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Abstract In this paper, we first present a Gearhart-Priiss type theorem with a sharp bound for m-accretive
operators. Then we give two applications: (1) we give a simple proof of the result proved by Constantin et
al. on relaxation enhancement induced by incompressible flows; (2) we show that shear flows with a class of
Weierstrass functions obey logarithmically fast dissipation time-scales.
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1 Introduction

Let X be a complex Hilbert space. We denote by || - || the norm and by (-, -) the inner product. Let H be
a linear operator in X with the domain D(H). The Hille-Yosida theorem gives a necessary and sufficient
condition so that H generates a strongly continuous semigroup S(t) = e'f. We say that S(t) satisfies
P(M,w) if

IS@)]| < Me“t, t>0.

Theorem 1.1 (Hille-Yosida theorem). Let H be a linear operator in X with the domain D(H). Let
w€E€R,M > 0. Then H generates a strongly continuous semigroup S(t) = e satisfying P(M,w) if and
only if

1. H is closed and D(H) is dense in X;

2. for all A > w, X belongs to the resolvent set p(H) of H, and for all positive integers n,

M

0= )1 < =

However, it is not easy to check the second property for all powers of the resolvent. In the special case
of M = 1,w =0 (i.e., S(t) is a contraction semigroup), it is enough to check that for any A > 0,

1
%

Gearhart-Priiss theorem gives the semigroup bound via the resolvent estimate.

1A= H)™) <
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Theorem 1.2 (Gearhart-Priiss theorem). Let H be a closed operator with a dense domain D(H)
generating a strongly continuous semigroup etfl. Assume that ||(z — H)™Y| is uniformly bounded for
Rez > w. Then there exists M > 0 so that et satisfies P(M,w).

Let us refer to [7] for more introductions.

Recently, Helffer and Sjostrand [10] presented a quantitative version of Gearhart-Priiss theorem and
gave some interesting applications to the complex Airy operator, complex harmonic oscillator and Fokker-
Planck operator. Motivated by their work, we first present a Gearhart-Priiss type theorem with a sharp
bound for m-accretive operators. A closed operator H in a Hilbert space X is called m-accretive if the
left open half-plane is contained in the resolvent set p(H) with

(H+ N "teB(X), [[((H+N7Y <®e\)™ for Rel > 0.

Here B(X) is the set of bounded linear operators on X. An m-accretive operator H is accretive and
densely defined (see [12, Section V-3.10]), i.e., D(H) is dense in X and Re(H f, f) > 0 for f € D(H), and
—H is a generator of a semigroup e~ /. We denote

V(H) = inf{[|(H —iAf| : f € D(H), AeR, |fl] =1}

Let us state the following Gearhart-Priiss type theorem for accretive operators.

Theorem 1.3. Let H be an m-accretive operator in a Hilbert space X. Then we have |e=*| <
e tYUI+T/2 for all ¢ > 0.

We will give two applications of Theorem 1.3.

The first application of Theorem 1.3 is to give a simple proof of the result in [5] on relaxation enhance-
ment induced by incompressible flows. More precisely, we consider the passive scalar equation

(b?(x’t) + Au - V¢A($’t) - A(bA(x’t) =0, (]5(.’13,0) = ¢0(‘T)a (1'1)

in a smooth compact d-dimensional Riemannian manifold M. Here A is the Laplace-Beltrami operator
on M, and u is a divergence free vector field. Roughly speaking, a velocity field u is relaxation-enhancing
if by the diffusive time-scale O(1) arbitrarily much energy is already dissipated for A large enough.
The main result of [5] characterizes relaxation-enhancing flows in terms of the spectral properties of the
operator u - V. Precisely, u is relaxation-enhancing if and only if the operator w - V has no nontrivial
eigenfunctions in H'(M). The proof of this result is based on the so-called RAGE theorem. Thanks to
Theorem 1.3, the proof of relaxation-enhancing can be reduced to the resolvent estimate of the operator
Au -V — A, avoiding the use of the RAGE theorem. See Section 3 for more details.
For A > 0, by time rescaling 7 = At, (1.1) becomes

¢T+U'V¢_VA¢:Oa ¢($,0) :(bO(x)’ (1'2)

with v = 1/A. Our second application focuses on the case when M = T? and u is a shear flow. More
precisely, we study the decay estimates in time of the linear evolution semigroup S, () : L*(T?) — L*(T?),
with v > 0 a positive parameter, generated by the drift-diffusion scalar equation

