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1 Introduction

Let X be a singular algebraic variety of finite type over an algebraically closed field. A resolution of

singularities of X is a certain (proper and birational) morphism π : X̃ → X, where X̃ is a non-singular

algebraic variety. As remarked in [12, p. 1, Line −4], the functor Db(cohX̃) → Db(cohX) induced by π

enjoys some remarkable properties.

The bounded derived categories of coherent sheaves on X̃ and X are related by two natural functors,

known as the derived pushforward π∗ : Db(cohX̃) → Db(cohX) and the derived pullback functor π∗ :

Dperf(cohX) → Db(cohX̃), such that π∗ is left adjoint to π∗. Here Db(cohX) stands for the bounded

derived categories of coherent sheaves on X and Dperf(cohX) stands for the full subcategory of Db(cohX)

consisting of perfect complexes. IfX have rational singularities, then the composition π∗◦π∗ is isomorphic

to the identity functor [12, p. 2].

Based on this observation, as he mentioned, Kuznetsov [12, p. 2] introduced the notion of a categorical

resolution of singularities. By the definition a categorical resolution of a triangulated category D is a

regular triangulated category D̃ and a pair of functors π∗ and π∗ satisfying almost similar conditions

as above (see [12, Definition 3.2]). Recall that a triangulated category T is called regular if it is equiv-

alent to an admissible subcategory of the bounded derived category of a smooth algebraic variety [12,

Definition 3.1].

Note that, as remarked in [6, p. 7, Line −1], the pushforward functor π∗ identifies Db(cohX) with the

quotient of Db(cohX̃) by the kernel of π∗. Based on this observation, as they mentioned, Bondal and
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Orlov [6] defined a categorical desingularization of a triangulated category T as a pair (A,K), where A is

an abelian category of finite homological dimension and K is a thick triangulated subcategory of Db(A)

such that T ≃ Db(A)/K (see [6, Section 5]). Recall that a full triangulated subcategory of a triangulated

category T is called thick if it is closed under taking direct summands.

Recently, Zhang [19] combined these two categorical levels of the notion of a resolution of singularities

and suggested a new definition for a categorical resolution of a non-smooth triangulated category [19,

Definition 2.2].

Zhang [19, Theorem 6.1] then proved that if Λ is an Artin algebra of infinite global dimension and

has a module T with idΛT < ∞ such that ⊥T is of finite type, then the bounded derived category

Db(mod-Λ) admits a categorical resolution. The main technique for proving this result is the notion of

relative derived categories studied by several authors in different settings (see, e.g., [7,9,14]). Recall that

a triangulated category T is called smooth if it is triangle equivalent to the bounded derived category

of an abelian category A with Db(A) = Db
hf(A), where Db

hf(A) is the subcategory of Db(A) consisting of

homological finite objects [19, Definition 2.1].

In this paper, we generalize Zhang’s result to arbitrary Artin algebras and show that bounded derived

category of every Artin algebra admits a categorical resolution. The technique for the proof is based on a

relative version of so-called Auslander’s formula [3,13]. Besides Auslander’s formula we use the following

known result of Auslander [4]. In his Queen Mary College lectures [4, Chapter III, Section 3] he proved

the following important result.

Theorem 1. Let Λ be an Artin algebra with radical J and n be the nilpotency index of J . Then the

Artin algebra Λ̃ = EndΛ(
⊕n

i=1 Λ/J
i)op has the following properties:

(i) The global dimension of Λ̃ is finite.

(ii) There is a finitely generated projective Λ̃-module P such that EndΛ̃(P )op and Λ̃ are isomorphic

Artin algebras.

Hence, as he mentioned, Artin algebras of finite global dimension determine all Artin algebras [4, p. 47,

Line 34]. Our volunteer for the proof of the main theorem via a functorial approach is Λ̃, that throughout

for ease of the reference we call it A-algebra of Λ. ‘A’ stands both for ‘Auslander’ and also ‘Associated’

algebra. Of course, instead of Auslander’s result, one can also use an important result due to Iyama [10,

Corollary 1.2]. Note that, as remarked in [8, p. 1], there exists an idempotent e of Λ̃ such that Λ ≃ eΛ̃e.

For the proof, see [17, p. 243, Line −2].

2 Preliminaries

Throughout the paper, Λ denotes an Artin algebra over a commutative Artinian ring R, Mod-Λ denotes

the category of all right Λ-modules and mod-Λ denotes its full subcategory consisting of all finitely

presented modules. Moreover, Prj-Λ (prj-Λ, respectively) denotes the full subcategory of Mod-Λ (mod-Λ,

respectively) consisting of projective (finitely generated projective, respectively) modules. Similarly, the

subcategories Inj-Λ and inj-Λ are defined. For a Λ-module M , we let add-M denote the class of all

modules that are isomorphic to a direct summand of a finite direct sum of copies of M .

