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Abstract In this paper, we introduce and study differential graded (DG for short) polynomial algebras. In
brief, a DG polynomial algebra A is a connected cochain DG algebra such that its underlying graded algebra A%
is a polynomial algebra K[z1,z2,...,zn] with |z;| = 1 for any ¢ € {1,2,...,n}. We describe all possible differ-
ential structures on DG polynomial algebras, compute their DG automorphism groups, study their isomorphism
problems, and show that they are all homologically smooth and Gorenstein DG algebras. Furthermore, it is
proved that the DG polynomial algebra A is a Calabi-Yau DG algebra when its differential 4 # 0 and the
trivial DG polynomial algebra (A, 0) is Calabi-Yau if and only if n is an odd integer.
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1 Introduction

In the literature, there are many papers on the research of homological properties of connected cochain
DG algebras. For example, Gorenstein properties of DG algebras are studied in [3,5-9,13,16] and [20,22];
He and Wu [12] introduced and studied Koszul connected cochain DG algebras; recently, He and Mao [11]
gave a criterion for a connected cochain DG algebra to be 0-Calabi-Yau, and proved that a locally finite
connected cochain DG algebra is 0-Calabi-Yau if and only if it is defined by a potential. In spite of these,
it is still difficult to determine whether a given DG algebra has some good homological properties such
as formality, homological smoothness, Gorensteinness and Calabi-Yau property.

Generally, the homological properties of a DG algebra are determined by the joint effects of its under-
lying graded algebra structure and differential structure. However, it is feasible, at least in some special
cases, to determine some homological properties of a DG algebra from its underlying graded algebra.
For example, it is shown in [16] that a connected cochain DG algebra B is Gorenstein if its underlying
graded algebra B# is an Artin-Schelter regular algebra of dimension 2. Especially, if B# is generated
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by degree 1 elements z,y and subject to the relation xy + yx = 0, then B is a Koszul Calabi-Yau DG
algebra (see [17]). Recently, DG down-up algebras are introduced and studied in [18]. It is proved that
all non-trivial Noetherian DG down-up algebras are Calabi-Yau DG algebras.

This paper deals with DG polynomial algebras, which are connected cochain DG algebras whose under-
lying graded algebras are polynomial algebras generated by degree 1 elements. We describe all possible
differential structures on such DG polynomial algebras by the following theorem (see Theorem 3.1).

Theorem A. Let (A,04) be a connected cochain DG algebra such that A¥ is a polynomial graded
algebra K[zy, xa, ..., x,] with |z;| =1 for any i € {1,2,...,n}. Then there exist some t1,ta,...,t, € K
such that 04 is defined by

n i—1 n
6,4(;102) = thl'i(Ej = thxjxi + tZ{I?lQ + Z tjxixj,
J=1 J=1 j=i+1

for any i € {1,2,...,n}. Conversely, for any point (t1,ts,...,t,) in the affine n-space AR, we can define
a differential 0 on Klz1, 22, ...,2,] by

1—1 n
() = thle’vz + tiz; + Z tiziz;, Vie{l,2,...,n},
Jj=1 Jj=i+1

such that (K[xy1,xa,...,2,],0) is a DG polynomial algebra.

By Theorem A, we can define A(t,ts,...,t,) as a cochain DG algebra such that A(t1,ts,...,t,)" =
K[z, za,...,z,] and its differential 04 is defined by

i—1 n
8,4(:1:1) :Ztgl'sz+t7xz2+ Z tjxixj, Vie {1,2,...,71}.
j=1 j=i+1

Then the set
Q(xl,xg,...,xn) = {A(tl,tg,...,tn) |t2 eK,i= 1,2,...,“} EA%

To consider the homological properties of A(ty,ta,...,t,), it is necessary to study the isomorphism
problem of DG polynomial algebras. We have the following theorem (see also Theorem 4.1).

Theorem B. Let A(ty,te,...,t,) and A(t),th,...,t)) be two points in the space Q(x1,x2,...,2n).
Then the DG algebras satisfy

Aty to, ..o tn) = At 85, ..., 1)
if and only if there is a matriz M € GL,(K) such that
(t),th, ... ) = (t1,ta, ..., ty) M.

By Theorem B, we have only two isomorphism classes in Q(z1, za, .. ., z,) represented by .A(0,0,...,0)
and A(1,0,...,0) (see Corollary 4.2), and we obtain the automorphism group (see Corollary 4.3)

Autdg(A(t17t27. .. ,tn)) =~ {M S GLn(K) ‘ (tl,tg,. .. ,tn) = (tl,tz,. .. ,tn)M}

Generally, it is difficult to determine whether a given DG algebra has some nice homological properties.
Comparatively speaking, it is much easier to compute its cohomology graded algebra. For this, we
compute the cohomology graded algebra of A(1,0,...,0), which is (see Proposition 5.1)

K[I_xg-lv ($2x3-| IR fl‘g.%‘,{l, (1%-‘7 SRR |—$3$n-| IR [xiflwv I_xnfleflﬂ |—$$J]

It implies that any DG polynomial algebra A(t1,ta,...,t,) is a formal, homologically smooth and Goren-
stein DG algebra (see Theorem 5.2).
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It is natural for one to ask whether DG polynomial algebras are Calabi-Yau. In [17], it is proved that
a connected cochain DG algebra A is a Koszul Calabi-Yau DG algebra if H(A) belongs to one of the
following cases:

(a) H(A) = K;
(b) H(A) =K[[2]], = € ker(9y);
(c) H(A) = R{fz1], [22]) 21, 22 € ker(9Y).

~ ([=21]T22] + [22][211)

Recently, it is proved in [18, Proposition 6.5] that a connected cochain DG algebra A is Calabi-Yau
it H(A) = K[[21],[22]] where z; € ker(dY) and zo € ker(6%). In addition, a connected cochain DG
algebra A is not Calabi-Yau if H(A) = K[[21], [22]], where z; € ker(dY) and z» € ker(9Yy) (see [17,
Theorem B]). These motivate us to consider more general cases.

