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Abstract The initial boundary value problem of a class of reaction-diffusion systems (coupled parabolic sys-
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energy case. For the low initial energy case and critical initial energy case the sufficient initial conditions of
global existence, long time decay and finite time blowup are given to show a sharp-like condition. In addition,
for the high initial energy case the possibility of both global existence and finite time blowup is proved first, and
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1 Introduction
In this paper, we consider the following nonlinear parabolic systems with power type source terms:

up — Au = (Ju|? + [P HuPYHu, 2€Q, t>0,
v — Av = ([v]?P + [Pt olP~ e, 2€Q, t>0,

u(z,0) = uo(z), x € Q, (1.1)
v(z,0) = vg(z), x € Q,
u(z,t) = v(z,t) =0, (z,t) € 09 x (0,T],

where ) is a bounded domain in R™ with smooth boundary 92, n > 2 and p satisfies the following
assumptions:

2
H): p>1 it n=2, 1<p<72 if n>3. (1.2)
" —
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Problem (1.1) is usually referred to as a simple example of a semilinear reaction diffusion system with
coupling source terms to predict the time evolution of the various density distributions. It also describes
heat propagation in a two-component combustible mixture [4,7,12], where u(z,t) and v(z,t) represent
the temperatures of the two interacting components, thermal conductivity is supposed constant and
equal for both substances, and a volume energy release given by some powers of u(z,t) and v(z,t) is
assumed. Moreover, it is assumed that the temperatures not only respectively depend on the components
themselves (represented by the terms |u|?Pu and |v|*Pv, respectively), but also are affected by each other
(represented by the terms |v[P*|u[P~ y and |u|PT!|v|P~1v). Furthermore, it can be used to describe the
interaction of two biological groups where the speed of diffusion is slow [10] and the model of Bose-Einstein
condensation [8]. The coupled special nonlinear terms in (1.1) can be also found in the interaction of two
scalar fields [35] and the motion of charged mesons in an electromagnetic field [23]. It shows that the
nuclear reactors exchange heat energy with outside, v and v indicate the neutron flux and temperature
of the nuclear reactors [17]. This model is also used in subjects like chemistry [25], physics [1,9, 11],
biology [41] and ecology [5,22] systems.

In order to further motivate the studies of this paper, we recall some established results and we like to
begin with the most fundamental model as follows:

ur —Au= f(u), €, t>0,
’LL($,O) = Uo(x), T e Q7 (13)
u(x,t) =0, red, t=0.

The local solvability of (1.3) with f(u) = |u[P~'u was given in [6,18]. A powerful technique for treating the
above problem is the so-called potential well method, which was established by Payne and Sattinger [27].
The technique for proving the global nonexistence of solutions of abstract problems that include (1.3)
was developed in [21]. In [3], a strong result for (1.3) was established, namely pointwise blowup in finite
time. By constructing a family of potential wells, Liu and Zhao [24] and Xu [36] respectively considered
the initial boundary value problem (IBVP) (1.3) with the initial data J(up) < d and J(ug) = d (here,
J(u) is the so-called potential energy functional in the form J(u) = $[|Vu|? — [, F(u)dz, F(u) is
the anti-derivative of f(u), i.e., F(u) = fou f(s)ds, and the similar functional will be introduced in
the present paper later) and proved that there exist global and non-global solutions under different
conditions on the initial data. Gazzola and Weth [16] studied the initial boundary value problem (1.3),
where f(u) = |[ulP~'u and vy € H}(Q). They paid much more attention to the initial data at the high
energy level, and obtained the global existence (or nonexistence) solution with an arbitrarily large initial
datum. Following the ideas in [16], Xu and Niu [37] and Xu and Su [38] extended the corresponding
results to the IBVP of the nonlinear pseudo-parabolic equation. In addition, the Cauchy problem of the
corresponding nonlinear pseudo-parabolic system was considered in [40].
For semilinear reaction diffusion systems, we first mention the following model:

up — Au = vP,
{ (1.4)

vy — Av = ud.

For the initial boundary value problem of (1.4), Galaktionov et al. [14,15] proved its local and global
existence of the solution. Escobedo and Herrero [12] considered the initial boundary value problem of (1.4)
in a bounded open domain in RY with smooth boundary. They characterized that every solution exists
globally in time if 0 < pq < 1; but if pg > 1, solutions may exist globally in time with small enough initial
value data or blow up in finite time with large enough initial value data. The Cauchy problem of (1.4)
was considered in [11] and the global well-posedness of the solutions was obtained. Sato [31] showed the
relationship between the life span and initial data. Kwembe and Zhang [19] considered the system (1.4)
with the general Wentzell boundary condition and obtained the results on Fujita-type global existence
and finite time blowup of solutions.

Considering the combination of interacted nonlinearities, several researchers devoted to the Cauchy
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problem of the following system:
v Bu =i, (1.5)
vy — Av = u? + v°.

Souplet and Tayachi [33] proved that one component of a blowup solution may stay bounded until the
blowup time, and they also investigated the blowup rates of a class of positive radial solutions. Based on
a continuity argument, Rossi and Souplet [30] studied the initial boundary value problem of (1.5). They
showed that, in the range of exponents where either component may blow up alone, there also exist the
initial data for which both components blow up simultaneously.

For the initial boundary value problem of the following system [13,33]:

{ut — Au = uPro?t, (1.6)

vy — Av = uP2092,

we can view it as an intermediate problem between the uncoupled problem and coupled problem (1.4),
which is a simpler case of the problem (1.1). The local solution for the IBVP of (1.6) was inferred in [20,26].
Escobedo and Levine [13] obtained Fujita-type global existence and global nonexistence results for the
initial value problem of (1.6) analogous to the classical results of Fujita and others for u; = Au + uP,
u(x,0) = ug(x) = 0. By reviewing the above known results and also [2, 7,13, 28, 34,39,42], the authors
got the critical global existence exponent and the critical Fujita exponent for (1.6). The main results are
as follows:

(i) If p1 <1, g2 <1, and pag1 < (1 — p1)(1 — g2), then all the non-negative solutions of the initial
boundary problem of (1.6) are global.

(ii) If p1 > 1, or g2 > 1, or gap1 > (1 — p1)(1 — ¢2), then there are global solutions (or solutions which
blow up in finite time), depending on the sufficient small (or large) initial values.

It is obvious that the source terms |v[P*!|u[P~tu and |u[P*!|v[P~1v in the problem (1.1) satisfy the
case (ii), i.e., p1 = ¢2 > 1. From the above discussions, we find that the solution of the problem (1.1)
may exist globally when the initial datum is sufficiently small, and oppositely, it may blow up in finite
time when the initial datum is sufficiently large. Hence these efforts mainly focus on the role of the
power index of the nonlinear term in the global well-posedness of the solution rather than the initial
data, because these results require an extremely strict condition on the initial data, such as large enough
or small enough. Inspired by these studies, we are naturally interested in more relaxed restrictions and
more precise descriptions of the initial data; in other words, we are interested in how small or how large
the initial data are in order to ensure the global existence or non-global existence. To answer the above
questions, in this paper we will discuss these problems in the frame of variational methods. The potential
well theory works well when the energy is controlled by the mountain pass level, also known as the depth
of the potential well, i.e., J(ug) < d, where J(u) is the potential energy of the problem (1.3) and d is
the mountain pass level, that will be introduced later. Then we will also extend the above corresponding
results to the critical case, i.e., J(u) = d in a proper way. The most interesting part of the present
paper is to consider the sup-critical case, also known as the high energy case, i.e., J(u) > d (later we
shall show that the potential energy functional J(u) will be replaced by J(u,v) due to the system of
parabolic equations). We are also aware of the need and the importance of considering the system of
two equations rather than a single equation, especially considering the coupling effects and interactions
of the nonlinear terms. But so far we have no standard method to deal with this issue, because we
cannot simply solve this problem by parallelizing the method for a single equation due to the interactions
in the nonlinearities. At least we need to answer some basic questions. First of all we realize that we
are still unable to handle all but the most important coupling nonlinearities. So we need decide which
nonlinearities can be prioritized. The nonlinear coupling terms we considered in this paper are relatively
general and representative. In addition, they include some simple coupling cases even when they are
relatively complex. At the same time, these nonlinear features have a very clear physical and applied
background. Even so, we must be honest to say that this particular nonlinear case also brings a lot
of convenience to us for constructing the variational structure and conducting corresponding analysis.
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Meanwhile the difficulties associated with these nonlinear couplings are also obvious. We must design
some new variational functionals and variational structures for the coupling nonlinear terms, and as far
as possible make these structures convenient for us to use the well-established techniques for a single
equation. Even so, we still have to face many difficulties in the selection and calculation of the auxiliary
functions for blowup. In addition, the big difficulties always arise in the case of supercritical initial energy,
as small as the re-estimation of the Gateaux derivative, as large as the analysis of the manifolds and the
differential inequalities, which bring us new challenges and also general interest. Although there are still
a lot of nonlinear cases unsolved in the frame of the potential well method, it is not helpful to point out
some open problems because the special case considered in this paper may be the only one that can be
dealt with now. Therefore, our research can also be regarded as the exploration and a test of the bounds
of the potential well theory.

The structure of the present paper is as follows:

(i) The low initial energy case (J(ug,vo) < d) in Section 3: by using the Galerkin method [24] and the
concave function method [21,24], we obtain the global existence and finite time blowup of the solution
for the problem (1.1). Furthermore, we characterize the global solution vanishing as ¢t — co.

(ii) The critical initial energy case (J(ug,vp) = d) in Section 4: we prove the global solution, blowup
solution and asymptotic behavior of the problem (1.1) by scaling the initial data [36,37].

(iii) The high initial energy case (J(ug,v9) > d) in Section 5: we discuss the possibility of both global
existence and finite time blowup and try to find out the corresponding initial data with arbitrarily high
initial energy. First, we prove the comparison principle of the coupled parabolic systems. By using it
and the ideas in [16,38], we describe the structures of the initial data and give some sufficient conditions
of the initial data which ensure the finite time blowup and global existence of the solution, respectively.

2 Notation and primary lemmas

We denote by || - [|q the L?(£2) norm for 1 < ¢ < oo and by || - ||z the Dirichlet norm in H}(Q). In the
bounded domain, the Poincaré inequality holds to give two equivalent norms |[u| gy and |[Vul|2, that is
to say there exist constants C; and Cs such that

CrllVull3 < flullfy < CalVul3,

%I& ~ ||Vul|/3. In addition, we use ||f|][a < ||f||z to denote the estimate || f|l4 <

C| f|lz if the constant C' > 0 can be found in a proper way.
It is obvious that if (¢, %) = (¢(x), ¢ (x)) verifies the semilinear elliptic systems

which is denoted by ||ul|

—Ad = (ol + ¥ e He, zeq,
—Ap = ([Y1* + oy~ )y, z€Q,
¢ =0, x € 082,
Y =0, x € 09,

(2.1)

and (¢,7) € Hg () x Hg(2) \ {(0,0)}, then
(u,v) = (u(z,1),v(z,1)) = (¢(2),¥(x)), (z,1) € R" x (0,00)

verifies (1.1), which is the stationary solution of (1.1). Consider the energy functional J and the Nehari
functional I defined by

1
J(u,v) = 2(/ |Vu|2dx+/ |Vv|2d:r)
Q Q

1
(/ |u|2p+2d:c+/ |u\p+1|v|p+1daz+/ |v|2p+2d:c>
2p+ 1)\ Jg Q Q
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1
2 2 2p+2 +1 2p+2
(ullzzg + M1ollz) = m(llﬂllgﬁw + 2luwllpT + [lvllzyis) (2.2)

I(u,v) = (/ \Vu|2da?+/ |Vv|2d1;>
Q Q
- (/ |u|2p+2dx+/ |u|p+1|v|p+1dx+/ w|2p+2dm)
Q Q )

2p+2 +1 2p+2
~ (Jlullfgy + ollF2) — (lullzpiz + 2lluwlpi + [lvl2p2)- (2.3)

~

N | =

and

Next, define the Nehari manifold
N = {(u,v) € Hy(Q) x Hy(2)\ {(0,0)} | I(u,v) = 0}. (24)

Then J is bounded from below on /. Next, we introduce the mountain pass level (also called the depth

of the potential well)

d= min max J(s1u, sav). (2.5)
(u,v)eHL(Q) x HE (2)\{(0,0)} 51,5220

It is obvious that the mountain pass level d defined in (2.5) may also be characterized as

d= inf J(u,v). 2.6
i (u,v) (2.6)

Clearly, N separates the two unbounded sets
Ny = {(u,v) € H}(Q) x H}(Q) | I(u,v) >0} U{(0,0)} (2.7)
and
N_ = {(u,v) € Hy() x Hy(Q) | I(u,v) < 0}. (2.8)
We also need to consider the (open) sublevels of J:
TP = {(u,v) € HY Q) x H}(Q) | J(u,v) < k}.