Onf —vAf +u(y)0uf =0, (x,y9)€T? t>0, (1.3)
and of its hypoelliptic counterpart R, (t) : L?(T?) — L?(T?), generated by
o f — V@;f +u(y)0pf =0, (x,y) €T?, t>0. (1.4)

The case of general shear flows (u(y), 0) with a finite number of critical points was treated in [2], where the

enhanced dissipation time-scale was proved to be O(v~?), for p = p(ng) = Zgié

the maximal order of vanishing of u’ at the critical points. The proof there used the hypocoercivity

> %, where ny denotes

method in [15]. The reader may also see [4] for an interesting application of the enhanced dissipation
and related work [13].
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Our proof is based on Theorem 1.3. To this end, we study the resolvent estimate of H = —8; + iu(y)
with X = L%(T) and D(H) = H?(T) in Section 4. Set ¥;(u) = ¥(H) and

Wo(u) = inf{|[H f[[r2 : f € D(H), [[flr> =1}

Then Uy (u) = infyer Po(u—A). We will give a lower bound of ¥o(u) and ¥y (u) in terms of the following
quantities:

x+0
wo6,u) = inf / hi(y) — cf2dy,

z,ceR _s

z+5
ar() = infun@u—0) = inf [ o) e -l

Here u(y) = ¢'(y) and we identify a function on T with a 27-periodic function on R. Notice that ¥(y)
may not be a periodic function. The quantities wg and w; are well defined since their values do not
change if ¢ is added by a constant. We will give the dependence of p on u via the quantity wq (4, u). More
precisely, if wy (0, u) > C162**3 for § € (0,1) and some constants o > 0 and C; > 0, then the enhanced
dissipation time-scale is O(Vi%*?).

To show the effectiveness of this criterion, we will discuss the case when u(y) = >
Weierstrass function. Our result is stated as follows.

o Ifa, € R, 37" < |a,| < C37" for some a € (0,1), and 1 < |an|/|ant1]| < 3, then the enhanced
dissipation time-scale is O(v~a+2).

eIfa, € R, n7% < |ay| < Cn~? for some o € (1,2), and 1 < |ap|/|ans1] < 3, then the enhanced
dissipation time-scale is O(|lnv|*).
In fact the quantity wi(d,u) describes quantitatively the degeneracy of the critical point, and it is also
related with the regularity of the shear flow. If the shear flow is smooth, the best possible value should
be a = 1, and the rate can become worse depending on the order of the degeneracy of the critical point:
a = ng + 1. The example of the Weierstrass function shows the stronger dissipation can be brought by

o0

o1 Gnsin(3my) is a

nonsmooth shear flows. A key point is that we can give the lower bound of wy(d,u) in terms of a,, and
then the stronger dissipation follows from slower decay of a,,. See Section 5 for more details.

Recently, Coti Zelati et al. [6] proved the enhanced dissipation time-scale O(]Inv|?) in (1.2) for all
contact Anosov flows on a smooth 2d + 1 dimensional connected compact Riemannian manifold. Their
proof is based on the knowledge of mixing decay rates. Our result shows that a similar phenomenon also
happens for a class of shear flows.

Let us also mention some important progress on the enhanced dissipation of the linearized Navier-
Stokes equations around shear flows such as Couette flow and Kolmogorov flow [1,3,9,11,14,16,17].

Throughout this paper, we denote by C' a constant independent of A, v, t, which may be different from
line to line.

2  Proof of Gearhart-Priiss type theorem

In this section, we prove Theorem 1.3. The proof is partially motivated by [10].
Proof of Theorem 1.3.  Let ¥ = W(H). Since D(H) is dense in X, we only need to prove that

e~ Il < £, ¥ f € DH), t>0. @1)

For f € D(H), t >0, let g(t) = |le7* f||2. Since H is accretive, g(t) is decreasing for ¢ > 0, and we only
need to prove (2.1) for t¥ > 7/2. In this case, ¥ > 0. We denote

T et I=t4 &
40 T T qw T T T o

For x € C[0,1], x(0) = x(I) =0, set fi (s) = x(s)e " f and fo(s) = x'(s)e * f. Then O, f, +Hfi=fa
in [0,{]. Take Fourier transform in ¢: f;(\) = f(f fi(s)e™*sds, for j = 1,2, A € R. Then fo(\) =

to =1—
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(ir+ H)fl()\) By the definition of ¥, we have Hfg()\)H > \I!||]?1()\)|| We use Plancherel’s theorem to
conclude

1.5 1o
I f2llz2(0.0,x) = 2m) " 2| fallL2@.x) = (27) " 29| fillL2r,x) = Il f1ll 22 (0,0, %)
By the definitions of fi, fo and g, the above inequality becomes

1 !
/0 X'(5)7g(s)ds = ¥ /0 x(s)?g(s)ds.