We have the following two theorems (see also Theorems 6.2 and 6.4).

Theorem C. Let A be a connected cochain DG algebra such that

H(A) =K[[y1],- -, [ym]];

for some central, cocycle and degree 2 elements yi,...,ym in A. Then A is a (—m)-Calabi-Yau DG
algebra.

Theorem D. Let A be a connected cochain DG algebra such that

H(A) =K[[y1],- -, [ym]];

for some central, cocycle and degree 1 elements y1,...,Ym in A. Then A is a Koszul, homologically
smooth and Gorenstein DG algebra. Moreover, A is Calabi-Yau if and only if n is an odd integer.

With the help of Theorems C and D, we get the following conclusion (see Corollaries 6.3 and 6.5):
A(t1,ta, ..., ty) is a Calabi-Yau DG algebra if (¢1,t2,...,t,) # (0,0,...,0) and .A(0,0,...,0) is a Calabi-
Yau DG algebra if and only if n is an odd integer.

2 Notation and conventions

We assume that the reader is familiar with basic definitions concerning DG homological algebras. If this
is not the case, we refer to [4,8,19,20] and the manuscript!) for more details on them. We begin by fixing
some notation and terminologies. Some overlap with those in [18].

Throughout this paper, K is an algebraically closed field of characteristic 0. For any K-vector space V',
we write

V* = Homg (V, K).

Let {e;|i € I} be a basis of a finite dimensional K-vector space V. We denote the dual basis of V' by
{ef|i eI}, ie., {ef|i eI} is a basis of V* such that e} (e;) = d; ;. For any graded vector space W and
j € Z, the j-th suspension /W of W is a graded vector space defined by (/W) = Witi,

A cochain DG algebra is a graded K-algebra A together with a differential 94 : A — A of degree 1
such that

dalab) = (94a)b + (—1)1*la(d4b)

for all graded elements a,b € A. For any DG algebra A, we denote A°P as its opposite DG algebra,
whose multiplication is defined as a - b = (—1)!%/1’lpg for all graded elements a and b in A. A cochain
DG algebra A is called non-trivial if 4 # 0, and A is said to be connected if its underlying graded
algebra A* is a connected graded algebra. Given a cochain DG algebra A, we denote by A its i-th

1 Avramov L L, Foxby H B, Halperin S. Differential graded homological algebra. Version from 02.07.2004, 2004
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homogeneous component. The differential 04 is a sequence of linear maps 8f4 : AP — A" such that
Bjjl 0 8% =0 for all i € Z. The cohomology graded algebra of A is the graded algebra

H(A) :@M.

7 m(@ )

For any cocycle element z € ker(dy), we write [z] as the cohomology class in H(A) represented by z.
One sees that H(A) is a connected graded algebra if A is a connected cochain DG algebra. For any
connected cochain DG algebra A, we denote by m 4 its maximal DG ideal

o o

194 295 L
= 0 ASATS S AT S

Clearly, K has a structure of DG A-module via the augmentation map
e: A—>A/my =K

It is easy to check that the enveloping DG algebra A°¢ = A ® A° of A is also a connected cochain DG
algebra with H(A°) =2 H(A)¢, and

Mmye =my @ AP + A Q@ m gop.

A morphism f : A — A’ of DG algebras is a chain map of complexes which respects multiplication
and unit; f is said to be a DG algebra isomorphism (resp. quasi-isomorphism) if f (resp. H(f)) is an
isomorphism. A DG algebra isomorphism f is called a DG automorphism when A’ = A. The set of all
DG algebra automorphisms of A is a group, denoted by Autgy(.A).

Let A be a connected cochain DG algebra. The derived category of left DG modules over A (DG
A-modules for short) is denoted by D(A). A DG A-module M is compact if the functor Homp4)(M, —)
preserves all coproducts in D(A). By [19, Proposition 3.3], a DG A-module is compact if and only if it
admits a minimal semi-free resolution with a finite semi-basis. The full subcategory of D(A) consisting
of compact DG .A-modules is denoted by D¢(A).

In the rest of this section, we review some important homological properties for DG algebras. We have
the following definitions.

Definition 2.1. Let A be a connected cochain DG algebra.
(1) If dimg H(RHom 4(K,.A)) = 1, then A is called Gorenstein (see [3]).
(2) If A can be connected with the trivial DG algebra (H(A),0) by a zig-zag

e

of quasi-isomorphisms, then A is called formal (see [14,15]).

(3) If 4K, or equivalently 4.4, has a minimal semi-free resolution with a semi-basis concentrated in
degree 0, then A is called Koszul (see [12]).

(4) If 4K, or equivalently the DG A°module A is compact, then A is called homologically smooth
(see [21, Corollary 2.7]).

(5) If A is homologically smooth and

RHom 4 (A, A°) = %" A

in the derived category D((.A¢)°P) of right DG A°-modules, then A is called an n-Calabi-Yau DG algebra
(see [10,23]).

The motivation of this paper is to study whether DG polynomial algebras have these homological
properties mentioned in Definition 2.1.
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3 Differential structures on polynomial algebras

In this section, we study the differential structures of DG polynomial algebras. We have the following
theorem.

