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1 Quantization of radial functions

1.1 Basic formulas

In this section, we work in one dimension and consider a function F' in the Schwartz class of R. We want
to calculate somewhat explicitly the Weyl quantization of F/(2? + £2) (see our Appendix A), denoted by
(F(2* + &))",

and also extend that computation to the case where F' is merely L>°(R). We have, say for I in the
Wiener algebra W(R) = Fourier(L!(R)),

(Pt + )" = [ P )var

as an absolutely converging integral of a function defined on R (equipped with the Lebesgue measure)
valued in B(L?*(R)) (bounded endomorphisms of L?(R)). In fact applying Mehler’s formula (B.2), we find

. 2 2 . 2 2\w
(6217r*r(:c +¢& ))w — cos(arctan 7_) e217r(arctan7—)(:c +&%)
operator with Weyl symbol exponential eiM,
eziﬂ-r(z2+g2) with M selfadjoint operator

=27 (arctan ‘r)(z2+§2)"’
so that, using the spectral decomposition (A.22) of the harmonic oscillator
m(z® + )",
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we get

A E 2i(arctan T)(k—i—%)P dr
T (§ k—F——
( )k20 /1 + 7_2
dr

F(r e2i(k+%)arctan‘r Py,
/R (") Vit "

(P +€)" =

N

ko
WV

0

where the use of Fubini’s theorem is justified by

. dr
F(r)|———— < 400, Pp>0, > Pp=Id.
JC v20, YR
We have

/ F(T)em(k—&-%)arctanf 2k+1 dr
R

Vit 72

(cos(arctanT) + isin(arctan 7))

vERl ALY

and, using Appendix A, we get

; 1 dr
F te(k—&-E)arctanT / 1 +i 2k+1 )
|7 e i

We have proved the following lemma.

Lemma 1.1.  Let F be a tempered distribution on R such that Fis locally integrable and such that

/RWT)'\/% < too. (1.1)

Then the operator (F (2% + £2))* has the spectral decomposition

(F(2? + £2))” Z/ F(r)(L+ir) P R (1.2)

1 7_2 k+1
k>0 +

We notice that the regularity requirement (1.1) is quite mild and is satisfied in particular when F' =
1,5 with a,b being real numbers. Our first example of rough Hamiltonian is 1, y (22 + £2), which we
would like to quantize (by the Weyl formula). We know from the above lemma that the Weyl quantization
of that Hamiltonian is diagonal in the Hermite basis and we shall need only to calculate the integrals
occurring on the right-hand side of (1.2).

1.2 Indicatrix of a disc
Let us assume now that, with some a > 0,
F=1_.a a) sothat F(2® 4 &%) = 1{2n(2* + &%) < a}.

According to Appendix A, we have

so that (1.1) holds true. We find in this case,

(Fa®+€2))" =Y Fi(a)Py, Fk(a):/RSinaT A+in® . (1.3)

k1
= 7t (1—1ir)

so that (note that Fy(a) is real-valued since F is real-valued and thus the operator (F(z? + £2))* is
selfadjoint) for a > 0, using the result (A.29), we obtain

1 (1+ir)k
F,é(a) = ;‘/RCOSGTWdT
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1 ei“{(<1+iT)k (1—ir)k }dT

2m 1—ir)k+l * (1 4ir)k+1

1 iaT ik(T_i)k ( ) (7_"‘1)
%/Re {( D)FT (7 4 1)k + kL (r — q)kH }dT
_ (_1)k iaT (T_l)k (7'—|—1)
_W/Re {_(T+i)k+1+(7—i)’“+1}d7'

We shall now calculate explicitly both integrals above: let 1 < R be given and let us consider the
closed path (see Figure 1)

vr = [-R, R]U{Re"}ococr - (1.4)
~—_———
Y2;R

We have

1 mem{_(w—i)k L (D bar = Ros e (r + " )

2im T+ (r =)kt (1 —i)k+1’
1 d k laT
k'(d > {e (T+l) }lT is

and we note that, for a > 0,

_ )k Ak
lim ei‘”{— (r—4) + (r+1) }dT:O,
2;R

Rtoo | (r+ i)k (r —p)Et

since for R > 2

/7r ‘e‘ 3 (Reie _ l)k (ReiG + l)k |1Re16|d0
o (Reie + i)k+1 (Reie _ i)k+1
< /” o—arsing| (e - iR (e fiR‘l)’“ "
0 (619 + lRfl)k%»l (616‘ _ lR*l)kJrl
" R L+p*  (+p)*
g e aRsin Gdo sup { ( + )
/0 0<p<1/2 (L=p)Ftt = (1 p)ktt

For a > 0, we obtain

™
lim e aBsinb gy —
R—+oco 0

im

Figure 1 (Color online) v = [~R, R| U {Re}oco<r
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by dominated convergence. As a result, we get

Fi(a) = (1) <dd>{( )i = (‘”k;!(iccize>k{e“<i i) k}le=o’

a

ie.,

1)k k
Fi(a) = (G ]:l) e <5€> {e™“(2a + €)*}jc=0.

We note that I}, belongs to L'(R;) as the product of e~ by a polynomial. We have also that

lim Fj(a) =1 (see Appendix on page 1162), (1.5)

a—+o0o
and this yields
a

0o k
Fi(a) =1+ Fl(b)db=1— D (4 {e7¢(2b + €)*}|codb
R0 Lk ¢ \de) ° € Je=09")

so that
Fr(a) =1—e""Pyla) (1.6)

with

Py(a) = (_kll)k /0+oo et (;ﬁ)k{e_ze(a +t+€)"}modt
= (_kll)k /0+OO e (i)k{e%%(a +t 4 €)"}modt

_ (*;!)k /Om et(i>k{62t(a+t)k}dt. (1.7)

We see that Py is a polynomial with the leading monomial (by a direct computation) and P (0) =
1 (since 0 = Fi(0) = 1 — Px(0)) and moreover, using Laguerre polynomials (see, e.g., (C.1) in our
Appendix C), we obtain

