SCIENCE CHINA @ CrossMark
Mathematics N

« ARTICLES - November 2020 Vol.63 No.11: 2343-2362
https://doi.org/10.1007/s11425-018-9472-x

Sharp heat kernel estimates for spectral fractional
Laplacian perturbed by gradients

Renming Song!, Longjie Xie?* & Yingchao Xie?

IDepartment of Mathematics, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA;
2School of Mathematics and Statistics, Jiangsu Normal University, Xuzhou 221000, China

Email: rsong@illinois.edu, xlj.98 Quwhu.edu.cn, ycxie@jsnu.edu.cn

Received August 31, 2018; accepted October 6, 2018; published online June 28, 2020

Abstract Using Duhamel’s formula, we prove sharp two-sided estimates for the spectral fractional Laplacian’s
heat kernel with time-dependent gradient perturbation in bounded C'! domains. In addition, we obtain a

gradient estimate as well as the Holder continuity of the heat kernel’s gradient.
Keywords spectral fractional Laplacian, Dirichlet heat kernel, Kato class, gradient estimate

MSC(2010) 6035, 60J50

Citation: Song R M, Xie L J, Xie Y C. Sharp heat kernel estimates for spectral fractional Laplacian perturbed
by gradients. Sci China Math, 2020, 63: 2343-2362, https://doi.org/10.1007/s11425-018-9472-x

1 Introduction

Let W; be a Brownian motion in R? (d > 1) with the generator A, and let T} be an independent a/2-
stable subordinator where o € (0,2). Then, the subordinate process X; := Wr, is an isotropic a-stable
process, and its infinitesimal generator is the fractional Laplacian operator —(—AO‘/ 2), given by

a Cd,
(A @) = [ (@) = fe) = s V) s
for f € C%(R%), where ¢4, is a positive constant. It is well known that the heat kernel p(t,z,y) of
—(=A%/2), which is also the transition density of X := (X;);>0, has the following estimate: for every
t>0and z,y € RY,

- —d/a t
p(t,x,y) < (t /oA |x—y|d+“> (1.1)
Here and in the following sections, for two non-negative functions, f and g, the notation f = g expresses
the presence of positive constants, ¢; and ca, such that c1g(x) < f(z) < cag(z) in the common domain
of the definitions of f and g.

In [2], Bogdan and Jakubowski used Duhamel’s formula to study the following gradient perturbation
of —(—=A%/2):

L= (=AY 4 b(z) -V, ac(1,2),
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where b = (b',...,b%) : R? — R? with b7, j = 1,...,d, belonging to the Kato class Kgfl, which is defined
as follows: for v > 0,

K) = {f € Ll (RY): lﬁﬁ)lfél@ /B(mm) Mdy = O}. (1.2)
Here and below, B(z,r) denotes the open ball centered at + € R? with the radius denoted as r. Let
p°(t,z,y) be the heat kernel of .#°. Small-time sharp two-sided estimates for p®(¢, z,y) of the form (1.1)
have been established in [2, Theorems 1 and 2]. In [2], the authors’ perturbation method includes two
key components. First, an accurate estimate for V p(t,z,y) is known, and second, the following 3-P
inequality concerning p(t,z,y) holds: there exists Cy > 0 such that for any 0 < s < ¢ and x,y, z € R?,

p(t - S, T, Z)p(‘S? Zvy)
p(t, z,y)

See also [5,9,13,14,22,23] and the references therein for two-sided heat kernel estimates of more general

< Co(p(t—s,x,z)—i—p(s,@y)). (13)

non-local operators in the whole space R?.

Let D be an open subset of R?; hence, the process X can be killed upon exiting D and a subprocess,
XP, known as the killed isotropic a-stable process may be obtained. The infinitesimal generator of
XD is the Dirichlet fractional Laplacian, —(—A)®/?|p, i.e., the fractional Laplacian with zero exterior
conditions. By owing to complications near the boundary, two-sided estimates for the Dirichlet heat
kernel of —(—A)*/?|p (i.e., the transition density of X) are extremely difficult to obtain. To state
related results, we first recall that an open set D in R? is said to be Ct! if there exist 79 > 0 and
A > 0 such that for every Q € 9D, there exist a C!-function ¢ = ¢q : RI~! — R, which satisfies
#(0) = Vo(0) = 0, |[VP|leo < A, |[Vd(x) — Vé(2)| < Alz — 2| and an orthonormal coordinate system
Y= (Y1,---:Yd-1,Ya) = (§,ya) such that

B(QﬂnO)mD:B(erO)m{y:yd >¢(g)}

The pair (rg, A) represents characteristics of the C! open set D. In [6], Chen et al. proved that when D
is a C! open set in R?, the heat kernel pP (¢, z,y) of —(—A)*/?|p has the following two-sided estimates:
for every T > 0 and (¢,z,y) € (0,T] x D x D,

where p(z) denotes the distance between x and D*°.
By reversing the order of subordination and killing, one can obtain a process Y, which is different

PP (t,2,y) < (1 A

from X . More precisely, in this study, we first kill the Brownian motion W at 7p (i.e., the first exit time
of W from D) and then subordinate the killed Brownian motion WP using the independent «/2-stable
subordinator T;. Thus, Y := (WP)y, is defined as

YD o WTt? T < ™D, WTt, t < fl.,_D7
e mEm o t2 A,

where 0 is a cemetery state, A; := inf{s > 0: T, > ¢} is the inverse of T, and the last equality follows from
the fact that {T; < 7p} = {t < A,,}. The process Y is called a subordinate killed Brownian motion. To
understand the relations between the processes X and Y see [20]. The infinitesimal generator of Y
is the spectral fractional Laplacian —(—A |p)®/2, which is defined as a fractional power of the negative
Dirichlet Laplacian. This operator is a very useful object in analysis and partial differential equations
(see [3,17,21]) and has been intensively studied (see [1,10,12,19] and the references therein). When D
is a bounded C'' domain, the following sharp estimates for the heat kernel 77 (t, z,y) of —(—A |p)*/?
(which is also the transition density of Y) were obtained in [18, Theorem 4.7]: for every T > 0 and
(t,z,y) € (0,T] x D x D,

TD(t,.’E,y) = (1 A p(l.)p(ZU))p(taxay)

(jz = o] + 77
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In Lemma 2.1 below, we will provide the following alternative form of the above-mentioned estimates:
for (¢t,z,y) € (0,T] x D x D,

D - p(z) r(y)
ro(t @, y) < (M |x—y|+t1/a><1/\ PV p(t @, y),

which is more convenient to use.
Gradient perturbations of Dirichlet operators have also been widely studied in recent years. In [7],
Chen et al. studied the following perturbation of the Dirichlet fractional Laplacian by a gradient operator:

LOP = (—(=A)*2 4 b(x)- V) |p, ae(l,2).