Theorem 3.1.  Let (A,04) be a connected cochain DG algebra such that A% is a polynomial graded
algebra K[zy, o, ..., x,) with |x;| = 1 for any i € {1,2,...,n}. Then there exist some t1,ta,...,t, € K
such that 04 is defined by

n i—1 n
8,4(:61) :thxixj :thxjxl—i—tzxf—i— Z tjxixj, Vi e {1,2,...,n}.
j=1 j=1

=i+l
Conversely, for any point (t1,ta,...,t,) € AR, we can define a differential 0 on Klz1, 2, ..., z,] by
i—1 n
6(371) = thle‘i—l-tix?—F Z tjx;rj, Vie {1,2,...,n},
j=1 j=it1

such that (Klxy,x2,...,2,],0) is a DG polynomial algebra.
Proof.  Since the differential 04 of A is a K-linear map of degree 1, we may let

n n
alr) = 33 e
j=1k=j

where c;k € K for any i,j € {1,2,...,n} and k € {j + 1,...,n}. By definition, (A,9d4) is a cochain DG
algebra if and only if 04 satisfies the Leibniz rule and

{6A03A(xi):(), Vie{l,2,...,n}, 51)

Oa(zjor —zpx;) =0, VI<j<k<n

Since

Oa(wjay — wpwy) = 0a(xj)rr — xj04(xr) — Oa(wr)xj + 210a(2))
=204(z;)xr — 22;04(xk)

n n n n

_ j ) k

= 2[ g g c;’qxpmq} Ty — 21:3{ g E cp’qxpxq]

p=1qg=p p=1g=p

n n n q

_ j , k

= 2[ E E %1q$pxq} Ty — 2 { E E cp’qxpxq],

p=1q=p qg=1p=1
n n j—1j—-1 j—1 j-1 n
) 7 ) . . i -
{E D :C;,q%%] Te =D D ChaTpTaTht D CTpTTE £ Y Y O TpTelk + ] 2T
p=1q=p p=1q=p p=1 p=1q=j+1
n n n
D Tt Y D6 Tty
q=j+1 p=j+1 q=p
= Ri+ Ry
and
n
T & rox
J P,qP4q
g=1p=1
-1 k—1 n k-1

_E: koo k... koo 2 koo
= E cpyqx]xpacq—i—g Cp kTjTpTh + Cp 1, X5 %), + E E CpqTiTpTyq

q=1p=1 p=1 q=k+1 p=1
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n n q
k k
+ E Cl,qTjTrTq + E E CpqTiTpTq

g=k+1 q=k+1p=k+1
=: 51+ Sa,
where
j—1j-1
g E cpqxpquk+g E cpqscpquk+ g E cpqxpquk,
p=lg=p p=1q= j+1 p=j+1q=p
] .
Ry = g c;jxpxjkarc’ xjkar g jqxjxqu,
q =j+1
k 1 q n
E E cp ¢TiTpTqg + E E cp ¢TiTpTqg + E E cp qTiTpLq,
q=1p=1 q=k+1 p=1 q=k+1 p=k—+1
k-1
E cp kL TpTk + ck km]xk + E ck qTiThTq,
p=1 q=k+1

we obtain that
Oa(zjry — xpxj) =0

if and only if
R1+R2—Sl—52:0,

which is equivalent to

R, =0,
S1 =0,
R2 —52 =0.
Since
j—1j—1
DIDILTEEED S DR TEEIRED D) pr e
p=1g=p p=1g=5+1 p=j+1q=p
and

k—1 gq n
Slxj{zz:cpqxpqur Z Zcpqxpxq+ Z Z cpqxpxq],

q=1p=1 q=k+1 p=1 q=k+1 p=k+1

we get that Ry = S = 0 if and only if

e ,=0, vpe{l,....,7—1}, q€{p,...,j—1},
d. =0, Vpe{l,...,;—1}, qe{j+1,...,n},
0%7‘1:07 vpe{j+177n}7 qe{pa,N}

and

k=0, Vge{l,....k—1}, pe{l,...,q},

P.q
c’;,q:(), Vge{k+1,...,n}, pe{l,....,k—1},
&, =0, Yge{k+1,...,n}, pe{k+1,...,q},

which are equivalent to

ck =0, if p#£k and q#Ek.

{c;q 0, if p#j and q#j,
p,q
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Since
j—1
Ry — Sy = Zc’ Tpxi Ty + c” ]:ck + Z 7 4 LiTq Tk
p=1 q=j+1
k—1
[Zc KT TpTh + ck kxjxk + Z Cp. qxjxkxq}
p=1 q=k+1
Jj-1
= (c;)j - cl;k)xpxjxk +c S ]zk + Z —cf )TiTET,
p=1 g=k+1
k=1 ‘ k—1
+ Z cquxjquk + C‘;kxjxi — cjkx?a:k — Z c’;’kxjxpxk — cz’kxja:i
q=j+1 p=j+1
j—1
= (o, - Cﬁ,w%xm +(c); — )aTTy + Z —ck )TiTHT,
p=1 q=k+1
+ Z })TiTr Ty + (C] C’Z,k)mﬁz,
r=j+1
we conclude that Ry — So = 0 if and only if
c;’j = Ype{l,2,...,j—1},
ji ok
5.3 = Gk
Ga=Cho Vee{k+1,k+2,...,n},
cp=c, Vre{j+1,j+2,... k—1},
i _ Lk
C;‘,k = Ck>
which is equivalent to
;= c’;’k, Vpe{l,2,...,5}
cp=c Vre{j+1,j+2,...k—1},
ca= c’,iq, Vge{kk+2,...,n}.
Therefore, for any 1 < j < k < n, Oa(xjzr — xpz;) = 0 if and only if
¢he=0, if p#j and q¢#j,
c’;qzo, if p#£k and q#k,
C;J —c’lf,k, Vpe{l,2,...,5}, (3.2)
cg.’r—cff’k, Vre{j+1,j+2,....,k—1},
C;,q 027(1, Vge{k,k+2,...,n}.
Let t; = cii,i =1,2,...,n. Then (3.2) implies
i—1
Oa( Zt Tim; +tiwd + Z tiziz;, Vie{l,2,...,n} (3.3)
J=1 j=i+1
For any (t1,t2,...,t,) € AR, we claim that 04 0 O4(z;) = 0, if (3.3) holds, Vi € {1,2,...,n}. Indeed,

if (3.3) holds, then
9a00a(xi)