2kaF
A

_1\k ptoo k
Pr(a) = ( kl') /0 e fe?ttia (2ddt) {e2t729(2q 4 2t)*}dt (1.8a)
+oo
= (71)k/ e 'Ly(2t + 2a)dt, (1.8b)
0

and this gives in particular

+oo
Pl(a) = (—1)’“/0 e "2L} (2t + 2a)dt

= (_1)k{ [e™ Ly (2t + 2a)|i=d> + /m e 'Ly (2t + 2a)dt}
0
= (=1)*'Li(2a) + Pi(a). (1.9)

Moreover we have from (1.7), for k > 1,

Pl(a) = (_;!)k /+Ooet(jt>k{e_2tk(a+t)k_1}dt

0

_(=D)F /+Oo ¢ d (d b —ot k-1
=, S {e™k(a+1t)" " }dt

o) e [ (4 b )
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kl) ) ( )k_l{e_zt(a—i—t)k_lht—o—km/o+met<i)k_l{ 2 1 )FT}at

2dt
R () s

= (7]_)]c lLk_l(Qa) + Pk—l(a)v

L
0

_CDR araa (AN aaa g gy

- LU e () e a2 g

so that

Vk>1, Pl(a)=(—1)*"'Ly_1(2a) + Pr_i(a) = (=1)*" Ly(2a) + Pi(a).

This implies for N > 1,

1<k<N 1<k<N 0<k<N—1 0<k<N—1
yielding
Py(a) = Po(a) = (-1 Le(20) + Y (=1)*Li(20),
<kSN 0<k<N—-1
:1:L0(a)
and

Pu(@) = 3 (D Lo+ Y (—1)FLi(2a).

0<k<N 0<k<N—1

Note that the previous formula holds as well for N = 0, since Py = 1 = Ly.

(1.10)

(1.11)

Although the function Ry > a — Fi(a) has no monotonicity properties, we prove below that Ry >

a — Py (a) is indeed increasing. For that purpose, let us use (1.10), which implies

Pl(a) = (-=1)* 1Ly_1(2a) + Py_1(a), k>1,
P._1(a) = Py_o(a) + (=1)" 2Ly _o(2a) + (—=1)*'Ly_1(2a), k=2,
Pl(a) =2(=1)*'Ly_1(2a) + (=1)* 2Ly _2(2a) + Pr_a(a), k> 2.

We claim that for £k > 1

Plla)=2 > (-1)'Ly(2a).

0<I<k—1

That property holds for k = 1 since Pj(a) = 1+ 2a: we check P{(a) = 2. Moreover we have

Pl,1(a) = (=1)"Ly(2a) + Py(a) (from the first equation in (1.10))
L (LR LE(20) + Y (FD)'Li20) + Y (—1)'Li(2a)
0<I<k 0<i<k—1

=2 (—1)'Ly(2a).
0<ILk

N
N

As a byproduct we find from (C.3),
Va>0, Pla)>0,

which implies that for a > 0, Px(a) > Pi(0) = 1. We have proven the following lemma.
Lemma 1.2.  The polynomial Py(a) = e*(1 — Fy(a)) is increasing on Ry and Py(0) =

Let us take a look at the first P,: we have

1,
P (a) =1+ 2a,
1+ 242,

1.

(1.12)

(1.13)
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43

Pg(a):1—|—2a—2a2+%,
8a®  2a*

Py(a) =1+ 4a®> — — + ——
a(a) =1+4a” — ==+ —,

16a° 4a®
P5(a):1+2a74a2+7a72a4+%,

14a*  16a® 44
Ps(a) = 1+ 6a® — 8a® - —
ba) = L+ 6a” = 8a" 4 — 5 45

26a* + 44a® 44 + 8a”
3 15 9 315’
44a*  32¢®  64a® 1647 248

Pr(a) =1+ 2a — 6a® + 12a® —

Pg(a) =1+ 8a® — 164 - - —
s(a) = 1+ 8a @t 5 T 15 105 315
64a®  68a?t 184a®  32aS 176a” 2a® 4a®
Py(a) = 1 + 2a — 8a* — - -,
b(a) = 1420 —8a"+ = 5 15 9 T35 15 283
Pro(a) = 1+ 10a° — 80a® N 100a*  64a® N 34405 49647  584°  32a° N 4a*°
A 3 3 3 45 315 ' 315 2835 ' 14175

We note as well that

P = 3 % 3 21(—1)k—l(';>, (1.14)

since from (1.7),

o<m<k
+oo —2)k—m k! k—m
Y e ( Lph—l—m dt
(=1) /0 ¢ (k—m)! (k—m)!m! Z “ l
o<m<k o<i<k—m
—2)k—m k! k—m
= (=1)* ( Yk =1—m)!
(=1) 0<%:<k (k—m!(k—m)!m!a( m)< l >
0<I<k—m

(_l)ka—m k! ll
G—m)! m"1

!
- a k—m/ am’ k
=Y e (m>

0<I<k  I<m/<k

Lemma 1.3.  With the polynomial Py defined by (1.8b), we have

Pe(a)=2 > (=1)'Ly(2a) + (-1)* Ly (2a),
Osisk-1 (1.15)

Plla)=2 > (-1)'Li(2a).

0<I<k—1

Proof.  We may use the already proved (1.11) and (1.12), but we may also prove this directly by
induction on k. O

Proposition 1.4.  Let Fy, be given by (1.6) with Py defined by (1.7). We have
Frla)=1—e"%P(a) <1 —e %= Fy(a) for a>=0, (1.16)
e~ Py(a) — Pi(a)) = e (=1)*L1(20a), (1.17)
/ __ (_1\k : / — — 1 =
F(0) = (=1)%, GE{EOOFk(a) 04+, Fi(0)=0, oJm Fi(a) =1_. (1.18)
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Proof. ~ 'We use (1.6), (1.12) and (1.11) for the three first equalities, and Lemma 1.2 for the first
inequality. The fourth equality follows from Lj(0) = 1, while the fifth is due to the fact that the leading
monomial of (—1)¥Ly(2a) is 2¥a* /k!. The last two equalities are a consequence of the first line. O

Remark 1.5.  The zeros of F}, on the positive half-line are the positive zeros of the Laguerre polynomial
Ly, divided by 2. When k is even (resp. odd) the function F} is positive increasing (resp. negative
decreasing) near 0, and then oscillates with changes of monotonicity at each a such that Lj(2a) = 0 and
when 2a is larger than the largest zero of Ly, the function Fj is increasing, smaller than 1, with limit 1
at infinity.

