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Abstract In this paper, we study the existence and multiplicity of solutions with a prescribed L2-norm for a

class of nonlinear fractional Choquard equations in RV :

(=0)%u = Xu = (ko * |ul?)|ulP~ >y,

where N >3, s € (0,1), a € (0,N), p € (max{1+ %,2}, ]]\}'f;) and kq(x) = |2|*~N. To get such solutions,

we look for critical points of the energy functional

1 1

1) =5 [ 1EmE = [ s

on the constraints
S(c) ={u€ H*RY) : Jull}2qny =}, ¢>0.

For the value p € (max{1 + D‘JIrVZS ,2}, ]]\\[]j;‘s) considered, the functional I is unbounded from below on S(c). By
using the constrained minimization method on a suitable submanifold of S(c), we prove that for any ¢ > 0, I
has a critical point on S(c) with the least energy among all critical points of I restricted on S(c). After that,
we describe a limiting behavior of the constrained critical point as ¢ vanishes and tends to infinity. Moreover,
by using a minimax procedure, we prove that for any ¢ > 0, there are infinitely many radial critical points of I
restricted on S(c).
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1 Introduction and main results

In this paper, we study the nonlinear fractional Schrédinger equation with a Choquard nonlinearity as
follows:

(=A)u — Au = (kg * |[ulP)|ulP%u, = cRY, (1.1)

* Corresponding author

© Science China Press and Springer-Verlag GmbH Germany, part of Springer Nature 2019 math.scichina.com link.springer.com


http://crossmark.crossref.org/dialog/?doi=10.1007/s11425-017-9287-6&domain=pdf
https://doi.org/10.1007/s11425-017-9287-6
math.scichina.com
springerlink.bibliotecabuap.elogim.com
https://doi.org/10.1007/s11425-017-9287-6

540 Li G B et al. Sci China Math ~ March 2020 Vol. 63 No.3

where N >3, s € (0,1), & € (0, N), p € (max{l + 2£25 2} L) and k4 (z) = |2/*~ V. For any u(z) in

the Schwartz class on RY, the fractional Laplacian (—A)® is a nonlocal operator defined as

(=A)*u(z) = C(N,s)P.V. L‘;‘fﬁ@,
BN |z =y

where P.V. means the Cauchy principal value on the integral and C'(N, s) is some positive normalization
constant (see [13] for details).

Equation (1.1) arises from seeking the standing wave solutions for the following time-dependent frac-
tional Choquard equation:

v, = (=A)*v — (ko * [V|P) 0P 20, (z,t) € RY x (0, 4+00). (1.2)

The wave function v(z,t) : RY x R* — C is normalized according to

/ lo(z,t)|*dz = c, (1.3)
RN

where c¢ is the total number of particles. We point out that Choquard nonlinearities arise in several
models of mathematical physics, as in the mean field limit of weakly interacting molecules [23], in the
Pekar theory of polarons [20,26-28], in the Schrodinger-Newton systems [16] and in the modeling of boson
stars [15]. Specially, for the case s = %7 (1.2) has been used to model the dynamics of pseudo-relativistic
boson stars [14].

Throughout this paper, we denote the norm of LP(R™Y) by [ull, = (fgn \u|p)% for any 1 < p < oc.
The Hilbert space H*(RY) is defined as

HS(RN) := {u e L*(RY) : (=A)2u € L*(RY)},

with the inner product and norm given respectively by

= —A)2u(—A)2vp U ull = (| (=A) 2w + ||u?)?
(u,v>.f/RN<A> (-A) +/RN Cllul = (A Bl + i),

. C(N,s) Ju(z) — u(y)”
oyt S5 [ f =T

|z -y

where

H~*(R") is the dual space of H*(R") and
HE(RY) = {u € H*RY)[u(z) = u(|z])}

with the H*(RY) norm. We use respectively “—” and “—” to denote the strong and weak convergence
in the related function spaces. C' will denote a positive constant unless specified.
We say that u € H*(RY) is a weak solution to (1.1) if

[

and (ue, Ae) € H*(RY) x R is a couple of weak solution to (1.1) if u. is a weak solution to (1.1) with
A=A

Motivated by the fact that physicists are interested in normalized solutions to (1.2), i.e., solutions
to (1.2) satisfying (1.3), we set in (1.2),

ol

u(—A)2v — )\/ uv = / (Ko * [ul")JulP2uv, for all ve H*(RY)
RN RN

v(x,t) =e Mu(z), zeRY, t>0,

and then u satisfies (1.1) with

[ e = [ o o)de =
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Thus, we consider for each ¢ > 0 the following problem:
(P.) To find a couple (uc, ) € H*(RY) x R of weak solution to (1.1) such that |ju.|? = c.
Define

1 2

s 1
I(u) = = “A)zul - — o PY|ulP 14
W= [ = [ s fuPla (14)
for u € H*(RY). Then I € C*(H*(RY),R) and a critical point of I restricted on the constraint
S(c) = {ue H*(RN): Hu||2L2(RN) =c}, ¢>0 (1.5)

corresponds to a couple (u., A.) € H*(RY) x R of weak solution to (1.1) such that |ju.||3 = c.
The A € R in (1.1) is called a frequency. For fixed A, d’Avenia et al. [12] obtained weak solutions
to (1.1) by looking for critical points of the C'* functional

1 s 2 A 1
T =5 [ 1Tl =5 [l =g [ ol

in H*(RY). By minimizing

=) Ful — Al
(v (s ") ul?)?

on H*(RV)\{0}, d’Avenia et al. [12] obtained a ground state u € H*(RY) to (1.1) when p € (1+%&, 4+2)
(see [12, Theorem 4.2]). What is more, by using the symmetric mountain pass theorem for the functional
J(u) in H*(RY), d’Avenia et al. [12] obtained a multiplicity result for solutions to (1.1) when p €
(1+ &, 8%2) (see [12, Theorem 1.2]). In addition, d’Avenia et al. [12] also considered normalized
solutions to (1.1), by minimizing I(u) defined by (1.4) on the constraints S(c) defined by (1.5), and
proved that there is a couple (uq, A.) € H*(RY) x R of weak solution to (1.1) with |lu.||2 = ¢ when
pe(l+ 5,1+ O‘TVQS) (see [12, Theorem 4.5]). Note that, in this case, the frequency A, € R appears as a

Lagrange multiplier.