—BA[Zt xjgcl—i—tx + Z tmxj]

Jj=i+1
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—ZtﬁAxJ thJaA Ztanl th@ij

j=i+1 Jj=i+1

:z_:thZtlmlxj +t; x + Z tl:z:]xl>a:z <Ztl1:lxl—|—tx + Z tiz; xl)]
j=1

l=5+1 l=i+1

+ Z tj[(Ztlxlxz—i—tx + Z tmm)xj—xZ(Ztlxlxj—l—t x; + Z tlacjxl>}

Jj=i+1 l=i+1 l=j5+1

_Zt J;Z[Ztlij—l—tx + Z tla:]xl—x]<2tlml—|—tml—|— Z tlxl)]

l=5+1 l=i+1
+ Z t; :E{(Ztlxl—l—t x; + Z tlxl)x] (Ztlxlx]—i—t x5+ Z tlle'l>:|
j=i+1 l=i+1 I=j+1
Since

Zt |:Ztll‘ll'] +tx + Z tll'JLL'l—CEJ(Ztl:L‘l—‘rtxZ—f— Z tl$l>:|
=1

l=7+1 l=i+1

n
+ Z Q{(thz—!—tmzﬁ- Z tmz)mJ (Ztlmmjj—i—t xj + Z tlm]xl>}

J=i+1 l=i+1 l=5+1

i—1 i—1 %
= th |: - Ztlxlxj + tjil’? —tixix; + Z tlle'l:|

j=1 I=j l:j+1

n j—1
+ Z t]{ Ztlxlxj+txxj+ Z tiryx; — tx]

Jj=i+1 =1 l=i+1

n Jj—1 j—1
t]|: Z tla:lx] + Z tlIJ:L‘l:| Z tj|: Z tlxl$j+ Z tlxl:zzj}

I=j+1 l=j+1 j=i+1 I=i+1 I=i+1

Il
MS

1

.
I

(=]

b

we have 0% (z;) =0, Vi€ {1,2,...,n}.
Therefore, (A, d4) is a cochain DG algebra if there exist some t1, %2, ...,t, € K such that

i—1
O Ztarjxﬂ—tx + Z tiziz;, Vie{l,2,...,n}.
j=1 j=i+1

Conversely, V (t1,t2,...,t,) € AR, we can define a differential 0 on K[z1, 22, ...,2,] by

i—1
Zt:vsz—i—tx + thzxj, Vie{l,2,...,n},
Jj=1 j=i+1
such that (K[z1,x2,...,2,],0) is a DG polynomial algebra, since one can check as above that
00 0(x;) =0, Vi€{12...n},
O(zjxr —zpx;) =0, V1< j<k<

if O satisfies the Leibniz rule.

By Theorem 3.1, the following definition is reasonable.

Definition 3.2.  Define A(t1,t2,...,t,) as a cochain DG algebra such that

A(tl,t27...,tn)# =Kz, 22, ..., 25], |zi| =1,



Mao X F et al. Sci China Math  April 2019 Vol. 62 No.4 637

and its differential 04 is defined by

Zt Tz + tiwd + Z tizix;, Vie{l,2,...,n}.
j=i+1
Define
Q($17$2,...,$n):{A(tl,tg,...,tn)ltiEK,i:1,2,...,n}.

Clearly,
Q(xl,xQ, SN ,ﬂ:‘n) = A]ﬁ

4 Isomorphism classes of DG polynomial algebras

In this section, we consider the isomorphism problem for DG polynomial algebras in Q(x1,xa,...,z,).
We have the following theorem.

Theorem 4.1.  Let A(t1,ta,...,t,) and A(t],th, ..., 1)) be two points in the space Q(x1,2a,...,Tn).
Then the DG algebras satisfy
Aty ta, .o ty) = At th, ... L)

if and only if there is a matriz M € GL,,(K) such that
(t),th, ... th) = (t1,ta, ..., ty) M.

Proof.  We write A = A(ty,t,...,t,) and A" = A(t],t5,...,t,) for simplicity. In order to distinguish,
we assume that A% = K[z}, xb,...,2}] with |2}| = 1 for any i € {1,2,...,n}. If A = A, then there

exists an isomorphism f : A — A’ of DG algebras. Since f!: A' — A'! is a K-linear isomorphism, we
may let

f(x1) 31
f(z2) Y Lo

for some M = (a;j)nxn € GL,(K). Since f is a chain map, we have f o ds4 = 0a o f. For any
1€{1,2,...,n}, we have

Oar o f(x;) —6A'<Z )

Y ai; 3 t;:p;a:' + thx ’2 + )
] —

Jj=1 I=j+1

. ]

zam%(ztm P Y t;:vg)
j=1 =1 I=j+1

(23005) (25)

= (gazwf)< Y ) (Eql)
and

fodalx (thjxl—i—tac + thxj>

Jj=i+1
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n n 2 n n n
(Zaﬂxl) <Zaiﬂ:2) + tZ(Z amz:f) + Z tj( amc}) (Zaﬂx{)
j=1 =1 =1 j=i+1 1=1 =1
i—1 n n n n n
(Za]sx ) <Zaﬂx;) + tl(z a“ﬁ) + Z tj( amcé) (Z ajsxs)
J=1 =1 =1 Jj=i+1 =1 s=1
n ri—1 n n n
= (Zaﬂxl) Zt]< (ljsil'/s> -I-tl(Z(lil.’E;) + Q(Zajsx;)}
=1 Lj=1 s=1 =1 j=i+1 s=1
n ri—1 n n n n
= (Zaile) th(Zajsx's> +tz(2awx’s) + Z tj< ajsac;>}
=1 -j=1 s=1 s=1 j=i+1 s=1
(50
=1 Lj=1 s=1
n r n n
- (Z“i”f?) ) (Zajstj>xs:| (Eq2)
=1 -s=1 “j=1
Since (@ij)nxn € GLn(K), we have (a1, a2, ..., aim) # (0,0,...,0). So

