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1 Introduction

The approximation properties of deep neural network models are among the most tantalizing problems in
machine learning. It is widely believed that deep neural network models are more accurate than shallow
ones. Yet convincing theoretical support for such a speculation is still lacking. Existing work on the
superiority of the deep neural network models are either for very special functions such as the examples
given in [7], or special classes of functions such as the ones having a specific compositional structure.
For the latter, the most notable are the results proved by Poggio et al. [6] that the approximation error
for deep neural network models is exponentially better than the error for the shallow ones for a class of
functions with specific compositional structure. However, given a general function f, one cannot calculate
the distance from f to such class of functions. In the more general case, Yarotsky [8] considered C#-
differentiable functions, and proved that the number of parameters needed to achieve an error tolerance
of e is O(af% log 1). Montanelli and Du [5] considered functions in the Koborov space. Using connection
with sparse grids, they proved that the number of parameters needed to achieve an error tolerance of
is O(e~2 (log 1)d).

For shallow networks, there has been a long history of proving the so-called universal approximation
theorem, going back to the 1980s (see [2]). For networks with one hidden layer, Barron [1] established
a convergence rate of (’)(n_%) where n is the number of hidden nodes. Such universal approximation
theorems can also be proved for deep networks. Lu et al. [4] considered networks of width d + 4 for
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functions in d dimension, and proved that these networks can approximate any integrable function with
sufficient number of layers. However, they did not give the convergence rate with respect to depth. To
fill in this gap, we give a simple proof that the same kind of convergence rate for shallow networks can
also be proved for deep networks.

The main purpose of this paper is to prove that for analytic functions, deep neural network approxima-
tions converge exponentially fast. The convergence rate deteriorates as a function of the dimensionality
of the problem. Therefore the present result is only of significance in low dimension. However, this result
does reveal a real superior approximation property of the deep networks for a wide class of functions.

Specifically, this paper contains the following contributions:

(1) We construct neural networks with fixed width d + 4 to approximate a large class of functions,
where the convergence rate can be established.

(2) For analytic functions, we obtain exponential convergence rate, i.e., the depth needed only depends
on log% instead of ¢ itself.

2 The setup of the problem

We begin by defining the network structure and the distance used in this paper, and proving the corre-
sponding properties for the addition and composition operations.

We will use the following notation:

(1) Colon notation for subscript: Let {@m.n} = {zi:i=m,m+1,...,n} and {Zmy 01 man. b = {Tij :
i:ml,ml + 1,...,n1,j = M2, M3 + 1,...,77,2}.

(2) Linear combination: Denote y € L(z1,...,x,) if there exist 5, € R, ¢ = 1,...,n, such that
y= B0+ Brx1 + -+ BTy,

(3) Linear combination with ReLU activation: Denote § € L(z1,...,x,) if there exists y € L(z1, ..., z,)
and § = ReLU(y) = max(y, 0).
Definition 2.1.  Given a function f(z1,...,2q), if there exist variables {y1.r,1.m} such that
Yi,m S E('£1:d)7 Yi+1,m S E(xlzdyyl,le)7 f S ‘C(zl:dayl:L,le)a (21)

where m = 1,...,M, 1l =1,...,L — 1, then f is said to be in the neural nets class Fr (Rd)7 and
{v1:0,1:1} is called a set of hidden variables of f.

A function f € Fr ar can be regarded as a neural net with skip connections from the input layer to
the hidden layers, and from the hidden layers to the output layer. This representation is slightly different
from the one in standard fully-connected neural networks where connections only exist between adjacent
layers. However, we can also easily represent such f using a standard network without skip connection.

Proposition 2.2. A function f € Fr m (]Rd) can be represented by a ReLU network with depth L + 1
and width M +d + 1.

Proof.  Let {y1.1,1:.m} be the hidden variables of f that satisfies (2.1), where

d L M
f=a0+ Y cixi+ Y Y Brmbim-
i=1

=1 m=1
Consider the following variables {hi.p, 1.0}
hii:v =y:m, hiM+1:M+d = Ti:a

fori=1,...,L, and

d M
hiM4d+1 = ag + Zaixi, hiv1,M+d+1 = Py prgd+r + Z Brmhim
i=1 m=1
forl =1,...,,L —1. One can see that hy ,, € ﬁ(xl;d), hit1,m € E(hl,l:lv[-i-d-i,-l), m=1,...,. M+d+1,

l=1,...,L—1, and f € L(hr 1.m+a+1), which is a representation of a standard neural net. O
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Proposition 2.3 (Addition and composition of neural net class Fr ar). (1) We have
From + From © Fro4L,,Mm, (2.2)

i.e., if f1 € ]:LLM (Rd) and fa € Fr, M (Rd), then fi + fo € Fri41.,Mm-

(2) We have
From ©Fr m+1 C Fri+Lo,M+1, (2.3)
ice., if f1(@1,...,2q) € Fr, m41 (RY) and fo(y,z1,...,xa) € From (RYTY), then
fg(fl(.%'l, . ,;Bd), T1y... ,xd) S ]:L1+L2,M+1 (Rd> .