3(u)

Recently, normalized solutions to elliptic PDEs and systems attract much attention of researchers
[3-9,18,19,22,25]. In [18], Jeanjean considered the following semi-linear elliptic equation:

—Au—MIu=g(u), AR, zecRY, (1.6)

where N > 1 and g satisfies some suitable conditions. By a minimax procedure, Jeanjean [18] proved
that for each ¢ > 0, (1.6) has at least one couple (uc, A.) € H(RY) x R~ of weak solution with [ju.||3 = c.
Furthermore, an H!(RY)-bifurcation result of problem (1.6), i.e., the dependence of || Vu,||2 and \. on ¢
was given.

In [7], Bellazzini et al. considered the following Schrédinger-Poisson equation:

—Au—du+ (|27 *uP)u =|u|P2u, AER, zcR3 (1.7)
By developing a mountain pass argument on
Si(c) = {uec H' RY): ||u||%2(RN) =c}, ¢>0, (1.8)

Bellazzini et al. [7] proved that if p € (12,6), there exists ¢o > 0 such that for any ¢ € (0,co), (1.7)
possesses at least one couple (uc, \.) € H'(RYV) x R~ of weak solution with ||u.||3 = c.

In [3], Bartsch and de Valeriola also considered the semi-linear Schrédinger equation (1.6). Under
suitable assumptions on g, Bartsch and de Valeriola [3] proved there are infinitely many normalized
solutions to (1.6). Inspired by [3], Luo [25] proved that if p € (%, 6), there exists a ¢o > 0 such that for any
c € (0,cp), there exists an unbounded sequence of couples of weak solutions { (£, \y)} € HY(RY) x R~
to (1.7) with ||u,||3 = ¢ for each n € N*.

In [19], Jeanjean et al. considered the quasi-linear Schrédinger equation

—Au—uA(u?) = du=[uf 'y in RY, (1.9)
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where p € (1, %yj;) if N >3 andp e (1,+00) if N =1,2. Using a perturbation method, Jeanjean et
al. [19] proved that there exist at least two normalized solutions to (1.9). One is a mountain pass solution
and the other is a minimizer either local or global.

Motivated by the above papers, in this paper, we discuss the existence of normalized solutions to (1.1),
including the normalized ground state solution and the high energy normalized solution. Since our
definition of the normalized ground state solution does not seem to be completely standard, we now give
the precise definition of it. Following [6], for any fixed ¢ > 0, we say that u. € S(c) is a normalized

ground state solution to (1.1) if I'|g()(uc) = 0 and
I(uc) = inf{I(u) [u € S(c), I'|5(c)(u) = 0}

Furthermore, we say that v. € S(c) is a high energy normalized solution to (1.1) if I’ [g(c)(ve) = 0
and

I(v.) > inf{I(u) |u € S(c), I' |5 (u) = 0}.

For any ¢ > 0, we set y(c) := inf,eg(c) I (u). It is standard that the minimizers of 7(c) are critical points
of I|g(c) as well as normalized ground state solutions to (1.1). By scaling u’(x) = tru(tz), t > 0, it is
easy to know that p =1+ %23 is the L2-critical or mass-critical exponent for our minimizing problem in
the sense that for any ¢ > 0, v(c) > —ocif p € (1+ ¢, 14 2£2%) and y(c) = —oc0 if p € (14 222, ]]vaé);)
However, we cannot deduce that y(c) > —oo or y(c) = —oo for ¢ > 0 if p = 1 + 2425, In the mass-
subcritical case p € (1 + §,1 + 2£2%), I(u) is bounded from below and coercive on S(c) (see [12,
Lemma 4.4]). As mentioned above, d’Avenia et al. [12] proved that when p € (1+ 2,1+ 2k28) [(y) has
a minimum point on S(c), that can be assumed non-negative, radially symmetric and decreasing (see [12,
Theorem 4.5]). To the best of our knowledge, in the mass-supercritical case where p € (1 + %23, ]]\Yjé);),
the existence of critical points of I(u) restricted on S(c) is still unknown. In this paper, we consider the

a+2s N+a)
N > N-2s/*

mass-supercritical case where p € (14
Our main results are as follows:

Theorem 1.1.  Let p € (max{1+ 22 2} J42) N >3, 5€(0,1), « € (0,N) and c > 0. Then there
exists a couple of weak solution (ue, \.) € H*(RN) x R™ to (1.1) with |lu.||? = ¢ and u. can be assumed
positive and radially symmetric-decreasing in RN . Furthermore, u. € S(c) is a normalized ground state

of (1.1) with

1(=A)2 ucll, = +oo,
Ae = —00,
I(u.) = +o0

as ¢ — 0 and
I(=A)2uc]l, — 0,
Ae — 0,
I(u.) =0

as ¢ — +00.

Theorem 1.2. Let p € (max{l + 222 2} HEa) N >3 5€ (0,1), a € (0,N) and ¢ > 0. Then
there exists a sequence of couples of weak solutions {(vn, An)} € HE(RN) x R~ to (1.1) with ||va||2 = ¢
and ||vp || g (ryvy — +00 as n — +o0, while {vy,} is uniformly bounded, i.e., there exists a constant C > 0

such that |v,| < C on RN,

Remark 1.3. To the best of our knowledge, the main results in this paper are new. Theorem 1.1
indicates that a normalized ground state of (1.1) exists even if the corresponding energy I(u) is unbounded
from below on S(c). This is a complement of the results in [12] about the existence of solutions to (1.1)

with a prescribed L2—norm for p € (1 + w1+ %25) Roughly speaking, Theorem 1.1 generalizes the

a+2s N+oz)
N ' N—-2s/*

result of Theorem 4.5 in [12] to the mass-supercritical case p € (1 +
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Remark 1.4. Theorem 1.2 indicates that (1.1) has infinitely many high energy normalized solutions.
Notice that, although when p € (1 + %25, ]]\\,71'20; ) and the frequency A € R is a fixed and assigned
parameter, as mentioned above, d’Avenia et al. [12] obtained a multiplicity result for solutions to (1.1)
(see [12, Theorem 1.2]), there is no information about the L?-norm of the solutions. So Theorem 1.2 in

this paper can also be viewed as a complement of the main results in [12].

Now, we explain the main idea of the proofs of Theorems 1.1 and 1.2. In the mass-supercritical case
p € (1+ 282 JE2) the functional I(u) is unbounded from below on S(c) (see Lemma 2.1) and the
minimization argument on S(c) used in [12] does not work any more. For this reason, we try to construct

a submanifold of S(c¢), on which I(u) is bounded from below and coercive, and we turn to look for

minimizers on such a submanifold. This is motivated by the minimization method developed on the
Nehari manifold and the recent works [17,21,29].