Z agw) # 0
=1
and

Oar o f(x;) = fodalz:)
implies that

n

zz%ét

j=1
for any s € {1,2,...,n}. Then we get
(1,85, ... ) = (t1,t2, ..., ty) M.
Conversely, if there exists a matrix M = (a;;j)nxn € GL,(K) such that
(t),th, ... th) = (t1,ta, ..., ty) M,
then

n
/ 2 :
ts = ajstj,
j=1

for any s € {1,2,...,n}. Hence

(éauwi) <§t’swé) = (éanﬁd) {i <jz:ajstj>x;], Vie{1,2,...,n} (4.1)

s=1

Define a linear map f : A* — A’' by

f(x1) T
f(z2) Y Lo
f(zn) ‘T;L

Obviously, f is invertible since M € GL,,(K). We have

f(xe) f(zy) = fzy) f(zs), V1I<i<j<n,
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since A’ is a commutative algebra. Hence f : A' — A’! can be extended to a morphism of graded algebras

between K[z1, 2o, ..., z,] and K[z], 25, ..., z]]. We still denote it by f. For any i € {1,2,...,n}, we still
have (Eql) and (Eq2). Then (4.1) indicates that fod4(z;) = 04 o f(z;), which implies that f is a chain
map. Hence, f: A — A’ is an isomorphism of DG algebras. O

Corollary 4.2. In the space Q(x1, 22, ...
and A(1,0,...,0).

Proof. By Theorem 4.1, A(t1,ta,...,t,) = A(t],th,...,t)) if and only if there is an M € GL,(K)
such that (t7,t5,...,t)) = (t1,t2,...,tn)M. For any (t1,t2,...,tn) # (0,0,...,0), there exists an i €
{1,2,...,n} such that ¢; # 0. We have

,&n), there are only two isomorphism classes A(0,0,...,0)

ty to oo tiq by tig1 -0 Ty

10--- 0 0 O
0o1.--- 0 0 O
t7t7 7tn - 1307 ’O
(t1,t2 ) =( ) 0 0 o
0
00 0 0 O 1
Since
ty to - tim1 b tip1 - Tn
10000 -0
01-- 000 -0
= (_1)l+1tl 7é 07
0 1
00--- 00 0 ---1

we have A(ty,to,...,t,) = A(1,0,...,0). Clearly, A(1,0,...,0) # A(0,0,...,0) since (1,0,...,0) #
(0,0,...,0)M for any M € GL,(K). Therefore, there are only two isomorphism classes .A(0,0,...,0)
and A(1,0,...,0) in Q(z1,22,...,Zs). O

Corollary 4.3.  For any A(ty,ta,...,t,) € Qx1,22,...,2,), we have
AUtdQ(A(t17t27 e ?t’l’b)) = {M € GL’I’L(K) ‘ (t1)t27 cee atn) = (t17t27 . )tn)M}

Remark 4.4. We want to consider the homological properties of DG polynomial algebras. This can be
reduced to studying those of A(0,0,...,0) and A(1,0,...,0) by Corollary 4.2. Corollary 4.3 characterizes
the automorphism group of any DG polynomial algebra.

5 Cohomology of DG polynomial algebras

Generally, the cohomology algebra of a DG algebra usually contains much useful information on its
properties (see [1,2]). In this section, we will compute the cohomology algebra of the non-trivial DG
polynomial algebra. By Corollary 4.2, we only need to compute H(A(1,0,...,0)). We have the following
proposition.
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Proposition 5.1.  The cohomology algebra of A(1,0,...,0) is the polynomial algebra

K([23], [z223], ..., [w2wal, [23], .. Tasan], . [20 4], [2n—a@n], [23]).

Proof.  For simplicity, let A = A(1,0,...,0). We have 04(z;) = z1x; for any i € {1,2,...,n}. Hence,
lm(a}él) = @Kmlxi.
i=1

For any 4,5 € {1,2,...,n}, we have
8A($Z‘Z‘j) = 3A($i)$j - xiaA(xj) = T1XiTj — Ti1T5 = 0.

Then ker(0%) = A? and hence ker(9%) = A?* by the Leibniz rule for any ¥ > 2. Since A% =
69?:1 @7:1 Kz;x;, we have

=2 j=1

Since 94 (7;) = z12; and ker(9% %) = A2 it is easy to check that

2k
im(0% ) = @ @ Ka{tag? - xen.

wi=1 57, wj=2k—w
2;20,j=2,...,n

Since
2k __ w1 w2 w
A = @ Kaitag? - aim,
2_;’1/:1 w;=2k
2;30,j=1,...,n

we have

H*A) = @  Kag*--aim

Ty wj=2k
r;20,7=2,...,n

For any k > 2, any cocycle element in A%**1 can be written as Soi, a;fi for some f; € A% i=1,2,....n.
We have

aA(Z%’fi) = lezifi =1 Z%’f@ =0.
i=1 =1 i=1
So >, @;f; = 0. Hence, ker(9%™) = 0 and then H?*+1(A) = 0. Therefore,

H(A) = K[[23], [zox3], - - -, [T22n], [23], - - ., [2320], .. s [22 1], [Tno12n], [22]].

This completes the proof. O

By Proposition 5.1, one can deduce the following interesting results for DG polynomial algebras.

Theorem 5.2. Any DG polynomial algebra A(ty,ta,...,t,) is a formal, homologically smooth and
Gorenstein DG algebra.

Proof.  For briefness, let A = A(t1,ta,...,tn).