Under the condition that b € K§ ' (see (1.2)) and D is a bounded ! open set in R? with d > 2, Chen
et al. [7, Theorem 1.3] demonstrated that the heat kernel p*P (¢, x,y) of £*P has the same estimate as
that in (1.4). This result was generalized to unbounded C''! open sets by [15]. Unlike the whole space
case, there was no good estimate on V,pP(t,x,7); thus, Chen et al. [7] and Kim and Song [15] used
Duhamel’s formula for the Green function and the probabilistic road-map designed in [6] for establishing
the estimates (1.4).

In a recent study [16], Kulczycki and Ryznar proved the following gradient estimate for p? (¢, z,y): for
any T > 0, there exists a constant C = C(d,T) > 0 such that for any (¢,z,y) € (0,7] x D x D,

|VepP (t,z,y)| < B

—_— t,r,y).
Syl e y)
Following this, in a recent study [4], we complete a direct proof of the main results in [7, 15] using
Duhamel’s formula, with drift b6 = (b',...,b%) : D — R? where each b/, j = 1,...,d, belongs to the

following Kato class:

Ko ! ::{ e LL (D :hmsup/ Md :0}.
P f IOC( ) ™0 zeD DNB(z,r) |x_y|d+lia Y
Moreover, we also obtain a gradient estimate for p®? (¢, z,y). Notice that by using Holder’s inequality,
LP(D) C K%' provided d/(a — 1) < p < oo.
The aim of this article is to study the following spectral fractional Laplacian perturbed by a time-
dependent gradient operator:

LPY = —(=A|p)? +b(t,x) V, ac(L,2)

with b(t,z) = (b (¢, z),...,b%t,2)) : (0,00) x D — R? satisfying certain conditions which will be spec-
ified below. Herein, we derive sharp two-sided estimates for the heat kernel r”-(s, x;t,y) of ZP* in
bounded C'! domains. Moreover, we also obtain a gradient estimate and the Holder continuity of the
gradient of r”°%(s, z;t,y), which are of independent interest.

To state our main result, let us first introduce our local Kato class of space-time functions used herein.

Definition 1.1. Let D be a domain in R? and v > 0. For a real-valued function f on (0,00) x D and
every 0 > 0, we define

K}(6) = sup 5”/“/05/]3[8‘”/“+(6—s)‘7/“](1A”(9))

t>0,2€D |z —y| + st/

% (|v — y| + st/a)d+atl (£ s,y)|dyds.

We declare that the function f belongs to the Kato class K}, if limg o K}Y (6) =0.

Remark 1.2. We note that our Kato class is time-dependent, which is crucial when considering
parabolic problems [13,24]. Moreover, the boundary behavior of the heat kernel is involved in the
definition. One can easily check that if 0 < 41 < 72, then K}; C K};. Based on Lemma 3.1, we know
that K%' ¢ K% and that, for 1 < p,q < oo, L4(R; LP(D)) C K}, provided Oé% + % <1- 1%’



2346 Song R M et al. Sci China Math  November 2020 Vol. 63 No.11

In the remainder of this paper, we consistently assume that b = (b',... %) : (0,00) x D — R? and
each b, j =1,...,d, belongs to K%.

According to Duhamel’s formula, the heat kernel r”:%(s, z;t,7) of ZP** should satisfy the following
integral equation: for 0 < s <t and z,y € D,

P (s, zit,y) =rP(t—s,2,y)

t
b [ b b z) VP (e - e, (5
sJ D
or

TD’b(Sa T3 tvy) = D(t - 5,7, y)
s

t
+ / rD(r —s,x,2)b(r, 2) - VZTD’b(r, z;t,y)dzdr. (1.6)
D

Notice that in (1.5) the derivative of the unknown heat kernel is not involved, and hence, it is easier to
solve, while, (1.6) is directly connected to the mild solutions of the corresponding parabolic equations,
from which one can easily derive the Holder continuity of the gradient of the unknown heat kernel. For
convenience, for ¢t > 0 and =,y € D, we define

D (1p P )
)= (10 =007 ) (18 =2 s ot (1.7
The following is the main result of this study.

Theorem 1.3. Let D be a bounded CY' domain in R and b € KY,. Then, there exists a unique
function rP° (s, z;t,y) on (0,00) x D x D satisfying (1.5) such that:

(1) (two-sided estimates) for any 6 > 0, there exists a constant C1 > 1 such that for all0 < s <t < s+¢
and xz,y € D, we have

Cl_qu(t - S,T, y) < TD’b(Sa X, t7 y) < Cqu(t - S,T, y); (18)
(i) (gradient estimate) for any 6 > 0, there exists a constant Cy > 0 such that for all0 < s <t < s+0

and xz,y € D,

1

VarP(s, z;t,y)| < C
Ver™ (s @t )l < O e v = s

)l/a)qD(t—s,a?,y), (1.9)

and rP° (s, z;t,y) also satisfies (1.6);
(iii) (C-K equation) for all0 < s < r < t and z,y € D, the following Chapman-Kolmogorov (C-K)
equation holds:

/ PP (s, 2)rP 0 (r, 23t y)dz = P (s, 25, y); (1.10)
D
(iv) (generator) for any f € C%(D), we have
t
RE 1) = fla)+ [ REPLP?fa)ar, (L11)

where RO f(x) = [ rP(s, 251, y) f(y)dy;
(v) (continuity) for any uniformly continuous function f(x) with compact supports, we have
im [R5 = flloe = 0; (1.12)
(vi) (Hélder continuity) if we further assume that b € KJ, for some v € (0, — 1), then for any 6 > 0,

there exists a constant C3 > 0 such that for any 0 < s <t < s+ 0 and x,2’,y € D, we have

VorP (s, 25t y) = VarP (s, /s t,y)| < Calz — 2’7 (¢ — 5)77/®
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1
p@ A (F—yl+ (=)

X D(t_s,’f7y)’ (113)

where T denotes the point between x and =’ which is closer to y.