2.1 Functor category

Let A be an additive skeletally small category. The Hom sets will be denoted either by HomA(−,−),

A(−,−) or even just (−,−), if there is no risk of ambiguity. Let X be a full subcategory of A. By the

definition, a (right) X -module is a contravariant additive functor F : X → Ab, where Ab denotes the

category of abelian groups. The X -modules and natural transformations between them, called morphisms,

form an abelian category denoted by Mod-X or sometimes (X op,Ab).

An X -module F is called finitely presented if there exists an exact sequence

X (−, X) → X (−, X ′) → F → 0
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with X and X ′ in X . All finitely presented X -modules form a full subcategory of Mod-X , denoted

by mod-X or sometimes f.p.(Cop,Ab). Covariant additive functors and its full subcategory consisting

of finitely presented (left) X -modules will be denoted by X -Mod and X -mod, respectively. Since every

finitely generated subobject of a finitely presented object is finitely presented [3, p. 200, Line 7], Auslander

called them coherent functors. Recall that an objectA inA is finitely generated if given any family {Ai}i∈I

and an epimorphism fi : Ai → A (with i ∈ I), there exists a finite subset J of I such that fj : Aj → A

(with j ∈ J) is an epimorphism [3, p. 192, Line 6].

The Yoneda embedding X ↩→ mod-X , sending eachX ∈ X to X (−, X) := A(−, X) |X , is a fully faithful

functor. Note that for each X ∈ X , X (−, X) is a projective object of mod-X . Let A ∈ A. A morphism

φ : X → A with X ∈ X is called a right X -approximation of A if A(−, X) |X → A(−, A) |X → 0 is exact,

where A(−, A) |X is the functor A(−, A) restricted to X . Hence A has a right X -approximation if and

only if (−, A) |X is a finitely generated object of Mod-X . X is called contravariantly finite if every object

of A admits a right X -approximation. Dually, one can define the notion of left X -approximations and

covariantly finite subcategories. X is called functorially finite, if it is both covariantly and contravariantly

finite.

2.2 Relative Auslander’s formula

Let A be an abelian category. Auslander’s work on coherent functors [3, p. 205, Line 8] implies that the

Yoneda functor A → mod-A induces a localisation sequence of abelian categories

mod0-A // mod-A //
jj A,hh

where mod0-A is the full subcategory of mod-A consisting of those functors F for them there exists a

presentation

A(−, A) → A(−, A′) → F → 0

such that A → A′ is an epimorphism (see for more details [11, Theorem 2.2]), where mod0-A is denoted

by effA. This, in particular, implies that the functor mod-A → A, that is the left adjoint of the Yoneda

functor, induces an equivalence
mod-A
mod0-A

≃ A.

Following Lenzing [13] this equivalence will be called Auslander’s formula.

In [2, Theorem 3.7], Asadollahi et al. showed that for every contravariantly finite subcategory X of

mod-Λ containing projective Λ-modules, there exists a recollement of abelian categories

mod0-X
i // mod-X ϑ //

iρ

jj

iλ
tt

mod-Λ,

ϑρ

ii

ϑλ

tt

where mod0-X := Ker(ϑ), and the full subcategory of mod-X consisting of all functors F such that

ϑ(F ) = 0. This, in particular, implies that

mod-X
mod0-X

≃ mod-Λ.

The case X = mod-Λ, gives usual Auslander’s formula. For another approach, see [5, Proposition 4.13].

Recall that a recollement of abelian category A with respect to abelian categories A′ and A′′ is a

diagram

A′ u // A v //

uρ

ff

uλ

xx
A′′

vρ

ff

vλ

xx
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of additive functors such that u, vλ and vρ are fully faithful, (uλ, u), (u, uρ), (vλ, v) and (v, vρ) are adjoint

pairs and Im(u) = Ker(v) [15, Definition 2.7].

Also a localisation sequence consists only the lower two rows of a recollement such that the functors

appearing in them satisfy all the conditions of a recollement that involve only these functors.

The following remark is devoted to recall the definitions of the functors ϑ and ϑρ.

Remark 2.1. (i) Let X be a contravariantly finite subcategory of mod-Λ containing projective Λ-

modules, F ∈ mod-X , and

X (−, X1)
(−,d)→ X (−, X0) → F → 0

be a projective presentation of F , whereX0 andX1 are in X . Then by [2, Remark 3.2], ϑ(F ) is determined

by the exact sequence

X1
d→ X0 → ϑ(F ) → 0.

Moreover, if f : F → F ′ is a morphism in mod-X and

X (−, X ′
1)

(−,d′)→ X (−, X ′
0) → F ′ → 0

is a projective presentation of F ′, then clearly f can be lifted to a morphism between projective presen-

tations. The Yoneda lemma now comes to play for the projective terms to provide unique morphisms d,

d′, f0 and f1 such that the following diagram is commutative:

X1
//

f1

��

X0

f0

��
X ′

1
// X ′

0.