If (t1,t2,...,ty) = (0,0,...,0), then 94 = 0 and H(A) = A* = k[zr1,22,...,7,]. Hence H(A)
is a Noetherian, Gorenstein graded algebra with gl.dimH (A) = n. Therefore, A is Gorenstein and
K € D(.A) by [9, Proposition 1] and [20, Corollary 3.6], respectively. Hence A is homologically smooth
by [21, Corollary 2.7].

If (t1,t2,...,tn) # (0,0,...,0), then A= A(1,0,...,0) by Corollary 4.2. We have

H(A> = K[I_xg-L |—.’£2£E§-| IR (1‘2.%'”1, (x?%k SRR f%xﬂa AR |—$,2L,1-|, I_xnflxnwv M’EL—H
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by Proposition 5.1. So H(A) is a Noetherian, Gorenstein graded algebra with

el.dimH(A) — @ < 0.

By [9, Proposition 1], A is Gorenstein. In addition, A is homologically smooth by [20, Corollary 3.6] and
[21, Corollary 2.7]. We can define a morphism of DG algebras ¢ : (H(A),0) — (A, 04) by ¢([ziz;]) = ziz;
for all 2 < i < j < n. One sees easily that ¢ is a quasi-isomorphism. So A is formal. O

6 Calabi-Yau properties of DG polynomial algebras

By Theorem 5.2, we know that any DG polynomial algebra A(t1,ts,...,t,) is a formal, homologically
smooth and Gorenstein DG algebra. It is natural for one to ask whether A(ty,t,...,t,) is Calabi-Yau.
We completely solve this problem in this section.

Remark 6.1.  For any connected cochain DG algebra A, one sees that H(A¢) = H(A)¢ is a connected
graded algebra. We should emphasize that the multiplication of H(.A)¢ is defined by

(el @ [d]) - (fel @ [f1) = (=1 el[e] @ [d] o [f] = (=) ee] @ [,

for any cocycle elements c¢,e € A and d, f € A°P. In the proof of the following two theorems, we need to
construct minimal free resolutions of g4y H(A) and H(A)g(a). We remind the readers to remember
our emphasis above.

Theorem 6.2.  Let A be a connected cochain DG algebra such that

H(A) = K[yl [ym 1],

for some central, cocycle and degree 2 elements y1,...,ym in A. Then A is a (—m)-Calabi-Yau DG
algebra.

Proof.  The graded left H(A)®-module H(A) admits a minimal free resolution:
0 HA L HA L ppd. g g 0
where p : H(A)® — H(A) is defined by u([a] ® [b]) = [ab], each F} is a free H(A)®-module

@ H(A)eeil...ik

eil...ikEEk
of rank C¥ with basis
Er={ej, i, |1 <in <o <+ <ip<m}, e .q] = 2k,

and dy, is defined by

k
ezl zk Z j 1 yzj ®1-1® [yz]-‘) iy eeedyeein?

j=1
for any £k = 1,2,...,m. Applying the constructing procedure of Eilenberg-Moore resolution, we can
construct a minimal semi-free resolution F' of the DG A% module A. Since y1,¥2,...,Ymn are central

elements in A, it is not difficult to check that

F# = ./46# &) {é @ Ae#Ekeil..‘ik]

k=1 eil-»-ikEEk
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and O is defined by

k
Op(ZFei, i) = > (=1 My, @ 1 -1y )5 e
j=1

z1--~ij-~~ik’

for any e;,...;, € Ey and k= 1,2,...,m. Clearly, A is homologically smooth since F' has a finite semi-
basis.
Similarly, the right graded H(A)¢-module H(.A) has a minimal free resolution

edl

0 HA CHA Lo g, & g, e, Lo, (6.1)

where 7 : H(A)¢ — H(A) is defined by 7([a]®[b]) = (—1)l%I'’I[ba], each G}, is a free right H(.A)*-module

B N HAF

Aiqip €Mk
of rank C¥ with basis
A= {Niyoiy |1 <01 <o < - < <m},  |Niyoiy| = 2K,
and the differentials are defined by

dl(/\il) = (1 ® [yz1] - [yz1] ® 1)3 V)\“ € A17

dk(Niyoi) = D (=DF N o (0@ Ty ] = [93,1®1), Vi, € Ay,
where k = 2,...,m. From the free resolution (6.2), we can construct the Eilenberg-Moore resolution G

of A4e. We have
#=A* o [@ P T AF

k=1 Ail"'ik €Ay

and Og is defined by

8@(1) =0, aG(EA“) = (]. R Yi, —Yi, @ 1), V)\“ S Al,

06 (S Ny i) = Y (DR ISETIN L 1@y, — i, ® 1),
j=1

for any A;,..;, € Ay and k=2,...,m. Hence

m
DnGF = TMIAY @ {@ B =N A
k=1 )‘il"'ik €Ay

with
Fsma(EM1) =0, Fumg(E"TN) = (-1)"E"1(1 @y, —yi, @ 1), Yy € Ay,
k

aEmG(Eerk/\il--‘ik) — Z(_l)erk*jEerkfl /\ilwi}“"ik (1 X Yi; — ® ].)
j=1

The DG right A%-module Hom 4. (F}, .A¢) is a minimal semi-free DG module whose underlying graded
module is

{Kl* N [é S K(Ekeil...ik)*} } @ (A°)*

k=1 eil...ikeEk
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The differential Opom of Hom 4e (F, A€) is defined by

8Hom(f) = aAE o f - (_1)‘f|f © 8F7
for any graded element f € Hom 4¢(F, A%). So we have Ogom[(X™€1...;m)*] = 0,