Typically we have Fy(0) = 0, F5,(0) = +1,

0<aig <ago <- - <ag-_1,2 <agso the zeros of Ly (2a), (1.19)

F5; vanishes simply at by = 0 and at b; € (a;,a;j41) for 1 < j <20 —1, also at by > ag: 21+ 1 zeros with
a positive (resp. negative) derivative at by, ba, ..., by (resp. at by, bs,...,bay_1).
Moreover, we have Fy11(0) =0, Fy,,(0) = —1,

0< a1,2141 < 22141 < - < A21,2141 < A20+1,21+1 the zeros of L21+1(2a), (120)

F141 vanishes simply at by = 0 and at b; € (a;,a;41) for 1 < j < 21, also at by11 > a1t 21 + 2 zeros
with a positive (resp. negative) derivative at by, bs,...,ba41 (resp. at bg,ba, ..., bay).

1.3 Curves

Let us display some curves of Ry 5 a — Fi(a) =1 — e *Py(a) (see Figures 2 and 3).
We note as well that a consequence of the previous remark is that

min Fy(a) = min {Fy(az;2)}, (1.21)
min Fopi(a) = Olg;gl{Fzz+1(a2j+1,2l+1)}, (1.22)

where (ap k)1<p<k are defined in (1.19) and (1.20).
Theorem 1.6.  Let a >0 be given and let D, = {(x,£) € R?, 2 + £ < 5=}, Then we have

15, => Fr(a)Pr<1-e" (1.23)
k>0

Proof. Tt is an immediate consequence of (1.3) and (1.16). Note that the inequality in the above
theorem is due to Flandrin [4] (see also [5,6]). O

06

~o04l

W/ \/ 5 ‘ ~ /o
02} X

Figure 2 (Color online) Functions F5 and Fg

Fs
—_— F6
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Figure 3 (Color online) Functions F},

2 The n-dimensional case

2.1 Basics

Lemma 2.1. Let F be a tempered distribution on R such that F s locally integrable and such that

F ——w < . 2.1
/ I (1+ 7'2)5 o 2.1)
With |z|? + |€|? standing for the Euclidean norm on R? x R, the operator

(F(lz|> + |€]*)* s bounded on L*(R™)

and has the spectral decomposition

(1 4 i7)2ktn
(F(lel? + €)= 3 / +72 " o, (2.2)

k>0

where Py, is the orthogonal projection onto & ,, as defined by (A.23).
Proof.  Using the n-dimensional Mehler’s formula (B.2), we find

N . n dr
(P(af + )" = [ B(r) 3 et ip, ST
" T

dr
2k+n
_Z/ —|—17' —(1+72)k+n7

k>0

where the use of Fubini’s theorem is justified by

/ | )n/2 < 400, ]P)k,n 2> 0, Z]Pk,n =1d.
k

This completes the proof. O

2.2 Indicatrix of a Euclidean ball

The following result displays an explicit spectral decomposition on the Hermite basis for the Weyl quan-
tization of the characteristic function of Euclidean balls.
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Theorem 2.2. Let a > 0 be given and let Q,,, = (1{27(|z|? + |£]?) < a})¥ be the Weyl quantization
of the characteristic function of the Buclidean ball of R®™ with center 0 and radius \/a/(27). Then we
have

Qun = Fin(a)Psn, (2:3)
k>0
with
Pk,n = Z ]Poca
a€eN” |a|=k

where Py, is the orthogonal projection onto ¥, (defined in (A.23)), with

|| = Z a; =k

1<j<n
and ( )k
sinar (1 +ir
A0 /]R ar (1 —ir)ktn T @4)

The spectral decomposition of the previous theorem allows a simple recovery of the result of the
article [10] by Lieb and Ostrover.

Theorem 2.3. Leta > 0,9, Fj  be defined above. Then we have

1 Feo I'(n,a)
Fin(a) <1 - — “rlgt =1 - —2 2.
A o) (22
and thus we have I )
n,a
<1- - 2.
Qu<1- 7 (26)

where the incomplete Gamma function T'(-,-) is defined in (A.33).
Proofs of Theorems 2.2 and 2.3.  We use the results of (the previous) Subsection 2.1: let us assume

now that, with some a > 0,

F=1p so that  F(|af> + [6%) = 1{2n(s + &) < a}.

Q

ﬁ’%]’

N

According to Appendix A, we have .
- sinar
F(r) = ;
T

so that (1.1) holds true. We find in this case, following our calculations in Subsection 1.1,

(F(lzl? +16P)" = Fem(@Prn, Prn= >, Pa, (2.7)

k=0 aEN" |a|=k
sinar (14 ir)*
F = d 2.8
k7'fb(a) /]R T (1 _ iT)k+n T? ( )

where P, is the orthogonal projection onto ¥, (defined in (A.23)), with
la] = Z a; =k.
1<gsn
This completes the proof of Theorem 2.2. We have also the following result.
Lemma 2.4. Let (k,n) € N x N*. With Fy ,(a) given by (2.8), we have

Fyn(a)=1—e %Py ,(a), where Py, is the polynomial, (2.9)
(Dt e (A

Pyn(a) = 7/ e (t+a)"” {es () [s e_s}} dt, (2.10)
(k+n-1)"J, ds |s=2t+2a

_1\k+n—1 +o0 n+k—1
Pin(a) = (kinl)_ 1)!2%1/0 (t+a)"1et<jt> {(t + a)*e?"}dt. (2.11)
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Proof.  The lemma holds true for n = 1 from Proposition 1.4. We have for a > 0, n > 2,