Hence,

Ny = N Jo = {(u,v) e N

2 1
Hu||§{& + ||v|\12H& < a(pp—l—)} #( forall «>d.

The above alternative characterization of d also shows that

_ 2d(p+2)
P

dist(0,N') = min (||uH§{5 + ||U||§Ié) =4: > 0.

(u,v)eEN
For all a > d, we define
Ao = imf{||ull3 +[l]3 ] (u,v) € No} and  Aq = sup{|Jull3 + [0]3 | (u,v) € No}.
Clearly, we have the following monotonicity properties:
« — A, is nonincreasing, « — A, is nondecreasing.

In the following, let 7' denote the maximal existence time of the solution with initial condition (ug, vo) €
HY(Q) x HE(Q). We denote by S(t) the nonlinear semigroup associated with (1.1). Instead of

(u, 7)) = (u(t)7 U(t))7
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we will also write

@@w+[5Wwﬁ@@%ﬂ@m+£5wﬁmmm%>ﬂnt<ﬂ

where
flu,0) = ([u* + [oP P uP~"u and  g(u,v) = (|0]* + [uPHolP~ ).

The smoothing properties of this semigroup suggest that we consider the space
Ca() :=={uec CHQ)|u=0o0n 0} =CH Q)N HLN),
endowed with the standard norm || - ||c1 of C*(2). If T = oo, we denote by

w(ug, vg) := ﬂ {(u(s),v(s)) : s =t}

£>0

the w-limit set of
(ug,v0) € HE(Q) x HI(Q).

Now we introduce the stable set W and the unstable set V' defined by
W=JNnN, and V=J'nN_.
For § > 0, we further define the functional
Is(u,0) = 6(|ullZy + 10l2) — (ull2223 + 22 + [0]2253). (2.9)
Now, we define the depth of a family of potential wells for § > 0,

d(6)= inf J(u,v).
(9) o (u,v)
For the problem (1.1), it is ready for us to introduce a family of potential wells Ws together with the
outside Vj,

Ws = {(u,v) € H}(Q) x Hy(Q) | I5(u,v) > 0,J(u,v) < d(6)} N {(0,0)}, §>0

and
Vs = {(u,v) € HY}(Q) x HY(Q) | Is(u,v) <0, J(u,v) < d(6)}, &> 0.

Let us introduce the sets

B = {(uo,v0) € Hy(Q) x H}(Q) | the solution (u(t),v(t)) of (1.1) blows up in finite time},
G = {(ug,v0) € HL () x HL(R) | the solution (u(t),v(t)) of (1.1) exists for all ¢ > 0}

and
Go = {(uo,v0) € G|u(t) — 0, v(t) — 0in H}(Q) as t — co}.

Next, we give four lemmas (see Lemmas 2.1-2.4) without proving them as we can derive them easily
from the arguments in [38]. Lemma 2.1 discusses the monotonicity of the map A — J(\), which can
be derived by a scaling of J(u) referring the proof of Lemma 1 in [38]. Lemma 2.2 states the relations
between a ball in Hg(Q) x H}(2) and the sign of the Nehari function I(u,v), which can be proved by the
Sobolev embedding inequality and simple estimates like those in the proof of Lemma 2 in [38]. Lemma 2.3
ensures that the sign of I5(u,v) does not change for different §, which is very important if we only have
the information of some fixed §, and can be proved by contradictory arguments like the proof of Lemma 5
in [38]. Finally, Lemma 2.4 exhibits the behaviour of d(d) in § (similar to the arguments of Lemma 4
in [38]).
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Lemma 2.1 (See [38]). Let (u,v) € HY(Q) x HL(Q)\ {(0,0)}. Then

(i) limy—o J(Au, Av) = 0, imy—, oo J(Au, Av) = —o0;

(i) on the interval 0 < A < oo there exists a unique \* such that % J(Au, Av) [x=x» = 0 and J(Au, Av)
1s increasing on 0 < A < N*, decreasing on \* < A < 0o and takes the mazimum at A = \*;

(iii) I(Au, ) >0 for 0 < A < X*, I(Au, Av) < 0 for \* < X < oo, and I(A\*u, \*v) = 0.

Lemma 2.2 (See [38]).  Assume (u,v) € Hi () x HY(Q) and set r(d) := (202@%)%, where C, is the
embedding constant from H} into L*+2,

(i) If 0 < Hu||§1é + ”UH?{(} < 7(8), then Is(u,v) > 0. In particular, if 0 < ||u||§lé + HU”%(% < r(1), then
I(u,v) > 0.

(ii) If Is(u,v) < 0, then ”uH%Ié—’—H’UH%I(} > 7(8). In particular, if I(u,v) < 0, then ||u|\zé+||v\|%[é > r(1).

(iii) If Is(u,v) = 0 and ||u||§{é + HU||§{3 # 0, then ||u||?{é + ”U”%I& > r(8). In particular, if I(u,v) =0
then lull%, + 0], > (1),

(iv) If Is(u,v) = 0 and HU”%](% + HUqué # 0, then J(u,v) > 0 for 0 < ¢ < p+1, J(u,v) =0 for
d=p+1, J(u,v) <0 ford >p+1.

Lemma 2.3 (See [38]). Assume 0 < J(u,v) < d for some (u,v) € H}(2) x H}(Q), and §; < 52 are
the two roots of the equation d(d) = J(u,v). Then the sign of Is(u,v) does not change for 61 < & < da.
Lemma 2.4 (See [38]).  For d(6), the following properties hold:

(i) d(8) = a(8)r*(8) for a(d) = 3 — %, 0<86<p+1;

(ii) lims—0d(0) =0, d(p+ 1) =0 and d(§) <0 for é > p+1;

(iil) d(0) s increasing on 0 < 6 < 1, decreasing on 1 < § < p+ 1 and takes the mazimum d = d(1) at
§=1.

We define the weak solution and the maximal existence time for the problem (1.1) as follows.
Definition 2.5 (Weak solution). A function (u,v) € L°([0,T), H}(Q) x H}(Q)) with (us,v;) €
L2([0,T),L*(Q) x L?(Q2)) is called a weak solution of the problem (1.1) on Q x [0,7), if the follow-
ing conditions are satisfied:

(i) for all wy,ws € HY(Q) and for all t € (0,T), we have

(ue,w1) + (Vayw1) = (([u* + [0l ulP~ u, wr) (2.10)
and
(v, w2) + (Vo,wa) = (([0]* + [u"" ol ~H)v, wo); (2.11)
(i) u(x,0) = ug(z) in HY(Q), v(x,0) = vo(x) in HL(Q);
(iii) for all ¢ € (0,T), we have

t
/ (lurll3 + llo-l3)dr + J (u, v) < J(uo, vo)- (2.12)
0

Definition 2.6 (Maximal existence time). Let (u,v) be a weak solution of the problem (1.1). We
define the maximal existence time 7' = T'(u,v) of (u(t),v(t)) as follows:

(i) if (u,v) exists for 0 < ¢ < oo, then T' = oo;

(ii) if there exists a tp € (0, 00) such that (u(t),v(t)) exists for 0 < t < tg, then T = .

Moreover, we present the following local existence and uniqueness theorems referenced in [7,9].

Proposition 2.7 (Local existence).  Let (ug,vo) € H(Q) x H (). Assume (1.2) holds and ug and vg
are non-negative. Then the problem (1.1) admits a local solution (u,v), i.e.,

we C([0,T); Hy (), u: € C([0,T); L*())
and
veC([0,T); Hy(Q), v €C([0,T); L*(9Q)),

where T is the mazimal existence time of (u(t),v(t)).
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Proposition 2.8 (Uniqueness, see [9]).  Assume ug = 0, vg = 0, (ug,vg) € L>®(Q) x L>=(Q). For f
and g continuous, (1.1) has a non-negative solution defined in an interval [0,T). Moreover, f and g
are locally Lipschitz, then the solution is unique in L ((0,T) x Q) x L>((0,T) x Q) and the mapping
(up, vg) — (u(t),v(t)) is continuous from L () x L>®(Q) to L>=((0,T) x Q) x L>®((0,T) x Q).

3 Global existence and blowup when J(ug,vo) < d

In this section, we first prove the invariant sets under the flow of (1.1), and we show the global existence
(in time) and finite time blowup of the solution. Furthermore, we characterize the asymptotic behavior
of the solution for the problem (1.1).
Theorem 3.1 (Invariant sets).  Let (H) hold, (ug(x),vo(x)) € H}(Q) x HE(Q), 0 <e < d, § < 52 be
the two roots of the equation d(§) = e. Then

(i) the solution (u,v) of the problem (1.1) with J(ug,v) = e belongs to Wy for 61 <6 < d2, 0 <t < T,
provided I(ug,vg) > 0;

(ii) the solution (u,v) of the problem (1.1) with J(ug,ve) = e belongs to Vs for 61 < 6 < d2, 0 <t < T,
provided I(ug,vo) < 0, where T is the mazimal existence time of u.
Proof.  Let (u,v) be any weak solution of the problem (1.1) with J(ug,v9) = e, I(ug,vo) > 0, and
T be the maximal existence time of (u(t),v(t)). From J(ug,vo) = e, I(ug,v9) > 0 and Lemma 2.3, it
follows that I5(ug,vo) > 0 and J(ug,vo) < d(d). Then (ug(x),vo(z)) € W5 for 61 < § < da. We prove
(u(t),v(t)) € Ws for 61 < 6 < d2 and 0 < ¢t < T. Arguing by contradiction, by continuity of I(u,v)
in time we suppose that there exist dp € (d1,d2) and ¢o € (0,7) such that (u(to),v(to)) € OWs,, and
Is, (u(to), v(to)) = 0, [lu(to)ll g # 0, [lv(to)llmg 7# O or J(u(to), v(to)) = d(do). From

t
/ (lwrll2 + Jo-12)dr + J(u,v) < J(ug, vo) < d(5), 6y <8 <8y, 0<t<T, (3.1)
0

we can see that J(u(to), v(to)) # d(bo). If Is, (u(to), v(to)) = 0, [[u(to)|[7s + llv(to)[[7;s # O, then by the
definition of d(d) we have J(ug,vg) = d(dy), which contradicts (3.1). Similarly, we can obtain the second
statement. 0

Next, we give a global existence theorem for the weak solution of the problem (1.1) in the case of
J(Uo, Uo) <d.
Theorem 3.2 (Global existence for J(ug,vo) < d). Let (ug,vo) € H () x HY(Q) and (H) hold.
Assume that 0 < J(ug,v9) < d, I(ug,vg) > 0. Then the solution of the problem (1.1) exists globally on
[0,00), i.e., (u(t),v(t)) € L=(0,00; HE(Q) x HE(Q)) with (us(t),ve(t)) € L?(0,00; L2() x L3(2)) and
(u(t),v(t)) € W for 0 <t < 0.
Proof.  Let {wj(x)} be a system of base functions in Hg(92). By the elliptic operator theory, {w;(z)}
forms base functions in H} () N LP(Q) (1 < p < o0) and w; € C>(). Construct the Galerkin approxi-
mate solutions (um (,t), vm(z,t)) of the problem (1.1),

Um(l’,t) :Zgjm,(t)wj(x), m=12...,
j=1

U (2, 8) = Z hjm(t)w;i(z), m=12,...
j=1

satisfying

(umt, ws) + (Vg, Vwg) = ((|um|2p + |Um|p+1|um|p71)uma“’5)a (3.2)

(Umtaws) + (vaa sz) = ((|'Um|2p + |um|p+1|vm|p71)vmaws) (33)
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and
= Uy, = Zg]m Jwj(z) > up in H&(Q),
U (0) = Vo = Z him(0)w;(z) = vo in H(Q).