Notably, the gradient estimates (1.9) and (1.13) are new even in the case b = 0. We now briefly
describe the main idea of our argument. By owing to differences between the processes Y and X, the
method used in [7,15] does not work for #P:*. Instead, we use Duhamel’s formula (1.5) to obtain the
sharp two-sided estimates of the heat kernel. As mentioned before, the following two key components are
necessary: the gradient estimate for 7 (t,2,y) and the corresponding 3-P inequality, both of which are
currently unknown. In fact, by Remark 2.2, we shall see that the 3-P inequality of the form (1.3) does
not hold for the heat kernel 7 (t,z,y). Hence, we will first derive an estimate on V,r”(¢,z,%), and then
establish a generalized 3-P type inequality for 77 (¢,2,y). It turns out that, in the process of deriving
an estimate on V,rP(t,z,y), we also slightly improve the estimates concerning the heat kernel of the
Dirichlet Laplacian operator A |p, which has already been intensively studied (see Lemmas 2.6 and 2.7).
The gradient and the Holder estimates for 77:%(s, x;t,y) follow as easy by-products of our perturbation
argument.

The rest of this paper is organized as follows. In Section 2, we prepare some important inequalities
for rP(t,z,y) and derive its first and second order gradient estimates. The proof of the main result,
Theorem 1.3, is presented in Section 3.

We conclude this introduction by defining some conventions that will be used throughout this paper.
The letter C' with or without subscripts will denote an unimportant constant, and f < g represents
f < Cg for some C' > 1. The letter N will denote the collection of positive integers, and Ny = N U {0}.
We will use the symbol := to denote a definition, and we assume that all the functions considered in this
paper are Borel measurable.

2 Estimates for rP(t,z,y)

In the rest of this paper, D denotes a bounded C™' domain in R?. For simplicity, we first introduce some
functions for later use. Given d > 1, 9 € R, a € (0,2], t > 0, and z,y € D, we define

2 tﬂ
t,xr) = —————
0q(t, ) (|| +t1/a>d+o¢
and
N P\ s A
qa(t,:c,y) =1A |£C—y(|—2tl/o" QQ(ta x,y) = Qa(taxa y)‘]a(taya :C) (2'1)

Then, we have p(t, ,y) < 04(t, — y) and ¢"(t,z,y) = qa(t, z,y)p(t, 2,1).
We will first establish a generalized 3-P type inequality for r?(t,z,y), and then derive its first and
second order gradient estimates, which will be essential in constructing the solution to the integral

equation (1.5).

2.1 Generalized 3-P inequality

Let T > 0 be fixed. Recall that r”(¢,z,%) is the heat kernel of —(—A|p)?, and for any t € (0,7] and
z,y € D, we have

rP(t,x,y) =< (1 A P(@)py) 5 ) oh(t,x —y).

(lz =yl +t1/)

The estimates provided above are not particularly convenient for our application as p(z) and p(y) are
intertwined together. Hence, we prove the following result.
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Lemma 2.1. Foranyt € (0,7] and z,y € D, we have

rP(t,2,y) < qa(t,z,y) 04tz — y) < ¢°(t,2,y). (2.2)

Proof.  The second comparison follows from the fact that p(t,z,y) < o}(t,z — y) and ¢P(t,z,y) =
qo(t, z, y)p(t, z,y). Hence, we will only prove the first comparison. It is clear that

p(z)p(y)
t <IN —m——F——.
Qa( ’x’y) (|x—y|+t1/a)2
Thus, we only show that

p(x)p(y)
(FErEEOD =9

qo(t,z,y) = 1A
One can see that the above inequality holds when
p(x)V ply) < |z —yl+ "/ or p(x) Ap(y) > [o—y|+ 1t
By symmetry, it suffices to prove (2.3) in the case when
plx) <o —y|+ " < ply).
Based on the fact that p(y) < p(x) + |z — y|, we can deduce

p(@)p(y) pa)(p(z) + |z — y|)
B E i N FEE O

2 e —
<1n p(x) pz) - |z —y|
(a =yl +872 " o=yl + o1/
p(z)
T oyt
which implies the desired result. O

Remark 2.2. Using (2.2) and the same argument in [8, Remark 2.3], one can understand that for all
t/4 < s < 3t/4 and x,y,z € D with 2|x — y| > |z — 2| + |z — y|, the following expression holds:

rPt+s,2,9)[rP(t,z, 2) + rP (s, 2,9)]
rP(t,x, 2)rP (s, 2,y)
p(x)[p(2) + |z — yl + (t + 5)"/°]
5<mawuwux—m+@+avﬂ>
N <p(y)[p(Z) +lz—yl+(t+ 8)1/0“])
p(2)[p(y) + |z —y| + (t +s)1/e] )’

which goes to zero as p(x) = p(y) — 0. This means that for fixed z and ¢, unlike (1.3), the inequality

rP(t,z, 2)rP (s, 2, y)
rP(t + s, 2,9)

cannot be true for all ¢,s > 0 and z,y,z € D.

We now proceed to prove a generalized 3-P type inequality for r”(¢,z,7). Let us begin with the

following result.

Lemma 2.3. Foranyt,s >0 and x,y,z € D, we have

qa(t, 7, 2)qa(s, 2,y)
qa(t +s,2,y)

IA

[Ga(t, 2, 2)] + [da(s, 2,9)]*. (2.4)
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Proof.  Note that, for any a,b > 0, it holds that

P
b a+b

Thus,

éa(t,x,z)éa(s,y,z)
Ga(t +5,,9)
((t+ )Y + |z =yl + p(@)((t+ )" + |z — y| + p(y))
(e + o — 2| + p(x)) sV + |z — y| + p(y))
e 4|z — 2 st/e 4|z —y
st/ + |z —yl+ply) M+ [z — 2]+ p(z)

~
—~

<1+

Based on (2.1), we have

T .— Go(t, T, 2)qa(s, 2, y)
Ga(t +5,2,y)

N da(t,,2)qa(5, ¥, 2)
 qu(t+s,my)

qAOC (t7 Z’ x)éa (8’ Z7 y)

p(2)
st/ + 1z —yl + p(y)

= Galt, 2,2)Ga(s,2,y) + da(s,2,y)

p(2)
/e 4 |z — 2| 4 p(x)

Ga(t, 2, ).