1 (1+ir)k
F,;n(a) = ;/Rcosarm T
_ i eia'r (1+17)k i eiaT (]'717.)1C
o R —17)FTn g T +17)F T g
2 1 i )k+ 2 1 i\ k+
R U L +4;, [ L,
2im (—i)ktn (7 4 1)kt+n 2im iktn(r —i)ktn 0
so that
n iaT (T+l)k :
Fip(a)=i""(— )kReS<e m;l
il_n(_l)k d Fnt iaT
:(kJrnl)!(clT) {7+ s
and thus
1—m _1)k d k+n—1 € k
A =) ()
k,n(a) (k—i—n—l)' éde e 1 la 1 o
il—n(_l)kan—l d k+n—1 e k:
= 1”—1(k—|—n—1)'<d6> {e (2a+€)"}e—o
a(_l)kJrnflanfl d k+n—1 Cuae
~ o ) e 29 e
ie.,

_ k+n—1
(_1)k+n 1 . d .
Flz,n(t) = (k+n_1)|ett ! dis {e sk}\s:%

_1\k+n—1 k+n—1
— ( 1) ettn—l i {e—2ttk}.
(k4+n—1)l2n-1 dt

We have also that lim,_, 4 Fin(a) = 1 (following the arguments of Subsection 1.2) and this yields

(_l)k-‘rn—l +o0 L d k+n—1 otk
Fin(a)=1- Ttz /a e't (dt) {e7*"t"}dt

—1—e @ (_1)k+n71 /—H)o(t+ )n Lot d k+n71{ 72t(t+ )k}dt
T ktn_Dint ), “ dt ¢ @ et

concluding the proof of the lemma.

Formulas (2.7)—(2.8) imply that for any o € N, |a| = k, we have
Fin(a) = ((F(|z[* + [€[*)" ¥, Va).

We may then choose

and obtain

Fin(a // H(W o, W) (2, €)dde.
(z,6)eR™ xR™ 27 (|z|2+]£]?)<a}

Since the Wigner functions respect the tensor product structure, we find that, with

(z,6) = (z1,2',6,8) ERx R xR x R}
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Ho(Pa, Wo)(2,€) = Hi(Pr, ¥r) (21, 60) Hn-1 (¥ (0), Y (o)) (2',€),  (0) = (0,...,0).

Using (A.17), we have
12 12
oot (U0), W) (@, &) = 27 o 27 FH1ET),

and consequently

1153

Fion(a) = gn—le=2n(le FHE ) oo H (V) (1, & ) dary dEy da'
’ 27r(\w’\2+|£'\2 27"($1+51)

<
)<a <a—2n (|2’ |P+[€']?)

This entails
Fion(a) = // gn—1g-2n(la’ P +€1)
2 (fo’ |2+1¢'|)<a
x (1= e HEDI Py (0 — 2m (P + |€')) ' dg,

and thus

(a/2m)/? R
Fk,n(a) — 2n—1|S2n—3|/ e—27rr 7”2n_3d7“
0

(a/2m)H/?
— 2"71|S2"73|efa/ r?" 3 Pe1(a — 27r?)dr.
0
We obtain that

(a/2m)!/? ,
2n71|S2n73|/ 67271'1” ,r,2n73d,r
0
+oo —+oo
2 2
_ 2n71‘S2n73|/ 6727r7‘ r2n73dr o 2n71|S2n73| 6727r7‘ r2n73dr
0 (a/2m)1/2

27Tn—1 ,n_n—l +o0 5
_ 2n—1 9—n —n+11-\ — 1)) = 2" / —27r 2n—3d
F(TL — 1) ( T (TL )) F(n — 1) (a/zﬂ.)l/2 ¢ " "

and thus

! oo 2mr2 2n—3
Fyn(a)=1- 2”{/ e T o dr
F(TL - 1) (a/2m)t/2

(aj2m)*/?
+e / r?" 3Py 1 (a — 27rr2)dr}.
0

Since Py 1(b) > Pr1(0) =1 for b > 0 from Lemma 1.2, we find that

,ﬂ.nfl +o00 ) (a/27r)1/2
Frn(a) <1-— 2"{/ e 2 I3 gy 4 e*“/ 7‘2”3dr}
(

F(n — 1) a/27r)1/2 0
7.(.71,71 “+o00 ) (a/27r)1/2
=1 271{ / 67271"!‘ ,],,2n73d7, + efa/ 7‘2n3d7°}
F(n — 1) (a/27r)1/2 0
n—1 +o0o
(r= w/t:/(27r) ) 1— 2717(-7 / e_ttn_?’/zlt_1/2dt(27r)_”+3/2_1/2
F'n—1) J, 2
_am i (2m) T
e T e }

1 “+o0 efaanfl
=1—- = 2t 4+ ———
r<n—1></a ¢ T )

1 +oo tnfl tnfl t=+o00 efaanfl
- —t dt + |e—t S
F(n—l)(/a ¢ o1 Jr{e n—l} * n—1 )

t=a

(2.12)



1154 Lerner N Sci China Math  June 2019 Vol. 62 No.6

1 T
:1—7/ e " dt
I'(n) Jq

_,_Tna)
B I(n)
This completes the proof of Theorem 2.3. O

Lemma 2.5. With Py, defined in Lemma 2.4, we have

e T'(n —2,a) an?
Va>0, Pj,(a)> I'(n—2) I'(n—1)
1 for n=2.

for n =3,

Proof. ~ We have from (2.12),

’/Tnil +o00 ) (a/271')1/2 )
Ppn(a) = 2”F(n_l){e“/( e 2T =3 gy +/O 3Py 1 (a — 27rr2)d7"},

a/2m)t/2
ie.,
P, (a)—1ea/+ooettn3/21/2dt+1/ap (a—t)t”’th
PR T = 1) ), Tn—1) ), ’
ie.,
1 +oo . 9 a 5
Py = —— —(t nTdt P, —OHt"Adt ), 2.13
@ =g ([ ettt [P orar) (2.13)

which implies for n > 2,
—+o0 a
L(n—1)F ,(a) = / (n —2)e t(t +a)"3dt + / Py (a—t)t"?dt + Py 1(0)a™ >
0 0
and since P,;,l(b) > 0 for b > 0, we obtain
“+o0
L(n—1)P,(a) > (n—2)e " / e " 3dt + a2,

ie., forn>3,a >0,

e ?T'(n—2,a) an?
P/ > ! >0, 2.14
kin () T(n—2) -1~ " (2.14)
where the incomplete Gamma function I'(n, z) is given by (A.33). O