We give the idea of constructing such a submanifold. Notice that, if u is a critical point of I'|g(.),
then I'(u) — Au = 0in H *(RY), where A € R appears as a Lagrange multiplier. Hence u satisfies
Ny(u) = (I'(u) — Mu,u) = 0 and the Pohozaev identity (see Lemma 2.5):

Pa(u) = (N — 25) /RN (=AY Euf” — AN /RN fuf? = 2 ;N /RN (Ko 5 [uf?)[ul? = 0. (1.10)

Combining the Nehari functional Ny(u) with the Pohozaev functional Py (u), we construct a submanifold
V(e) as follows:

V(e) :={ue S(c): Q(u) =0}, (1.11)
where

Q(u) := N - Ny(u) — Py(u) = 2 /RN (~A)2ul — pN_,#

/ (Ko * |ul?)|ul’. (1.12)
RN
Next, we consider the following minimization problem:

m(c) = uelr‘}f(c) I(u). (1.13)
We get a critical point of I restricted to S(c) by proving that every minimizer of I restricted to V(c)
is indeed a critical point of I restricted to S(c). Notice that we have two restrictions in V'(¢), which is
different from the situation in [17,21,29]. In order to use Lagrange’s theorem, we need to prove that
Q'(u) and D’(u) are linearly independent if u is a minimizer of I restricted to V' (c), where D(u) := |Jul|3
(see Lemma 2.9 for details). The set of minimizers of I(u) on V(c) is defined as
M, = {u eV(e): I(u) = inf I(v)}. (1.14)
veV(c)
Furthermore, we obtain a result concerning some properties of the elements in M, (see Proposition 2.16).
Then we prove the first part of Theorem 1.1.

The idea of proving the dependence of ||(—A)2uc||s and A. on the value of ¢ comes from [18,31,32].
The fact that u,. is a minimizer of I(u) restricted on V(¢) and Q(u.) = 0 are crucial. The case of ¢ — 0%
is easy to prove. However, in the case of ¢ — 400, for a prescribed function v € V (1), we need to
construct a function u € V(c) whose energy I(u) — 0 as ¢ — +o00. By the fact that m(c) > 0 and u, is
a minimizer, we end the proof with a careful analysis.

The proof of Theorem 1.2 is inspired by Bartsch and de Valeriola [3]. Since I is unbounded from below

on S(c) if p € (1 + 2425, J42) the genus of the sublevel set

IY:={ue S(c): I(u) <d}

is always infinite. Thus the classical argument based on the Kranoselski genus [31] does not work in
obtaining the existence of infinitely many normalized solutions to (1.1). First, we present a new type of
linking geometry for the functional I restricted on

Sp(c)={uec H:RY): ||jul3=¢c}, c¢>0. (1.15)
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Then a min-max procedure is set up to construct an unbounded sequence {7, (c)} of critical values for I
on S-(c). At each level y,(c), by using an abstract lemma developed by Jeanjean [18, Lemma 2.3,
we get a Palais-Smale sequence {v7}{> with an additional condition Q(v}) — 0 as k — +oo (see
Proposition 2.21), where Q(u) is defined in (1.12). With this extra condition, we prove the boundness
and non-vanishing of {vj} (see the proof of Proposition 2.23). Since the radially symmetric Sobolev
space H$(RY) embeds compactly in LI(RN) for 2 < ¢ < 2% NQiVQS, we get the compactness
of the Palais-Smale sequence. Thus, we get a critical point v,, at each level v, (c). Finally, we prove that

*
¥, where 27 =

the critical point sequence {v,} is unbounded in H*(R¥). In addition, by using a decay and regularity
property of solutions to (1.1) (see Lemma 2.5), we prove that {v,} is in C2(R¥) and uniformly bounded
on RV,

Remark 1.5. The hypothesis p > 2 is used to get a better regularity of solutions to (1.1) and to
guarantee the Pohozaev identity (see Lemma 2.5), which is useful for our purpose.

2 Preliminary results

In this section, we give some preliminary results. First, we define, for short, the following quantities:

) = -yt = S5 [ D=l

B = [ Gl ul” = ANAN|$_MNQ7

2
wa=wﬁ=/ Juf?.
RN

Next, we introduce a scaling. For u € S(c), set u'(z) = t 2 u(tz), t > 0. Then

A(u') =t*A(u), D(u') =D(u), Bu')=t"""N"*B(u)

and ) 1
I(ut) = 5t?SA(u) - %th’N’O‘B(u). (2.1)
Lemma 2.1. Letp e (1+ %25, %), N >3,s€(0,1) and a € (0,N). Then for any u € S(c),

ut € S(c), A(u!) = 400 and I(u') — —00 ast — co.

Proof.  For any u € S(c), since D(u') = D(u), u*(x) € S(c). By (2.1), A(u’) = 400 and I(u?) = —oc0
as t — oo follow from the fact that p € (1 + 2f2s, J+2a) O
Lemma 2.2 (See [12, Lemma 2.1]). Letpe (1+ &, 842), N >3, s € (0,1), a € (0,N). Then for
any u € H(RY),

[ e lalap < Clluly,. (2.9)
RN Nto

25 2(1—6 Np—N —«
!/<m*mmmw<mw—>muwn< r b=
RN Ssp

Now we show that the set V(c) constructed in (1.11) is nonempty in H*(RY).
Lemma 2.3. Letp € (14 2F2 NEay N >3 s € (0,1) and o € (0,N). Then for any u € S(c),

N ' N-2s
¢ >0, there exists a unique to > 0 such that I(u'®) = max;~o I(u') and u'® € V(c). In particular,

(i) to <1 & Qu) <0
(ii) to = 1 & Q(u) = 0.
Proof.  Define
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By Lemma 2.1 and an elementary analysis, we know that 7(¢) has a unique critical point ¢ty > 0 corre-
sponding to its maximum on (0, +00). Hence

1) = max () and /(1) = 513 A(u) - W_TP%W’—N—MB@) ~0.
Thus Q(u') = 2st2 A(u) — Wté\[p_N_aB(u) =0, i.e., u'® € V(c). Moreover,
Q) = 25A(0) - “P T Blu) = 2sA(u)(1 - 657N,
which concludes (i) and (ii). O

Let X be a subset of a Banach space X. Recall that a functional E : X — R is called coercive on X
if, for every sequence {uy} C Xo, ||ug|]| — +oo implies E(ug) — 400 (see [1, Definition 1.5.5]). Having
this in mind, we give the following result.

Lemma 2.4. Letp € (14 252 f29) N >3, s € (0,1) and a € (0,N). Then I(u) is bounded

from below and coercive on V(c). Moreover, there exists a constant Cy > 0 such that I(u) > Cy for all
u € V(e).