Now we choose x as follows,

sin Us, 0<s<ty,
X(s) = q e¥*=™/4/V/2, t1 < s < to,
V=" sin(W(l — ), ta <5 <1
Set h(s) = x'(5)? — ¥2x(s)?. Then fol h(s)g(s)ds > 0, and
U2 cos(2Ws), 0<s<ty,
h(s) =4 0, t1 < s <t
W2e2¥I=27 co5(2W (] — 5)), to < 5 < 1

Therefore, h(s) > 0 for 0 < s <ty or t3 < s
h(s)g(s) < h(s)g(0) for 0 < s < ty, h(s)g(s)
and

I, h(s) <0 for to < s < t3. Since g is decreasing, we have
h(s)g(t) for to < s < t, h(s)g(s) < h(s)g(ts) for t < s <1,

NN

o
>

(
0 to
t1 t !
| s as+ [ nspatas+ [ nsjgteaas

2

_|_

! i !
0 g/ h(s)g(s)ds = (s)g(s)ds+/ h(s)g(s)ds
<

v —27
9(0) — 5 g(t) +0.

v
2
Therefore, g(t) < e~2¥!*+27¢(0), which implies that

e f|| < e V|| £l = e T2 £l

This completes the proof. O

3 Diffusion and mixing in fluid flows

Let us recall the following definition from [5].

Definition 3.1. Let M be a smooth compact Riemannian manifold. The incompressible flow u on
M is called relaxation-enhancing if for every 7 > 0 and 6 > 0, there exists A(7,d) such that for any
A > A(7,0) and any ¢g € L*(M), |¢ol|r2(ar) = 1,

162 (-,7) = Bl 2(ary <6,

where ¢4 (z,t) is the solution of (1.1) and ¢ the average of ¢o.

We take X = {f € L*(M) : [,, f = 0} to be the subspace of mean zero functions, and H = Hy =
—~A+ Au -V with D(H) = H>(M) N X. Set ¥5(A) = ¥(H,). Our result is as follows.

Theorem 3.2. Let M be a smooth compact Riemannian manifold. A continuous incompressible flow
u is relazation-enhancing if and only if the operator u -V has no eigenfunctions in H'(M), other than
the constant function.
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Proof.  The proof of the first part is the same as that in [5]. First of all, we have
Bl (D72 = (o7, ™) + (6%, 01') = =2 Vo™ (B)][72-

If u-V has nonconstant eigenfunctions in H'(M), then u-V has nonconstant eigenfunctions in H'(M)NX.
Assume that the initial datum ¢o € H'(M) N X for (1.1) is an eigenvector of u - V corresponding to an
eigenvalue i\, normalized so that ||¢g||z2 = 1, and then ¢ = 0, A € R. Taking the inner product of (1.1)
with ¢g, we arrive at

(&7 (1), o) = —1ANG™ (1), do) + (Ap™ (1), do)-
This along with the assumption ¢o € H'(M) leads to

[0 (M (@ (1), 00))| = (V™ (2), Vo) | < %(IIVch(t)H%z +IVeollZa).

Note that J; [[VoA(0)][2dt = (I60]2: — 64()]12:)/2 < 1/2. Then for 0 < ¢ < 7 = (2| Veol[22) 2, we
have [(¢“(t), ¢o)| = 1/2. Thus, ||¢*(7)||z> > 1/2 uniformly in A, and u is not relaxation-enhancing.

Now we prove the converse, we first claim that lim4_, o, ¥2(A) = +o00 implies relaxation-enhancing.
In fact, since ¢4(-,7) — ¢ € X and ¢(-,7) — ¢ = e~ "H4 (g — ¢), by Theorem 1.3, we have

164(,m) = Bllz(ary < e TV gy — G| 2 (ary < @TTIRAET/,

If img_,yoo Wo(A) = 400, then we can find A(7,d) such that for any A > A(7,d), we have Uy(A4) >
(m/2 —1nd)/7, and thus ||¢*(-,7) — @[l 2(ar) < 6.