Using the following expression p(z) + |z — z| < p(2) + |z — 2|, we further calculate that

p(z) _ p(z)
etz — 2| +p(x) e+ lr— 2|+ p(z)

X

qAa(ta Zal‘)v

and similarly,
p(2) _ p(2)
st/ot |z —yl+py) st/ + |z =yl +p(z

= da(s, 2, y).
Thus, we have

T

= Ga(t, 2,7)qa(s, 2,9) + [da(t, 2,2)]? + [Ga(s, 2, 9))
=g

a(t7 2, m)]Z + [qAa(S7 2, y)]2
The proof is finished. O

As a direct consequence, we can obtain the following generalized 3-P type inequality for r? (¢, z,y).

Lemma 2.4. LetT > 0. For any0<s,t <T and x,y,z € D, it holds that

rD(t+ s,2,y) = (t/\s)([%(t72,$)]293(t,x—z)

+ [da(s, 2, 9)7 05(s, 2 — y)). (2.6)

Proof.  Combining (2.2) and (2.4), we obtain

rP(t,x,2)rP (s, z,y)
rD(t+s,2,y)

J =

24(t, @ — 2)0q(s, 2 — y)

oi(t+ 5,2 —y)

< ([dalt, z,2)% + [Ga(s, 2,9))%)
Note that

(|2 =yl + (t+ )Y 2 (o — 2|+ £/2) 5 4 (|2 = y| + s/
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Thus,
ot~ 2)oh(sz—y) _ 15 gt — 2)el(s.z — )
0yt + s, —y) t+s ot +s,2—y)
= (tAs)(egt,x — 2) + 0q(s, 2 — ). (2.7)
Hence,
T =2 (A ) ([da(t, 2,2)]* + [Gals, 2, 9)]*) (0q(t, & — 2) + 05(s,2 — )
= (t A s)([cja(t,z,x)]QQg(t,x - Z) + [da(sv 2, y)]QQS(S’ e y))7

where, in the last inequality, we have used the following expression:

Ga(t, 2,2) % Ga(s,2,y) & 03(t,x — 2) < 0q(s, 2 — y) (2.8)
and the symmetry in x and y. The proof is finished. O
2.2 Gradient estimates

In this subsection, we derive gradient estimates for r”(¢,2,y). Recall that v (t,z,y) is the transition
density of Y. Based on the construction of Y2, it holds (see [18, (2.2)]) that

Ptay) = [ " o2 (s e )t s)ds, (2.9)
0

where p2 (¢, z,y) is the Dirichlet heat kernel of A |p, and u(t, s) is the density of the subordinator T;. To
derive gradient estimates for r” (¢, z,y), we must recall some estimates for p? (¢, x, ).
For any v, A € R and (¢,2) € (0,00) x R%, we define

€)(t, ) ==t~ (N 26 A1,

It is known (see, for example, [25] or [18, Theorems 3.1 and 3.2]) that there exist constants A1, Ay > 0,
Cy > 1, and Cy < 1 such that for all (¢,z,y) € (0,00) x D x D,

) < 0 (10 A2 (10— (2.10)
and for all (¢,z,y) € (0,1] x D x D,

pf(t,x,y) > Oy (1 A W)f?ﬂ(t,x —y). (2.11)

Moreover, it follows from [26, Theorem 2.1] that, for any T' > 0, there exists a constant, Cr > 0, such
that for all ¢t € (0,7] and =,y € D,

|V D ﬁivi)pg(t?xvy)? if p(m) < \/E,
mp2 (t7$7y)‘ < OT |x _ y| (2.12)
% (1 + \/i )p?(t,l‘,y), if p(a?) > \/E

It turns out that (2.10)—(2.12) are not very convenient to use since the expressions roll p(z) and p(y)
together. To generate more practical forms of the above-mentioned estimates, we first conduct some
manipulations on p(¢,z,7). We want to separate the terms p(x) and p(y). The following elementary
observation will be important.

Lemma 2.5. Forany As > A1 > 0 andy € R, the following expression holds for allt > 0 and x,y € D:

(1 A W)g}z (t,x —y) < (1 A p\(f?) (1 A ’1%)5}1 (t,x — ). (2.13)
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Proof.  1In light of (2.5), it suffices to show that for any Ay > 0,

lz—y|?
0%

(p(x) + V) (p(y) + V1) = (p(x)p(y) + t)e
In fact, by using symmetry and the elementary inequality
p(z) < ply) + [z —yl,

we have
p(x)* + p(y)* 2 p(x)p(y) + |z — y|*.

Thus, we can deduce that

(p(@) + V1) (p(y) + V) = p(x)p(y) + t + p(x)* + pl(y)*
= p(a)ply) +t + |z —y[*.
Note that for any Ay > 0, we have
T
o —y|? <t et
The desired result follows immediately. O

Recall the definition of ¢, (t, z,y) in (2.1). We provide a more appropriate form of (2.10) and (2.11) as
follows.

Lemma 2.6. There exist constants A1, o >0, C1 > 1, and Cy < 1 such that

< C1Q2(ta$7y)f())\l(t7$ - y)v (t,x,y) € (0,00) x D x Dv (214)
p2D(taI7y) 2 CQ(]Q(t,l’,y>$9\2(t,l' - y)7 (t,l’,y) S (07 ]-} x D x D. (2]—5)

Proof.  The lower bound (2.15) is implied; we need only prove the upper bound (2.14). Combining
(2.10) and (2.11) with (2.13), we understand that for A\g > 0,

) = (102 (LA 22 ) (ro )

Thus, (2.14) is true when |2 — y| < V. On the other hand, notably for 0 < Ay < Ag, we have

pa) gz _ p(e) Jo =yl e pl@) sl

— I e Sl e (2.16)
Vi lz—yl Vit |z —y]
Combining (2.16) with (2.10) gives the desired result for |z —y| > /. O
Now we prove the first- and second-order gradient estimates for p (¢, z,y).
Lemma 2.7. Let T > 0. There exist constants Cp, A3 > 0 such that for j = 1,2,
(i) for allt € (0,T) and z,y € D,
IVipd (t,2,y)| < Crda(t,y, 2)&, (t,x — y); (2.17)
(ii) for all t € (T, 00) and x,y € D,
j. D Cr . 0
‘v:z:p2 (tw%'uy)' < qu(t7yax)§)\3(t7x - y)7 (218)

where VI denotes the j-order derivative with respect to the x variable.
Proof.  For (2.17), we need only show that there exist A3 > 0 and Cp > 0 such that for every ¢ € (0,7
and z,y € D,

VipR(t, )| < 0T<1 A ”%))gg(t,x .
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Then, applying (2.16), we can obtain (2.17). Based on [11, Chapter VI, Section 2, Theorem 2.1], we know
that for every t € (0,7] and x,y € D,

IVips (tz,y)| < &,z —y).