2.3 A monotonicity result

Theorem 2.6. Let F' be as in Lemma 1.1. We have then for k € N,

/RF((Tl)(i;i;)jfﬂdT _ /O+OOF<2t7r)etdt+/O+oo F,(;;) %eft(pk(t) —1)dt, (2.15)

where Py is the polynomial defined by (1.8b).
Proof.  Using Plancherel’s formula and (C.4)—(C.5), we have
/ F(r)(+ir)*+

R

(1 + r2)ktL T:/RF(T)Gk(*T/(ZW))dT:/RF(t)Gk(%rt)dt%r

=2 /Om F(t)e 2™ (= 1) Ly (47t) — 1)dt + /Om F(;ﬁ)e_tdt

/O+OOF(2ir>etdt+/0+ooi§;_>/et((l)kLk(Qt)1)dt,

u(t) o)
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with

Vi (t)

¢
/ e *((=1)"Li(2s) — 1)ds.
0
We note that v;(0) = 0 and according to (1.8a), (1.8b) and Lemma 1.2,
+oo +oo
v(00) = / e~ (—1)* L (2t)dt —/ e=*ds = Py(0) — 1 =0,
0 0
0
—u(t) = / e *(=1)*Ly(2s)ds —e "t +1
¢
+oo 0
= / e *(=1)FLy(2s)ds + / e (=1)"Li(2s)ds —e ' +1
t +oo
+oo
- e*t/ e (—1)F Ly, (25 + 2t)ds — Pp(0) —e ' + 1
0
=e {(Pu(t) - 1).

This implies that

F )(1+ir) 2k+1 +oo t +oo t 1
dr = F|— Je tdt — F'| — ) —uvi(t)dt
/ 1+T2 R 0T /0 (27r>e /0 (%)%“’“() :

2 s \2k+1 +o0 +oo
/F(T)(lJ”T) dT:/ Pl e*tdt+/ ja i(ft(lpk(t)—l)df-
(L4 72)k+1 o o2 0 2m ) 2w

This completes the proof. O

and thus

Corollary 2.7 (See [1]).  Let F' as in Lemma 1.1 be real-valued and non-decreasing. Then the operator
with Weyl symbol F(z? + £2) is selfadjoint and such that

(F(2® + &))" > /Om F(;ﬂ)etdt.

Proof.  From Lemma 1.2, we find that for ¢ > 0, Px(t)—1 > 0, thus (2.15) and (1.2) imply the result. [

Remark 2.8. The normalization in the article [1] is not the same as ours. Take a symbol a and their
Weyl quantization is defined as a® with

= [ eea( 52 6 Juazen

_ / / (i2r(@—y) € (‘T + >u(y)dyd£ — (a(x,278)"u

an operator which is unitarily equivalent to (a(zv/2m,£v/27))". As a result, we have

(D(a? +€%)” = (2 (2® +€))" = (F(a* +€%))",

with F(s) = ®(27ws). The lower bound obtained in Corollary 2.7 is thus
+o0o
/ e ' (t)dt,
0

Remark 2.9. In higher dimensions it is possible to use Mehler’s formula to tackle for example,

the same as in [1].

{(z.6) e RY 27 + & + (23 + £5)” < a}.
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In fact we have for a function F' defined on R",

Fa?+€,... 22 +&) = / ™ T j<n@HET P(7)dr,
and Weyl-quantifying that identity, we find an expression of

2, ¢2 2 | 2\ \Weyl _ . (1 + i)k t!
(F(xl—'_gla?xn—’_gn)) i _\/77 F(T)1<1_£ Wﬁbkﬁl;jd,rv
IIXN

and thus an explicit spectral decomposition for the operator under scope.

Some remarks on ellipsoids.  We provide below a couple of remarks on ellipsoids in higher dimen-
sions. Let us first recall a particular case of [8, Theorem 21.5.3].

Theorem 2.10 (Symplectic reduction of quadratic forms).  Let ¢ be a positive definite quadratic form
on R™ x R™ equipped with the canonical symplectic form. Then there exist S in the symplectic group
of R?"™ and pi1, . .., ji, positive such that for all X = (x,£) € R™ x R,

a(5X)= Y pi(af + &) (2.16)

1<isn
Note that an interesting consequence of this theorem is that, considering a general ellipsoid in R?”,
E={X € R ¢(X) < 1},

where ¢ is a positive definite quadratic form, we are able to find symplectic coordinates such that ¢ is
given by (2.16). Note however that no further simplification is possible and that the p; are symplectic
invariants of E. In particular the volume of E is given by

ﬂ.n

[Elzn = ————.

Spectral decomposition for the quantization of the characteristic function of the ellipsoid.
Let ay,...,a, be positive numbers. We consider the ellipsoid E(aq,...,a,) given by

z? + &2
E(a) = E(ay,...,a,) = {(x,g) ER" xR 2r Y L2 1}.
1Gen Y
We define the function ) )
F(Xl,...,Xn)1[_11]<7TX1+...+”XH)
1

a n
and we have

i (22 2y \w
(1p@)"” = (F(af + &, ... 20 + &))" :/ B(r)(e*m 258w dr

n

Rn (]. +sz)a-7+1

aeN"? 1<j<n
- (1+1ir;)
= F(r) — I __drP n
oz%" An 1<31_'[<n (1 — 17']-)061-1-1 an

where P, ,, is defined in (A.26). On the other hand we have

. . 2 2
F(T) _ /ef2l7r‘r~a:1[_171] (Trxl + -+ Wxn) dl’l e dl’n

ai Qnp

=a1-'~an(27T)7n/e_iE”' Tjajyjl[Ll](Zyj)dy,
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so that, with P, = P, ,,

w __ —12#2 Tia; 127TTJ)

aeN” 1<g<n
:al"'anZ/ / T, 3TV 11(2%)0@ H G, (1)) ;(15)dTP,
aeNn Y RTJRT 1<5<n
=ay--- an/ 11 <Zy]) H Ga, (a;y;)dyPq
R 1<j<n
= / 1[,1’1] <Z tj/aj> H (—1>ajH(tj)e_thaj (Qtj)dﬂpoﬁ
R 1<j<n

with

Fa(a):/" (1_1[1#00](2@/%)) T (~1)% H(t;)e™ Lo, (2;)dt

1<j<n
=1— / 1[1,+oo] (Zt]‘/a]‘) H (—1)0‘jH(tj)e_tJ'Laj (Qtj)dt,
R 1<j<n

so that setting

Ko@) = [ s e @) T (-1 Lo, 2t

1<j<n

iz

we have F,(a) =1 — K,(a). The domain of integration is

so that
Ko, .. o, (a1,...,an) =€ " Py, (a,)
+ / (=1)*" Ly, (Ztn)e_t”Kal7,,,)%71 (a1(1 —tn/an), ... ,an_1(1 —tn/ay))dt,
0