Next, we claim that liminfs_, . ¥5(A) < —+oo implies that u - V has a nonzero eigenfunction in
H'(M)nN X. In fact, in this case, there exist A, — 400 and Cy € R such that ¥5(A,,) < Cp and there
exist A, € R and f,, € X such that || f,||r2(ar) = 1 and [[(Ha, —iAn) fullz2(ar) < Co. Then

IV fullZ2ary = Re(fns gn) < I fullzzanllgnll2an) < Co,

where g, = (Ha, —i\,)fn. Thus, the sequence {f,} is bounded in H'(M) and there exist a subsequence
of {fn} (still denoted by {f,}) and fo € H*(M), such that f, — fo strongly in L?(M). Therefore,
I follL2(ary = 1, fo € X. For f € H' (M), we have

(G, [) = Vo, V) + An(u -V o, ) = A fns £,

and
Ay,

— 0,

(Vs f) =15 U ) =
as n — +o0o, where we used A,, — +o0o and
gn, [y = (Vi VO < llgnll 2o f 2 + IV fall2oan IV £l 22 an
< Collfllzzqan) + C3 IV S lz2qan.

Moreover,
(u-Vin f) = ={fnu- V) = ={fo,u-Vf) = (u-Vfo, f),
and (fn, f) = {fo, f) as n = +oo. Therefore,

lim ijl—”(fn,ﬁ:(u-vfo,ﬁ-

n—-+oo -

If we take f = fo then we have (f,, f) = (fo,f) = (fo, fo) =1 # 0 and ig—z = (u - Vo, fo) def i\, as
n — +oo. Therefore, for every f € H'(M), we have

n—-+oo

Mo f) =l i3 (s ) = (- Vo ),

Since H'(M) is dense in L?(M), we have i\fo = u - Vfo, fo # 0. This proves our claim.
With the above two claims, we prove the converse part. O
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Compared with [5], we do not need to assume u to be Lipschitz continuous and our proof is easier. As
in [5], with a slight modification, we can prove a more general result. Let I" be a self-adjoint, positive,
unbounded operator with a discrete spectrum on a separable Hilbert space H: Let 0 < Ay < Ap < -+
be the eigenvalues of I', and e; the corresponding orthonormal eigenvectors forming a basis in H. The
(homogeneous) Sobolev space H™(I') associated with I' is formed by all vectors ¢ = > cje; such
that [[1]]2, = > A"¢j? < 4o0. Note that H?*(I') = D(T'). Let L be a symmetric operator such that
HY(T) € D(L) and || Lt|lo < C|[||1 for ¢ € HY(T'). Consider a solution ¢ (¢) of the Bochner differential
equation

Oy (t) = 1ALy (1) — T'o™ (),  ¢*(0) = ¢ (3.1)

Theorem 3.3.  ForT and L satisfying the above conditions, the following two statements are equivalent:
e For every 7 > 0 and § > 0, there exists A(7,0) such that for any A > A(7,0) and any ¢g €
H, ||¢ollo = 1, the solution ¢(t) of the equation (3.1) satisfies ||¢™ (7)o < 9.
e The operator L has no eigenvectors lying in H'(T).

Here we do not assume that [[eL%||; < B(¢)||¢)||;. Therefore, our result is applicable to the example
given in [5]: H = L*(0,1), I'f(z) =3, e"2f(n)e2”im, and Lf(z) =z f(x).

4 The resolvent estimate for the shear flows

In this section, we give the resolvent estimate of the operator H = H(,) = —85 + iu(y). We start with a
few basic observations concerning the operator H(,). As is well known, the operator Hgy = —85 is self-
adjoint in L?(T) with a compact resolvent, and its spectrum is a sequence of eigenvalues {\" },,cn, where
A =0, A9, = A3,,_, = n? By the classical perturbation theory [12], it follows that H(,) has a compact
resolvent for any u € C(T,R), and that its spectrum is again a sequence of eigenvalues {)\%u)}neN, with
Re(A') = 400 as n — +oc.

Since Re(H f, f)r2 = [|0yf||2. > 0 for f € D(H) = H?*(T), H is accretive, Re()\%“)) > 0, and
(H + Nullp2]|ull 2 = Re((H + ANu,u)r2 > Re(Au,u)r2 = (ReX)||ul|2s, [[(H + Nul|z2 > (Red)|u| 2 for
ReX > 0, which implies that H is m-accretive.

For A € R, H — i\ is invertible if and only if

inf{[|(H —iA)fllz> : f € D(H), |[f]z> =1} >0.