Proof.  Forany u € V(c), Q(u) = 23A(u)—w3(u) =0, and then B(u) = ﬁfl(u). We have
1 1 1 s
= — _— e —_— — >

and I is coercive on V(c¢). Furthermore, by Lemma 2.2,

2sp
Np— N —«

Np—N—«a 2sp—Np+N-+a

Since p € (1 + 2512, ]IVV;"QO‘S), there exists a constant Cy > 0 such that Au) > Co > 0. Then there exists

1 S —~
Co = (2_Np—N—a)OO
such that

I(u) = (; - NpsNa>A(u) > Cy.

This completes the proof. O

Next, we show some results related to weak solutions to (1.1).

Lemma 2.5 (See [12, Theorem 3.3] and [30, Proposition 2]).  Letp € (1+ %, 8+2) N >3, s € (0,1),
a € (0,N) and u is a weak solution to (1.1). Then
(i) there exists C > 0 such that

1 ;
u@)| S C——Fzz, ¥ P22

(1+2f*) 7

(i) u € C2(RY) and satisfies the following Pohozaev identity:

(Nf2s>/ |<7A>%u|27w/ Wf“N/ kot ) ul’ =0, if p>2.
RN RN p RN

Lemma 2.6. Let p € (max{l + “}25,2},}\,\/30‘3), N > 3, s € (0,1), (0,N) and A € R. If

a €
v e H*(RYN) is a weak solution to (1.1), then Q(v) = 0. Moreover, v =0 if A > 0.
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Proof. By Lemma 2.5, the following Pohozaev identity holds for v € H*(RY):

<N—2s>/ |<—A>%v|2—w/ W—‘”N/ (o % [P = 0.
RN RN p RN

Multiplying (1.1) by v and integrating we derive a second identity,

/ |<7A>%v|24/ \v\%/ (o * [P0 = 0.
RN RN RN

Thus we immediately have

2 pN-N-uqa
p

Q) =2 [ 1-a)t [, (e ool =0,

Also with the simple calculations, we obtain

(N —2s)p— (N + )

AD(v) = A(v).
(1) If A > 0, we get v = 0 immediately.
(2) IfX=0, A(v) =0 then v =0. O

Lemma 2.7.  Let p € (max{l+ %,2}, J]\,Vf;s), N >3,s€(0,1) and a € (0, N). If w is a critical point
of I'ls(c), then I'(u) — Aeu =0 in H=5(R™N) for some X, < 0.

Proof.  Since u is a critical point of I|g(), there exists A. € R such that I'(u) — A.u = 0 in H=*(RN).
Thus

(I'(u) — Aeu,u) = A(u) — B(u) — AeD(u) = 0. (2.4)
By the Pohozaev identity (see Lemma 2.5), u satisfies

a+ N

(N —28)A(u) — ’

B(u) — AN - D(u) = 0. (2.5)

Combining (2.4) with (2.5), we have

N —28)p— (N + «)
[Np — (N + a)]c

AC:( A(u) <0

for p e (1+ &, 755%5). O
Recall a useful result for constrained minimization problems in the following lemma.

Lemma 2.8 (See [11, Corollary 4.1.2]).  Let X be a real Banach space, U C X be an open set. Suppose
that f, g1y, gm : U — RY are C1 functions and xg € M is such that f(xg) = infyenr f(z) with

M={zeU|g(z)=0,i=1,2,...,m}.
If {gi(x0) } ™ is linearly independent, then there exist A1,..., \m € R such that
f'(xo) + > Aigi(o) = 0.
i=1

Lemma 2.9. Let p € (max{l+ £ 2} fH2) N > 3 s € (0,1) and a € (0,N). Then each

manimizer of I |y (e is a critical point of I |g(c).

Proof.  Suppose that u is a minimizer of I |y (). Then by Lemma 2.8, either (i) Q'(u) and D'(u) are
linearly dependent, or (ii) there exist A1, Ao € R such that

I'(u) = MQ'(u) = Au=0 in H*RY). (2.6)



Li G B et al. Sci China Math ~ March 2020 Vol. 63 No.3 547

If (i) holds, then w satisfies
25(=A)*u — ANu= (Np— N — a)(ka * [ul?)[ulPu
for some A\* € R. Multiplying the above equation by u and integrating, we get
2sA(u) — (Np — N —a)B(u) — A*D(u) = 0.
By the Pohozaev identity, we derive

25(N — 28) A(u) — 2T

(Np— N —a)B(u) — A*ND(u) =0.

Thus we have
(Np— N —a)?

p

Notice that Q(u) = 0 and p > 1+ 25%2. Then we have immediately B(u) = 0, which leads to a
contradiction. This implies that (i) does not occur and (ii) is true. It is enough to show that A\; = 0.
By (2.6) we have

45% A(u) — B(u) =0.

(I'(u) — M Q' (u) — Aqu, u)
=(1—4M\s)A(u) — [1 — 2A(Np — N — a)|B(u) — A2D(u) = 0. (2.7)

By the Pohozaev identity,

(1 —4Xs)(N —2s)A(u) — [1 =2 \(Np— N — a)]N i aB(u) — XN - D(u) =0. (2.8)

Combining (2.7) with (2.8), we have
(1= 4\1s) - 25A(u) = [1 — 20, (Np— N — a)] (N _ N; O‘)B(u). (2.9)
Since v € V(c¢), B(u) = %A(u), and then by (2.9) we have 4A\;s = 2A\;(Np — N — «). Hence
A =0,forp>1+ 23% Finally, by Lemma 2.7, we have Ay < 0. O

Lemma 2.9 indicates that the restriction @Q(u) = 0 in V(c) is a natural constraint. In order to prove
the minimizing problem (1.13) is attained, we need the following monotonic condition of m(c).

Lemma 2.10. Letp € (14 242 J+2) N >3, s € (0,1), a € (0,N) and ¢ > 0. Define m(c) :=
inf,cy () I(u). Then the function ¢ — m(c) is strictly decreasing on (0,+occ), where V(c) is given
in (1.11).