According to the standard ordinary differential equation theory, (3.2)—(3.4) admit a solution
(gjm (1), hjm (1)) € CH([0,8m)) x CH([0,tm)),

where t,, is the minimum of the existence time of g, (t) and hj, (t) for each m.

Next, we shall extend this local approximate solution constructed by g;m (t) and hj.,(t) to the global
one. Multiplying (3.2) and (3.3) by ¢.,,(t) and k., (t), respectively, summing for s, integrating with
respect to t from zero to t and adding these two equations, we can deduce

t
/0 (It 13 =+ [[omr 13)d7 + J (g, vyn) = J (U (0), 0 (0)), &> 0. (3.5)
Noticing that (3.4) gives J(um(0), v, (0)) = J(ug, vo), we have
t
[ Ut 13+ ome B + T, v) < d, >0 (3.0)
0

for sufficiently large m. By (3.6) and Theorem 3.1, we can prove that (um, (), v, (t)) € W for 0 <t < o0
and sufficiently large m. Thus from (3.6) and

1 2 2 1 2p+2 +1 2p+2
J(Umavm) = §(Hum||Hé + ”Um”Hé) - 2(]9 T 1) (”um”QZJrZ + 2||Umvm||z+1 + HUmHQZJrz)
1 1 9 9 1
= \5 5 m 1 m 1 —1 my Um
(5 gy ) il + lomli) + s T, o)
p 2 2 1
= m 1 m I ms Um ), 3.7
sy Ul sy + o) + 5 T i) (37)
we obtain
t
2 2 p 2 2
mr mrl5)d ——— (||, mr <d, 0<t< 3.8
| Ut B+ o )+ 5P iy + o ) S (38)

for sufficiently large m, which yields for 0 < ¢ < oo,

2(p+1)

a2y < d,

2(p+1)
p

(p+1)
[ c2||um||,,1<c2( 1),

o3y < d.

(p+1)
(IS 02vm||H1<cz( 1),

t
/ (ke I3 + Nfomr |12 < d
0

200 +1) \"* 2+ 2
2 _ 2p+2 o~ ~2p+42 .
et P 1§ = Nl 3575 < €27 (pd 1=

+1
ot = o272 < c22 (20D )7 _ 242
L p ’ 2p+ 1
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and

1 P Pl
+1 —+1 +1 2p+2 2p+2
ol < o 52 m 52 < 5103513 + TunlB51D) < €242 (5B sa)

Hence, there exist u, v with their subsequences u, of u,, and v, of v,, such that

u, — u in L®((0,00); H}(Q)) weak-star and a.e. in Q = Q x [0, 00);

v, — v in L*((0,00); H} () weak-star and a.e. in Q = Q x [0, 00);

(Jup 2P + o, [P Huy Py, — (Jul?? + JulP o]P~1)u in L°((0,00); LY(Q)) weak-star and a.e. in
Q@ = x[0,00);

(Juu 2P + Juy [P o, [P~ 1o, — (J0]?P + |o[PFHuP~Y)v in L°((0, 00); L9(2)) weak-star and a.e. in Q =
Q x [0, 00);

uys — ug in L2((0,00); L2(9)) weakly;

vyt — vy in L2((0,00); L2(£2)) weakly.
In (3.2) and (3.3) for fixed s, letting m = v — oo, we get

(ue, ws) + (Vat, Vws) = ((Jul* + [0l [ulP ™ )u, w;)
and

(v, ws) + (Vo, Vws) = ([0 + [uf T o] )v, ws).
On the other hand, (3.4) gives u(x,0) = ug(z) and v(z,0) = vo(x) in H}(). Finally, from Theorem 3.1,
we have (u(t),v(t)) € W for 0 < t < co. O

Corollary 3.3.  Let (ug,v9) € HY(Q) x HE(Q) and (H) hold. Assume that 0 < J(ug,vp) < d,
Iy, (ug,vo) > 0, where & < d3 are the two roots of the equation d(6) = J(ug,vo). Then the
problem (1.1) admits a global weak solution (u(t),v(t)) € L°(0,00; H3 () x HL(Q)) with (u(t),v(t)) €
L2(0,00; L2(2) x L2(2)) and (u(t),v(t)) € Ws for 0 <t < oo.

Theorem 3.4 (Global nonexistence for J(ug,vo) < d).  Let p satisfy (H) and (ug(x),vo(z)) € HE(Q)
x H}(Q). Assume that J(ug,vo) < d and I(ug,v9) < 0. Then the weak solution (u(t),v(t)) of the
problem (1.1) blows up in finite time, i.e., there exists a T > 0 such that

t
lim/ (lll2 + [o]12)dr = +oo. (3.9)
t—T 0

Proof.  Let u(t) be any weak solution of the problem (1.1) with J(ug,vo) < d, I(ug,vo) < 0. We define
t

E(t) = [y(lull3 + [[v]3)dr. Then F'(t) = |[ull3 + [|v[3 and

((ue, u) + (vi,v))

(=(IVall3 + [1V9113) + (lull 551 + 2wl + ol2 1))

= —21(u,v). (3.10)

F'(t) =2
2

By Theorem 3.1, we see that F”(¢) > 0. From (3.10), (2.12) and

J(u,v) = (luli%y + llol) + I(u,v), (3.11)

'Y
2(p+1)

we deduce
F(t) = 2p(full%s + lollZ) — 4(p + 1) (u,0)

t
> 2p(Julfy + [01y) = 40+ 1o, 00) + 4+ 1) | (5 + o, [

t
> A+ 1) / (s |2+ o 12)dr + 20CF (£) — (p + 1) (o, vo), (3.12)
0
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where the constant C'is from the Poincaré inequality ||ul|3 < C||Vul|3. Note that

(L/ﬁ((uf,u)-%(vf,v))dT)Q

( |mm+mn>>
:ﬁmwb+wm ~ ool leoll2) a3 + 1ol12) + (llal3 + [10]2)%)
= L0 — 2P (@) (o3 + w0l + (ol3 + [0l (3.13)
Thus we get
FOF®) - 0+ DEOP > 40+ [ (url+ lorlBar [l + olar
0 0
4 2pCF (H)F(t) — 4(p + 1) (w0, v0) F (1)
t 2
—@+U@(A«mm»ummm0
+2F®mw@+1w@uw§+wm@ﬁ
=4(p+ 1)+ 2pCF'(t)F(t) — 4(p + 1)J (uo, vo) F(t)
9+ 1)F (8)(uoll3 + leo2)
(3.14)

+(p+ D(lluoll3 + llvoll3)?,

where
2

gzlhmﬁﬂm@WAhw%mﬁw=(A%wm+mmwﬁ

t t t 2
> [t + oo Bpar [ 1t + Wotar = ([ (helellla + ollalo )i

k 2 2 ¢ 2 2 ! ?
>Amwm+wmmlmwﬁwmwu(ﬁ¢wﬁ+w%¢w@+mwﬂ

= 0.

Hence we can obtain
FI()F(t) — (p— D(F'(1)? = 2pCF' () F(t) — 4(p + 1)J (uo, v0) F(t)
= 2(p + DF' () ([Juoll3 + [lvoll3)
+ (p+ 1) (lluoll3 + llvol3)*.
1)(F'(t))%. In order to simplify the discussion,

(3.15)

Then we need to determine the sign of F”(¢)F(t) — (p —
we respectively consider the following two cases, i.e., J(up,v0) < 0 and 0 < J(ug,vg) < d

(i) If J(up,vo) < 0, (3.15) becomes
F'(OF(t) = (p = D(F'(1))?
> 2pCF'(t)F(t) — 2(p + ) E' (1) (uoll3 + l|vo13)
= 2F'()(pCF(t) — (p+ 1) (fluoll3 + llvol13))-
(P+ ) (lluoll3 + [lvol3)- From F'(t) = [[u]l3 + [[v]}3 > 0
> (p+ 1)([luoll3 + [lvol3). Then

(3.16)

So we only need to consider the sign of pC'F(t) —
and F'(0) = ||uo||3 + ||vo]|2 > 0, we have pC F(t)

F)F"(t) — (p+1)(F'(t))*> > 0 for sufficiently large . (3.17)
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(i) If 0 < J(ug,v0) < d, then from Theorem 3.1 it follows that (u(t),v(t)) € V5 for 1 < § < d2 and
t > 0, where 4 is the larger root of the equation d(d) = e. Hence Is(u,v) < 0 and |[u|%,, + [Jv[|3, 1> r(9)

for 0 < 0 < 03 and ¢ > 0. So we get I, (u,v) < 0 and [Ju|?, 1+ ||UH > r(d2) for t > 0, and by (3 12) we
obtain

FI(t) = —2I(u,v) ~ 2(52 = D(llulif + lolFs) — 275, (u,0)

> 2(6 = 1)r(62) >0, =0,

F'(t) = 2(05 = 1)r(0 )t+F’( ) 22002 = [r(2)t, t20

and
F(t) = (02 — 1)r(62)t? + F(0) = (62 — 1)r(82)t?, t>0.
Hence for sufficiently large ¢ we have
pCE(t) > 2(p+ 1)(luol3 + [lvoll3) and  pCF'(t) > 4(p + 1)J (uo, o).
Therefore by (3.15) we again obtain (3.17) for sufficiently large t.
For the both two cases above, (3.17) shows
a

(F~*()" = F%%(F(t)F”(t) —(a+DEF'(1))*) <0, a=p, (3.18)

which gives that there exists a T > 0 such that lim;_,7 F~%(¢t) = 0, i.e., limy_,7 F(t) = 400, which
contradicts T = +o00. O

In the following, we prove the asymptotic behavior of the solution for the problem (1.1) in the frame
of a family of potential wells with J(ug,vg) < d.