These morphisms then induce a morphism ϑ(F ) → ϑ(F ′), which is exactly ϑ(f). Note that the

definition of ϑ(f) is independent of choosing a lifting of f and also as an immediate consequence of

[2, Proposition 3.1], ϑ is a covariant functor.

(ii) Let X be a contravariantly finite subcategory of mod-Λ containing projective Λ-modules and

M ∈ mod-Λ. Then ϑρ(M) = HomΛ(−,M) |X .

We sometimes write (−,M) |X for HomΛ(−,M) |X , where it is clear from the context. Also, if M ∈ X ,

HomΛ(−,M) |X = X (−,M).

Note that since X is a contravariantly finite subcategory of mod-Λ, for every Λ-module M , the functor

HomΛ(−,M) |X belongs to mod-X .

Remark 2.2. (i) Let X be a contravariantly finite subcategory of mod-Λ containing projective Λ-

modules. Then, we have the following sequence:

0 → F0 → F → (−, ϑ(F )) |X → F1 → 0,

where F0 and F1 are in mod0-X [2, Remark 3.10].

It is worth to note that in the case X = mod-Λ, this exact sequence is exactly the fundamental exact

sequence obtained by Auslander [3, p. 204, Line 6].

(ii) Let F and F ′ be functors in mod-X . By part (i), there exist exact sequences

0 → F0 → F
α→ (−, ϑ(F )) |X → F1 → 0,

0 → F ′
0 → F ′ α′

→ (−, ϑ(F ′)) |X → F ′
1 → 0,

such that F0, F1, F
′
0 and F ′

1 are in mod0-X . Note that [2, Lemma 5.1] allows us to follow the similar

argument to that in [3, Proposition 3.4] and deduces that

((−, ϑ(F )) |X , (−, ϑ(F ′)) |X ) ∼= (F, (−, ϑ(F ′)) |X ).
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In fact, since F0 and F1 are in mod0-X , Ext1(Fi, (−, ϑ(F ′)) |X ) = 0 for i = 0 and 1 [2, Lemma 5.1]. Hence

we have the exact sequence

(F1, (−, ϑ(F ′)) |X ) → ((−, ϑ(F )) |X , (−, ϑ(F ′)) |X ) → (F, (−, ϑ(F ′)) |X ) → (F0, (−, ϑ(F ′)) |X ).

Since (Fi, (−, ϑ(F ′)) |X ) = 0 for i = 0 and 1 [2, Lemma 5.1], the map

Σ : ((−, ϑ(F )) |X , (−, ϑ(F ′)) |X ) → (F, (−, ϑ(F ′)) |X )

is an isomorphism. Thus given any map F → (−, ϑ(F ′)) |X , there exists one and only one map

(−, ϑ(F )) |X → (−, ϑ(F ′)) |X which makes the diagram

F
α // (−, ϑ(F )) |X

��
F // (−, ϑ(F ′)) |X

commutative. So for a morphism σ : F → F ′ in mod-X , there exists a unique map

δ : (−, ϑ(F )) |X → (−, ϑ(F ′)) |X

commuting the following square:

F
α //

σ

��

(−, ϑ(F )) |X

δ

��
F ′ α′

// (−, ϑ(F ′)) |X .

Consequently, there are unique morphisms σ0 : F0 → F ′
0 and σ1 : F1 → F ′

1 such that the following

diagram is commutative:

0 // F0

σ0

��

// F

σ

��

α // (−, ϑ(F )) |X

δ

��

// F1

σ1

��

// 0

0 // F ′
0

// F ′ α′
// (−, ϑ(F ′)) |X // F ′

1
// 0.

Convention. From now to the end, X is a contravariantly finite subcategory of mod-Λ containing

prj-Λ. For a subcategory B of an abelian category A, C(B) (K(B), respectively) denotes the category of

complexes (the homotopy category of complexes, respectively) over B. Their full subcategories consisting
of bounded complexes will be denoted by Cb(B) and Kb(B), respectively.

3 A derived version of Auslander’s formula

In this section, we give a derived version of Auslander’s formula. To this end, we first prove the following

proposition. This proposition has been proved in [1, Lemma 3.1.9(i)] in slightly different settings. For

the convenience of the reader, we provide a proof with some modifications to adapt it with our settings in

this section. Let X be a contravariantly finite subcategory of mod-Λ containing prj-Λ. The exact functor

ϑ : mod-X → mod-Λ, defined in Remark 2.1(i), can be extended to Db(mod-X ) to induce a triangle

functor

Db
ϑ : Db(mod-X ) → Db(mod-Λ).