If U(H) > 0, then H — i)\ is invertible for all A € R, and
-1
W(H) = (sup (H — X)) = wf{|(H X2 2 € D(H), AeR, |7z =1).
€

Thus, our definition of ¥(H) is the same as that in [8]. We first give a lower bound of ¥y(u) in terms of
wo(d,u). Then the lower bound of ¥y (u) follows by minimizing \. Recall that

Wo(u) = inf{||H fl|r2 : f € D(H), [[fllr2 =1}

The following lemma shows the existence of the minimizer.
Lemma 4.1.  If u = Uo(u), then there exists 0 # f € D(H) so that Hf = puf.

Proof. By the definition of u = ¥o(u), we have ||Hgl||rz > p|lg||rz for all ¢ € D(H), and we can take
fn € D(H) and ||fn]|r2 = 1 such that ||H f| L2 — © as n — oo. Then the sequence {f,} is bounded in
H?(T), and there exist a subsequence of {f,} (still denoted by {f,}) and fo € D(H), such that f,, — fo
strongly in L?(T) and H f,, — H fo weakly in L?(T) as n — oo. Therefore, ||follr2 = 1, ||H follzz < p. If
=0, then we can take f = fo. If 4 > 0, we have forall g € D(H), t € R, ||H fo+tHgl||r2 > pll fo+tgllrz,
and the equality holds at ¢ = 0, therefore,

d
0=~ (lHfo+ tHg|72 — 1|l fo + tgll72) = 2Re(H fo, Hg) — 2u”Re(fo, g),
t=0
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and we also have 0 = 2Re(H fo,iHg) — 2u*Re(fo,ig). Thus, 2(H fo, Hg) = 2u*(fo,g). Set Hfo = pgo,
and then (go, Hg) = p{fo,g) for all g € D(H). This implies that g9 € D(H*), and H*gy = pnfo. Here
H* = —0; — iu(y) and D(H*) = H?*(T). Therefore, go € D(H) and Hgg = pufo. Since fo+go # 0 or
fo—g0 # 0, we can take f = fo 4+ gg or i(fo — Go)- O

Now we need to study the equation Hf = uf. Set u(y) = ¢'(y) and ¥(y) € R for y € R. Now we can
define wp(d,u) and wq(d,u) as in Section 1. Recall that

x4+
wold,u) = inf / i) — cfdy.

z,ceR —85

Lemma 4.2. [f0# fe€ D(H), Hf = uf, © >0, 6 >0, then Vi = 21(5 or 36./mtan(y/1d) = wo (6, u).

Proof. If p=0, then 0 = Re(Hf, f)2 = ||0yf||22, f is constant, u = 0, ¢ is a constant, wo(d, u) = 0,
and the result is true. Now we assume p > 0.

In this case, we have f € C?(T). We can normalize || f||,~ = 1, and assume |f(yo)| = 1 for some yo € R.
Set a =sup{y: f(y) =0,y < yo} and b=inf{y: f(y) =0,y > yo}. Then —oo < a < yo < b < 400 and
f#0in (a,b), f(a) =01if a > —o0o, f(b) =0 if b < +00. Now we can find g € C?(a,b) such that f = e’
in (a,b), and then Hf = (—g” — ¢’> +iu)f. Set g = p+i6, p,0 € R. Then f = e~%f and the equation

Hf = uf in (a,b) can be written as —g” — ¢'* +iu = pe=? or

—p" = p? 4+ 6% =pcos20, —0" 200" +u=—psin26.

As [[flle =1, |f(yo)| = 1, we have p < 0 in (a,b), p(yo) = 0, and p'(yo) = 0.
We first give the lower bounds of yo — a and b — yy. By the standard theory of ODEs; if a > —oo, then
limy_q, p(y) = —o0, while if b < 400, then lim,_;_ p(y) = —oo.

Since p" 4+ p'? + u = 0% + 2u(sinf)? > 0, setting p; = arctan L;u we have p;(yg) = 0,
%—&—120, and p1(2) = p1(y) + (y — 2)y/p for a <y < z <b.
For y € (a,b), if b <y + (p1(y) + 7/2)/\/1, then

Vs
inf p1 > +(y—0> >——, inf p' > —o0, inf p> —o0,
Inf p1> 1 )+ —vVi>—3 i p inf p

a contradiction. Therefore b > y+ (p1(y) +7/2)/\/p. Similarly, a <y + (p1(y) —7/2)/y/it. In particular,

aéyO—L<y0+L<b-
2 /0 2 /0

Now we estimate |p'(y)|. For y € (a,b), we have y1 =y + p1(y)/\/1t € (a,b),

o) = o) = [ # = [ an (s

> [" Vit ) + - 2 R)s

1

=In———.
cos p1(y)