Theorem 3.5 (Asymptotic behavior of the solution for J(ug,v9) < d).  Let p satisfy (H) and (ug,vo) €
H} () x HYQ). Assume that J(ug,vo) < d and I(ug,v9) > 0. Then for the global solution of the
problem (1.1), there exists a constant A > 0 such that

[ull + llvl3 < (luoll3 + llvoll3)e™". (3.19)

Proof.  First, Theorem 3.2 implies the existence of the global weak solution for the problem (1.1). Now
we only need to prove (3.19). Let (u,v) be a global solution of the problem (1.1) with J(ug,vo) < d and
I(ug,vg) > 0. Then for wy,ws € L=([0,T), Hi(Q)) N L3([0,T), L*(Q)), (2.10) and (2.11) imply that

(ug,w1) + (Vu, Vwr) = ((Jul* + [v|PTHuP~u, wr), (3.20)
(vg,w2) 4+ (Vo, Vws) = (|02 + JulP T olP~ o, ws). (3.21)
Setting wy = u, wy = v, and adding (3.20) and (3.21) together, we obtain

1d
2dt

From 0 < J(ug,vo) < d, I(ug,vo) > 0 and Theorem 3.1, we have (u(t),v(t)) € Ws for é; < § < d2 and
0 <t < oo, where 01 < d3 are two roots of the equation d(d) = J(ug,vo). Hence, we get Is(u,v) > 0 for
91 < 6 < b9 and Iy, (u,v) = 0 for 0 < ¢t < 0. Thus, (3.22) gives

= (lll3 + 10l3) + I(u,v) =0, 0<t< oo (3.22)

1d

5 dt(IIUHz +l3) + (1= 0)(IVull3 + [ Vol3) + 15, (u,v) =0, 0<t < oo (3.23)

From (3.23) and the Poincaré inequality ||Vul|3 > C|lu||3, we also have

1d

5 77 (lullz + 1vl2) + € =) ([lull3 + lvl2) <0, 0<t < o0
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Integrating the above inequality we have

t
[ull3 + 10113 < (luoll3 + llvoll3) — 2C(1 — 51)/0 (lu(m)lI3 + llo(r)[3)dr,  0<t < oo
Then by Gronwall’s inequality, we arrive at
lull3 + [[0]13 < (fuoll3 + lwol[3)e U=V, 0 <t < oc.
Therefore, there exists a constant A > 0 such that
[ull3 + 0113 < (luoll3 + llvol3)e ™, 0 <t < oc.

This completes the proof. O

4 Global existence and blowup when J(ug,vo) = d

In this section, we consider the global existence, nonexistence and the asymptotic behavior of the solution
for the problem (1.1) with the critical initial conditions.

Theorem 4.1 (Global existence for J(ug,vo) = d).  Assume that p satisfies (H) and (ug,vo) € HE(Q)
x HY Q). If J(ug,vo) = d and I(ug,vg) = 0, then the solution (u(t),v(t)) of the problem (1.1) ewists
globally, i.e., (u(t),v(t)) € L>=(0,00; H(Q) x HL(Q)) with (us(t),v:(t)) € L*(0,00; L3(Q) x L*(Q)) and
(u(t),v(t)) € W =W UIW for 0 <t < oco.

Proof.  First, J(ug,v9) = d implies that ||uo||3 + [lvol|3 # 0. Let (uom,vom) = Am(uo,vo), for m =
1,2,..., where 0 < \,, < land A\, =1— % — 1 as m — oo. Consider the following initial boundary
value problem:

Ut — Aty = (JUrn | + [0 [P Hum [P~ D, € Q, >0,

Vit — AV = (|[Um]?? + [um [P o P~ Do, 2€Q, >0,

U (2, 0) = ugpm (), x €, (4.1)
U (2,0) = vom (), T €,
U (X, 1) = vy (2, ) = 0, (x,t) € 092 x (0,T].

From I(ug,vo) > 0 and 0 < XA < 1, we obtain

I(UOma U(Jm) = I()\mu0> )\va)
2p+2 +1 2p+2
=~ A% (ol 5 + llvollZa) = X2 2 (lluollspa + luovollp 1 + llvollpia)

= (A = M) (ol + Ilvoll ) + A2 (uo, vo) > 0. (4.2)

Furthermore, by Lemma 2.1(iii) and I(ug,vg) > 0, we obtain

1

§ lullz + ol b
M= |l 2P+2 pF1 TR > 1,

opt2 T 2||U”Hp+1 + ||”H2p+2

which means \,, < 1 < A\*. Then combining Lemma 2.1(ii) we have
J(Wom, Vom ) = J(Amuo, Amvo) < J(ug, vg) = d. (4.3)
By recalling Theorem 3.2, we obtain that for each m the problem (4.1) admits a global weak solution
(um (t), vm(t)) € L*(0,00; Hy () x Hy (%))

with
(Ut (1), vmt (1)) € L2(0, 00; L*() x L*(Q))
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and (U (t),vm(t)) € W for 0 < t < oo satisfying

(umtvwl) + (Vu,mwl) = ((|um|2p + |’Um|p+1|um‘p_1)um7w1)7 wy € H&(Q)7 t>0,
(Vmi, wW2) + (Vom, w2) = (([vm | + [t [PH 0[P~ om, wa), w2 € Hy(R), ¢>0

and
t
/ (||um7\|§ + ||va||§)dT + J (U, Vm) < J(Uom, vom) < d, 0<t<oo. (4.4)
0

y (3.7) and (4.4), we can obtain

t
2 2 p 2 2
| e+ e B+ 5Pl + o) < . 0 <t <o
The remainder of the proof is similar to that in the proof of Theorem 3.2. O
Theorem 4.2 (Global nonexistence for J(ug,vo) = d).  Assume that p satisfies (H) and (ug,vo) €

HYQ) x HYQ). If J(ug,v0) = d and I(ug,vo) < 0, then the solution (u(t),v(t)) of the problem (1.1)
blows up in finite time.

Proof.  Let (u(t),v(t)) be any solution of the problem (1.1) with J(ug,vo) = d, I(ug,v9) < 0, T being
the existence time of (u(t),v(t)). Let us prove T' < co. Arguing by contradiction, we suppose T = +o0.
Let

t
P = [ (i + ol)ar
Taking into account that (3.15) still holds, combining the fact J(ug,v9) = d we arrive at
F"(t)F(t) — (p+ D(F'(6))* = (pCF(t) = 2(p + 1)) ([luo|3 + [[vol|3)F'(¢)
+ (pCF'(t) — 4(p + 1)d)F(t). (4.5)

On the other hand, from J(ug,v9) = d > 0, I(up,vp) < 0 and the continuity of J(u,v) and I(u,v) with
respect to t, it follows that there exists a sufficiently small ¢t; > 0 such that J(u(t1),v(t1)) > 0 and
I(u,v) <0 for 0 <t < t;. Hence (us,u) + (vg,v) = —I(u,v) > 0 and |Jug|3 + ||vg]|3 > 0 for 0 < t < ty.
From this and the continuity of fJ(HuTH% + |lv-|13)d it follows that we can choose a t; such that

t1
0<d =d 7/ (luel2 + lwil|2)dt < d. (4.6)
0

In addition, by (2.12) we have

t1
0 < J(ultr),vo(t) < d— / (el + el B)dt = dy < d.
0

Thus we take ¢t = t; as the initial time, and then we have (u(t),v(t)) € Vs for § € (61,02), t1 <t < o0,
where (01,02) is the maximal interval including § = 1 such that d(d) > d; for § € (§1,02). Hence
we have Is(u,v) < 0 and ”“”%{3 + ||’UH%[6 > r(d) for § € (1,02), t1 < t < oo, and Is,(u,v) < 0,
||u||§{é + ||v||§{é > r(dg) for t; <t < co. Thus from (3.10) we obtain
F(t) = =21 (u,v) 2= 2(82 = 1)([ully + [vll3;) — 215, (u, v)
> 2(8; — 1)r(da), 1 <t < oo, (4.7)
> 2(62 — D)r(82)(t — t1) + F'(t1) = 2(62 — D)r(d2)(t — t1), ¢ <t < oo

and

F(t) = (62 — D)r(82)(t — t1)? + F(t1) > (65 — D)7(2)(t — t1)?, ¢t <t < . (4.9)
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From (4.8) and (4.9) it follows that for sufficiently large ¢ we have
pCE(t) > 2(p + 1)(|luoll3 + [lvol13)

and
pCF'(t) > 4(p+ 1)d.

Thus (3.15) yields F(t)F”(t) — (p+ 1)(F'(t))? > 0. The remainder of the proof is similar to that in the
proof of Theorem 3.4. O

Recalling Theorems 4.1 and 4.2, we can conclude a sharp condition for the global existence of the
solution for the problem (1.1) with J(ug, vg) = d as follows.
Corollary 4.3 (Sharp condition for J(ug,vo) = d).  Assume that p satisfies (H), (uo,vo) € Hg ()
x HE(Q) and J(ug,vo) = d. Then when I(ug,vo) = 0, the problem (1.1) admits a global weak solution
(u(t),v(t)) € L°°(0,00; HE(2) x HE(Q)) with (us(t),vs(t)) € L?(0,00; L2(2) x L*(Q)) and (u(t),v(t)) €
W =W UOW for 0 <t < oo; when I(ug,vg) < 0, the problem does not admit any global weak solution.
Then we show the long time behavior of the solution for the problem (1.1) with the critical initial
condition J(ug,vg) = d.
Theorem 4.4 (Asymptotic behavior for J(ug,v0) = d).  Assume that p satisfies (H), (uo,v0) € HE(Q)
x HE (), J(ug,vo) = d and I(ug,vo) > 0. Then for the global weak solution (u,v) of the problem (1.1),
there exist constants C' > 0, tg > 0 and X\ > 0 such that

lull3 + [|vll3 < Ce™*, o <t < oo. (4.10)

Proof.  First, Theorem 4.1 gives the global weak solution for the problem (1.1). Next, we shall show
that if (u(t),v(t)) is a global weak solution of the problem (1.1) with J(uo,vo) = d, I(ug,v9) > 0, one
sees I(u,v) > 0 for any ¢ > 0. Let us suppose by contradiction that ¢; > 0 is the first time such that
I(u(t1),v(t1)) = 0. By the definition of the mountain pass level d in (2.6), we see J(u(t1),v(t1)) = d.
Meanwhile, (2.12) gives

J(u(tr),v(tr)) < d - /0 l(llufllg +lv-13)dr < d. (4.11)

Then from (4.11) we get fotl(||u7||% +Jv-]13) = 0, ie., uy =0 and v; = 0 for 0 < t < t1, which contradicts
I(ug,vg) > 0. Hence we have I(u,v) > 0 for 0 < t < oo.

From the continuity of J(u,v) and I(u,v) with respect to ¢, we reset the initial time to a sufficiently
small ¢ such that 0 < J(u(to),v(to)) < d and I(u(to),v(tp)) > 0. Hence, by Theorem 3.5, we obtain
the conclusion. O

5 High initial energy J(ug,vo) > d

First, we should recall some simple results. Let
t
u(t) = S(e)uo + [ St~ 9)f(uls).v(s))ds,
0

o(t) = S(t)vo + /0 St — 8)g(u(s), v(s))ds
and
K = {(u,v) € H}(Q) x H}(Q)|u>0,v>0 a..in Q},

where S(t) is the heat semigroup generator [11].
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|

Theorem 5.15

Figure 1 The relationship among conclusions in Section 5

For any u € Hg (), its positive part and negative part are defined as follows:
ut (z) := max{u(z),0}, wu (x):=min{u(z),0}.

In this section, we will give four theorems, ten lemmas and one corollary. In order to well organize
these conclusions to clear show their connections, this section is divided into three subsections according
to their different aspects of the contents, and also the relationship among these conclusions is shown in
Figure 1.

Lemma 5.1 (Gronwall’s inequality).  Let y(t) € L'[0,T] and y(0) = a. If there exists a constant b
such that Sy(t) < by(t), then y(t) < ae’.

Lemma 5.2 (See [13,29]).  The function T* : H}(2) — (0,00] is continuous. Moreover, for all ug €
HY(Q) and for all t € (0,T*(uo)), the semigroup S(t) maps an Hg(2) neighborhood of ug continuously
into C}(Q).

From [29,32], we can conclude the following result.

Lemma 5.3.  Assume that (ug,vo) € G. Then there exists a solution

(S(t)uo + /0 S(t— s)f(u(s),v(s))ds, S(t)vo + /0 St — s)g(u(s), v(s))ds)
of (1.1) which converges to the solution of (2.1).