It acts on objects, as well as roofs, terms by terms (i.e., for every complex F = (F i, ∂i), Db
ϑ(F ) :=

(ϑ(F i), ϑ(∂i))). Let us denote the kernel of Db
ϑ by Db

0(mod-X ). By the definition, it consists of all

complexes K such that Db
ϑ(K) ≃ 0. Clearly Db

0(mod-X ) is a thick subcategory of Db(mod-X ). The

induced functor

Db(mod-X )/Db
0(mod-X ) → Db(mod-Λ)

will be denoted by D̃b
ϑ.
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Proposition 3.1. Let F ∈ C(mod-X ) be a complex over mod-X . There exists an exact sequence

0 → F0 → F → (−,Db
ϑ(F )) |X → F1 → 0,

where F0 and F1 are complexes over mod0-X .

Proof. Let F = (F i, ∂i). By Remark 2.2(i), for every i ∈ Z, there is an exact sequence

0 → F i
0 → F i αi

→ (−, ϑ(F i)) |X → F i
1 → 0

such that F i
0 and F i

1 belong to mod0-X . In view of Remark 2.2(ii), for every i ∈ Z, there exists a unique

morphism δi : ϑ(F i) → ϑ(F i+1) making the diagram

F i //

∂i

��

(−, ϑ(F i)) |X

(−,δi)

��
F i+1 // (−, ϑ(F i+1)) |X

commutative. Hence, there exist the unique morphisms ∂i
0 : F i

0 → F i+1
0 and ∂i

1 : F i
1 → F i+1

1 which make

the diagram

0 // F i
0

//

∂i
0

��

F i //

∂i

��

(−, ϑ(F i)) |X //

(−,δi)

��

F i
1

//

∂i
1

��

0

0 // F i+1
0

// F i+1 // (−, ϑ(F i+1)) |X // F i+1
1

// 0

commutative. The uniqueness of ∂i
0, ∂

i
1 and δi yield the existence of complexes

F0 := · · · → F i−1
0

∂i−1
0→ F i

0

∂i
0→ F i+1

0 → · · · ,

F1 := · · · → F i−1
1

∂i−1
1→ F i

1

∂i
1→ F i+1

1 → · · · ,

V := · · · → ϑ(F i−1)
δi−1

→ ϑ(F i)
δi→ ϑ(F i+1) → · · ·

that fits together to imply the result (note that, since αi(Λ) is an isomorphism for all i ∈ Z, V ≃ Db
ϑ(F )).

Thus, we get the desired exact sequence.

Let Kb
Λ-ac(mod-X ) denote the full subcategory of Kb(mod-X ) consisting of all complexes F such that

F (Λ) : · · · → F i−1(Λ)
∂i−1
Λ→ F i(Λ)

∂i
Λ→ F i+1(Λ) → · · ·

is an acyclic complex of abelian groups. If F is a complex in Kb
Λ-ac(mod-X ), then F (P ) is acyclic, for all

P ∈ prj-Λ. The Verdier quotient Kb(mod-X )/Kb
Λ-ac(mod-X ) will be denoted by Db

Λ(mod-X ), i.e.,

Db
Λ(mod-X ) := Kb(mod-X )/Kb

Λ-ac(mod-X ).

Moreover, we denote the full subcategory ofKb(mod-X ) consisting of all acyclic complexes byKb
ac(mod-X ).

It is a thick triangulated subcategory of Kb
Λ-ac(mod-X ). Consider the Verdier quotient

Kb
Λ-ac(mod-X )/Kb

ac(mod-X ).

Clearly, this quotient is a triangulated subcategory of Db(mod-X ) = Kb(mod-X )/Kb
ac(mod-X ).

Corollary 3.2. With the assumptions as in our convention,

Db
0(mod-X ) ≃ Kb

Λ-ac(mod-X )/Kb
ac(mod-X ).
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Proof. Let F be a complex in Db(mod-X ). For the proof, it is enough to show that if Db
ϑ(F ) is an

acyclic complex, then F ∈ Kb
Λ-ac(mod-X ). But it follows from the exact sequence

0 → F0 → F → (−,Db
ϑ(F )) |X → F1 → 0

of the above proposition. The proof is hence completed.

Let

Ψ : Db
Λ(mod-X ) =

Kb(mod-X )

Kb
Λ-ac(mod-X )

→ Kb(mod-X )/Kb
ac(mod-X )

Kb
Λ-ac(mod-X )/Kb

ac(mod-X )
=

Db(mod-X )

Db
0(mod-X )

denote the equivalence of triangulated quotients [16, Corollaire 4-3]. Clearly Ψ acts as identity on the

objects but sends a roof f
s to the roof f/1

s/1 .