Since p(y1) < 0, we have ™) < cos p;(y). On the other hand, if |y — yo| < 37 then

o) —plw) = [ ez = [ itan pu (e

Y Yy
Yo

< Vitan(p1(yo) + (o — 2)y/p)dz

1
cos((y — yo)v/i1)”

=In
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Here we used p1(yo) = p(yo) = 0. Therefore, cos((y—yo)/f) < e”¥) < cos p1(y). Since (y—yo) /B, p1(y) €

(=7/2,7/2), we have |y — yo|\/it = [p1(y)| and |p'(y)| = utan|pi(y)| < /tan(|ly — yoly/k). Now if

Vit < 35, then ¢ < fand

Yo+0 Yyo+0
[ wepa: < / (0" + 9 + p)dz
Yi Yo

0—90 —4

n Yo+3 )
Pttt (s = ol ) + s

Yo—0

< 2y/ptan(d+/p) + 24/ptan(d+/)
= 4\/ptan(dy/w).
Here we used |p'(y)| < /mtan(|y — yo| /1) = /itan(d /i) for y = yo £ 6.

Now we estimate wg(d,u). Since u(y) = ¢'(y), we have

v
—0" —20'0 + 9 = —psin20 and Y(y) — O (y) —c= / (20'0" — psin 20)dz

Yo

for ¢ =9 (yo) — 0'(yo)- If yo < y < yo + J, then
y2/2+9/2+2 y2/2_|_ /I+ /2_|_ +2
[W(y) —0'(y) — | < / %dz < / il \/% QRPN
Yo Yo
Pl . 3 [Y Py 3
= + — P+ p)dz < + — ptan?(|z —y + p
\@ 7 yo( ) ARG yo( (12 = yolv/i) + p)dz
<Vp/2tan((y — yo)v/1v) + 3v/ /2 tan((y — yo) /1)
= 2\/ tan( (y Yo)v/I).-
Similarly, if yo — 0 <y < yo, then |[¢(y) — 0'(y) — ¢| < 2¢/2ptan(|y — yo|/it). Therefore,
yo+0 ) yo+9 , ) 3 [Yoto , )
by < [ - eay<s [ WPy [ ) - 0) - oPay
y y y

0—0 0—0 0—30

3 Yo+0
<3 aytan@ym +5 [ Sutan(ly - yolvAdy

Yo—9
= 12/ptan(d/u) + 24(y/ptan(d/p) — o)
< 36,/ tan (8 /).
This completes the proof. O

Set ¢ : [0,7/2) — [0,400), ¢(x) = 36xtanz. Then ¢ is a one-to-one increasing function and we
denote =1 : [0, +00) — [0,7/2) to be the inverse function.

Lemma 4.3. For § > 0, we have

To(u) = (9~ (dwo(d,u))/6)%,  Wi(u) > (¢~ (dwi(6,u))/8)%.
Proof.  Let u = Uo(u). By Lemma 4.1, there exists 0 # f € D(H) such that Hf = uf. By Lemma 4.2,

we have /i1 > 75 or 36,/utan(y/ud) = wo(d,u). Therefore, \/ud > T or p(,/1d) = 36,/pd tan(/ud) >
dwo (0, ).

Since ¢(z) = 36z tan  is a one-to-one increasing function, we have /16 > 5 or \/ud = ¢~ (wo (6, u)).
As o (bwo(d,u)) < 7/2, /6 = ¢ H(bwo(d,u)) is always true, and /i = ¢~ (dwo(6, u))/é, Po(u) =
(vVR)? = (¢~ (0w (d,u))/6)?. Now we have

Uy (u) = ;\relﬂf{{ Tolu—A) = ;2£(¢—1(5w0(57u - )\))/5)2

= (o7 (5 i wo(6,u— X)) /5)” = (¢ (a6, w)) /0"

This completes the proof. O
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5 Enhanced dissipation for shear flows

As in [2], let Ly, = iku — v(92 — |k|?) and Ry, = iku — vd2 be the linear operators associated with the
k-th Fourier projections of (1.3) and (1.4), associated with the linear semigroups

eithT" — Sy(t)Pk, e*tRk,u = Ry(t)Pk

For fixed v and k, L, and Ry, are m-accretive. Notice that Ry, = VH vy and Ly, = Ry, + V|k|2.
By Theorem 1.3, we have

Hefy|k|2teftRk1y —tRk.»

lraoze < o™ lpape = |
g 67751/‘1/(}[(1611/1/))‘HT/2 = eituq}l(ku/u)+ﬂ/27 Vt 2 O

e*tl’H(ku/y) HL2

”eit RUHL2—>L2 L2

Let us first give the decay rate in terms of wy (6, u).