Using the Chapman-Kolmogorov equation, we obtain
j, D j.pft p(t
‘VIPZ (t,(E,y)| < pr2 5,!1772 * P2 5727y dz
D

< <1Ap\(}?> /13513 (;7562)531 (;7211)(12

~ <1 A ’f}?)&is(t,x—y)-

Thus, (2.17) is valid. We now prove (2.18). Similarly, it suffices to show that for every ¢t > T and z,y € D,

; C
Vil < ot (10 2268 1,0 )

According to (2.14), (2.17), and the Chapman-Kolmogorov equation, for ¢t > T', we have

) . T T
|Vi.p§)(t,a:,y)\ < A Vgcpg (2,JI,Z> ‘ 'pé) <t_ 2,z,y>dz

(B ) (D) (o e

C
< o (10228 .-

The proof is finished. O

Remark 2.8. In fact, in the form of (2.12), our result means that for every ¢ € (0,7,
(Jz =yl +v1)' ™
p(x) A (Jz =yl + V1)

Compared with (2.10)—(2.12), the additional term |z — y| in (2.14)—(2.15) and (2.17)—(2.18) is of critical
importance in our derivation of the gradient estimates of r?(t,z,y).

\Vipy (t,2,y)| < Cr @2 (t, 2, )€, (t,x —y).

Recall the definition of ¢P (¢, z,y) in (1.7). We are now ready to derive the following gradient estimates
for the Dirichlet heat kernel, v (¢, x, ).

Lemma 2.9. Let T > 0. There exists a constant Cp > 0 such that for j = 1,2, allt € (0,T] and
z,y €D,

(Jz —y| + /)
(@) A (|2 —y| + /)

IVirP(t,z,y)| < Cr ¢°(t,z,y)- (2.19)

Moreover, for any 9 € (0,1) and t € (0,T], z,2’,y € D, we have
(VarP (t, 2, y)-VorP (t, 2’ y)| < Crlz—2'["Ga(t, y. B) oy 11 1o (L, T—Y), (2.20)

where T is the point between x and x’ which is closer to y.

Proof. ~ We claim that for j = 1,2,

IVirP (2, y)| = Galt,y, 2) oy (t o —y). (2.21)
As a consequence of this claim, we obtain

1

VirP(t, = -
| T (a ay)| = (|o:fy|+t1/o‘)7éa(t,x,y

)Cja(tv z, y)@a(tv Y, x)gtli(t7 T — y)
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(Jz =yl + /)t
p@) A (o =yl + )
Next, we prove the claim (2.21). Based on [18, (4.1)], we know that for all £ € R?,
/e

Combining this formula (applied to d and d + j) with (2.9), (2.17), and (2.18), we can obtain

D(t,z,y).

p(t, s)ds =< oy(t, €).

\Wmems/mezwwmm+/|Vm@wamm

<1Az—y0[/ Eals,7 —y)ults)ds
[T )@sm}

= <1/\ ;)(_y) >[@é+j(tax—y)+gé(t,x—y)]

yl
= (1 A xp(_y)m ) Q(li-i-j(th - y)7 (2'22)

where, in the last inequality, we have used the fact that D is bounded and ¢ € (0,T]. Thus, (2.21) is true
when |z — y| > t1/*. For the case when |z — y| < t'/®, we may argue similarly to obtain

\VirP(t,z,y)| < p(y) [/ f”lsat—y)u(t,s)ds

/ €, (5,2 — y)ult, s)ds

= p(W)[0hy i1t e —y) + 01 (tz — y)]

p(y)
= tlﬁ@}ﬂj(ta T —y).

This, together with the estimate (2.22), implies (2.21).
For (2.20), without loss of generality, we may assume that |z — y| < |2’ — y|. Using (2.21) with j =1,

we find that when |z — 2| > (|z — y| + /%) /2,

= |Var® (t,2,y) = VorP (1,2, y)]

< Crlz —a/|”(Jo =yl + )" (Ga(t.y, 2)0gir (87 — y)

+ da(t7 Y, wl)g¢11+1(t7 ZC/ - y))

< CT|x - x/|ﬂ(ja(ta Y, x)«Q}lJrlJrﬂ(ta T — y)
When |z — 2| < (| —y| +t'/*)/2, we have, according to the mean value theorem and (2.21) with j = 2,
for some € € [0, 1],

2 < Crle = 2'|qa(t,y, x + (' — 2))0ga(t,z + (2’ — 2) — y)
< Orlz — 2'|ga(t,y, @) 0442 (t, x — )
< Crlr — 2'[%Ga(t,y, 2) 044140t T — Y).
The proof is finished. O

3 Proof of Theorem 1.3

Let

Ko l.— el lim su /(1/\ Py) )
D {f loc( ) theg D |x—y\
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1 t?
x (|1’ _ y|d+l—a A ‘Q? _ y|d+a+1)|f(y)|dy = 0}

We first provide the following result regarding our Kato class.

Lemma 3.1. We have K%71 - K%71 C KY. Moreover, for any v >0, if 1 < p,q < oo satisfies

d 1 1
A Ry (3.1)

then, L1(R; LP(D)) € KJ,.
Proof. It follows from [4, Lemma 2.1], which follows from [2, Corollary 12], that a real-valued function,
f, belongs to K%fl if and only if

. 1 2
}g%jgg /D <|JJ _ y‘d+1—o¢ A |l‘ _ y|d+a+1 > |f(y)|dy =0.