Proof. By Lemma 2.4, m(c) > Cy > 0 is well-defined. For any 0 < ¢; < ¢a < 400, by Lemma 2.3,
there exists {u,} C V(c1) such that

1
I = I(ul) < —.
(un) = maxI(u,) < mler) + —

Similar to the proof of Lemma 2.4, we get that there exist constants k; > 0 (i = 1,2,3,4) which are
independent of n, such that k1 < A(u,) < k2 and k3 < B(uy) < kq. Set

1 N-—2s 1
Cl 2s 2 C]. 2s
vp(2) = . Up o x ).

(N—2s)p—N—o
e 25

Then
Alon) = Alu),  Blon) = (

C2 C1
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Moreover, by Lemma 2.3, there exists ¢, > 0 such that vi" € V(c2) and I(vi") = max;~oI(v)). By
Q(vir) = 0 and the boundness of A(u,) and B(u,), there exists a positive constant C' > 0 such that
> C > 0. Therefore,

m(cz) < I(vy)
(N—2s)p—N—o
1 1 Cc1 2s
(N—2s)p—N—a
1 v 1 N Cl 2s
B ) — (2 Bun)

(N—2s)p—N—a

— I(ulr) — Qitgp—N—aB(un) [(01) T 1}

P C2
(N—2s)p—N—a
1 C1 2 Np—N—a
< m(cl) + — — — — ]. C p kg, (210)
n Co
which implies that m(c2) < m(c1), by letting n — +oo. O

Lemma 2.11 (See [12, Lemma 2.3]).  If {u,} is bounded in H*(RY) and for some o > 0 and 2 < q < 2%
we have

sup/ lun|? =0, as n— 4o,
z€RN J B, (z)

then u, — 0 in L™ (RY) for 2 < r < 2.

Lemma 2.12 (Brezis-Lieb type theorem, see [26, Lemma 2.4]). Let N € N, a € (0,N), p € [1, A?iva)

and {u,} be a bounded sequence in L%(RN). If u, — u a.e. in RN, as n — +oo, then

lim (B(u,)— B(u, —u)) = B(u).

n—-+o0o

Lemma 2.13 (See [24, Theorem 3.7]). Let f, g and h be three Lebesque measurable non-negative
functions on RY. Then, with

w(r.0) = [ [ f@ta=—phsds

we have
O(f,9,h) < O(f*, g% 1),
where f*, g* and h* denote the symmetric-decreasing rearrangement of f, g and h.
Then we prove that m(c) can be attained.

Proposition 2.14. Letp € (1 + 2k2 MEe) N > 3 s € (0,1), a € (0,N) and ¢ > 0. Then

m(c) := inf ey (o) I(u) is attained, where V(c) is given in (1.11).

Proof.  Let {u,} be a minimizing sequence for m(c). By Lemma 2.4, {u,} is bounded in H*(R™).
Then up to a subsequence and up to a translation, there exists u # 0 in H*(R") such that

u, —u in H3RY),
Uy — U In LIOC(RN),

Up — u  ae in RY,

for 2 < ¢ < 2%. Otherwise, by Lemma 2.11, u,, — 0 in L%(RN). Then by Lemma 2.2, B(u,) — 0.
Since Q(u,) = 2sA(uy,) — WB(U,I) = 0, A(u,) — 0. Therefore, I(u,) — 0 and m(c) = 0,
which contradicts the fact that m(c) > 0. Let u} be the symmetric-decreasing rearrangement of wy,.
By Lemma 2.13 with f(z) = |u,(2)|P, h(y) = |un(y)|P and g(x) = |z|* V. We have B(u}) > B(u,).
In addition, from the fact that A(u)) < A(uy,) (see [2, Theorem 3]), we have I(u}) < I(uy), Q(ul) <

n
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Q(u,) = 0. By Lemma 2.3, there exists t,, € (0, 1] such that Q((u})!) = 0. For u,, € V(c), (u}) € V(c),
by the relationship between I(u) and Q(u),

1 1 s
10~ gm0~ (3 e A

we have I(uy), I[((u})t) > 0. Thus,
1

(@) = 1)) = 5oy =7 QU(w)")
- Al
R A)
2 () = =y Q)
Z tIrE;:;‘n) (2.11)

Denote @, = (uf)». By (2.11), {4,} is a minimizing sequence for m(c). Then by Lemma 2.4, {@,} is
bounded in H*(R") and up to a subsequence, there exists 4 # 0 in H*(RY) such that

=@ in H:(RV),

- @ in LI(RY),

Un — U ae. in RY,
for 2 < ¢ < 2*. Next, we shall prove that ||@i]|3 = c. Just suppose that ||[@|3 = ¢ € (0,¢), and then by
Lemma 2.10, m(e) > m(c). Since @, — 4 in H(RY), Q(4) < limy, 00 Q(@,) = 0. By Lemma 2.3, there
exists tg € (0,1] such that @ € V(¢). Then

m(@) < I(@) = 1) - mwa)
e
~ S e T A®
ek
= lim |I(@) - mq;(an)
=m(c), (2.12)

which leads to a contradiction. So tg =1, ¢ = ¢, i.e., ||1]|3 = ¢ and I(@) = m(c). Then by (2.12) we have
A(t, — ) = o(1), U, — u in H*(RY) and @ is a minimizer for m(c). O

In order to get a positive normalized ground state solution to (1.1), we need the following property of
the set M, defined in (1.14).

Proposition 2.15.  Let p € (max{l + %25 2} J4&) N >3, 5€(0,1), a € (0,N) and ¢ > 0. Then
(1) |uC| €M, Z'fuc S Mc;
(ii) Jue| > 0 if ue. € M,.
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Proof. Let u. € H*(RN) with u. € V(c). Since B(|u.|) = B(u.), A(Juc]) < A(u.), we have that
I(|ue]) € I(ue) and Q(|uc]) < Q(u.) = 0. In addition, by Lemma 2.3, there exists to € (0,1] such
that Q(|uc|t) = 0. We claim that I(|uc|t?) < 3% - I(u.). Indeed, for u. € V(ec), |uc|t® € V(c), by the
relationship between I(u) and Q(u), we have I(u.), I(|uc|*) > 0. Thus,

() = F(uel*) = gy Q)
- Alu)
e Alluc)
ST ey o Al
= (1t00) = o=y Q)
= 1251 (ue). (2.13)

Therefore, if u, € H*(RY) is a minimizer of I(u) on V(c) we have

I(u.) = inf I(u) < I(Jul) <21 (u.),
u€V(c)
which implies tp = 1. Then Q(|u.|) = 0 and we conclude that A(Ju.|) = A(u.) and I(Juc|) = I(ue). (i) is
proved.