=e P, (an)

1
+ / (=) Ly, (2a,0)e " Ko, 0, (a1(1=6),... a,_1(1 — 6))dba,.
0
We have K, (a1) = e~ Py, (a1) and thus if n = 2, we get using Lemma 1.3,
1
Ko, as(a1,a2) =% Py, (a2) —|—/ (=1)%2 Ly, (2a20)e %2 P, (a1 (1 — 6))e~ 1= dhay
0

1
= e Panfan) + aze [ (1) L 2aat)e 0 P an (1~ 0))d0
0

Question. It is not difficult to calculate explicitly Ko, q, when min(ai,as) < 1, but a general “ex-
plicit” formula for K, . a,(01,...,a,) would be interesting as well as the proof of

Koy oan (@1, .0 ay) > e Min<i<n 45, (2.17)
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Appendix A The Fourier transform, Weyl quantization, harmonic oscillator

The Fourier transform. We use in this paper the following normalization for the Fourier transform and
inversion formula: for v € .#(R"),

ﬁ(f):/n e Ay (1)dx,  u(z) :/ eHm LG (€)dE, (A1)

n

a formula that can be extended to u € ./(R™), with defining the distribution @ by the duality bracket

(i, ) 7 (&n), 7 (Rn) = (U, D) 7/ (&), (R)- (A.2)
Checking (A.1) for u € /(R™) is then easy, i.e.,

(A.3)

¢
I
RS

where the distribution 4 is defined by

(i, ) 51 (&), 7 (R7) = (U, D) 501 (&), 7 (7)), With ¢(z) = ¢(—2). (A.4)

It is useful to notice that for u € ./ (R"),

_@o

¢

(A.5)

This normalization yields simple formulas for the Fourier transform of Gaussian functions: for A a real-
valued symmetric positive definite n x n matrix, we define the function v4 in the Schwartz space by

va(z) = e ™A% and we have  UA(€) = (det A)_l/Qe_”<A715’5>. (A.6)

Similarly when B is a real-valued symmetric non-singular n x n matrix, the function wp defined by
wp(x) = (B
is in L*°(R™) and thus a tempered distribution and we have

Tp(€) = | det B| /2 F sign Bemin(B768) (A7)

where sign B stands for the signature of B, i.e., with E the set of eigenvalues of B (which are real and

non-zero),
sign B = Card(ENR,;) — Card(ENR_). (A.8)

With H standing for the characteristic function of R, we have

= H+H, 6y=H+I1,
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S0 — 1 11
Dsign = -2, Dsign= —, £&sign= —, sign= —pv-, (principal value)
im im im it &

the latter formula following from the fact that
— 1 S —— 1
&l sign — pv— | =0, which implies sign — pv— = ¢jp = 0,
im€ irg

since s/fg\n — é is odd. We infer from that

A = —_— 1
H — H =sign = pv—,
i€
and 5 )
H=2 : A9
2 T PVoire (A.9)

The Weyl quantization. Let a € .#/(R?*"). We define the operator a®, continuous from .#(R") into

' (R™), given by the formula
o) = [[ o TH e Jutwinde, (A10)

(@"u, V) 71y, 7 ®n) = (@, H(U, v)).70 r2n) 7 (R2), (A.11)

to be understood weakly as

where the so-called Wigner function H(u,v) is defined for u,v € .Z(R™) by

H(u, v)(2,€) = / o2ty (x+ 2) <x—>dz. (A.12)

We note that the sesquilinear mapping
S (R™) x Z(R™) 3 (u,v) — H(u,v) € L (R*™)
is continuous so that the above bracket of the duality
(a, H(u,v)) o1 (®2n), 7 (m2n),

makes sense. We note as well that a tempered distribution a € .%/(R?") gets quantized by a continuous
operator a* from .%(R") into .#’(R™). Moreover, for a € ./(R?*") and b a polynomial in C[z, £], we have
the composition formula,

a¥b” = (ah)®, (A.13)

18]
@i =3 g G X g @0 (05070, 6) (A.14)

k>0 la|+|B|=Fk

which involves here a finite sum. This follows from [9, (2.1.26)] where several generalizations can be
found.
Also, we find that #H(u,u) is real-valued since

H(u, u)(z,€) = /emm-fa <3c + ;) (m - 2>dz - /e2i”'§ﬂ(:v - ;>u<x + ;)dz = H(u,u)(, €).

A vparticular case of Segal’s formula (see, e.g., [9, Theorem 2.1.2]) is with F' standing for the Fourier
transformation,
F*a"F = a(&, —x)". (A.15)
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Some explicit computations. We may also calculate with
Ua(x) = (2@)1/46—7\'am27 a>0, (A16)
H(Umua)(gg’f) = (20,)1/2 /eiziﬂz.geiﬂalwfg‘2e*7"a\z+%‘2dz
— (2a)1/2/e—2i7rz‘§e_2ﬂ.aw2e_ﬂ_azz/2dz
= (Qa)1/2e—2mz221/2a71/ge,ﬂ%£2
— 9~ 2m(as+a e (A.17)

which is also a Gaussian function on the phase space (and the positive function). The calculation of
H(ul,, ul,)(z, &) is interesting since we have