Proof.  For the addition property, denote the hidden variables of f; and fs as {yglzll vt and {yf%%l: M

respectively. Let
_ (1) _ (2
Y1:L1,0:M = Y1.1, 1:Mm0  YLa+1:Li+Lo,1:M = Y1.0, 1:M -

By definition, {y1.1,+L,,1:1} is a set of hidden variables of fi + fo. Thus f1 + fo € Fr,+L,,M-
For the composition property, denote the hidden variables of f; and f> as {yﬁ%hl:Mﬂ} and {nyJ:M},
respectively. Let

€Y (2
Y1:Ly,1:M+1 = Y1.1, 1:M+1 YLi+1:Li+Le, M = Yi.1, 1:M
YLi+1,M+1 = YL 142, M+1 = " = YL +Loy,M+1 = f1($17 cee ,xd)~

One can see that {y1.0,+L,,1:m+1) i a set of hidden variables of fo(fi(x), ), thus the composition
property (2.3) holds. O

Definition 2.4. Given a continuous function ¢(z), = € [~1,1]¢ and a continuous function class
F([-1,1]%), define the L., distance

dist(, F) = jof Jnax., lp(@) — f(z)]- (2.4)

Proposition 2.5 (Addition and composition properties for distance function). (1) Let p1 and p2 be
continuous functions. Let F1 and Fo be two continuous function classes. Then

diSt(Oq(pl + OéQQOQ,Fl + .FQ) < |C¥1‘diSt(3017]:1) + |Ol2|diSt(g027.7:2), (25)

where ap and oz are two real numbers.
(2) Assume that Sol(w) = wl(x17 BRI 7md)7 802(:% EE) = @2(y7x17 cee 7md) satisfy 901([_17 1]d) - [_17 1]
Let Fi([~1,1]%) and Fa([—1,1]4t1) be two continuous function classes. Then

dist(pa(p1(x), ), Fo 0 F1) < Ly, dist(p1, F1) + dist(p2, Fa), (2.6)

where L, is the Lipschitz norm of @a with respect to y.

Proof.  The additional property obviously holds. Now we prove the composition property. For any
f1 € F1 and fy € F3, one has

lpa(p1(x), z) — f2(fi(z), )]
< p2(p1(x), ) — p2(fi(@), )| + |lp2(fi(x), ) — fo(fi(z), z)|
< Ly, le1(z) = fi(@) oo + lp2(y, ®) — f2(y, )|l co-

Take fi = argming|lp1(x) — f(x)|lo and f§ = argming||p2(y, ) — f(y, ®)||occ. Then
lpa(p1(x), ®) — f5(fi (), ®)| < Ly, dist(pr, F1) + dist(pz, F2).

Thus the composition property (2.6) holds. O
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Now we are ready to state the main theorem for the approximation of analytic functions.
Theorem 2.6. Let f be an analytic function over (—1,1)%. Assume that the power series f(x) =

D kend arx® is absolutely convergent in [—1,1]%. Then for any § > 0, there exists a function f that can
be represented by a deep ReL U network with depth L and width d + 4, such that

1f(x) = f(m)] <2 D |ax]| - exp(—dd(e L2 — 1)) (2.7)

keNd

for all z € [-1+6,1— 4]

3 Proof

2 and multi-

The construction of f is motivated by the approximation of the square function ¢(z) = z
plication function ¢(z,y) = xy proposed in [3,8]. We use this as the basic building block to construct

approximations to monomials, polynomials, and analytic functions.