Now, since |u,| is a minimizer of I(u) on V(¢), by Lemmas 2.7 and 2.9, (Ju.|, \.) € H*(RY) xR~ satisfies
(1.1) for some A, < 0. Next, we claim that |u.| > 0 for all z € RY. We argue by contradiction. Just
suppose that there exists zg € RY such that |u.|(xg) = 0. Then, it follows from (1.1) that (—A)®|u|(xo)
=0. So

: —[uc|(y) —Jue|(y)
(—A)°|ue|(z9) = C(N, s)P.V. ( hm/ ——as Ay + ——dy ) =0,
=0 Je<lao—yl<r |10 —y[V RN\B(ao.r) |0 — y| "
which implies that

/ %dy:o for all 7> 0.
RN\ B(zq,r) ‘55'0 - y|

Therefore, |u.| =0 in RV, which leads to a contradiction. Thus the proof is completed. O

Afterwards, we give some preliminaries for the proof of Theorem 1.2. Let {V,,} C HZ(R") be a strictly
increasing sequence of finite-dimensional linear subspaces in H2(R™) such that |J,, V;, is dense in H2(RY).
We denote by V- the orthogonal space of V;, in H2(RY).

Lemma 2.16. Letpe (1+ &, 4F2) N >3, s€(0,1) and a € (0, N). Then it holds that

s 2 2 9
—A)2
1= e Jey (CAl A ll) o

eV (fon (Ko JulP)uf?)?  €Viss B(u)

— +00, N — 0.

T =

Proof.  Just suppose that there exists a sequence {u,,} C H?(R") such that u,, € V;* |, B(u,) =1 and
lun || — ¢* < 4+00. Then there exists u € H(RY) such that, up to a subsequence

up, —u in  HE(RY),

. 2Np
Up —u in L%+ (RY),
Un — u  ae. in RV,

Let v € H(RY) and {v,} C H:(RY) such that v, € V;,_1 and v,, — v in H*(RY). Then

|(tn, V)| < [(tns v = v0)| + [(Un, v0)| < [Jun|Jv = val| — 0.
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Thus u, — 0 = u in H¥(RYN). While by (2.2), 1 = B(u,) < Cllun|*%, — 0, which leads to a
Nta
contradiction. i O

Now for ¢ > 0 fixed and for each n € NT and n > 2, we define S,(c) by (1.15),

1
N 2 pT P
Pn = (W,up) with L = max (z+¢)

NI n >0 P 4P’
By = {u€ Vi n8:(c) : [(-A)3ull3 = pu} (2.14)
and
by, == uleann I(u). (2.15)

Then we have the following lemma.

Lemma 2.17. Letpe (14252 J38a) N >3 5€(0,1) and a € (0,N). Then b, — 0o as n — o0.

Proof.  For any u € B,,, we have that

1) =5 [ 8l = o [ s )l
> g [ o (] <<—A>3u|2+|u|2>)p

1 s 2 1 1 s 2\P
> - -A)2y| —— - —-L / —Azu) —l—c”]
2~/]RN‘( )7l 2p  pn K RN‘( )7l

\
Do

Np—N—-—a-2 LcP
_ P a—2s o — Cp. (2.16)
2Np 2ppin
From this estimate and Lemma 2.16, it follows since p > 1 + ‘“';,25, that b, — o0 as n — oc. O
Next, we begin to set up our min-max procedure. First we introduce the map
K HERY) x R — H(RY)
N, (2.17)
(u,0) = k(u,0) :=e2 u(c’z).

Observe that for any given u € S,(c), we have k(u, 0) € S, (c) for all € R. Also we know from Lemma 2.1
that

A(k(u,0)) =0, I(k(u,0)) =0, 60— —o0, (2.18)
A(k(u,0)) = +00, I(k(u,0)) — —oco, 6 — +oo. '
Thus, we deduce that for each n € N, there exists 8,, > 0, such that
G, 1 [0,1] X (Sr(e) NV,) = Si(e),  g,(t,u) = k(u, (2t — 1)6,) (2.19)
satisfying
A, (0,u) < pn,  A(Gn(1,u)) > pa, (2.20)
1(,(0,u)) <bpn,  1(g,(1,u)) <bn.
Now we define
Iy :={g:[0,1] x (Sr(¢) N V,,) = Sr(¢) | g is continuous, odd in u
and such that Vu : g(0,u) =g, (0,u), g(1,u) =7,(1,u)}. (2.21)

Clearly g,, € I'y,. Before proving the key intersection result, we need the following linking property.

Lemma 2.18.  For each g € T, there exists (t,u) € [0, 1] x (S;(c)NV,,) such that g(t,u) € B, with By,
defined in (2.14).
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Proof.  The idea of the proof of this lemma comes from [3]. First, we recall some properties of the
cohomological index for spaces with an action of the group G = {—1,1}. It associates to a G-space X an
element i(X) € NU {oo}. We need the following three properties (see [3, Lemma 2.3]):

(I) If G acts on S*~! via multiplication, then i(S*~!) = n.

(I3) If there exists an equivariant map X — Y, then ¢(X) < i(Y).

(Is) Let X = Xo U X; be metrisable and Xy, X; C X be closed G-invariant subspaces. Let Y be
a G-space and consider a continuous map ¢ : [0,1] x Y — X such that each ¢, = ¢(¢,-) : ¥ — X is
equivariant. If ¢o(Y) C X and ¢1(Y) C X3, then

i(Im(o) N Xo N X1) 2 i(Y),

where Im(¢) := ¢([0,1] x Y) and a map h : X — X is equivariant if go h = h o g for every g € G. Let
P, 1 : H(RN) = V,,_; be the orthogonal projection and set

hi s Se(e) = Voot X RY . u— (Poqu, [[(—A) 2ull3).
Then clearly, B, = h,, (0, p,). We fix g € I';, and consider the map
¢=hpog:[0,1] x (S.(c)NV,) = V,_1 x RT = X.

Then
¢O(ST'(C) N Vn) - Vn—l X (Ovpn] = XO

and
¢1(ST(C) N Vn) CVpoq X [pn, +OO) =: X;.

By (I1)—(I3),
i(Im(¢) N Xo N X1) = i(Sy(c) N Vyy) = dimVi,.