47T2<Da:bwaua,ﬂa>5p/(Rn)’y(Rn) <b ua,ua>y/(Rn)7y(]Rn <b H(ua,’U,a)>y/(R2n)7y(R2n),

and for b(z, ) real-valued we have

b, b, Oy b, by
fhbﬁ€=(€b+ )ﬁf &% +—4m(fsb+4m>—sb+ i

so that "
A2 // Qe—Qﬂ(ax ta—lg? )(g b+ 16zx )dl‘d§ (o, H(umua»

proving that
- 1 _
’H(ua’ua)(x,g) — 267271'(0,([24,»@ 152)47T2£2 + *283(672ﬂ(aw2+a 152))
( e + (( 4rax)® — 47Ta))

_ 82 2m(az’+a”1E%) a1 4 ax? — 1 .
4

2 1e2)
— 287277(111 +a~

We obtain that the function H(ul, u)) is negative on

a e +ax? < —,
4

which has area 1/4. We may note as well for consistency that for u, given by (A.16), we have

ul, = (2a)Y4(~2max)e ™, ul |22 = ma,

2, 2 1 2
//”H ul, ul)(z, €)dedé = 87 a//e‘Q”(y +n )<y2+n2 — 4)dydn= 378 ra= g [|72-
m 81

For A > 0 and a € .9/ (R?"), we define

ax(z,€) = a(A\"'x, A9, (A.18)

and we find that
(ax)" = Uza"Uh, (A.19)
for f € . Z(R™), (Urf)(z)=fOAx)NY?, Ui =Uy = (Uy)" (A.20)

We note that the above formula is a particular case of Segal’s formula (see, e.g., [9, Theorem 2.1.2]).
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The harmonic oscillator. The harmonic oscillator H,, in n dimensions is defined as the operator with
Weyl symbol 7(|z|? + [£]?) and thus from (A.19), we find that

1 WT* 1 *
H=Usm 5(\x|2 + 47T2|f|2) U\/g =Uz 5(—A + |$|2)U\/ﬂ.

We shall define in one dimension the Hermite function of level k € N, by

_ (_1)k 1/4 Tz d g —2nz?
wk(x)—2km2 e (ﬁdm) (e ), (A.21)

and we find that (1 )ren is a Hilbertian orthonormal basis on L?(R). The one-dimensional harmonic

oscillator can be written as )
H = E —+k|P A.22
( 3 + ) ks ( )

k>0
where P}, is the orthogonal projection onto ).

In n dimensions, we consider a multi-index (aq,...,a,) = a € N and we define on R", using the
one-dimensional (A.21),

Uo(@) = [] o, (@), & =Vect{Walaenn jaj=ts lal= DY aj. (A.23)

1<j<n 1<j<n

We note that

(A.24)

k -1
the dimension of & ,, is ( o 1 >
n—

and that (A.22) holds with Py ,, standing for the orthogonal projection onto & ,; the lowest eigenvalue
of H is n/2 and the corresponding eigenspace is one-dimensional in all dimensions, although in two and
more dimensions, the eigenspaces corresponding to the eigenvalue 5 + k,k > 1 are multi-dimensional

with dimension
k+n-—1
n—1 )
The n-dimensional harmonic oscillator can be written as

Ho=Y (;‘ + k)lpk,n, (A.25)

k>0

where Py, ,, stands for the orthogonal projection onto & ,, defined above. We have in particular

Prn = Z Py, where P, , is the orthogonal projection onto ¥,. (A.26)
aeN” |a|=k

Some elementary formulas. We define for 7 € R,

Todt
arctan 7 = / —, (A.27)
o 1+1¢2

and we note that arctanrt € (—n/2,7/2),
V7 eR, tan(arctant) =7, V0€ (—7n/2,7/2), arctan(tanf)=6.

Moreover we have for 7 € R,

. 1
iarctan T :
e - (1+ir), A.28
1+ (A.29)
since for 6 € (—7/2,7/2), T = tan6, we have 1 + 72 = —L— and thus
cosf >0 = cosf = 1 = —sinf = —1(1 + 7373227 (1 4 72),
1472 2
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so that
elf = ;(1 +i7).
V1472

Some Fourier transform. Let a € Ry be given. The Fourier transform of 1|_, 4 is

¢ gimee g ¢ e—a _ Sin(2maf)
e dr = 2/ cos(2mx€)dx sin(2mxé)|i—g = ———=.
| [ costomat)in = o~ lsinematlz =
Taking the derivative of Fi, on R;. We have, using a parity argument,
Fi(a) :/ sinar (14 ir) 2k+1 Z / sinar (5 (-1)lr2 ir
r T (1+72) w4 1 + T2)k+1

0212k

We see also that
14+2k+2—-21=2k+3-20>3

so that we can take the derivative of F} and get

2k+1 12 - \k
cosar (Y5 (=1)r 1 (1+ir)
Z / 1+72)k+1 dT:;/R(cosaT)Re ((lir)k“ dr,

0212k

with absolutely converging integrals. For a > 0, we have

sy 1 ] (1+ir)*
Fk(a) = ; R(Cob GT)de, (A29)
since
AL
,\ETOO / . mdf makes sense for j <2k+ 1 (and vanishes for j odd). (A.30)

Proof of the weak limit (1.5).  We have for u € .(R™), according to (A.11),
(12r(a" + ) < ap)un) = [[ M), )
2n(z2+£2)<a
so that (1.3) implies

> Fula)Buvupae = [ [ H(u,u) () dade.

k>0 2m (22 +£2)<a

Choosing now u = uy as a normalized eigenfunction of the harmonic oscillator with eigenvalue k + 1/2,

(a) = / /2 e, M) o )

Since the function (z,€) — H(ug,ur)(z,€) belongs to the Schwartz class of R?", we find that

we obtain

lim Fj(a / H(uk, ug)(z, §)dzd = ||uk||2L2(Rn) =1 O
R2n

a——+oo

A different normalization for the Wigner function. The paper [10] is using a different normalization for
the Wigner distribution in n dimensions with

W, v)(z, €) = (21)~" / u<x + ‘;)v(x - ;>eiz'§dz. (A.31)

The relationship with our definition (A.12) is

W(u,v)(z,£) = H(u,v) (a?, ;ﬂ_) (2m)~". (A.32)
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As a result, we find that

Eo(B*"(R)) = W(u, u)(z, §)dwdE
sy = s [ e

HU’HL2(R"):1

is equal to

sup // Hu,u)(z,€)dede = sup // Hu, u)(z, €)dode
lull g2 gny=1 |z|24+472|£]2<R? 2 (|x|24-€]2) < R?

