € C.(Q°). Due to the definition of T, we deduce that t(x) = T for all x € supp wp.
After redefining w® on a set of measure zero, this becomes

w(t, ) = wo((X°) 7' (8, ) (x).

Uniform boundedness of u¢ on K now yields w® € C([0,7%]; L*(€QF)). It is then not hard to show that
uf is continuous®) on [0,7.] x K;, which also means that (4.1) holds for all (t,z) € [0,7%] x supp wo.

4) The velocity is log-Lipschitz uniformly in ¢ (the constant depends only on ||w®| ;147003 Sce, e.g., [20, Appendix 2.3]).
From the div-curl problem verified by wu(t1,:) — wu(t2,-), it is possible to show |u(t1,z) — u(tz,z)] < C|w(ti,-)
— w(ta, -)Hnyw(tl, ) — w(te, )HILQ, (see, e.g., [11, Theorem 4.1]) which then implies the continuity with respect to ¢.
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For more details about renormalized solutions, we refer, for example, to [16, Proposition 4.1] or [17,
Subsection 3.2]. For wg € C, it is then possible to show from the formula

wE(t,7) = wo((X*) 7' (t,)) ()

that w® belongs to C1([0,7%] x K1).
We also define the flow associated to (u,w): (t,2) — X (t,z) on R* x R? by

0X
E(t’ x) =u(t, X(t,2)),

X(0,z) ==z,

(4.2)

and we will use that w is constant along these trajectories: w(t, X (¢,z)) = wo(z).
4.1 Stability estimates for velocities

The first step of our proof is to derive a uniform estimate of v — u® in [0,7:] x K;. By Proposition 2.2
together with (P) we get easily by orthogonality of the Leray projector (see Step 1 in Subsection 2.2)
that for all ¢ € [0,T¢],

(" = Kz [0 (Ml 20y < 2007 [wF (1 )] = Krelw (¢, )] 12(0e) < C(de +ellnde|)?,
so we deduce by harmonicity (as u® — Kg2[w®] is curl and divergence free)
1w = Kpe ) (¢, )| o) < CllWF = Kz [w)) (¢ )| 22(acs) < C(de + ellnde])?.
Using also (2.5) and the compact support of w and w®, we finally get for all € < e; and ¢ € [0, T,],

I(u® = Kz W)t Mlzoe sy + 1K [o0® = w](t )l moe (1)
C((de +elnde)? +[|(w° = w)(t, )l 0w (g2))- (4.3)

(" =)t ) Lo (1)

Moreover, using the standard elliptic estimate (see, e.g., [4, Lemma 7.2])
IVER2[flll Lo ®2) < C(1+ || fllrnnee@2) + [1f] oo r2) (1 + [V f[| oo (R2)))
we again obtain by harmonicity that

Vs (¢, )| oo (i) < ([(0F = Kre[w])(E, )l 2(x) + (|VER2 (W] ) || Lo (161)
<O +I(1+ Vit )| o), Ye<e, Vie[o,Ti. (4.4)

4.2 Uniform C?! estimates for vorticities
Differentiating the vorticity equation, we get for ¢ = 1, 2,
00wt +uf - Vow® = —du® - Vw®,

and hence .
it (1, X=(t, ) = ieoo () — / (05 - Voof)(5, X2 (s, ) ds.
0

As X¢(t,x) € K for all (t,x) € [0, 7] xsuppwp and as we have a bound for ||Vu* || g ([0,1.]x k) (see (4.4)),
we get that

t
||Vw5(t, ')||L00(R2) < HVWOHLOQ(RZ) + C/O ||V(,«JE(S7 ')”LOO(RZ) 111(2 + ||V(,<)E(S7 -)HLoo(Rz)) ds.

Gronwall’s lemma allows us to conclude the following estimate for the vorticity:

||Vw€(t, ')HLOC(]R2) <C, Ve<eg, Vte [O,TS]. (45)
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4.3 Stability estimates for vorticities
Subtracting the vorticity equations, we can write

Ohw—-—w)4+u-Vw—-—w)=—(u—1u)-Vus,
Oh(w—w)4+u* - V(w—w)=—(u—u°) Vuw,

which imply that
¢
(w—w)(t, X(t,z)) = —/ ((u—uf) - Vw) (s, X (s,2)) ds,
0
t
(0= )Xt ) = = [ (=) Vi) 5 X s )
0
As the support of (w—w®)(t, -) is included in X (¢, supp wo) U X (¢, suppwy ), we use (4.3) and (4.5) to write
[(w = w)(t, )| o (r2)
t
< C((d6 +ellnd.|)? +/ [[(w—w)(s, )|l Lo (r2) ds)7 Ve<e, Vtel0,T.].
0
Therefore, Gronwall’s lemma gives
[(w—w)(t,)||Loer2) < C(de tellnd.|)z, Ve<e, Ytel0,T.], (4.6)
and (4.3) becomes
(= w€)(t, )| e sy < C(de +elnde])?, Ve<er, Ytel0,T). (4.7)

4.4 Stability estimates for trajectories

From the definition of the trajectories (4.1)—(4.2) and repeating the decomposition of Subsection 4.1, we
compute

e (X7 = X)(t,2)?
< 2U(X° = X)) |([(w = w)(t, X2, 2))| + |u(t, X5 (8 @) — u(t, X (¢, x))])
< O|(X° = X)(t,0)|((de +ellnde])? +[(X° = X)(t,2)]), Ve<e, Vielo,T],

where we have used (4.7) and that u € C1([0,7] x R?). We deduce again by Gronwall’s lemma that
(X® — X)(t,x)|] < C(de + <€|1nd5|)%7 Ve<e, Vtel0,T.], Vaz € suppuwo. (4.8)
4.5 The bootstrap argument and conclusion

In summary, for wy, T and Kp given, we fix K7, Ko and €1, so there exists C > 0 such that the estimates
(4.6)—(4.8) are valid for all ¢ < &7 and ¢ € [0,7]. Now we choose €3 < &1 such that

C(d. +e|lnd.|)? < —d(0Kr,0K)

N | =

foralle < eg. As X(t,z) € Kp for all (¢,z) € [0, T]xsupp wg, we conclude from (4.8) that the situation (2)
on page 1138 is impossible. This allows us to conclude that T, = T for all € < 2 and that (4.6)—(4.8)
are valid for all € < &9, ¢t € [0,T].

In Subsection 4.1, replacing K; by any compact subset K of R? \ ([0,1] x [—e2,e2)], and using (4.6),
we get easily that (4.7) is valid if we replace K7 by K. This ends the proof of Theorem 1.2.

A remark on the open questions (2)—(3) listed on page 1123. These two questions cannot be
easily solved by adapting the analysis developed in [15]. Therein, the key to get the impermeability was
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to compute the area between two holes. However, with a corner we can follow line by line Subsection 4.1
in [15] with v = 0 and we cannot hope better than

Af(5) < C(es® +d.s),

T < C<1 y d)

is never small. This prevents us to estimate the fluid flux passing through the segment in the L? framework
as it was done in [15].

which means that
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