Thus, the first inclusion is obvious. To show that a real-valued, time-independent function f on D belongs
to K9, it suffices to show that

t 2
1 ¢
1
s,x —1y)ds < A .
| et =00 = o A

This directly follows from [4, Lemma 2.3] with v = 1. Thus, the second inclusion is valid. Now we prove
the third inclusion. According to Hoélder’s inequality, we obtain

K1(6) < ( / ( /| f(s,y>|pdy)gds) "L (),

é P p* a*
5T —v/a =/ S
1@ i= 6 ([ @y ([ ) as)

with ¢* := qf—l and p* := p%' Noticing that

al dy < s Rl dy L et
e (y+s7) s ST e I Sy e Tyl ) = |

we have

where

L

5 . s\
Toq(8) < 0% ( / [s77/% 4+ (§ — 5)~7/)0" gipr — ds) .
0

Thus, In,,(0) converges to zero as 6 — 0, provided that

*dg d+1
L f%q*+1>0¢>(3.1).

o ap*
The desired result follows. O

The following lemma is related to the smallness of b- V as a perturbation of —(—A |p)®/2, which plays
an important role in proving our main result.

Lemma 3.2. Let 6 >0 and b€ KY. Then, for all0 < s<t<s+6 and x,y € D, we have

t
/ / PP — s, 2)|b(r, 2)] - [VarP(t — 1,2, y)ldzdr < COP(t — s,2,y),
sJ D

where C(0) is a positive constant with C'(§) — 0 as 0 | 0.
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Proof.  In this proof, we consistently assume that 0 < s <t < s+446 and z,y € D. For brevity, we write
rP(r—s,2,2)|V.rP(t—r 2 y)|

W= rP(t —s,x,y)
It follows from (2.19) that
D¢, _ D _
w< " (r—sz2)r°(t—rzy) 1

- rP(t = s,x,y) p(2) Az =yl + (E—1)1/*)
<7'D(7’s,as,z)rD(t7“,2',3/)( 1 N 1 )
- rP(t = s,2,y) pz) |z —yl+ =)t/
= W1 +W2.

Based on (2.6), we have

Wi =2 ((r = s) A (t = 1)) ([da(r — s,2,2)204(r — 5,2 — 2)
+ [(ja(t - ’I’,Z,y)]2gg(t -z y))ﬁ

= Ga(r —s, z7$)931+1(r —8,& —2) + Gt - r,z,y)g}iﬂ(t -1,z =Y). (3:2)
Again using (2.6), we have
Wa = ((r = 8) A (t =1))([da(r — 5,2,2)204(r — 5,2 — 2)

1
/\a t— , , 2 O t_ S — .
+ [Ga(t =7, 2,9)] 0q(t — 1, 2 y))|z—y|+(t—r)1/°‘

According to the same argument as that in (2.8), in the case
| =2+ (r =)/ < |z =yl + (t =)/,

we have
1

|z — 2| + (r — s)1/@

W2 j [qAOA(T - S, Zax)]QQ(li(T P Z)

j Cja('f'_S,Z,{L')Q:Li,l('r_s,flf—Z).
In the case |z — z| + (r — )Y > |z — y| + (t — )/, we have
1
ERERCEIE

W2 j [qa(t -nz, y)]ZQSl(t -z = y)

= Galt —7,2,y) 0411 (t — 1,2 — y).
Hence,
W2 j da(r - S, va)gtlj+1(r — 5T — Z) + qAOé(t - Zay)Q}i-i,-l(t - T,z — y)a
which, together with (3.2), yields that

W < Go(r — s,z,x)g}iﬂ(r — 85,2 —2) + ot — r,z,y)g}lﬂ(t —rz—y).
Consequently, by the definition of the Kato class K%, it holds that

t
// rP(r —s,2,2)|b(r, 2)| - VP (t =7, 2,y)|dzdr
sJ D
t
j// cja(r—s,z,a:)g}iﬂ(r—s,x—z)\b(r,z)|dzdr-rD(t—s,x,y)

// Ga(t — 7,2,y Qd+1( r,z—y)|b(r7z)|dzdr-rD(t—s,x,y)
<2K(0)rP(t — s,2,y),
where KP(8) is defined in Definition 1.1. The proof is thus finished. O
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To derive the gradient estimate of the Dirichlet heat kernel, we also need the following result.

Lemma 3.3. Let§ >0 and b € K. Then, for all0 < s <t<s+0d and x,y € D, we have

// |V rP (r—s,x,2)||b(r,2)| - |Vr ( —r,z,y)|dzdr

< C(9)

TD — S,
oI e G

where C(8) is a positive constant with C(8) = 0 as § | 0.
Proof.  In this proof, we consistently assume that 0 < s <t < s+ d and x,y € D. Define

V.= |VCDTD(T - S,T, Z)' ! |VZTD(t - Zvy)‘
qAa(t -5, yam)Qng(t — 5T — y)

It follows from (2.21) that

r—s,m—z)gbﬂ(t—r,z—y)

1
Qd+1(
=g
Q}lJr](t — 5T — y)

Y

where

qAa(T — S, va)QQ(t —-nY, Z)

Q o (ja(t_sayax)

Using (2.16), we obtain

p(y) + |z —y| + (t—s)"/°
(p(2) + [z — 2| + (r = )V *) (p(y) + |z — y| + (t = 7)1/)
p(z) + e —z[+ (r =)V +p(z) + |z =yl + (t = 7))
(p(2) + [z — 2| + (r = 5)Y/ ) (p(2) + |2 — y| + (t — 7)V/*)
p(2) p(z)
(2) +lz =2+ (=) " p(z)+ |z —y| + (t —r)l/e
= (Ga(r = 8,2,2) + a(t = 7,2,9)).