Just suppose that there would not exist (¢,u) € [0,1] x (S,(c) N'V,,) such that g(¢t,u) € B,,. Then
Im(¢) N XoN X1 C (Viuor \ {0}) x {pn}-
By (I1) and (I2), we have
i(Im(6) N Xo N X1) < i((Va1 \ {0}) % {pn}) = dimV,,_y.
Then dimV,, < dimV,,_1, which leads to a contradiction. Thus the proof is completed. O
Lemma 2.19. For eachn € NT,

= Inf I(g(t >b,.
n(€) ger, ogt@,gleagi(c)mvn (g(t, u)) > bn

Proof. Tt follows from Lemma 2.18 immediately. O

Next, we shall prove that the sequence {y,(c)} is indeed a sequence of critical values for I restricted
to Sy(c). To this end, we first show that there exists a bounded Palais-Smale sequence at each level 7, (c).
From now on we fix an arbitrary n € NT. To find such a Palais-Smale sequence, we apply the approach
developed by Jeanjean [18], already applied in [3]. Notice that, in [3,18], the function space is H!(R),
where we only need to change it to H?(RY). First, we introduce the auxiliary functional

I:5.(c) xR =R, (u,0)— I(r(u,6)),
where k(u, ) is given in (2.17), and the set

T, = {3:[0,1] x (S.(¢c) N V,) = S,(c) x R|§ is continuous, odd in u,
and such that kog € Ty, }. (2.22)
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Clearly, for any g € ', g := (g,0) € L,.
Observe the definition

5 := inf I(g(t,u)),
Tn(€) glenfnogt@,gle%)i(c)mvn (g2, )

we have that 7,,(¢) = v, (c¢). Indeed, by the definitions of 7, (¢) and 7, (c¢), this identity follows immediately
from the fact that the maps

o:Ty—=Th  g—=¢(g):=(9,0)

and

YDy — Ty, ﬁﬁlb@)::/foﬁ
satisfy

I(p(g)) = I(g) and I(¥(3)) = 1(9)-

We denote by E the space H:(RY) x R endowed with the norm ||-||% = || - ||+ |- |2, and by E* its dual
space and give a useful result, which was proved by using Ekeland’s variational principle.

Lemma 2.20. Let e > 0. Suppose that gg € L, satisfies

I(Go(t,u)) <7 :
pcrcn X (go(t,u)) < An(c) +e

Then there exists a pair of (ug,0o) € Sr(c) X R such that

(1) I(uo, o) € [Fn(c) — €, An(c) +€l;
(2) ming<r<iues, (v, (w0, 00) — Go(t, u)llz < Ve

(3) ||f/|Sr(c)xR(u0’90)‘ B < Qﬁvi'e" |<T/(U0790)>Z>E*><E| < 2\ﬁ”2||E holds, for all

z€ T(“Ov"o) = {(21,22) € E,(uo, 21) > = 0}.

Proof.  The proof is the same as the proof of Lemma 2.3 in [18] and we only need to change the function
space from H}(RY) to H:(RY), so we omit it here. O

Proposition 2.21. Letp € (14 242 J42) N >3 5 € (0,1) and o € (0,N). Then for any fized

¢ >0 and n € N, there exists a sequence {vy} C S,.(c) satisfying as k — oo,

I(”}?) — Tn(c),
I'g, (¢ (i) =0, (2.23)
Qvy) — 0.

In particular {v}} C S,(c) is bounded in HE(RY).
Proof.  From the definition of «,(c), we know that for each k € NT, there exists a gi € I, such that

Hgeltw) < (@) + 7.

max
0<t<1,u€S, (c)NV,,

Since 3, (¢) = yn(¢), dx = (g,0) € T, satisfies

I@ﬁw»<%@+%.

max
0<t<1,uesS, (c)NV,,

Thus applying Lemma 2.20, we obtain a sequence {(u},07)} C Sy(c) x R such that
(i) I(uf, ) € [ra(e) = £, vmlc) + &;
(i) mino<i<,ues, @nv, 1ug, ) — (gt u),0)|[p < \/%%
(i) 177 g, (o) (U 0Pl e < 20/, e, (T (U2, 02), 2) g ] < 2\/%||z||E holds for all

2 € Tiup o) == {(21,22) € B, (u}, 21) 2 = 0}.
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For each k € N, let v} = (ul, 0}). We shall prove that {v}'} C S,(c) satisfies (2.23). First from (i) we
have that I(v}}) — vn(c) as k — oo, since I(v}) = I(k(up, 0})) = I(uf, 0}). Secondly, note that

(T (4, 6), (6,7))
_e298 _ %’U, 2 rse? _ §u2
= [ atua)ior /\<>|

N
(Np N_areNpNa// |p
2p RN JRN |x—y\

— e/(Np=N=0) / (Ko * [u|P)|ulP " up. (2.24)
RN
Then we obtain
. . NP—N—-a_, .
Q(vg) = 2sA(vy) — #B(vk)
. NP - N n
= 25255 A(u}) — 2 (Np=N=0) B(uj)
p

= 2(I" (uft, 0}), (0, 1)). (2.25)

Thus (iii) yields Q(v}) — 0 as kK — oo, for (0,1) € T(ug,eg)- Finally, we prove that
I'ls (k) =0 as k— oco.
We claim that for k € N sufficiently large,

2v2
Vi

where Tyyr = {w € HE(RN), (v2, w)p2 = 0}. Indeed, for w € Ty, setting w = r(w, =0} ), one has

(I’ (v}),w)| < lwll  holds for all w € Typ,

Wty = [ VA= [ P
= e / (~A)Eu (-5
Rl R G
R
= (T, 07), (3,0). (2.26)

Since [pn U@ = [px Vpw, we obtain (@,0) € T(un opy © w € Typ. From (ii) it follows that

Or =10 — < i nvon - t,u), < —,
O = 0E -0l < min G 08) — (on(t ). 0 < -

by which we deduce that, for k£ large enough,

~ ~ 2 _ogng
1@, 0)1 = [I®]1* = /RN Jwl + e Aw) < 2wl

Thus, by (iii) we have

- 2 2\/
I'(v),w)| = (I'(u}, 07), (@0,0)) < —=||(@,0)||e <
[ (vg), w)| = (I'(ug, 0%), (@, 0)) \/EII( )| fll wll.
AS a consequence,
n n 2v/2
1 g @l = sap  [(I'(vf),w)] < —= =0, k— o0

WET,p lwll<1 Vk
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To end the proof of the proposition, it remains to show that {v}'} C S,(c) is bounded in HS(R"Y). But

since p € (14 228 J+a) this follows from the relationship between I(u) and Q(u),

1 _ Np—N-—a-2s

) = sy ¥" = SN =)

A(u). (2.27)

This completes the proof. O

Next, we show the compactness of our Palais-Smale sequence {v}'} obtained in Proposition 2.21. First,
we give a useful lemma.

Lemma 2.22. Let F be a C' functional on H*(RYN). If {x} C S(c) is bounded in H*(RY), then
Flls@(ze) =0 in H*(RY) & F'(z)) — (F'(zp), 25)zr > 0 in H*RY) as k— cc.