Lemma 3.1.  The function p(x) = 22, x € [—1,1] can be approzimated by deep neural nets with an
exponential convergence rate:

dist(p = 22, Fr.0) < 272F. (3.1)
Proof.  Consider the function
2y, 0<y<1/2,
9(y) =

Then g(y) = 2y — 4ReLU(y — 1/2) in [0, 1]. Define the hidden variables {y1.1 1.2} as follows:

y11 = ReLU(z), w12 = ReLU(—2),
y2,1 = ReLU(y11 +¥1,2), Y2,2 = ReLU(y11 + y1,2 — 1/2),
Yi+1,1 = ReLUQ2y11 —4y12),  Yit1,2 = ReLU(2y;1 — 4y — 1/2)

for 1 =2,3,...,L — 1. Using induction, one can see that |z| = y1,1 + y1.2 and
gl(|x‘) =gogo--- Og(|$|) = 2yl+1,1 - 4yl+1,27 l= ]-7 . '7L -1
S —

l

for z € [-1,1]. Now let

alla)
o) =Jal = 3

Then f € Fp 2, and |2? — f(z)| < 272F for z € [-1,1]. O

Lemma 3.2.  For the multiplication function p(z,y) = xy, we have
dist(p = 2y, Fap2) < 3-272E. (3.2)

Proof.  Notice that

2
Tty 15, 1,
= :2 — —_— = —_—— .
p=uzy ( 5 > 5T~ Y

Applying the addition properties (2.2), (2.5) and Lemma 3.1, we obtain (3.2). O
Now we use the multiplication function as the basic block to construct monomials and polynomials.

Lemma 3.3.  For a monomial M,(x) of d variables with degree p, we have

dist(Mp, Fap-1yr.3) < 3(p—1) 272" (3:3)
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Proof.  Let
Mp(w):l'ill'h"'itip, il,...,iPE{l,...,d}.

Using induction, we assume that the lemma holds for the degree-p monomial M), and consider a degree-
(p + 1) monomial My y(x) = My(x) - 2i,,,. Let o(y,x) = yx. Then My, 1 (x) = p(My(x),z;,,,). From
the composition properties (2.3), (2.6) and Lemma 3.2, we have

dist(Mp1, Fapr,3) < dist(o(Mp(x),xi,,,), Fsr,2 © Fap—1)L,3)

<
< L<PdiSt(Mp, fB(p—l)L,l%) + dlSt(gD, FgL’Q)
< 3p- 272,
Note that the Lipschitz norm L, = 1 since z;,,, € [-1,1]. O
Lemma 3.4. For a degree-p polynomial
Pp(x)= > anz®, xe[-1,11%, k= (k... ,ka) €N,
|k|<p

we have

diSt(vaJT(PZd)(pfl)Lﬁ) < 3(p — 1) . 2_2[, Z |ak|~ (34)
lk|<p

Proof.  The lemma can be proved by applying the addition properties (2.2), (2.5) and Lemma 3.3.
Note that the number of monomials of d variables with degree less than or equal to p is (p Zd). O

Now we are ready to prove Theorem 2.6.

Proof of Theorem 2.6.  Let
€= exp(—dé(e_lLﬁ —1)).

Then L = [e(5 log 1 + 1)]**. Without loss of generality, assume Y, |ax| = 1. We will show that there
exists f € Fp 3 such that ||f — fllec < 2e.
Denote

f(x) = Py(z) + R(x) == Z apx® + Z apx®.

|k|<p |k|>p

For & € [-1+ 4,1 —¢6]%, we have |R(x)| < (1 —§)?, thus truncation to p = 5 log 1 will ensure |R(z)| < e.
From Lemma 3.4, we have dist(P,, F1 3) < 3(p — 1) - 272 where

—d -1 d -1
1 1 1 1 1 1 1 1
=Lle| —=log—+1 —log—| =lel=log—+4+1)| [ =log-
()] Goez) = [o(oez+1)] (os2)
1 1
> log — + log —
€ ]
for d > 2 and € < 1, and then
dist(P,, Fr3) < 3(p—1) - 272 <e.
In the case of d = 1, note that the polynomial
Py(x)=ao+aiz+---+apz? =ap+x(a1 + (- (ap—1 + apx)--+)).
Following the proof of Lemma 3.3, one can see that

dist(P,, Fa(p_1)rr3) < 3(p — 1) - 272
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ford=1and > ¥_, |ax| < 1. Thus

L 1[/1. 1 21001 -1 1 1
L=—— —_le[Zlog=+1 —log = —1 log = + log =
3p—1) 3[6(6 ogg-i-ﬂ (5 og6 > > ogg—i—ogé

still holds, and dist(P,, Fr3) < €.
Therefore, there exists f € Fr3 such that |P, — f|ls < ¢, and

1 = Flloo < If = Pollos + 1P = flloo < 2e.