“uHLQ(R"):l
and we have proven here that for u € L?(R™) with norm 1,

1 oo I'(n, R?)
H(u,u)(x,&)drdé <1 — 7/ et ldt =1 — —2—2
//|z2+|§|2<2‘;_R2 ) (TL— 1)' a F(n)

2w

where the upper incomplete Gamma function I'(z, z) is given by
+oo
I'(z,2) = / t*~te~tdt. (A.33)

This is indeed the result of [10, Theorem 1].

Appendix B Mehler’s formula
We provide first a proof of a particular case of the results of [7].

Lemma B.1. ForRet >0, t ¢ in(2Z + 1), we have in n dimensions,
(cosh(t/2))" exp —tm(|z|? + |¢[2)” = (e 2tah(3)m(*+E) yw (B.1)

Proof. By tensorisation, it is enough to prove that formula for n = 1, which we assume from now on.
To prove that formula, we need only to consider the one-dimensional case. We define

L=¢+ix, L=¢—iz, M(t) = 5(t)(e—a(t)ﬂLf,)w7

where « and f are smooth functions of ¢ to be chosen below. Assuming 5(0) = 1, a(0) = 0, we find that
M(0) =1Id and

M + 7T(|L|2)wM = (Beio‘ﬂ'll"2 — ﬂéﬁﬂL‘ze*O‘ﬂLF + 7T(|L|2)ﬁﬂefa7r\L|2)w'
We have from (A.14), since 9,0¢|L|* = 0,
=0

——

1
L = (R
1 1

— T 2 — T 2
+ e p QAL 4 02 L oteeIor)
11
— oo+ L e IEF (2((—2ama)? — 2am) +2((~2am)? — 2am)
17T
40272 aTm 2
— LI —ar|L|? 1— —am|L|
LI 1672 + 47r2e ’

so that
M +7(|L|?)* M

2,2 w
— ( peomIE _ Bam|L 2oL | x| L 2e=omILE (1 — darm n O”Tﬁefaﬂ'\LF
1672 47
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L G )

We solve now

G=1- O‘Z, a(0) = 0 & a(t) = 2tanh(t/2),
and )

We obtain that
M +n(|L))*M =0, M(0)=1d,

and this implies )
B(t) (e *OTEEY = M (#) = exp —tm(|L*)",

which proves (B.1). O
In particular, for t = —2is,s € R, s ¢ 5(1 4 2Z), we have in n dimensions,
(cos 8)"™ exp(2ims(|z]|* 4 [£]*)”) = (ezi“ans(‘m|2+|f|2))w. (B.2)

Lemma B.2. For any z € C,Rez > 0, we have in n dimensions,

k
oo =@+ PN = (5 3 (157 B (B:3)

where Py, ,, is defined in Appendiz A and the equality holds between L?(R™)-bounded operators.
Proof.  Starting from (B.2), we get for 7 € R, in n dimensions,
QiTFT(\ﬂCIsz\z))w7

(cos(arctan 7)) exp(2im arctan 7(|z|* 4 [£]*)”) = (e

so that using the spectral decomposition of the (n-dimensional) harmonic oscillator and (A.28), we get

(]_ _|_7— ”/2z:eZl(a»rctanT)(kJr")]}DlC ( 2T (|z|*+¢)? )) ,

k>0
which implies
2k+n . 5 5
-n/2 § — (621777'(\:t| +1€] ))w
+ 7'2 +n k,TL )
k>0

entailing

(1 + iT)k 2 2 2
§ P, = (e inT(|z|"+[€| ))w

—ir)ktn "% ’
= (1—1ir)

proving the lemma by analytic continuation (we may refer the reader as well to [11, pp.204-205] and
note that for any z € C, Rez > 0, we hauve|1+ | <1). O

Appendix C Laguerre polynomials
The Laguerre polynomials { Ly }ren are defined by

o= S (k@ e @) e

Ly =1,

and we have
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Li=-X+1,
1
Ly = 5(X2 —4X +2),
1
Lz = 6(—X3 +9X? — 18X +6),
1
Ly= ﬂ(X‘* —16X3 +72X? — 96X + 24),
Ls = 120( X° +25X"* —200X° + 600X? — 600X + 120),
1
Lg = m(xﬁ —36X° 4+ 450X * — 2400X? + 5400X? — 4320X + 720),
o ~XT 4 49X0 — 882X 4 7350X* — 20400X° + 52920.X2 — 35280X + 5040
T 5040 '
We get also easily from the above definition that
o1 = Ly — Li, (C.2)

since with T' = d/dX — 1,

Xk d Xk d
r _ k+1 _ mk+1(
Ly=Le=TLe =T < k! > s (dX (k+ 1)!) ax L

Formula (6.8) and Theorem 12 in [2] provided the inequalities

VEEN, Yo>0, Y (-1)'L(x)=>0. (C.3)

0<i<k

This result follows as well from [3, (73)] in 1940 by Feldheim.
Let us calculate the Fourier transform of the Laguerre polynomials: we have

o= (£ (2]

B = ing - 1+ (51) 280 = CV (e LY

2im

so that

As a result, defining for k € N, € R,
Gp(t) = (-1)*H(t)e 'Ly(2t), H=1g,, (C.4)

we find, using the homogeneity of degree —k — 1 of 5(()k),
L=DF (7 1\ (7 (—1)F
Gun) =35 <2217r) \2)* T ainr

= (—1)k($>k{m}|a o

Gi(r) = ( ) v 1J(rk217ré)7(—m:;;_+l’” =0
(7)

1+
Yt
1—|—217r7' zl:( ) 1—|—217r7)k t

217r7' I4+k—l
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so that
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(1(;;)7’:7) ( Q +22m)>k

(-1)*  [(—1+2inT
(14 2in7) \ 1+ 2inT

;

1 1—2irr\"
(14 2ir7) \ 1+ 2imT

é\k(T) _ (1 - 2ir7)k

(11— 2imrr)2k+1

(1 + 2izr)k+1

© (1 + 4m2r2)hLT
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