The composition

ϑ̃ := D̃b
ϑΨ : Db

Λ(mod-X ) → Db(mod-Λ)

attaches to any complex F the complex ϑ̃(F ), where

ϑ̃(F ) : · · · → ϑ(F i−1)
ϑ(∂i−1)→ ϑ(F i)

ϑ(∂i)→ ϑ(F i+1) → · · · .

Similarly, ϑ̃ sends a roof

F H
soo f // G

to the roof

ϑ̃(F ) ϑ̃(H)
ϑ̃(s)oo ϑ̃(f) // ϑ̃(F ),

where for each morphism f in Kb(mod-X ), ϑ̃(f) is the homotopy equivalence of a chain map in Cb(mod-Λ)

obtained by applying ϑ terms by terms on the chain map f .

Proposition 3.3. The functor ϑ̃ is an equivalence of triangulated categories. In particular, the functor

D̃b
ϑ is an equivalence of triangulated categories.

Proof. Since ϑ̃ = D̃b
ϑΨ and Ψ is an equivalence, ϑ̃ is an equivalence if and only if so is D̃b

ϑ. This proves

the second part. To prove the first part, we define the functor η : Db(mod-Λ) → Db
Λ(mod-X ) as follows:

for every complex X, η(X) := (−,X) |X . Also, η maps every roof

X Z
soo f // Y

in Db(mod-Λ) to the roof

(−,X) |X (−,Z) |X
(−,s)oo (−,f) // (−,Y ) |X

in Db
Λ(mod-X ). Observe that, since the mapping cone M(s) belongs to Kb

ac(mod-Λ), the mapping cone

M((−, s)) belongs to Kb
Λ-ac(mod-X ). Now, we show that the functor η is faithful, full and dense. Let

X Z
f //soo Y

be a roof in Db(mod-Λ) such that the induced roof

(−,X) |X (−,Z) |X
(−,s)oo (−,f) // (−,Y ) |X

is zero in Db
Λ(mod-X ). So, there is a morphism ξ : F → (−,Z) such that the mapping cone M(ξ) belongs

to Kb
Λ-ac(mod-X ) and (−, f) ◦ ξ = 0 in Kb(mod-X ). By Proposition 3.1, there exists an exact sequence

0 // F0
// F

α // (−,Db
ϑ(F )) |X // F1

// 0,
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where F0 and F1 are complexes over mod0-X . Since, α(Λ) : F (Λ) → Db
ϑ(F ) is an isomorphism, there is

a map

Db
ϑ(F )

(α(Λ))−1

→ F (Λ)
ξ(Λ)→ Z

with acyclic cone, such that f ◦ ξ(Λ) ◦ (α(Λ))−1 = 0 in Kb(mod-Λ). Hence, the roof

X Z
soo f // Y

is zero in Db(mod-Λ). Thus, η is faithful. The same argument as above works to prove that η is full.

Indeed, let

(−,X) |X H
f //soo (−,Y ) |X

be a roof in Db
Λ(mod-X ). By Proposition 3.1, there exists an exact sequence

0 → H0 → H
β→ (−,Db

ϑ(H)) |X → H1 → 0,

where H0 and H1 are complexes over mod0-X .

Proposition 3.1 allows us to follow the similar argument used in Remark 2.2(ii) and deduce the iso-

morphisms

((−,Db
ϑ(H)) |X , (−,X) |X ) ∼= (H, (−,X) |X ) and ((−,Db

ϑ(H)) |X , (−,Y ) |X ) ∼= (H, (−,Y ) |X ).

Therefore, there are morphisms

βX : (−,Db
ϑ(H)) |X → (−,X) |X and βY : (−,Db

ϑ(H)) |X → (−,Y ) |X

such that βX ◦β = s and βY ◦β = f . Note that since the mapping cone M(s) ∈ Kb
Λ-ac(mod-X ) and β(Λ)

is an isomorphism, the mapping cone M(βX) belongs to Kb
Λ-ac(mod-X ). Now, the commutative diagram

H
β

&&LL
LLL

LLL
id

����
��
��

H
s

{{www
www

ww f

,,XXXXX
XXXXXX

XXXXXX
XXXXXX

XXXX (−,Db
ϑ(H)) |X

βY

''PP
PPP

PPP
P

βX

ssggggg
ggggg

ggggg
gg

(−,X) |X (−,Y ) |X

implies that the roof (−,X) |X H
f //soo (−,Y ) |X is equivalent to the roof

(−,X) |X (−,Db
ϑ(H)) |X

βX //βYoo (−,Y ) |X

in Db
Λ(mod-X ). Moreover, let X be a complex in Db

Λ(mod-X ). Then an exact sequence

0 → X0 → X → (−,Db
ϑ(X)) |X → X1 → 0

implies that X is isomorphic to (−,Db
ϑ(X)) |X in Db

Λ(mod-X ) and so η is dense.

Obviously, ϑ̃ ◦ η ≃ 1Db(mod-Λ) and so ϑ̃ is an equivalence.