Theorem 5.1. For a > 0, u € C(T,R), assume that wy(§,u) > C16%2%%3 for § € (0,1). Here C} is a
positive constant. Then there exist positive constants € and C' such that for every v > 0 and every integer

k # 0 satisfying v|k|~1 < 1/2,
1S, (1) Pell 122 < Ce™k | Ry (6) Pyl 22 < CemMrt, Vi >0, (5.1)

where Py denotes the projection to the k-th Fourier mode in x and X%k = Vﬁrﬂk\%ﬁ 1s the decay rate.

Proof. By the definition, we have wy (8, u) > 0 is increasing with respect to 6 and homogeneous of degree
~ o 2
2 with respect to u, i.e., w1 (8, Au) = A%w;(6,u) for every constant A € R. Since A, = va+2 k|52, we
~ 1
take § = (v/\,x)"/% = (v/|k|)a+2 € (0,1). Then

Sw1 (6, ku/v) = 6(|k|/v)?wi(8,u) = 6672 T2y (5, u) = wi (6,u) /6223 > C).
(™ (0w (8, ku/v)) /6)?
vy (ku/v) = v(e™" (Bwi (6, ku/v))/6)* = v(e~ ' (C1)/6)?
= v(e™ (C))2/((v/ X)) V?)? = (071 (C1) M.

By Lemma 4.3, for § = (V/X,,};C)l/2 > 0, we have Uy (ku/v) >

Thus,
1Sy (8) Pellr2—z2 = lle™ " |2y re <Ry (8) Pill ez = lle™ || g2y 2
< e—tV\Ill(ku/V)+7T/2 < e—axu,kt+7r/2 Vt>0
where € = (¢71(C1))? > 0 is a constant. O

The following lemma gives the lower bound of wy(d, %) when u(y) is a Weierstrass function.

Lemma5.2. Ifu(y) =Y, a,sin(3"y) is a Weierstrass function, a, € R\{0}, and 1 < |a|/|an+1] <
3, meZ, m>0, then w1 (3 ™, u) > C~1373ma2 .

Proof.  We can take ¥(y) = — > | %2 cos(3"y ) such that u(y) = ¢'(y). We introduce the difference

n=1 37
operator &, f(y) = f(y) — f(y + h) satisfying A nf(y) = fly) = 3f(y +h) + 3f(y + 2h) — fly + 3h).
Noticing that A3 (e™) = el™V(1 — e")3 = m(y+ h)(2s1n 21)3, we have A cos(ny) = —sin(n(y +
3h))(2sin 22)3, Ady(y) = S07 ) shsin(3"(y + %h))(2sm )3, Note that for z,c1,co € R, h > 0, we

have A%(w( ) —c1—cy) = A%iﬁ(y),

x T w+3h
/ (A3(y))dy = / (A3 ((y) — e1 — eay))dy < C / 1 — o)y,
x—3h x—3h

and thus, infyer [ 4, (A3(y))?dy < Cwi(3h,u). Now we take h = 37" !mw. Then we can write
AfY () = fily) + foy) with fi(y) = 255, § sin(3"(y + 31))(2sin 21)% and

- £ (o030 (72’

n=m
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= io Ao in (3ny 4+ 27 2in ST ’
AT Y 2 2

+oo
8an
%cos(3m y) — Z ?jincos(?)"y).
n=m-+1
Thanks to 1 < |ap|/|ant1| < 3, we have |a,| < |ap 3™ for 1 < n < m and

m—

Z an|‘3nh|3 mz: |am|3m n|3nh|3

n
2sin —

Ay Z '3—

m—1
3mh3 (3—m—1ﬂ_)3 ‘a ‘7.‘_3
— m niy3 < m — 2m _ m T
|am |3 23 W < Jam |37 == = lam[3 5 3m 51

Notice that the functions {cos(3"y)}nez.n>m are orthogonal in L?(x — 3h, x) = L*(z —3~™, z) for every
z € R, and |a,| = |a;,|3™™ for n > m. Then we have

||f2|‘%2(m—3h,ac) = 32m || COS(3 )||L2(’I' 3h,x) + Z 32 || COS(3 )||L2(T 3h,z)
n=m-+1