Q= p(2)-

= p(2)-

Combining this with (2.7), and based on the same argument as in (2.8), we further obtain

[T’—S) (t—r)}((ja(r—s,z,m)—i—(ja(t—r,z,y))
X (0041 (r = 8,2 — 2) + 041 (t — 7,2 — y))

= Go(r = 8,2,2) 0441 (r = 8,2 = 2) + da(t = 7, 2,9) 0441 (t = 7,2 — 1) (33)
Hence,
t
// \VorP (r = s,2,2)||b(r, 2)| - V7P (t = 7, 2, ) |dzdr
sJ D
j Kl?((s)(ja(t - S, y,x)QéJrl(t — 5T — y)
1
< K6 rP(t —s,z,y),
N N PRI )
which yields the desired result. The proof is finished. O

We now proceed to solve the integral equation (1.5). For all 0 < s <t and x,y € D, set ro(s,z;t,y) :=
rP(t — s,2,y), and define for k > 1 that

(s,z;t,y) // rr—1(8,z;7, 2)b(r, 2) - Vyro(r, z;t, y)dzdr. (3.4)

The following result is an easy consequence of Lemmas 3.2 and 3.3.
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Lemma 3.4. Letd >0 and b€ KY. Then, for allk >1,0<s<t<s+6 and z,y € D, we have

(s, ast. )l < [CEOFrP(t = s,2,9) (3.5)

and

! rPt—s,z
DA (=gl T sy L@y,

Vark(s,2:t,y)| <[C(8)]F (3.6)

where C(6) and C(0) are the constants in Lemmas 3.2 and 3.3, respectively. Moreover, it holds that

t
rk(s,x;t,y):// ro(s,a;r, 2)b(r, z) - Vori—1(r, z; t, y)dzdr. (3.7)
sJ D

Proof. ~ We first prove (3.5) via induction. By Lemma 3.2 and (3.4), we know that (3.5) holds for k& = 1.
Now, suppose that (3.5) holds for k > 1. Then, by definition and using Lemmas 3.2 and 2.1, we obtain

[Pt (s, 25, y)] // [ri(s,@;m, 2)| - |b(r, 2)| - [Vero(r, 2; ¢, y)|dzdr

/

// (s,z;m,2)|b(r, 2)| - |Voro(r, z; t,y) |dzdr
< [0(5)]k+1 Pt —s,2,y).

To prove (3.6), let e; be the i-th unit coordinate vector in R?. Then, for € > 0, we have

1
\rl(s x +ee;t,y) —ri(s,x;t, y)l

/ dﬂ(// \VorP (r — s,z + Beey, )'|b(1",z)|.|Vzr0(r,z;t,y)|dzdr>

s,x + Oee;, y)do,

C’ / Pt —
(0 )e o plx+bee;) A (|x+9€€i—y|—|—(t—5)1/°‘) (
where, in the last inequality, we used Lemma 3.3. Letting ¢ — 0, we obtain that

. 1
|8$i7”1(8,1‘,t,y)| < C(d)p($> A (‘SL’ _ y| + (t _ S)l/a)

TD(t - S,Z‘,y),

which in turn implies that (3.6) holds for £ = 1. Following the same argument as before, we can show
that (3.6) is true for every k > 1. We proceed to prove (3.7). It is obvious that (3.7) holds for & = 1.
Suppose that (3.7) is true for & > 1. Then, according to (3.4) and Fubini’s theorem, we have

t
Tk-i—l(syx;t?y):// rk(s,x;r,z)b(r,z)-Vzro(r,z;t,y)dzdr
sJ D

t T
:// // ro(s,x;r’, 2Yo(r', 2") - Vo1 (7', 2y, 2)d2" dr!

x b(r, z) - Vro(r, z; t,y)dzdr

//Tosacrz (r',2") //Vz/rklrzrz)

X b(r, z) - V,ro(r, z; t, y)dzdrdz'dr'
// ro(s,z;r’, 2Yo(r',2') - Vrk(r', 25t y)d2'dr’.

The proof is completed. O

Thus, we are ready to provide the following proof.
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Proof of Theorem 1.3.  Let 7 be defined by (3.4). For ¢ > 0, define
Ds :={(s,z;t,y) :x,ye Dand 0 < s <t < s+ }.

It follows from Lemma 3.2 that there exists a dp € (0, 1] such that for all 0 < s < t < s + dp, we have
C(dp) < 1/4, where C(dg) is the constant in Lemma 3.4. Hence,

(o]
4
Z|’rk(5,x;t,y)l < gTD(t*Saxay) on D5oa (38)
which means that the series > p- 74 (s, z;t,y) converges on Ds,. Define
o]
rDb(s, ait,y) = Zrk(s,x;t, y) on Ds,.
k=0

Based on (3.4), we have

n+1 t n
Z Tk(svx;tvy) = 7"0(8,(E; t7y) + // Zrk(s,x;r, Z)b(?", Z) : VZTO(er;tvy)dZdT'
k=0 s/D o

Letting n — oo on both sides, we obtain (1.5).
(i) The upper bound on Djs, follows from (3.8). As for the lower bound on Ds,, we have

2
rPb(s, it y) > rP(t — s, x,y) — Z\rksxty 37‘D(t—s,x,y).

Thus, (1.8) is valid on Ds,.
Now let 7P:%(s, z;t,y) be another solution to the integral equation (1.5) satisfying (1.8) on Dj,. We
claim that for every k € N, there exists a constant Cp such that on Ds,,

[P0 (s, 2t y) — 720 (s, 2 t, y)| < ColC(60)]*rP (t — s,2,7). (3.9)
Indeed, for k =1, using (1.5), (1.8) and Lemma 3.2, we have
[P0 (s, @t y) — 7P (s, 23t y)|
</t/ (|rP0 (s, 237, 2)|+|FP0 (s, 27, 2)|) - |b(r, 2)| - |VorP(t — 7, 2, y)|dzdr
<Gy // —s5,3,2) - |b(r, 2)| - |[VorP(t —r, 2,y)|dzdr
< CoCo)rP (t — s,2,y).

Suppose that (3.9) holds for some k € N. Based on (1.5), Lemma 3.2, and the induction hypothesis, we
have

P20 (s, 2t y) — 70 (s, 338, y))|
t
< // |rD’b(s,x;r, z) — fD’b(s,:r;r,z)| |o(r, 2)| - |VZTD(r,z;t,y)\dzdr
sJ D
t
< 00[0(50)}k// PPl — 5,2, 2) - [b(r, 2)| - [VorP (¢ — 7 2, y)|dedr
sJ D
< ColC(6o)F TP (t — s,2,y).