Remark 3.4. The triangle-equivalence

D̃b
ϑ : Db(mod-X )/Db

0(mod-X ) → Db(mod-Λ)

is in fact a derived version of Auslander’s formula. This derived level formula has been proved by Krause

[11, Corollary 3.2] for the case where X = mod-Λ.
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4 Categorical resolutions of bounded derived categories

In this section, we give a functorial approach to show that Db(mod-Λ), the bounded derived category

of Λ, admits a categorical resolution, where Λ is an arbitrary Artin algebra.

We begin by the definition of a categorical resolution of the bounded derived category of an Artin

algebra. Although, the definition in literature is for arbitrary triangulated categories, in this paper we

only concentrate on the bounded derived categories of Artin algebras.

We follow the definition presented by [19, Definition 2.2], which is a combination of a definition due

to Bondal and Orlov [6] and also another one due to Kuznetsov [12, Definition 3.2], both as different

attempts for providing a categorical translation of the notion of the resolutions of singularities.

Definition 4.1 (See [19, Definition 2.2]). Let Λ be an Artin algebra of infinite global dimension. A

categorical resolution of Db(mod-Λ), is a triple (Db(mod-Λ′), π∗, π
∗), where Λ′ is an Artin algebra of

finite global dimension and π∗ : Db(mod-Λ′) → Db(mod-Λ) and π∗ : Kb(prj-Λ) → Db(mod-Λ′) are

triangle functors satisfying the following conditions:

(i) π∗ induces a triangle-equivalence Db(mod-Λ′)
Ker(π∗)

≃ Db(mod-Λ);

(ii) π∗ is left adjoint to π∗ on Kb(prj-Λ), i.e., for every P ∈ Kb(prj-Λ) and every X ′ ∈ Db(mod-Λ′),

there exists a functorial isomorphism

Db(mod-Λ′)(π∗(P ),X ′) ∼= Db(mod-Λ)(P , π∗(X
′));

(iii) the unit η : 1Kb(prj-Λ) → π∗π
∗ is a natural isomorphism.

Furthermore, a categorical resolution (Db(mod-Λ′), π∗, π
∗) of Db(mod-Λ) is called weakly crepant if π∗

is also a right adjoint to π∗ on Kb(prj-Λ).

Now we are in a position to give a functorial approach to show that the bounded derived category of

every Artin algebra admits a categorical resolution.

Theorem 4.2. Let Λ be an Artin algebra of infinite global dimension. Then the bounded derived

category of Λ, Db(mod-Λ), admits a categorical resolution.

Proof. Let X be a contravariantly finite subcategory of mod-Λ containing prj-Λ and Λ̃ denote its

A-algebra. We prove the theorem in six steps.

Step I. As it is mentioned in Section 3, the exact functor ϑ : mod-X → mod-Λ, defined in

Remark 2.1(i), can be extended naturally to Db(mod-X ) to induce a triangle functor

Db
ϑ : Db(mod-X ) → Db(mod-Λ).

It acts on objects, as well as roofs, terms by terms.

Step II. We define the functor Kb
ϑλ

: Kb(prj-Λ) → Kb(mod-X ) as follows: For every complex P ∈
Kb(prj-Λ), Kb

ϑλ
(P ) := (−,P ). So in fact, it is a functor from Kb(prj-Λ) to Kb(prj-(mod-X )), i.e., for

every complex P ∈ Kb(prj-Λ), Kb
ϑλ

(P ) = (−,P ) is a bounded complex of projective X -modules.

Step III. As it is mentioned in Section 3, denote the kernel of Db
ϑ by Db

0(mod-X ). By Proposition 3.3,

the induced functor
Db(mod-X )

Db
0(mod-X )

→ Db(mod-Λ),

denoted by D̃b
ϑ, is an equivalence of triangulated categories.

Step IV. Kb
ϑλ

is left adjoint to Db
ϑ on Kb(prj-Λ). To prove this we show that for every complexes

P ∈ Kb(prj-Λ) and F ∈ Db(mod-X ), there exists an isomorphism

Db(mod-X )(Kb
ϑλ

(P ),F ) ∼= Db(mod-Λ)(P ,Db
ϑ(F )),

of abelian groups. Let F ∈ Db(mod-X ). By Proposition 3.1, there exists an exact sequence of complexes

0 → F0 → F → (−,Db
ϑ(F )) |X → F1 → 0
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such that F0 and F1 are complexes over mod0-X . This sequence can be divided into the following two

short exact sequences of complexes:

0 → F0 → F → K → 0 and 0 → K → (−,Db
ϑ(F )) → F1 → 0.