~awm* 30 i" (8lan)? 30 _ [am[? 3h i" (8|am|3™")2 3h

o3 2 3@ 2 7 32m 2 320 2
n=m-+1 n=m-+1
am|? 3h =g am|? 319
s (e 8 -
32m 2 nim134("m) 32m 2 5
Therefore,
HA ¢||L2 (x—3h,x) = Hf?”Lz(m 3h m) - ||f1||L2 (z—3h,x)
|am|? 3R 9 \am\w
> 2m
32m 2 5 37 54| 12 3y
1
lam| (3RONZ  |an,| 7 1
=—\| == ——=——=—(3h
3m \ 25 gm 51 00)*
Ll ((2)F )
—3m \\10) 54
|am| 3 1
>
3m 10 M)
Here we used (19—0)% — g—z > 19—0 — % > % — 16—0 = %. Therefore,
lam| 3 : lam| 3 : -m ‘am‘z
18560y > (o5 ) 30) = (Lol &) 5omm > S
and
w1(37™m,u) = wy (3h,u) = C~* 1nf A3 ¢|‘L2(x 3hyw) = > C 1375 q,, |2
This completes the proof. O

Now we are in a position to give some examples of shear flows that induce an enhanced dissipation
time-scale faster than O(v—1/3).

Lemma 5.3.  Ifu(y) = > o, a,sin(3"y) is a Weierstrass function, a, € R, 37" < |a,| < Cp3™"
for some constants o € (0,1), Co > 1 and 1 < |an|/|ant+1] < 3, then there exist positive constants
e and C such that for every v > 0 and every integer k # 0 satisfying v|k|™' < 1/2, (5.1) holds for
A k= etz |k:|a+2
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Proof.  For every 6 € (0,1), there exists m € Z, m > 0, such that 3 ™7 < § < 37" lr. As
|am| = 37 by Lemma 5.2, we have wy(d,u) > w(3™™m,u) = C~1373mq,,|? > C~1373m|3—ma|2
C—13-B+2)m > 0=1(§/(3m))3 2 > C~16%+22, Now the result follows from Theorem 5.1.

0l

Lemma 5.4. Ifu(y) = >..°, a,sin(3"y) is a Weierstrass function, a, € R, n=* < |a,| < Con™®
for some constants « € (1,2), Co > 1 and 1 < l|ap|/|ant1] < 3, then there exist positive constants
e and C such that for every v > 0 and every integer k # 0 satisfying v|k|7t < 1/2, (5.1) holds for
Ak = [k|(In([k] /1))~

Proof.  For every 6 € (0,1), there exists m € Z, m > 0, such that 377 < § < 37Tz, and thus
m < logg(m/8) +1 < C(1 —Ind). As |ay| = m™%, by Lemma 5.2, we have wy(d,u) > w1 (37w, u) >
C1373m|q,,|2 > C~1373mm =20 > C~1§3(1 — In 6) 2. Since ., = |k|(In(|k|/v))~*, taking

§ = (/) = (v/|k])? (In(|k|/v))® € (0,1),
we have

dwi (6, ku/v) = §(|k|/v)%wi (8,u) = 6(62(In(|k|/v))*)%w: (6, u)
> C716(07 2 (In(|k|/v))*)?5% (1 — In§) 2~
= C YIn(|k|/v))**(1 — Ind) 2.
We also have 6 > C~(v/|k])z, Ind > (1/2)In(v/|k|]) — C and 1 —Ind < C — (1/2)In(v/|k]) = C +
(1/2)In(|k|/v) < C'In(|k|/v), which imply that dw, (4, ku/v) > Ci for an absolute constant Cy > 0.
By Lemma 4.3, for § = (v/)\, x)'/? > 0, we have

U1 (ku/v) = (97! (0wi (6, ku/v))/8)%,

and
vy (ku/v) = v(e™ (0w (8, ku/v))/8)* > v(e™ (C1)/6)?
= v (OO /(w/ X)) = (27 H(C)) Ao
Thus,
150 (#) Pl 222 = lle™ (|22 < 1Ry (8 Prll2—sr2 = [le™" 7 |2y po
< eftu\Ill(ku/u)Jr‘n'/Q < est,,ﬁkt+7r/2’ V> 0,
where ¢ = (¢=1(C1))? > 0 is a constant. This completes the proof. O
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