5.1 Comparison principle

In this subsection, we prove the comparison principle of the problem (1.1) in order to facilitate the
description of the structure of the manifolds for the initial data.

Lemma 5.4 (Comparison principle).  Let (g, 09), (ug,vo) € Hg(2) x HY(Q) be such that
(o — o, Vo — vo) € K.

Then (S(t)ug — S(t)uo, S(t)vg — S(t)vo) € K for all t > 0.
Moreover, if ug #Z g, vo Z Vg, then we have that for t > 0,

U(t) — u(t) = S(t)io — S(t)ug > 0
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and
o(t) —v(t) = S(t)vo — S(t)vg > 0.

337

Proof. Tt is well known that C2°(£2) is the dense subspace of H}(2). In order to get the comparison
principle for general initial data in Hg (), we first prove the statement for ug, vo, Ui, 7o € C°(£2) so that

u, 0,7, € C( x [0,T]). We recall
u(t) == S(t)uo + /Ot S(t = s)(([u(s)[*? + [(s)[PFH uls)[P~Huls))ds,
u(t) = S(thuo + /Ot S(t = s)(([uls)?P + [v(s) [P u(s) [P~ u(s))ds,
o(t) == S(t)vo + /Ot S(t = s)(([o(s) P + [u(s)[PFHu(s) [P~ o (s))ds

and

u(t) = S(t)vo + /0 St = 8)(([v(s)*" + [u(s) P o(s)[P~Hv(s))ds.

For maximum existence time 7' := min{7T (uq, vo), T(To, o)}, let w := U —u and ¢ := ¥ —v. From (1.1),

we have
we — Aw = (([a?? + [P alP=h)a — ([ul® + [o]PH uP~Hu), = e Qx(0,T),
pr — Ap = ([0 + [P O~ o — ([oP + [ulPHoP~ ),  z € Qx(0,T),
w(0) = u(0) — u(0) = ug — ug > 0, x € 9,
©(0) =v(0) = v(0) = v —vo 20, zeqQ,
w=p =0, rcdQ, tec(0,T).

In order to prove this lemma, it is enough to prove w > 0 and ¢ > 0. Firstly, we set
Fs,0) o= (I[P + 1P sP~h)s and - g(s,0) o= (U + [s|PTHIP)L

Then for 6 € (0,1) we have
f(@,0) = flu,v) = W/Ol((2p + Dlu+ 0@ — w)|* + plof"*u+ (T — u)[P~1)do
+ @+ 1)@/@1 lv+ (T — v)[P|uP~ ude
and
1
9(@,7) - g(u,v) = ¢ / ((2p + Do+ 6(F — )% + plufr* [ + 6 — v) P~ 1)d6
+(p+ 1w /01 [u+ 0(@ — u) P[5~ 5df.
For z € Q, t > 0, we define
) = [ (20 + Dt 0 — )P + plof?* 4 0T — P10 > 0,
hia(z,t) == /Ol(p +1)|v + 6 —v)|P|aP " udd > o,
hoy(x,t) == /01((2}) + D)|v + 0@ —v)|?P + plulP o + 0T —v)|P~H)do = 0,

1
oo (2, 1) = w/ (p+ 1)|u+ 00 — w)[P[5]P~15d0 > 0.
0

(5.1)

(5.2)
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Then we have

—Aw=hi1(H)w+ hia(t)p, (z,t) €Qx(0,T),
— A = ho1 () + hoo(t)w, (z,t) € Q x (0,T),
w(O) =u(0) —u(0) =up —ug =0, x €L,
¢(0) =0(0) —v(0) =0 —vo 20, z€K,

w=p=0, (x,t)€dNx(0,T).
Since u, v, u and v are all continuous functions, we know that

Mir = sup hii(z,t) < 0o
Qx(0,T)

Mo := sup his(z,t) < 00
Qx(0,T)

Msp := sup h21($,t) < o0
Qx(0,T)
and

Myr := sup hos(z,t) < oco.
Qx(0,T)

We multiply (5.3) by w™ and integrate on €, and then

/wtw*d:c:/Aww*der/ hn(t)ww*der/ hia(t)pw™ dz,
Q Q Q Q
which gives
1d 2 9 B
w3 = =IVoT I3+ [ hu(@)lw™ [ de+ [ hia(t)pw da
2dt Q Q
<Marlw™ [+ [ hra®)ete™ + o7z
Q
<M1T||w*||§+M2T/ o w dx
Q

< Maiz|lw™ |3 + Marlle™ [l2[lw™ |12

P | _ -
< Marllw™ 15+ 5 Mar (™[5 + lw ™ [15)-

Similar to (5.8), we get from (5.4) that

2 o™ 1B < Mszllo™ I3+ 5 Marleo™ 3 + 1™ )

Adding (5.8) and (5.9), we get

1d
M M- M.
537 17 B+ 1e718) < (Mvr -+ 5 Mar + 5 Mar o 1
1 1 o
+ M3T+§M2T+§M4T e~ 13
< M (3 + 107 13)

where

1 1 1 1
M = max { (MlT + §M2T + 2M4T>, <M3T + §M2T + 2M4T) }

~ o~ o~~~
N O Ot e W
—_ D D T

(5.9)
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By Gronwall’s inequality and the arbitrariness of T', this proves that w™(¢) = 0 and ¢~ (t) = 0. So for
the initial data ug, Ug, vo, 9 € C°(Q), we have t —u > 0 and ¥ — v > 0, i.e.,

(S(t)ﬂo — S(t)uo, S(t)ﬁo — S(t)vo) e K,

where u, v, %, v € C(Q x [0,T)).

Next, we consider the initial data ug, o, vo, 0o € H(Q), and pick four sequences {uf'}, {ug'}, {vi'},
{5} € C5°(2). From the denseness, we have ufl' — ug, ' — Ug, v§' — vo, V5" — Vg in H} () as
m — 00, uj’ < up < up < Uyt and vy’ < vo < vp < vy' in  for all m. Then we just need to prove
" <u<u<u™and v™ < v < v < 0™, where

u™(t) = S(t)ug' + /Ot St = s)((lu(s)*P + u(s) P Hu(s)[P~ uls))ds, (5.10)

u™(t) = S(t)ug' + /Ot St = s)((lu(s)[*P + [v(s) P Huls)[P~ uls))ds, (5.11)

v (t) = S(t)vg" + /Ot S(t = s)(([v(s)*" + lu(s)P*o(s)[P~ u(s))ds (5.12)
and

o™ (t) = S(t)vg' + /Ot St = s)((lo(s)]*” + [u(s) [P+ o(s)[P~)u(s))ds. (5.13)

Arguing by contradiction, we suppose that there exists a point (X,7T) € Q x (0,7T) such that u(X,T)
> u(X,T). Then by Lemma 5.2 and (5.10)—(5.11) we also have «™(X,T) > u™(X,T) for sufficiently
large m. This contradicts the just proved comparison principle for smooth initial data. Then we have

w(t) = St)ao — S(t)uy > 0.

Similarly we also have

ie.,

(S(t)uo — S(t)uo, S(t)vo — S(t)vo) € K.

Since hll(t) 2 0, hlg(t) > 0, hgl(t) 2 0 and hgg(t) 2 0, we get

wy — Aw = hjjw + h12p 2 0
and

ot — Ap = ha1¢ + hasw > 0.
Therefore, from the maximum principle, if w(0) > 0, ©(0) > 0 with w = 0, ¢ = 0 on IQ x (0, T), together
with

wi —Aw = h11jw + hi29 20
and

ot — A = ho1p + hasw > 0,

we have w > 0 and ¢ > 0 in . The comparison principle is proved. O

5.2 Stationary problem

In order to show the comparison between the nontrivial solution of (2.1) and the initial data wug,vg
€ H}(Q) (see Theorem 5.9), we shall first consider the characteristic of the nontrivial solution of (2.1)
in Lemmas 5.5-5.8. Before this we define the first order derivatives and the second order derivatives of
energy functional J as follows:

J(1+¢e)u,v) — J(u,v)

Ju(u, v)u = sh—% 5 )
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Ju(u,v)o = lim J(u, (1 +e)€v) — J(wv)
Juw(u, v)u? := 2 lim J((1 +e)u,v) — J(u,v)

e—0 g2

and

T (u, 0)0? 1= 2 lim J(u, (1 +¢e)v) — J(u,v)

e—0 g2

where J(u,v) is the same as (2.2).

Lemma 5.5. If (u,v) is a nontrivial solution of (2.1), then we have J,(u,v)u = 0, Jy(
Juu (U, v)u? <0, Jyp(u,v)v? < 0 and the first eigenvalue (X, p) of the eigenvalue problem

= A6 = ((2p+ D[l + plof*Hu e =g in
=AY — (2p + D)o +plulP T Py = pin
v=¢=0 on ON
s negative.
Proof. A nontrivial solution (u,v) of (2.1) satisfies
2p+2 1
IVul3 = (lullzprz + luvllpr),
2p+2 1
IVl = (lvllzpis + lluolpi),
which implies that I(u,v) = 0. Next, we have
J((l + E)u7 U) — J(ua U)

Ju(u,v)u = lim

Q,
Q

)

e—0 €
; (é(H(l +e)ullf +lvliF)
1m
e—0 e
2p+2 +1 2p+2
i (1L +e)ullapia + 2[1(1 + e)uvl[pl; + lvllzpia)
g
sl + ol N s (lullop s + 2luolp + ||v||§§I§))
13 13
. s(lullfgy + 2ellull, +o(e) + [lvl,)
T 50 €
2p+2 2p+2
B s (lullapta + (20 + 2)el|ullpis + o(e))
e
+1 +1 2p+2
B 7 (lwvllpiy + (p + Defuvlpi; +ole)) B wrzllvlzpia
g e
Bl + 10ly) eyl 53 + 2w + ol313)
€ e
2p+2 +1
~ [|Vull3 = (lullpis + lluvllh7) =

In addition, similarly we have

Jy(u,v)v = lim J(u, (1 +¢€)v) — J(u,v)

e—0 3
2p+2 1
= |[Voll3 = (lollzpt + lluvllpr) = 0.

It is interesting to see that (even we shall not use it in the following discussion)

Juu + Jyv = I(u,v) = 0.

u, V)
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Moreover, we also have the following observations:

1 _
Juu(u, v)u? = 2 lim J(( +€)u,12)) J(u,v)
e—0 e
<;(||(1 + 6)u||§13 + ”U”%rg)

~ 2 lim =

e—0

2p+2 +1 2p+2
s (1L +e)ullopia + 2[1(1+ e)uvlpfy + llvllzpis)

62
3 (el + lloliz,) N sy (lullzp iz + 2lluwvlp iy + ||v||§§15))

g2 g2

lim
e—0

(;<||u|i,g o+ 2eullZy + €2l + ol%)
52

2p+2 2p+2
2(p+1) (lullzpra + (2p + 2)ellull2p73)
2

&g
2p+2
sy (0 + 1)(@2p + DE2[ul315 + o(c2))
62
1 1
s Cluvll + 400 + Delluvll? 1))
e2
+1 2p+2
s (P(p + D luwvl|P11 + o(2) + o]l 3053)
52
1 2 2 2p+2 +1 2p+2
3 (lullz + lollz) N sy (lullzps + 2llwllph + ||v||2£+2))

g2 g2

2p+2 +1

~ [Vull3 — (2p + Dlullzpiz + plluvlpiy)
2p+2 +1 2p+2 +1
= [Vull3 = lullzpiz = luvllpiy — @pllulzpis + (0 = Dijuolp)

2p+2 +1
= =2pllullzi; — (p = Dlluolzy <O0.