8H0m[(2kei1”'ik)*} = Z (_1)j_k(2k+lei1‘“ijlij+1“‘ik)*(1 QU —-—yu® 1),
€igijlijyq iy €FEk 41
for any k € {1,2,...,m — 1}, and

m

Onom[17] =D () (1@ y; —yi @ 1).
i=1
Define an (A¢)°P-linear map 6 : Hom 4 (F, A¢) — ™G by

m(m+1)
2

(Z™eq.m)* 5 (1) xm,
024 (Breiyiy)” o (—1)Zrm i p2m—k)
1% — EQm)\l...m,

Vke{l,...,m—1},

i1

where 47 - - -4} is the m — k integers arranged from small to large obtained by deleting i1, o,
{1,2,...,m}. We claim that # is a chain map. Indeed, we have

m(m+1)

0 0 Ottom[(Z™e1.m)] = 0 = (1) ™ F > Ogmg[S™1] = dgmg 0 O[(E™e1..m)"]

and

9 o 8Hom[]-*] = azmg e} 9[1*},
since

6o 8H0m[1*] = G[Z(Eei)*(l RYi — Yy @ 1)
i=1
= Z(_1)i22m_1Al---(i—l)(i+1)-~m(1 QUi — Y ®1)
i=1

and

Asme 0 O[1%] = Bgma[S2 Atm]

M-

(=)™ ) 4 )em (1 @ Y — 4 @ 1)
1

.
Il

(_1)i22m_1)‘1---(1'—1)(1'+1)-~m(]- Y — Y ®1).

.

@
Il
-

Furthermore, for any k € {1,2,...,m — 1}, we have
Osma 0 0[(SFei,..i,)] = 0 0 Onom [(EFes, i, )],
since

6o aHom[(Zkehmik )]

=0 Z (_l)jik(EkJrleh'“ijlij+1"'ik)*(1 QU —-—U® 1)
eil"'ij“j+1"'ikeEk+l
j—k k41 —k—
— Z (_1)] +Z]:1 15+ E2m 1)\m(1 ® Y — Y ® 1)

Ciqvijlijyq - ig [y Dy

643

..., 1} from
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and

Osmg © 9[(Ek621 Zk)*]
:asz[(—l)ZJ 1l y2mek )

11" 7,k]

k
> ij+2m—k—l+j e

€Ciyvijlijyg i EBR41

So 6 is an isomorphism of DG A°P-modules and Hom 4¢ (F, A°) = XA in D((A%)°P). Therefore, A is a
(—m)-Calabi-Yau DG algebra. O
Corollary 6.3.  The DG polynomial algebra A(ty,ta,...,t,) is a W-Calabi— Yau DG algebra if
(t1, b2, ..., tn) # (0,0,...,0).

Proof. By Corollary 4.2, we have A(ty,ta,...,t,) = A(1,0,...,0). So we only need to show A(1,0,

..,0) is a W—Calabi—Yau DG algebra. By Proposition 5.1, the cohomology graded algebra of
A(1,0,...,0) is

K[[2z3], [t223], .., [Tz, ], [23], .. s [232n], - - -, [22 1], [Zn_12a], [22]].

Theorem 6.2 indicates that A(1,0,...,0) is a —n(r=b_Calabi-Yau DG algebra. O
Theorem 6.4. Let A be a connected cochain DG algebra such that

H(A) = K”yﬂa IR [ymﬂv

for some central, cocycle and degree 1 elements y1,...,Ym n A. Then A is a Koszul, homologically
smooth and Gorenstein DG algebra. Moreover, A is 0-Calabi- Yau if and only if m is an odd integer.
Proof. By the assumption H(A) = K[[y1],..., [ym]|] is a Koszul, Gorenstein and Noetherian graded
algebra with gl.dimH(A) = m < oo. Hence A is Koszul, Gorenstein and homologically smooth by [12,
Proposition 2.3], [9, Proposition 1] and [20, Corollary 3.7], respectively.

Now, let us consider the Calabi-Yau properties of A. The graded left H(A)®-module H(A) admits a

minimal free resolution

e d1 d.

d d
SR SRS

0 H(A) & H(A) & N SNIPE  C R}

where p: H(A)¢ — H(A) is defined by u([a] ® [b]) = [ab], each Fy is a free H(A)%-module

@ H(A)eeil...ik

eil---ikeEk
of rank C¥ with basis
E, = {611 7,k|1 1 <lg < - <ip < m}, |€7;1.‘.1'k| = k,

and dj, is defined by

k
k
621 zk Z sz ®1+ (_1) 1® fyiﬂ)eil...{j...ik,
j=1
for any £k = 1,2,...,m. Applying the constructing procedure of Eilenberg-Moore resolution, we can
construct a minimal semi-free resolution F' of the DG A°-module A. Since y1, ..., Y, are central elements

in A, it is not difficult to check that

F# = ./46# &) |:é @ Ae#Ekeil..‘ik]

k=1 eil-»-ikEEk
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and O is defined by

k
Op(SFes, i) = Z(—l)j_l(yij @1+ (-1 yij)zk_leil.‘.i}“.iky

Jj=1

for any e;,..;,, € Epy and k =1,2,...,m.
The DG right A®-module Hom 4 (F, .A°) is a minimal semi-free DG module whose underlying graded
module is

s [@ @ xmvr]}ocor

k=1ei...i; €Ex
The differential dgom of Hom 4e (F, A¢) is defined by
Ottom () = 0 o f = (~1)1f o O,
for any graded element f € Hom 4 (F,.A¢). So we have

aHom[(EWL(flmrn,yk] = O,
From[(Z*eiy i, )]
= Z (_1)j+1(Ek+lei1"‘ijlij+1---ik)*(yl ®1- (_1)k1 ® Y1),
Cigvijlijyy iy €Lk
for any k € {1,2,...,m — 1}, and

m

Orom|[17] = Z(Zei)*(l Ry —yi ®1).
i1

If m = 2t is an even integer, we claim that A is not a Calabi-Yau DG algebra. It suffices to show that
Hom 4¢ (F, A%) 2 A in D((A®)°P). We prove this with a proof by contradiction. If Hom 4. (F, A%) = A
in D((A®)°P), then there exist a DG right A%module P and two quasi-isomorphisms of right DG A°-
modules ¢ : P — A and ¢ : P — Hom 4 (F, A¢). The DG right A°-module P admits a minimal semi-free
resolution ¢ : G — P since H(P) = H(A) is bounded below. Then