These two sequences, in turn, induce the following two triangles F0 → F → K  andK → (−,Db
ϑ(F )) →

F1  , in Db(mod-X ), where F0 and F1 are considered as objects of Db(mod0-X ). Applying the functor

Db(mod-X )(Kb
ϑλ

(P ),−) on these triangles, there are the induced two long exact sequences of abelian

groups

(Kb
ϑλ

(P ),F0) → (Kb
ϑλ

(P ),F ) → (Kb
ϑλ

(P ),K) → (Kb
ϑλ

(P ),F0[1])

and

(Kb
ϑλ

(P ),F1[−1]) → (Kb
ϑλ

(P ),K) → (Kb
ϑλ

(P ), (−,Db
ϑ(F ))) → (Kb

ϑλ
(P ),F1),

respectively, where all Hom groups are taken in Db(mod-X ).

But since P ∈ Kb(prj-Λ), Kb
ϑλ

(P ) = (−,P ) ∈ Kb(prj-(mod-X )). Hence, by applying some known

abstract facts in triangulated categories (see, e.g., [18, Corollary 10.4.7]), all these Hom sets can be also

considered in Kb(mod-X ).

On the other hand, by applying Yoneda lemma terms by terms, one can easily show that for every

P ∈ Kb(prj-Λ) and G ∈ Kb(mod0-X ),

Kb(mod-X )((−,P ),G) = 0.

Thus, there exists the following isomorphism of abelian groups:

Kb(mod-X )(Kb
ϑλ

(P ),F ) ∼= Kb(mod-X )(Kb
ϑλ

(P ), (−,Db
ϑ(F ))).

Therefore, to complete the proof, it is enough to show that

Kb(mod-X )(Kb
ϑλ

(P ), (−,Db
ϑ(F ))) ∼= Kb(mod-Λ)(P ,Db

ϑ(F )).

This is a consequence of the Yoneda lemma applying terms by terms in view of the fact that Kb
ϑλ

(P ) =

(−,P ). Note that since P is a bounded complex of projectives, by [18, Corollary 10.4.7],

Db(mod-Λ)(P ,Db
ϑ(F )) ∼= Kb(mod-Λ)(P ,Db

ϑ(F )).

The proof of this step is now completed.

Step V. For every bounded complex of projectives P , Db
ϑKb

ϑλ
(P ) = Db

ϑ((−,P )) = P .

Step VI. Since Λ̃ is A-algebra of Λ, there is a Λ-module M such that Λ̃ = EndΛ(M) [4, p. 47, Line 26].

Set X := add-M . Then mod-X ≃ mod-Λ̃. Therefore, the triple (Db(mod-Λ̃),Db
ϑ,Kb

ϑλ
) is a categorical

resolution of Db(mod-Λ).

Towards the end of the paper, we show that if Λ is a self-injective Artin algebra of infinite global

dimension, then the triple (Db(mod-Λ̃),Db
ϑ,Kb

ϑλ
) introduced in the above theorem, provides a weakly

crepant categorical resolution of Db(mod-Λ). To do this, we need some lemmas.

Lemma 4.3. Let Λ be an Artin algebra, X be a contravariantly finite subcategory of mod-Λ containing

prj-Λ, and I ∈ inj-Λ. Then the functor (−, I) |X is an injective object of mod-X .

Proof. Since X is a contravariantly finite subcategory of mod-Λ, there exists an exact sequence X1
d1→

X0
d0→ I → 0 of Λ-modules such that d0 and d1 are right X -approximations of I and Ker(d0), respectively.

This guarantees the existence of the exact sequence

(−, X1)
(−,d1)→ (−, X0)

(−,d0)→ (−, I) |X → 0

in mod-X . Hence (−, I) |X is a finitely presented functor. To show that it is injective, pick a short exact

sequence 0 → F ′ → F → F ′′ → 0 of X -modules and apply the functor (−, (−, I) |X ) on it to get the

sequence

0 → (F ′′, (−, I) |X ) → (F, (−, I) |X ) → (F ′, (−, I) |X ) → 0.
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As an immediate consequence of [2, Theorem 3.7], (ϑ, ϑρ) is an adjoint pair and so we have the following

commutative diagram:

0 // (F ′′, (−, I) |X ) //

��

(F, (−, I) |X ) //

��

(F ′, (−, I) |X )

��

// 0

0 // (ϑ(F ′′), I) // (ϑ(F ), I) // (ϑ(F ′), I) // 0,

where the vertical arrows are isomorphisms. But, the lower row is exact, because I is an injective module

and ϑ is an exact functor by Remark 2.1. Hence the upper row should be exact, that implies the result.