Similarly, we have

JUU(“? U)Uz - 2 hm J(u’ (1 + 8)’[}) — J(ua 'U)

e—=0 g2
2p+2 +1
= ||Voll3 = ((2p + D)|[vll3245 + plluv]|Pi1) <0

and
Juuu2 + vavz < 0.

As (u,v) is the nontrivial solution of the problem (2.1), together with Jy,, (u, v)u? < 0 and Jy, (u, v)v? < 0,
we can show that the corresponding eigenvalue of (u, v) is negative as follows:

2p+2 1

IVal3 = ((2p+ Dllullzpts + plluvlpiy) = Alull3 <o,
2p+2 1

IVoll3 = (2 + Dlvlizpiz + plluvlpin) = pllvl3 <o.

Hence the first eigenvalue of (5.14) is negative. O

Lemma 5.6.  Let (ug,v0) € G and put

u(t) = S(t)up + /0 St —s)f(u(s),v(s))ds

and

v(t) = S(t)vo —l—/o S(t— s)g(u(s),v(s))ds
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fort € [0,T*(ug,vp)). Then

W _ /Q 2dz — /Q vidz (5.16)

for all t € (0,T*(ug, vo)).

Proof.  Multiplying the two equations in (1.1) by u; and v; respectively and integrating by parts, we
can obtain

/ututdx—i— VuVuidz :/(\u|2p + [v|P T u P ) uus da (5.17)
Q Q Q
and
/vtvtdx+/ VoVordx :/(|U|2p+ |u|PT [u]P)vv,da. (5.18)
Q Q Q

Combining (2.2), (5.17) and (5.18), we can directly calculate

dJ (u(t), v(t) _ Vuvutdx+/VUVUtdx—/ |ul*Puuyda
dt Q Q Q

—/ |U|p+1\u|puutdm—/ \u|p+1\v|pvvtda:—/ |v|*Pvv,da
Q Q Q

:—/ufdx—/vfdz.
Q Q

This completes the proof. O

Lemma 5.7.  Assume that (ui,v1), (uz,v2) € HE(Q)\{0} x HL(Q)\{0} solve (2.1) with u1 < ug and
v1 < vo. Then either u; <0 < uz, v1 <0< wvg or uy = ug, v = vs.

Proof.  Suppose that u; Z ug and vy #Z ve. By the comparison principle, we have u; < ug and v; < v
in 2. By Lemma 5.5, the first eigenvalues (A, py,) and (Ay,, pv,) of the eigenvalue problems

= A¢ — ((2p+ 1)|us* + plvil P HuiP "o = Ay in Q,
— Ay — ((2p+ D)vi|* + plui P o Py = pyip in Q,
¢o=v=0 on 00, i=12

are negative. Due to the proof of Lemma 5.5, the corresponding positive first eigenfunctions (e, , €, )
and (ey,, €,,) satisfy (for 6 > 0)

Ju(u1,v1)eq, =0,
(
(
(

Jv Uz — 5eu2;v2)ev2 = 07

Uy + €y, , v1)ey, =0,

Uz, V2)€y, =0,

Juu(ul,vl)eil < 07
Jow (U1 + 6eul,vl)e12}1 <0,
Juu(ug,w)eiz <0

and

Ty (ug — 5GU2,02)6%2 < 0.
First, we treat J(uj + de,,,v1) as the function of uy + de,,, and by Taylor’s theorem for J(§) with the
remainder for the Géateaux derivative we have

52
J(ug + ey, ,v1) = J(ug,v1) + 8Jy (u1, v1)eq, + EJuu(ul,vl)ele + 0((52)
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52
= J(’U,l, Ul) + ?Juu(ula 1}1)672“ + 0(52) < J(ul, Ul). (519)
Similarly, we obtain that

52
J(ug + b€y, v1 + ey, ) = J(ug + ey, v1) + ?Jw(ul + Seyy,v1)es, + o0(6?)

< J(ug + dey,,v1), (5.20)
52
J(ug — 0ey,,ve) = J(uz,v2) + EJW(uQ,vg)ei2 + 0(52) < J(ug,v9) (5.21)

and

J(ug — Oeyy, va — dey, ) = J(ug — dey,, v2) + %Jw(ug - 5eu2,v2)e?)2 + 0(6%)
< J(ug — ey, ,v2) (5.22)
for sufficiently small § > 0. We consider the closed set
Q = {(u,v) € HJ(Q) x HJ(Q) |u1 < u < uz, v1 < v < vg a.e. in Q}
and

m:= inf J(u,v).
(u,0)€Q

Since for some properly small § > 0,
Uy < Uy +0ey, <ug— ey, <uz and vy < v+ 0ey < Vg — by, < Vo,

that is to say
(ug + 0€qy,,v1 + 0y, ) € Q  and  (ug — dey,,v2 — dey,) € Q,

and then (5.19)—(5.22) imply that
m < J(ug + 0ey,,v1 + dey, ) < J(u1 + ey, ,v1) < J(uq,v1)

and
m < J(ug — dey,, va — dey,) < J(ug — dey,,v2) < J(ug,va),

i.e.,
m < min{J(uy,v1), J(ug,v2)}. (5.23)

Next, we will verify that m can be achieved by some (w,p) € Q. Indeed, let {(wn,pn)} C @ be a
minimizing sequence for J|q = J(u,v)|(uweq- Then (2.2) and the characteristic of the minimizing
sequence give

1 2p+2 1 2p+2
[Vwnll3 + IV inll3 = 2J (wn, pin) + m(HwnHsz + 2l|wnpin 551 + Iz 1)

1 2p42 1 2p+2
< 2(J(u1,v1) + J(u2,v2)) + m(”“l”zﬁiz + 2|lugve |[2F) + llonllonis

2p+2 1 2p+2
+ HU2||2212 + 2”“2”2“211 + ||U2||2212) <0,

where C' > 0 is a constant independent of n. Passing to a subsequence, that is to select subsequences to
make w, — w in H(Q) and p, — p in H}(Q) (weak convergence), we have

(wn? :LLW«) - (wa /1’);

2p+2 2p+2
||Wn||2£iz - ||W||2§i27
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+1 +1
leompin iy = llwnllpia

and

2p+2 2p+2
H/LnHQZ—&-Q - ||H||25+2-

We conclude that (w, ) € @ and from Fatou’s lemma we also have

1 1 2p+2 +1 2p+2
J(w, 1) = 5 (lwllFy + lullFy) — (leollzp iz + 2lewrelpiy + lallzprz)
2 o o' 2p+2

1. . 2 2
< Ltmin(lnl 3 + lenli)

o 2p+2 +1 2p+2
“ 2 lim inf({lwn |54 + 2llwnpnllyin + linllopi2)

= lim inf J(wp, pn) = m.
n—oo
This forces J(w, u) = m so that (w, ) is a minimizer for J |g.

By (5.23) we have w # u1, w Z ug, p # v1 and p # vo. Moreover, from (w, p) € @, we have u; < w < ug
and v; < p < vo. Combining the comparison principle, for all ¢ > 0 or any fixed ¢t = ¢y, we conclude

(o) = S0 + [ S0 = 8 (s) (o), (5.24)
p(z,t) = S(t)u +/0 S(t = s)g(w(s), u(s))ds, (5.25)
S(t)uy +/0 S(t—s)f(ur,v1)ds < w(zx,t) < S(t)ug —l—/o S(t—s)f(uz,ve)ds
and
S(t)vr + /t S(t— 8)g(ur,v1)ds < p(z,t) < S(t)vs +/ S(t — s)g(ug,va)ds.
0 0

As (uy,v1) and (uz,v2) solve (2.1) (the stationary solutions to the problem (1.1)), that is to say
t
St + [ S(t = 5)(ur,0)ds =,
0
t
S(t)vy —l—/ St —s)g(uy,v1)ds = vy,
0

S(t)ug + /Ot S(t—s)f(uz,v2)ds = ug
and .
S(t)vg + /0 S(t — s)g(ug,ve)ds = va,
ie.,
up < w(x,t) <wug, v <p(z,t)<ve and (w(z,t),p(z,t)) € Q.
By the definition of m, we obtain that
J(w(z,t), p(x,t)) =2m forall t=>=0. (5.26)

On the other hand, by Lemma 5.6, we know that ¢t — J(w(z,t), u(z,t)) is decreasing along nonconstant
trajectories. As (5.24) and (5.25) show that w(x,t) and p(z,t) come from the initial data w and pu,
respectively, J(w, ) < m and (5.16) imply that

J(w(z, t), p(z,t)) <m forall ¢>0. (5.27)
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These two facts (5.26) and (5.27) enable us to conclude that
J(w(z,t), w(z,t)) = J(w,u) =m forall ¢>=0,
which means
w(z,t) =w and p(x,t) = p.

Consequently, (w,u) is a solution of (2.1) and by the comparison principle we have u; < w < uz and
v1 < p < vg in Q. For |e| sufficiently small, we have

(I+e)w,(1+e)n) €Q
such that the minimization property of w and u yields

‘]((1 + g)wnu) — J(W,HJ)

2 o .
Joow” =2 gli% 2 =0
and
1 _
J/J.ILMZ :2 hm J(wv ( + g)gl‘) J((JJ’ /"L) 2 O
e—0 £
By Lemma 5.5, this implies w = 0, = 0 and the proof is completed. O

Before starting the next lemma, we define some sets

Sy = {(u,v) cCH) xCHQ) | £u>0,+v>0in :I:@ <0, :I:@

£y ey < 0on 89}

and
Sy = {(u,v) € Ca() x CH(Q) |u(x) <0 < u(y), v(z) <0 < v(y) for some points x,y € N},

which are open and disjoint in C(Q) x C3(Q).

Lemma 5.8.  Let (ug,v1) € G\ Go. Then
(i) if w(uy,v1) C Sy USy, then (uz,v) € B for every us = uq, va > vy, uz Z u1 and ve Z vy;
(ii) of w(ug,v1) C S—US,, then (uz,v2) € B for every us < uy, va < v1, ug Z uy and vy Z vy.

Proof.  From the Hopf boundary lemma, every nontrivial solution of (2.1) lies either in S, in S_ or S,.
We just prove (i), and (ii) is similar. Let (u1,v1) € G\ Go, u2 > u1, v2 = v1, us # ug and ve # v1. Denote

u(t) == S(t)us +/O St = 8) f(ur, v1)ds,
v(t) == S(t)n —1—/0 S(t—s)g(u1,v1)ds,

a(t) = S(t)U2+/O S(t— 8)f (s, v2)ds

and .
0(t) :== S(t)vg +/ S(t — s)g(uz,va)ds.
0
From the comparison principle and the definition of w(ug,vg), we have
a(t) > u(t) and 0(t) > u(t),

ie., (ug,v2) ¢ Go. Arguing by contradiction to prove (ug,v2) € B, considering (uq,v2) ¢ Go, we suppose
that (ug,v2) € G\ Go and distinguish the following two cases:
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Case (1) There are an € > 0 and a sequence ¢, — oo such that
||ﬂ(x7tn) - u($7tn)||C1 2 £

and

Oz, tn) —v(x, ty)|lcr = €
for all n.
Case (2) |a(z,t) — u(z,t)|]|cr — 0 and ||0(x,t) — v(x,t)]|cr — 0 as t — 0.