Poe: G — Homye(F, A°)

is a quasi-isomorphism of right DG A%-modules. Since both G and Hom 4 (F, . A¢) are minimal, ¥ o ¢ is
an isomorphism by Corollary 1.3 of Section 12 in the manuscript!). Then the composition

Hom_ae (F, A9 Y9 ¢ 5 P2 A

is a quasi-isomorphism of DG right A°-modules. Set g = ¢poeo (tpoe)~t. Since H(g) is an isomorphism
and [(X™e1...m)*] # 0, we have g[(X™e1....,)*] = ag # 0, for some ag € A° = k. Forany j € {1,2,...,m},
we have [(X™ 1. j_1j41..m)*| = 0. So there exists an a € A° such that g[(X™ er..j_1j41..m)*] = a.
We have

daogl(Z™ ter . j-1)(+1)-m)*] = dala) = 0,

go 8H0m[(ZWF161...(j_1)(j+1)...m)*]
= g[(=1)/ (™ e1m) (5 @1 = (=1)" 11 @ y;)]
= (—1ao- (y; © 1 +1@y;) = (—1)'2a0y;.

Therefore, 04 0 g # g © Opom since char K = 0 and ag # 0 in A°. This implies that g is not a chain map.
Then we get a contradiction since ¢ is a morphism of DG right A°-modules.
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Now, it remains to consider the case that m = 2t —1 is an odd integer. The right graded H (A)¢-module
H(A) has a minimal free resolution

0 HA ZHA Lo g, & g, a6, Lo, (6.2)
where 7 : H(A)¢ — H(A) is defined by 7([a]®[b]) = (—1)I%I'’I[ba], each G}, is a free right H(A)*-module

P i HAF

Ny EAR
of rank CF, with basis
A ={ i |1 <in < < <ip<m}, | Aipin] = Ky
and the differentials are defined by

dl()‘il) = (1 ® I—yu-' - I—yu-' ® 1), V)\il € A17

k=2,...,m. From the free resolution (6.2), we can construct the Eilenberg-Moore resolution G of A 4e.

We have .
G# = .Ae# D [@ @ ZkAil...ik.Ae#

k=1 X, ...ip €A

and Jg is defined by

aG(].) = 0, ag(EA“) = (]. LY, —Yi, ® 1), VAH S A17
k
(SN i) = Z(—l)kﬂ.zk*l)\il...{j...ik(1 ®yi, + (—1)*y;, ®1),

j=1

for any A ..., € Arand k=2,...,m
Define an (A¢)°P-linear map 6 : Hom - (F, A°) — G by

(Smerm)® +> (—1) 25,
0: (Eke’il“'ik)* ’_>( 1)2] 11]+k2m k)‘
1" = XA,

Vke{l,...,m—1},

110k

where i1 - - -5 is the m — k integers arranged from small to large obtained by deleting iy, 49, ..., 4 from
{1,2,...,m}. We claim that 6 is a chain map. Indeed, we have

0 0 Otom[(E™e1.m)] = 0 = O [(—1) ™ F+1] = 9g 0 O](E™e1...m)*]

and 0 o Oyom [1*] = Onma o O[1%] since
6 0 Orom|[1 G[Z Ye)" (1®y —y: ®1)
i=1

= Z DS N o1y 1) eom (1 @y — 4 © 1)
=1

and

8(; o 9[1*] = 8@[Zm)\1...m]
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(—1)m_iZm_l)\1,..(1-_1)(,'+1).,,m(1 Ry +(—1)"y; ®1)

Il
.MS

©
Il
—

.

«
Il
-

(12N e 1) (L ® Y — 4 © 1)

M-

(=D)''S" N ey (1 @y — y ® 1),

<.
Il
_

Furthermore, for any k € {1,2,...,m — 1}, we have

O 0 0[(SFeiy.i,)*] = 0 0 Oniom[(E¥€s, i, )]

since
0 0 Orom[(Z"ei, i, )]
= 9[ Z (_1)j+1(Ek+lei1"'ijlij+1“'ik)*(yl ®1- (_1>k1 ® yl)
Ciqoriglijygeig CEk41
K
G etk
= Z (=1 == pmok 1)‘i1~~~z‘jzzj+1...rk mel- (- 1ey)
€Ciyvijlijyy iy EBR41
and
Og o 9[(Zkel1lk)*]
= dg|(—1) == TR
= Z (71)25:1 is+mfl+j2m7k71/\m(1 @y — (*1)7]“2/1 ® 1)
ei1-~-ijlij+1mikeEk+1
koo g o
= Z (_1)Zs=1 is—Il+] kzm k 1)\i1...ijlij+1...ik (yl ®1— (_1)k1 ® Z/l)

€Ciyviglij g i €Bk41

So 6 is an isomorphism of DG A°P-modules and Hom 4 (F, A°) = A in D((.A°)°P). Therefore, A is a
0-Calabi-Yau DG algebra. O

Corollary 6.5.  The trivial DG polynomial algebra A(0,0,...,0) is a Koszul, homologically smooth
and Gorenstein DG algebra. Moreover, it is 0-Calabi- Yau if and only if n is an odd integer.

Remark 6.6. In Theorems 6.2 and 6.4, we need that the cocycle elements y1,ys,...,ym are central
in A. This simplifies the construction of Eilenberg-Moore resolution. Without this subtle condition,
we are unable to get the corresponding result. Note that Theorem 6.4 is not a generalization of [17,
Proposition 2.4 and Theorem 2.7] for this reason.
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