Proof.  The proof is the same as the proof of Lemma 3 in [10], so we omit it here. O

Proposition 2.23. Letp e (1+ 22 f42) N >3, 5€(0,1), a € (0,N), ¢ > 0 and {vi} C S,(c)

be a sequence satisfying as k — oo,

I(0g) = ple) € R\ {0},
r |Sr(c) (Uk) — 0, (2.28)
Q(vk) — 0.

Then there exist v € H(RYN) and {\} C R such that up to a subsequence, as k — +oc,
(i) v = v #£0 in H(RV);
(i) Ae — A <0 in R;
(iii) (—A)*vgp — Apvp — (Ko * |0|P) g P20 — 0 in H7$(RY);
(iv) (=A)*v — Ao — (K * [v[P)|v[P~2v = 0 in H $(RY).
Moreover, if X < 0, then we have vy — v in HE(RN) as k — oo.
Proof.  Since by (2.27) and (2.28), {vi} C S.(c) is bounded, up to a subsequence, there exists v €
H2(RYN) such that
vy —v in HRN),
v — v in L%(RN),
vy = v ae. in RV,

If v = 0, by (2.2), we have B(vx) = o(1). Thus we obtain A(vg) = o(1) for Q(vg) = o(1). As a
consequence, I(vg) = o(1), which contradicts p(c) # 0. Thus (i) is obtained. By Lemma 2.22,

I's we) =0 in H5RY) e I'(vp) — (I'(vg),vk)oe = 0 in H5(RY) as &k — oc.

Since for any w € H:(RY),

s

(I'(o) = (o) o) = [ (-8)5u(-a)h

RN
— / (K * [0k]) [0k )P 20w — )\k/ VW, (2.29)
RN RN
where
)\k = <I/(’Uk),1)k> = A(vk) — B(’Uk). (230)

Thus (iii) is proved. Since each term on the right-hand side of (2.30) is bounded, there exists X € R such

that A, — X as k — 400 up to a subsequence. Furthermore, for p € (1 + 222, ijvaOés)’ Q(vx) = o(1),

A= lim A, = lerI;O[A(vk) — B(wy)]

k—o0
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R e (]
<0. (2.31)

k—o0

Thus (ii) is proved and (iv) follows from (iii). By (ii) and (iii) we have

(v —v) — )\/]RN v (vg — v) — /RN (K * [0k]P) [0r]P 2ok (v, — v) = 0(1).  (2.32)

vl

|, e )

From (iv) we have

/ (=A)20(=A)2 (v — v) — A/ v(v — v) — / (K * [V|P) 0P 20 (v — v) = 0. (2.33)
RN RN RN
Combining (2.32) with (2.33), we obtain
A(vg —v) — AD(vy, — v) = /N (K * [0k]P) [0k |P 20k — (K % [0]P) 0P~ 0] (vg, — ).

R

By the Hardy-Littlewood-Sobolev inequality,
/ (Ko * [0[) 0[P v (o —v) < IIvIIZfNJIIvk — V) 250 =0
RN N+to

and

/ (K * [on|")|velP~ vk (vp — ) < ||Uk||2§'zvp1||vk — |l 2np — 0.
RN N+a

Then, A(vr — v) — AD(vs — v) = o(1). If X < 0, A(vy — v) = o(1) and D(vy — v) = o(1), then we have
v — vin HS(RY) as k — oco. O

3 Proof of main results

At this point we can prove our main results.

Proof of Theorem 1.1.  The first part follows from Lemmas 2.7, 2.9 and Propositions 2.14 and 2.15.
Furthermore, we shall prove that u. € S(c) is a ground state. Indeed, if u € S(c) and I'|g(.)(u) = 0, by
Lemmas 2.6 and 2.7, we get that Q(u) =0, i.e., u € V(¢). This concludes that I(u) > m(c) = I(u.). By
Lemma 2.6, Q(u.) = 2sA(u.) — WB(%) =0, and then B(u.) = %A(uc). By (2.3),

Np
2 p—N—«a a)—(N—2s)p
ﬁfl(u& = B(u.) < C(Nva,S)A(uC)N = D(uc)(]w )_(v-2s) 7
and then N
Np—N—a—2s —28)p—(N+a
A(UP)T 2 C(N, «, 5)0# — 400

as ¢ — 0T, ie., A(u.) = +oo as ¢ — 0F. Moreover,

Np— N —a—2s
2(Np— N — «)

m(c) = I(u.) = A(ue) = 400

as ¢ — 0", From (1.1), we have A(u.) — A\.D(u.) = B(u.). Then

Ao = <lA(u) — Blue)
- ;A - A
1 (N—=2s)p— (N +a)
e Np— N —«a Aluc)



Li G B et al. Sci China Math ~ March 2020 Vol. 63 No.3 557

— —00 (3.1)

as ¢ — 0F, for p € (14 2425, J42) Next, we consider the case when ¢ — +o0. Let u € V/(1), u(z) =

ﬁt?ul(tcm) with t. = ¢~ ~7=N=a=2. Then @ € V(e), A(a) = ct?>* A(uy) and B(a) = cPtYP=N=2B(u,).
By calculation, we have

1(@) = = A7) - %B@

S

1
2
1
2 _Np—N—a

A(u) A(u)
Np—N—-a—-2s

= * ,SA
2(Np— N —«a) ¢t Aln)
Np— N —a—2s 2(p=1)s

— ST NP NTa—T A
2(Np— N — ) e (1)

Np—N —a—2s (N—29)p—(N+a)
— Np—N-a-2s A
oNp—N —a) © (u1)
—0 (3.2)

as ¢ = 400, for p € (14 %2 J+e) Therefore, 0 < m(c) = I(uc) < I(u) = 0 as ¢ — +o0. So

_ 2(Np—N —a)
~ Np—N—a—2s

A(u,) m(c) =0

and
_ 1N =28)p—(N+a) "
/\C_c [Np — (N + )] Alue) =0

as ¢ — +00. Thus the proof is completed. O

Proof of Theorem 1.2. By Propositions 2.21 and 2.23, it is enough to prove that if (v,, \,) € H*(R™)\
{0} x R satisfies (1.1), then A, < 0, for each n € N*. However, this point has been proved in Lemma 2.6.
Since

1 Np— N —a—2s
v v @) =
2(Np— N —«a) 2(Np— N — )
for Q(v,) = 0, then we get that {v,} is unbounded in H?(RY) from the fact in Lemmas 2.17 and 2.19
that v,(c) > b, — 00 as n — oo. Finally, by Lemma 2.5(i), there exists a constant C' > 0 such that
C

[on(2)] € ————7= <C.
(L4 [xf?)

I(v,) —

A(vn) = ya(c),

Thus the proof is completed. O
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