If Case (1) occurs, by compactness of w(u1,v1) and w(usg,vs), we may pass to a subsequence such that
as t, — oor u(ty) — ', v(t,) — v/, a(t,) — @, 6(t,) — 0" in C}(2), where (u/,v") and (@/,9") are
nontrivial solutions of the problem (2.1). By the comparison principle we have @' > «' and ¢’ > v'. Here
from Lemma 5.3 we remind that for (u;,v;) € G the solution

<S<t>u1 + [ 8- s)tute)oos, st + [ s - s>g<u<s>,v<s>>ds)

of the problem (1.1) converges to the solution (u/,v’) of (2.1) having the sequence w(uj,v) with its
subsequence (u(t,),v(t,)) — (u/,v") in C}(Q) as t,, — co. Due to the assumption (i) of this lemma, i.e.,
w(ug,v1) C S4 US,, we have that (u',v’) is not negative. Hence, Lemma 5.7 implies &' = v’ and ¢/ = v’.
But this is impossible, since

| = ller = lim_J[a(ta) = u(ta)cn > e
n— oo

and

9 = ller = Jim, fo(tn) — vta)llcn > .
n— oo

Hence Case (1) does not hold.
We now suppose that Case (2) occurs. For every (ue,ve) € w(ug, v1), let (Ay,, po, ) be the first eigenvalue
of the Dirichlet eigenvalue problem

— Ad— ((2p 4+ D|ue|® + ploe P Hue P~ = Ay in Q, (5.28)
— A — ((2p + D)|ve]* + plue|PTHoe P71 = pytp in Q, (5.29)
¢=1v=0 on 09,

and let (e,,,e,, ) denote the unique positive L> normalized eigenfunction corresponding to (A, , v, )-
By Lemma 5.5 and the compactness of w(u1,v1) in C&(Q), we have

Ag i= sup A <0

(u,v)Ew(up,vo)

and
po = sup pv < 0.

(u,v)Ew(up,vo)

Moreover, let § € C(2) denote the distance function to the boundary 99, i.e., 8(z) = dist(z,dQ) for
x € Q. Then, again by compactness, there are C; > 0 and C5 > 0 such that

C10(x) < ey, ()

< Ca0(x) (5.30)
Cr6(x) < €, ()

<
< Cof(x) for all  (ue,ve) € w(ug,v1), =€ (5.31)

Let w(t) = 4(t) — u(t) and £(t) = 0(t) — v(t). Then in aid of the comparison principle and the spirits of
Lemma 5.4, we see that w(z,t) > 0 and {(z,t) > 0 for x € Q, ¢ > 0, and w and £ solve the problem

w = Aw + hyyw + hist, (5.32)
& = A&+ ha1& + haow, (5.33)



Xu R Z et al. Sci China Math  February 2020 Vol. 63 No.2 347

where
B 1
hi(z,t) = / ((2p + 1)|u + sw|? + plo[P T u + swP~1)ds,
0
B 1
faa(e.t)i= [+ Do+ sél?lal?tads,
0
1
o (2, ) = / ((2p + Do + 562 + pluf* |v + s¢[P~1)ds
0
and

1
hoo(z,t) := / (p+ 1)|u + sw|P|6|P~  ids.
0

Now fix 7 > 0 such that

Pue |

02 <C’1e z 7 (534)

and

|Pve |

CQ < Ole 2 T, (535)

which will be used in the estimate of (5.46) later. We claim that

inf sup |[h11(w, 8) — (20 + D)|ue]® + ploe|P T ue|P ™ )|oo — 0 as ¢ — oo (5.36)

(te,ve)Ew(ut,v1) t<s<t+7

and

inf sup ||ha1(x, 8) — (20 4+ D|ue]®® + ploe|P ™ ue|P ™Yoo — 0 as ¢ — oo, (5.37)
(tteve) €(1,01) t< K br

Indeed, suppose by contradiction that for a sequence ¢,, — co and some € > 0 we have

inf sup  |lhi1(z,8) — ((2p + D|ue|*” + plve/PT Hue P ||loo > € forall n (5.38)
(te,ve) €Ew(u,v1) t, <s<tn+7

and

inf sup  |har(z,8) — ((2p + D|ue|*” + plveP T Hue P |loo > € for all n. (5.39)

(te,ve)Ew(ui,v1) ¢, <s<tp+7

There exist (ue, ve) € w(u1,v1) and a subsequence (still denoted by ¢,,) such that

sup  JJu(s) —uelloo =0 as n— oo
tn<s<tntT
and
sup  ||v(s) — velloo = 0 as n — oo.
tp <s<tn+7

Moreover, when ||w(t)||cr — 0 and [|£(t)||cr — 0 as ¢ — 0o occur, we obtain that as ¢, — oo,

sup  [[haa(z,s) = (20 + 1)|uel*” + plve " ue P~ [l — 0
i <SSt +7

and

sup  [har(z,8) = ((2p + Dvel*” + plue o[~ [oo = 0.
tn<s<Un+T
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These contradict (5.38)—(5.39) and prove (5.36)—(5.37). We may therefore take Ty > 0 such that

_ Ay
inf sup A s) — (20 Duel? + plocl e o < 2ol (5.00)
(e,ve)Ew(ut,v1) t<s<t+T 2
and
inf  sup (e s) — (20 + Dlvel? + pluel o P e < P2l (5.41)
(te,ve)€w(ut,v1) t<s<t+T 2
for t > Tg.
Next, we claim that
/w(t—i-T)GdJ: > / w(t)fdx for t =T, (5.42)
Q Q
and
/§(t+7)0dx > / &(t)odr  for t > Ty. (5.43)
Q Q

Indeed, by (5.40)—(5.41) and compactness, for any ¢ > Ty we may find (ue,v.) € w(ui,v1) such that

A |

1ha1(s, 8) = (20 + Dlue [ + ploel” fue[" oo < =5 (5.44)
and
[Fior(5.8) — (20 -+ Dlvel + plue " o)) < 22 (5.45)
for all s € [t,t + 7]. Using Green’s formula, (5.28) and (5.44), for w(z,t) and &(z,t), we have
d - -
d—/ w(zx, s)ey, dr = /(Ao.)(ac7 s)dx + hi1(s)w(zx, s) + h12€(x, s))e,, dx
sJa Q
= /((Aeuﬁ + hi1(8)eq, )w(z, s) + h12é(x, 8)ey, )dz
Q
- /(w(x7 8)eu, (h11(s) = (2p + 1)uel*” — ploe[P*ue[P~)
Q
+ h12&(z, 8)ey, )dx
Ay -
> [ | / w(z, s)e,, dx +/ hi2&(x, s)ey, dz
2 Ja Q
A |
> —= [ w(z,s)e, dz, (5.46)
2 Ja
where
/ hi2&(z, 8)eu dz >0, s € [t,t+ 7).
Q
Similarly, for s € [t,t + 7] we obtain
d [P |
— | &(z,8)ey, de =2 —= [ &(x,s)e, dx. (5.47)
ds Q ¢ 2 Q ¢

Since [, &(x, s)ey, > 0 for s € [t,t + 7], integrating (5.46) and (5.47) with respect to s from ¢ to t + 7,
we obtain

/w(t—i—T)eugdx}eM;elT/w(t)euedx (5.48)
Q Q
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and

lpve |

/f(t—l—T)evedx}eTT/§(t)evedx. (5.49)
Q Q

Combining (5.48)—(5.49) with (5.30)—(5.31), we get

A

C’g/w(t+7')9dx>/w(t+7')euedx>e 2
Q Q

8‘7/w(t)euﬂdx201e%7/w(t)9dx
Q Q

and

lpve |

Cg/f(t—l—T)@dx)/f(t—i—T)evedmZe 2 T/f(t)qﬁdx}C'le
Q Q Q

Pu

25T/ﬂ§(t)9dx.

From the relationship between C; and Cy we required in (5.34)—(5.35) and the above estimates, now we
obtain (5.42)—(5.43) as we claimed, which easily indicate that

/ w(Ty + Ir)dx > / w(Tp)0dx > 0 (5.50)
Q Q
and
/ ETo + Im)dx > / &(Tp)bdz > 0 (5.51)
Q Q

for every | € N. It is obvious that (5.50)—(5.51) contradict the assumption that ||w(t)[|c1 — 0 and
[l€E@)||cr — 0 as t = oo. The proof is finished. O

From the essence of Lemma 5.8, we obtain the following theorem.

Theorem 5.9.  Let (u,v) be a nontrivial solution of (2.1), and let ug,vo € H}(Q), ug # Fu, vy # *v.
(i) Ifu™ £0, vT £0, up = u and v > v, then (ug,vo) € B.
(ii) Ifu= £ 0, v~ £0, up < u and vg < v, then (ug,vy) € B.
(iii) If 0 < up < u and 0 < vy < v, then (ug,vg) € Go.
Proof. (i) Let (u,v) be a nontrivial solution of (2.1), so that (u,v) is the stationary solution of (1.1),
ie., (u,v) € G\Go. If u™ # 0 and v* # 0, considering Lemma 5.8(i), we obtain that (ug,vo) € B.
(ii) Analogously, if 4~ # 0 and v~ # 0, considering Lemma 5.8(ii), we obtain that (ug,vo) € B.
(iil) Since 0 < ug < u, 0 < vy < v and by the comparison principle, we may conclude (ug,vg) € G.
Therefore, from Lemma 5.3, we have

(800 + [ 5= )7 u(s)v(6))ds. S0 + [ (e = 9uls).o(9)ds ) > (2.0

in H}(Q) x H(Q) as t — oo, where (i, 9) is a nontrivial solution of (2.1). By the comparison principle
and combining 0 < up < u, 0 < vy < v, we may conclude that 0 < @& < w and 0 < ¢ < v. Arguing by
contradiction, we suppose that @ # 0, 0 #Z 0 (a nontrivial solution). Combining 0 < ug < u, 0 < vy < v,
ug Z tu, vg Z +v with Lemma 5.7, we infer the following two cases:

(a) t<0<u,b<0<wor

(b) & =u, 0 =v.
On one hand, as ug, vy > 0 and up(x) Z 0, vo(z) Z 0, the comparison principle tells that Case (a) is not
possible. On the other hand, ug(z) < v and vo(z) < v with the comparison principle give that @ # u
and ¢ # v, which means that (b) is not possible either. Hence (@, ?) is a trivial solution of (2.1), i.e.,
w(ug,vo) = {(0,0)}, (ug,vo) € Go. O
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5.3 Global existence and blowup with high energy

Lemma 5.10.  Let (ug,v) € H}(Q) x H}(Q), and for t € [0,T*(uo, vo)) put

ult) = S(tyuy + / 500 — ) f(u(s), o(s))ds
and .
v(t) = S(t)vy + /0 S(t — s)g(u(s),v(s))ds.
Then
%(Hu”% +v)3) = —2I(u,v)  for all t € (0,T*(ug,vo)). (5.52)
Proof.  Multiplying (1.1) by u(t) and v(t) and integrating by parts, we can obtain

/ wudr — | Auvudz z/(|u|2p + [v|P T ulP ) uuds
Q Q Q

and

/vtvd:v—/ Avvdx:/(|v\2p+\u|p+1\v|p)vvdx.
Q Q Q
Then

d
7 (IOIE + @13 = —/Q(IWI2 + |Vol)dz + ([lull 3513 + 2luvlpi + ollzpts)-

DN | =

Hence, for any t € (0,T*(ug, v9)), we have

d
(el + lol3) = —21(u,v).
This completes the proof. O
Theorem 5.11 (Global existence and blowup at the high energy level).  For any M > 0, there exist
(qu y UM )» (UM+77)M+) € NJr NnKN (Cé(ﬂ) X C&(Q))

with J(unr_,var_ ), J(unr,,var,) = M and (up_,var_) € Go, (unr, ,vn,) € B.