Remark 4.4. Let Λ be a self-injective Artin algebra. So prj-Λ = inj-Λ. Hence a complex P ∈
Kb(prj-Λ) is also a bounded complex of injectives. So by the above lemma, Kb

ϑλ
(P ) = (−,P ) is a

complex of injective X -modules. Therefore, by [18, Corollary 10.4.7], all Hom sets with either P or

Kb
ϑλ

(P ) in the second variants, can be calculated either in Db(mod-Λ) or in Db(mod-X ), i.e., for every

complex F in Kb(mod-X ),

Kb(mod-X )(F ,Kb
ϑλ

(P )) ∼= Db(mod-X )(F ,Kb
ϑλ

(P )).

Lemma 4.5. Let Λ and X be as in our convention. Then for every complexes G ∈ Kb(mod0-X ) and

M ∈ Kb(mod-Λ),

Kb(mod-X )(G, (−,M) |X ) = 0.

Proof. Let G = (Gi, ∂i
F ) and M = (M i, ∂i

M ). As an immediate consequence of [2, Theorem 3.7],

(ϑ, ϑρ) is an adjoint pair and so for every i ∈ Z, we have the isomorphism

mod-X (Gi, (−,M i) |X ) ∼= mod-Λ(ϑ(Gi),M i).

Hence mod-X (Gi, (−,M i) |X ) = 0, because Gi ∈ mod0-X = Ker(ϑ). This fact can be extended naturally,

terms by terms, to bounded complexes to prove the lemma.

Theorem 4.6. Let Λ be a self-injective Artin algebra of infinite global dimension. Then the triple

(Db(mod-Λ̃),Db
ϑ,Kb

ϑλ
) introduced in Theorem 4.2, is a weakly crepant categorical resolution of Db(mod-Λ).

Proof. We just should show that Kb
ϑλ

is a right adjoint of Db
ϑ on Kb(prj-Λ). Pick F ∈ Db(mod-X )

and P ∈ Kb(prj-Λ). As it is mentioned in Step IV, there exist the two triangles F0 → F → K  
and K → (−,Db

ϑ(F )) → F1  , where F0 and F1 are objects of Db(mod0-X ). By applying the functor

Db(mod-X )(−,Kb
ϑλ

(P )) on these triangles, we get two exact sequences of abelian groups. Now we use

Remark 4.4 and Lemma 4.5, to conclude the isomorphism

Kb(mod-X )(F ,Kb
ϑλ

(P )) ∼= Kb(mod-X )((−,Db
ϑ(F )),Kb

ϑλ
(P )).

The extended version of the Yoneda lemma finally helps us to establish the isomorphism

Kb(mod-X )((−,Db
ϑ(F )),Kb

ϑλ
(P )) ∼= Kb(mod-Λ)(Db

ϑ(F ),P )

of abelian groups. The proof is hence completed.

Acknowledgements This work was supported by a grant from Institute for Research in Fundamental Sciences

(IPM) (Grant No. 98130021). The authors thank the referees for carefully reading the manuscript and many

helpful comment and hints that improved our exposition.

References

1 Asadollahi J, Asadollahi N, Hafezi R, et al. Auslander’s formula: Variations and applications. Kyoto J Math, 2020,

60: 61–91



2016 Hafezi R et al. Sci China Math October 2020 Vol. 63 No. 10

2 Asadollahi J, Hafezi R, Keshavarz M H. Auslander’s formula for contravariantly finite subcategories. arX-

iv:1701.00073v2, 2018

3 Auslander M. Coherent functors. In: Proceedings of the Conference on Categorical Algebra. New York: Springer,

1966, 189–231

4 Auslander M. Representation Dimension of Artin Algebras. Queen Mary College Mathematics Notes. London: Queen

Mary College, 1971

5 Beligiannis A. On the Freyd categories of an additive category. Homology Homotopy Appl, 2000, 2: 147–185

6 Bondal A, Orlov D. Derived categories of coherent sheaves. In: Proceedings of the International Congress of Mathe-

maticians, vol. 2. Beijing: Higher Education Press, 2002, 47–56

7 Buan A B. Closed subbifunctors of the extension functor. J Algebra, 2001, 244: 407–428

8 Dlab V, Ringel C M. Every semiprimary ring is the endomorphism ring of a projective module over a quasi-hereditary

ring. Proc Amer Math Soc, 1989, 107: 1–5

9 Gao N, Zhang P. Gorenstein derived categories. J Algebra, 2010, 323: 2041–2057

10 Iyama O. Finiteness of representation dimension. Proc Amer Math Soc, 2003, 131: 1011–1014

11 Krause H. Deriving Auslander’s formula. Doc Math, 2015, 20: 669–688

12 Kuznetsov A. Lefschetz decompositions and categorical resolutions of singularities. Selecta Math (NS), 2008, 13:

661–696

13 Lenzing H. Auslander’s work on Artin algebras. In: Algebras and Modules, I. Conference Proceedings of CMS, vol.

23. Providence: Amer Math Soc, 1998, 83–105

14 Neeman A. The derived category of an exact category. J Algebra, 1990, 135: 388–394
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