As C(bo) < 1, letting k — oo, we obtain the uniqueness.
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(ii) By choosing dy, smaller if necessary, we can assume that C(Jy) < 1 for 0 < s < t < s + &, where
C(do) is the constant from Lemma 3.4. It then follows from (3.6) that on Ds,,

1

rP(t— s,
o) Ao g+ =y 5o

)| =
which means that (1.9) is true. Moreover, according to (3.7) and Fubini’s theorem, we have

rD (s,z;t,y) = Zrksmty

t
D(Sax;tay)+2// ro(s,x;r,z)b(r,z)~Vzrk(r,z;t,y)dzd7”
k—0"S D

t
= ’I"D(S, xyt,y) + // ro(s,z;r, 2)b(r, 2) - VZTD’b(r,z;t,y)dzdr.
sJ D

This yields (1.6).
(iii) According to Fubini’s theorem, we have

/rDb(sxrz)r b rztydz—ZZ/rmsxrzrn m(r, 23t y)dz.
D

n=0m=0

Thus, for proving (1.10), it suffices to show that for each n € Ny,
Z/ T (S, 237, 2) T (1, 231, y)dz = (s, 238, Y). (3.10)
m=0"D
It is clear that the above equality holds for n = 0. Suppose that it holds for some n € N. Hence, we have
n+1
Z / rm(sv T, Z)TnJrlfm(n 2 t7 y)dZ = jl + j27
D

where

\71 = / Tn+1(57x;r,z)p0(raZ;t?y)dz
D
and

n
jg = Z/ ’I"m(S,J?;T,Z)pn+1—m(r72;t7y)dz'
m=0"D

According to (3.4) and Fubini’s theorem, we have

/(// (8,237, 2)b(r", 2) -V oo (1, 25 rz)dz'dr) o(r, zit,y)dz
// ra(s,z;r" 201, ) (/V/ror 2'; TZ)TO(thy)dz)dzdr

:// ra(s, 27", 2N0(r 2') - Voo (7, 25 8, y)d2 dr
sJ D

Similarly, based on (3.4) and the induction hypothesis, we have

¢
jQZ// ro(s, a1’ 2Vo(r! 2" - Voo (r!, 25t y)d2 dr'.
rJ D

Hence,

¢
Ji+T> :// ro(s, ;7" 2V0(r', 2") NV oro(r', 25t y)d2 dr' = ryyq (s, x5t y),
sJ D
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which provides (3.10).

Now, we can extend 77 (s, z;, y) from Dg, to the set {(s,z;¢,y) : ,y € D and 0 < s <t < 0o}. Then,
it is routine to extend the above assertions on Ds, to Ds for any § > 0. Moreover, for s+dg < t < s+ 20,
based on (1.10), we have

TD’b(s,a:;t,y):/ P (s, 255 4 60, u)rP b (s + 6o, us t, y)du
D

t
= / rPb(s,x; 5 + 6o, u) |:’I"D(t — 5 — 00, u; Y) +/ / Db (s + 8o, usr, 2)
D s+d80J D
x b(r,z) - VPt —r z, y)dzdr} du
= / P (s, 255 4 60, u)rP (t — s — 8o, us y)du
D
t
+/ / P (s, a7, 2)b(r, 2) - VorP (t — 7, 2, y)dzdr, (3.11)
+do

where, in the second equality, we have used the fact that rP*(s + g, u;t,y) satisfies (1.5). Similarly,
we have

/ Db (s, 258 4 00, u)rP (t — s — 8o, u; y)du
D
s+d0
—$,2,Y) / / (s,x;7, 2)b(r, 2) - VorP (t — 7, 2, y)dzdr,
which in conjunction with (3.11) yields that 77t (s, z; ¢, y) satisfies (1.5) with s + 8y < t < s +2Jy. Using

induction, we can show that rP-0(s, z;t, y) satisfies (1.5) on Ds for any § > 0.
(iv) Let Ry f(x) := [, rP(t — s,2,y) f(y)dy. According to (1.5), for any f € Cy(D), we have

R f(x) = Ry f(x /RDb b- VR, f)(x)dr. (3.12)

It then follows that for all f € C2(D),

RPLf(2) — f(a) = R f(x) — fx) + / RD2(b-V Ryt f) (a)dr

S

— [ Rl Calp) )@+ [ REN- VR D@ (313)

S

and, based on (3.12) and Fubini’s theorem,
¢ t
| REH Al A @)ds = [ R (—(=A10)2) f (@)
// RPD(b- YRy (—(— A | p)*2) ) () dudr

/RDbb v(/ Ry (— A|D)“/2)f(x)dr)du

- / RPb- V(R f (x) — f(x))du.

S

Combining this with (3.13), we obtain

RYPf(z) — f(z) = / t RP 4P f(z)dr

which provides (1.11).
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(v) Because 7P (t,z,y) is the transition density of the process Y, for any uniformly continuous
function f(x) with compact supports, we have

li - —0.
tlngRs,tf flloo =0

Furthermore, according to (1.8) and Lemma 3.2, we have

JATA S —
= ”fHoo/D (/S/Drf’<r—s,x,z>|b<r,z>|~|vzrD<t_r,z,y>|dzdr)dy

0<6>||fuoo/DrD< 5,2, 9)dy < C(6) £l

which yields (1.12) using (1.5).
(vi) Set

t
O(s,x;t,y) == // TD(’I“ —s,x,2)b(r, 2) - VZTD’b(r, z;t, y)dzdr.
sJ D

If we further assume that for v € (0, — 1), b € KJ,, then using (2.20) for any z,2’,y € D, we have

Vo ®(s,z;t,y) — Vi ®(s,2'; t,y)|

<|x—x|7// (Go(r 5,z,x)glli+1+v(r—s,x—z)
+da(r—s,z,2 )Qd+1+7(r —s,a" —2)) - |b(r, 2)|Ga(t — 1, v, z)géﬂ(t — 71,z —y)dzdr
v [ [ =l 5 )0k~ 2 2)
s
+4a(r —5,2,2") 0441 (r = 5,2 = 2)) - [b(r, 2)|da(t — 7.y, 2) 01 (t — 7, 2 — y)dzdr
=z — 2 "Ga(t — 5,9, %) 041 (t — 8,7 — ) /t/D(r — $)7%b(r, 2)|
s

X (Ga(r — 8,2,2) 0441 (r — 8,2 — 2) + da(r — 8,2,2") 04,1 (r — 8,2" — 2)
+da(t_razvy)gé+l(t_raz_ ))dZdr
Sz =2/ (t = 5) " Ga(t — 5,y,8) 01 (t— 5,7 — y),

where the third inequality is due to (3.3), and 7 is the point between x and x’ which is closer to y, and
the last inequality follows from the definition of K},. When this finding is combined with (1.6) and (2.20),
we obtain the desired result. The proof is completed. O
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