Proof.  Let M > 0 and (u,v) denote a positive solution. Assume that
Q ={reQ|(u,v) € H}(Q) x H}(Q),u > ¢ and v > £}

is an open subset of ) for a positive constant ¢ and denote Q7 = Q\§'. For fixed k > 0, we pick functions
o1 € C3(Q) such that

IVorllL2y =k lérlloe@) <e, ¢ >0 inQ and ¢, =0 inQ”
and we define wy 1= u+ ¢, w— = u— Pk, P4 ;= v+ ¢ and p_ := v — ¢y. It follows that (wy,p1) € K|

[Vwi 2y = IVoklzz @y — IVullzzy = k= [Vull L2,
Vol 2 [IVorllzay — IVullLzry = k = [[Voll2 -

Then we have

1 2 2 1 2p+2
J(ws,p+) = i(vaﬂ:”L%Q) + ||V<PiHL2(Q)) - m(”wiﬂﬁp“(m
1 2p+2
+ 2||w:t90:|:||zl),t+1(g) + ||QD:E||LZ;;L+2(Q))
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> 5(1Vex ) + 1992 2@ = =g sl By + oI5t
22 g + o2 )

> 51V ) + 1992 12 = =g Ulos |5y + Nl
2 g + 10122 )

> 50 = [Vullg)? + (5 = [Vl z20)®) = — (sl ot
+ P | 4 |lpa | Fonta iy + €72

> 50 = [Vullg)? + (5 = [Vl z2)?) = — (2272167
+ (lull zovrzry + 198l L2rr2(0)*PH2 + ([0l L2vr2y + (198 ] L2002 (0) P F?)

1
> 5 ((k = [ Vullr2(@)? + (k = Vo]l 2@)?) = m(2€2p+2\9"|

DN | =

 (ullzarvan + £l |72 4 (ol e oy + el 757 )204)
Similarly,

1
I(wi,@[) > (k‘ — HV’U,HLQ(Q/))Q + (k‘ — ||V’U||L2(Q/))2 — 2((||UHL2P+2(Q’) +€‘Q/|2p+2 )2p+2
+(||U||L2P+2(Q/) +E|Q/|ﬁ)2p+2 +2€2p+2|Q//|)-
Therefore, for a sufficiently large k we have both J(wy,p1) > M and I(wy,9+) > 0, and hence
(wt,9+) € Ny. For such a number k, take (ur_,var ) = (w—,p-) and (unr,,vn,) = (Wi, 94).

Since 0 < upr. <wand 0 < wy < w, we have (up_,va_) € Go by Theorem 5.9(iii); while up, > v and
vap, = v we have (unr, ,var, ) € B by Theorem 5.9(i). O

Lemma 5.12.  We have J(u,v) > 0 for any (u,v) € Ny. Moreover, for all (u,v) € N, we have
J(u,v) = maxyso J (Au, \v). Finally, for any k > 0, the set J* "Ny is bounded in H}(2) x H} ().

Proof.  As in Lemma 2.1, for s > 0, we have

)‘2 2 2 /\2p+2 2p+2 p+ 2p+2
I (A, Av) 2= == ((lully +llvllz) — m(”u”2p+2 + 2]l [P + [lvl2pL3),
d

2p+2 +1 2p+2
o s A0) 2= A[lull gy + 0ll3;) = A7 (lullzpi + 2wl + loll5p52)
and there exists a A* such that - J(su, sv) |s—s+ = 0. For (u,v) € N}, we have
2p+2 1 2p+2
I(u,v) = [Vull3 + [Vo]l3 = (lullzpis + 2lluvllpiy + vllzhiz) > 0.

Then

1 2p+2 +1 2p+2
J(u,v)=§(||Vu||§+IIVv||§) o +2(H ullzpiz + 2wl + llvllzpTs)

(IVul3 + [IVol3) >

I(u,v)

>
2p+2 2p +2

For (u,v) € N, we get
2p42 +1 2p42
I(u,v) = [Vull3 +[|Vol5 = (Jullshis + 2lwolb i + [ollopia) = 0.

Hence

d 2p+2 1 2p+2
o5 O ) = Alullzyy + 1ol 7)) = AT (53 + 2wl + lol5his) =0,
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which implies that A = 1 and J(u,v) = maxy>o J(Au, \v) for any (u,v) € N. Since J(u,v) < k and
I(u,v) > 0, we get

1 1 2p+2 1 2p+2
k> J(u,v) = §(||VU||§ +IVoll3) — W12 Q(HUHQZL + 2[|uv] 21T + [ol13513)
p 2 2
>—] ——(|V A4
g ) + 3 L (Va3 + [90l)
p
> 52 (9l + 903,

which yields

2p + 2

IVull3 + IVl < k.

Then for any k > 0, the set J* N A is bounded in H} () x H (). O

Theorem 5.13.  If (ug,vo) € Ny and [luoll3 + [[voll3 < Asu.vo)s then (uo,v0) € Go. If (uo,v0) € N-
and |luoll3 + lvoll3 = Ayug,vo): then (uo,vo) € B.

Proof.  Let
u(t) == S(t)ug + /Ot S(t — ) f(u,v)ds
and
u(t) == S(t)vo + /O " S(t = 5)g(u,v)ds

for t € [0,T(ug,v0)). As (5.16), us £ 0 and v; Z 0 give

dJ(u, v) f/ufd:rf/vfdx<0,

and then
J(u(t),v(t)) < J(ug,vg) forall te (0,T). (5.53)
Assume first that (ug,vo) € Ny satisfies
luoll + l1voll3 < Asuo,v0)-

We claim that (u(t),v(t)) € My for all ¢ € [0,7). By contradiction, if there is an s > 0 such that
(u(t),v(t)) € Ny for 0 <t < s and (u(s),v(s)) € N, then (5.52) and (5.53) imply

u()]I3 + lo(s)l13 < [luoll3 + l1voll3 < Asquo,vo)
and
J(u(s),v(s)) < J(ug,vo),

which contradict the definition of Aj(,, 4,) and prove the claim. Hence, Lemma 5.12 shows that the
orbit {(u(t),v(t))} remains bounded in H(Q2) x HI(Q) for t € [0,T) so that T = co. Now for every
(w,¥) € w(ug,vo), by (5.16) and (5.52) we get

o3 + 12113 < As(uowe)  and I (w, @) < J(uo, vo)-

By the definition of A j(y,,v), (%0, v0) € N and the definition of w(ug, vo), we get w(uo,vo) C Ny. Hence,
we conclude w(ug,vg) NN = 0. As N includes the nontrivial solutions of the problem (2.1), we know
w(ug,vo) = {(0,0)}. In other words, (ug,vo) € Go, as claimed.
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Next, we consider the case that (ug,vo) € N_ and |[ugl3 + [[voll3 = Ajque,we)- We claim that
(u(t),v(t)) € N_ for all ¢t € [0,T). By contradiction, if there is an s > 0 such that (u(t),v(¢)) € N_ for
0<t<sand (u(s),v(s)) € N, then by (5.52), we have

d
—(lulz + 0]3) = —2I(u,v) >0, 0<t<s. (5.54)
Furthermore, from the above combined with (5.53), we have

lu(s)l3 + llo(s)I3 > lluollz + w013 = Aug,v0)

and
J(u(s),v(s)) < J(uo,vo),

which contradict the definition of A j(y,.4,). Hence for every (w, ¢) € w(ug,vo), T' = oo, we then infer that
w(ug,vo) NN = ). However, since dist(0, N_) > 0, we also have (0,0) ¢ w(uo,vo). This gives w(ug,vo)
= (), contrary to the assumption that (u(t),v(t)) is a global solution. We conclude that T' < oco. O

Corollary 5.14.  If (ug,v9) € N_ and

2p+2 2p+2

2p+2
+ llvoll 3

2p+2 | (

[[uoll 2 T J(uowo) = sup{llull3” " + [[0ll3" 7 [ (1, 0) € Niup 00}

then (ug,vo) € B.

Proof.  We claim that (u(t),v(t)) € N_ for all t € [0,T). By contradiction, suppose that there is an
s > 0 such that (u(t),v(t)) € N_ for 0 <t < s and (u(s),v(s)) € N. Hence (5.54) tells that ||ul|3 + ||v||3

is monotonically increasing on 0 < ¢ < s, which also means that |u[5"" + ||v]|3*T® is monotonically
increasing on 0 < ¢ < s, i.e.,
2p+2 2p+2 2p+2 2p+2
[u()12"7 + [lo()11"7 > Nuoll2”™ + lwoll2” 2 Lo v0)- (5.55)
From another perspective, (5.53) gives
J(u(s),v(s)) < J(uo,vo). (5.56)

We can show the contradiction between (5.55) and (5.56). Due to (u(s),v(s)) € N and (5.56), we see that
(u(),0()) € Mgy = A 11 I 0020,

and then (5.55) contradicts the definition of T y(,, .,) immediately. This contradiction means the solution
(u(t),v(t)) cannot go through the boundary of N_, i.e., (u(t),v(t)) € N_ for all ¢t € [0,T).

Next, we go to prove T' < oo. By the contradiction, we assume that T' = oo, which means w(uq, vo) # 0.
Hence w(ug,vo) C N_, i.e., w(ug,v9) NN = 0 for T = oo. Since dist(0,N_) > 0, we also have (0,0) ¢
w(ug, vg). For T' = oo, combining w(ug,vo) NN =0, (0,0) ¢ w(uo,vg) and Lemma 5.3 (which tells that
the solution converges into A/ as time tends to infinity), we obtain w(ug,v9) = 0. This contradiction
proves T' < o0. O

Theorem 5.15.  Assume that (ug,vo) € H () x HE(Q) satisfies
1
o3+ + ool = X2 D0 g, o), (5.57)

Then (ug,vo) € N_NB.

Proof. By using Holder’s inequality we obtain (the same for vg)

2 2p
P P ,
fuoll = | Juofas < ( / |uo|2”2”dx) ( / 1dx) = ol L5 (5.58)
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From the above combined with (5.57), we have
2p+2 2p+2 2p+2 2p+2 (P+1)
QP ([[uollzp iz + lvollapia) = lluoll2”™ + flvoll5” » 127 J (uo, vo). (5.59)

Furthermore, from (5.59) and (noting ug # 0 and vy # 0)

1 1 2p+2 1 2 +2
J (uo, vo) = §(||VU0H§ +[Vool3) — m(H“OHng +2]lugvollp iy + [lvollzpi2)
p 2p+2 1 opt2y | 1
= 55 71y Iwolsps + 2luovollp T + o l3733) + 5 wo, vo)
p 2p+2 2p+2 1
> m(\\uoﬂzgiz + [lvollzpta) + 51 (o, vo), (5.60)

we have I(ug,vg) < 0, i.e., (ug,vg) € N_.

Next, we will detect the upper bound of ||U0||2p+2

SRICT .

to (5.58), Holder’s inequality also gives (the same for v)

in order to apply Corollary 5.14. Similar

l[ull3 < HU||2p+2|Q‘2”+2

Then we notice

(lalizp s + 2luv by + lloll5p)3)

1
J(u,v) = §(HVU”§ +[IVo|3) — 2p+2 1 2p+2

1
2(p+1)

1
2p+2 +1 2p+2
(lullzprz + 2lluvllpiy + lollzpiz) + 51w, v)

(p+ 1)
1
2p42 2p42
> m(llullziiz + [loll3hT3) + 51(%“),
and (5.59) for any (u,v) € N, ve), Which yields
2p+2 2p+2 2p+2 opt2 _ 2(p+1)
1907 ([l 377 + [ol37) < [lul3555 + [lvl3515 < TJ(UO»UO) (5.61)

Therefore, taking the maximum over N J(uo,vo), W€ immediately get

2(p+1
T (o v0) < (pp )\QI”J(Uo,vo)- (5.62)
Hence (5.57) means
2p+2 2p+2
ol + llvo 12" = T suov0)
which ensures (ug,v9) € B by Corollary 5.14. O
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