The proof is completed. O

One can also formulate Theorem 2.6 as follows:

Corollary 3.5.  Assume that the analytic function f(x) = Y, cne ax® is absolutely convergent in
[~1,1]%.  Then for any €,§ > 0, there exists a function f that can be represented by a deep ReLU
network with depth L = [e(35 log 2 + 1)]*? and width d + 4, such that | f(z) — f(z)] < 2¢ > ok lax| for all
ze[-1+461-4"L

4 The convergence rate for the general case

Here, we prove that for deep neural networks, the approximation error decays like O((N/d)~ ) where N
is the number of parameters in the model. The proof is quite simple but the result does not seem to be
available in the existing literature.

Theorem 4.1.  Given a function f : R — R with the Fourier representation
fa) = [ e fw)dw,
R4
and a compact domain B C R?® containing 0, let
Crn = [ 1olslfw)lde
B

where |w|p = sup,cp |w-x|. Then there exists a ReLU network fr ar with width M +d+1 and depth L,
such that

2du(a) < o2 4.1

[ 1#@) = fua@)Paute) < <72, (41)

where v is an arbitrary probability measure.

Here, the number of parameters N satisfies
N=({@d+1)(M+d+1)+(M+d+2)(M+d+2)(L—1)+(M+d+2)=0(M+d)’L).
Taking M = d, we will have L = O(N/d?) and the convergence rate becomes
O((ML)™%) = O((N/d)~%),

Note that in the universal approximation theorem for shallow networks with one hidden layer, one can
prove the same convergence rate

O(n™%) = O((N/d)"%).

Here, n is the number of hidden nodes and N = (d + 2)n + 1 is the number of parameters.

Theorem 4.1 is a direct consequence of the following theorem by Barron [1] for networks with one
hidden layer and sigmoidal type of the activation function. Here, a function o is sigmoidal if it is
bounded measurable on R with o(+00) = 1 and o(—o00) = 0.



E W et al. Sci China Math  October 2018 Vol. 61 No.10 1739

Theorem 4.2.  Given a function f and a domain B such that Cy p is finite, given a sigmoidal func-
tion o, there exists a linear combination

fn(CC) :cha(aj-w+bj)+co, a; ERd, bj,Cj € R,
j=1

such that )

N 4C5 g
; (@) = fula) P du(@) < —7=. (4.2)
Notice that
o(z) = ReLU(z) — ReLU(z — 1)
is sigmoidal, so we have the following corollary.

Corollary 4.3.  Given a function f and a set B with Cy p finite, there exists a linear combination of n
ReLU functions

fn(w) = Z cheLU(aj -+ b]) -+ co,
=1

such that )

8C%
[ 1#(@) - h@Pau@) < =22,
B n
Next, we convert this shallow network to a deep one.

Lemma 4.4. Let f, : R? = R be a ReLU network with one hidden layer (as shown in the previous
corollary). For any decomposition n = my + --- +myg, ng € N*, f, can also be represented by a ReLU
network with L hidden layers, where the l-th layer has m; + d + 1 nodes.

Proof.  Denote the input by = (21,...,24). We construct a network with L hidden layers in which
the I-th layer has m; + d + 1 nodes {h; 1:m,+d+1}- Similar to the construction in Proposition 2.2, let

hroia=ho—11:a=-=h11:4 =214, hiar; =ReLU(ay; -+ b ;)
forj=1,...,my,l=1,...,L, and
m;
hdymi+1 =0,  Piptdimei+1 = hdym 41 + E crihi,d+j
j=1

for { =1,...,L — 1. Here, we use the notation @; ; = @m,+...+m, ,+; (the same for b, ; and ¢; ;). One
can see that

hl,m S E(xlzd), hl+1,m S E(hl,1:d+ml+1)7 m = 1,...,d+ml+1, | = ].,...,L— 1

and
mi+-+mp_q
hi,d4m+1 = co + Z ¢jReLU(a; - @ + b;).
j=1
Thus
mg
fo=hpatmee1+ Y crjhrary € L0 varm, 1)
j=1
can be represented by this deep network. O

Now consider a network with L layers where each layer has the same width M +d+1. From Lemma 4.4,
this network is equivalent to a one-layer network with M L hidden nodes. Applying Corollary 4.3, we
obtain the desired approximation result for deep networks stated in Theorem 4.1.
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