SCIENCE CHINA @ CrossMark
Mathematics N

Progress of Projects Supported by NSFC June 2018 Vol.61 No.6: 973-992
« ARTICLES - https://doi.org/10.1007/s11425-017-9181-2

Residual-based a posteriori error estimates for
symmetric conforming mixed finite elements for
linear elasticity problems

Long Chen!, Jun Hu?, Xuehai Huang® & Hongying Man**

L Department of Mathematics, University of California at Irvine, Irvine, CA 92697, USA;
2LMAM and School of Mathematical Sciences, Peking University, Beijing 100871, China;
3College of Mathematics and Information Science, Wenzhou University, Wenzhou 325035, China;
4School of Mathematics and Statistics, Beijing Institute of Technology, Beijing 100081, China

Email: chenlong@math.uci.edu, hujun@math.pku.edu.cn, xuehaihuang@gmail.com, manhy@bit.edu.cn

Received June 2, 2017; accepted October 30, 2017; published online March 13, 2018

Abstract A posteriori error estimators for the symmetric mixed finite element methods for linear elasticity
problems with Dirichlet and mixed boundary conditions are proposed. Reliability and efficiency of the estimators

are proved. Numerical examples are presented to verify the theoretical results.

Keywords symmetric mixed finite element, linear elasticity problems, a posteriori error estimator, adaptive
method

MSC(2010) 65N30, 73C02

Citation: Chen L, Hu J, Huang X H, et al. Residual-based a posteriori error estimates for symmetric con-
forming mixed finite elements for linear elasticity problems. Sci China Math, 2018, 61: 973-992,
https://doi.org/10.1007/s11425-017-9181-2

1 Introduction

In this paper, we are concerned with the development of residual-based a posteriori error estimators
for the symmetric mixed finite element methods for planar linear elasticity problems. Let © C R? be
a bounded polygonal domain with boundary I" := 902, based on the Hellinger-Reissner principle, the
linear elasticity problem with homogeneous Dirichlet boundary condition within a stress-displacement
form reads: find (o,u) € ¥ x V := H(div,Q;S) x L?(2;R?), such that

(Ao, 7) + (divr,u) =0 for all 7€ 3,

(dive,v) = (f,v) for all v €V, 1)

where S € R?*? is the space of symmetric matrices, and the symmetric tensor space for stress and the

space for vector displacement are, respectively,

H(diV,Q;S) = {(Tij)2><2 S H(le,Q) |7'12 = Tgl}, (1.2)
LZ(Q;RQ) = {(Uh’U,g)T | Uy, U2 € LZ(Q)} (13)
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The compliance tensor A : S — S, characterizing the properties of the material, is symmetric positive
definite and its eigenvalues are uniformly bounded from above. In the homogeneous isotropic case, the
compliance tensor is given by At = (7 — A\/(2p + 2A\)tr7I)/(2p), where p > 0 and A > 0 are the Lamé
constants, I is the identity matrix, and trr = 711 + 792 is the trace of the matrix 7. For simplicity, we
assume A is a constant matrix in this paper and comment on the generalization to the piecewise constant
matrix case.

Because of the symmetry constraint on the stress tensor, it is extremely difficult to construct stable
conforming finite elements of (1.1) even for 2D problems, as stated in the plenary presentation to the
2002 International Congress of Mathematicians by Arnold [3]. To overcome this difficulty, many weakly
symmetric mixed finite element methods for linear elasticity were developed (see [6,7,10,21,25]). An
important progress in this direction is the work of Arnold and Winther [8] and Arnold et al. [5]. In
particular, a sufficient condition of the discrete stable method is proposed in these two papers, which
states that a discrete exact sequence guarantees the stability of the mixed method. Based on such a
condition, conforming mixed finite elements on the simplical and rectangular meshes were developed for
both 2D and 3D (see [1,4,5,8,9]). Recently, based on a crucial structure of symmetric matrix valued
piecewise polynomial H (div) space and two basic algebraic results, Hu [27,28] developed a new framework
to design and analyze the mixed finite element of elasticity problems. As a result, on both simplicial and
tensor product grids, several families of both symmetric and optimal mixed elements with polynomial
shape functions in any space dimension were constructed (see more details in [27-31]). Theoretical and
numerical analysis show that symmetric mixed finite element method is a popular choice for a robust
stress approximation (see [15,17]).

Computation with adaptive grid refinement has been proved to be a useful and efficient tool in scientific
computing over the last several decades. When the domain contains a re-entering corner, the stress has
a singularity at that corner, and non-uniform mesh is necessary to catch the singularity. Adaptive finite
element methods based on local mesh refinement can recover the optimal rate of convergence. The key
behind this technique is to design a good a posterior: error estimator that provides a guidance on how
and where grids should be refined. The residual-based a posteriori error estimators provide indicators for
refining and coarsening the mesh and allow to control whether the error is below a given threshold. Various
error estimators for mixed finite element discretizations of the Poisson equation have been obtained
in [2,13,19,22,26,33,35]. Extension to the mixed finite element for linear elasticity is, however, very
limited. In [14,32,34], the authors gave the a posteriori error estimators for the nonsymmetric mixed
finite elements only.

The symmetry of the stress tensor brings essential difficulty to the a posterior: error analysis. Since only
the symmetric part is approximated and not the full gradient, the approach of a posteriori error analysis
developed in [14,18,32,34] cannot be applied directly. In order to overcome this difficulty, Carstensen
and Gedicke [16] proposed to generalize the framework of the a posteriori analysis for nonsymmetric
mixed finite elements to the case of symmetric elements by decomposing the stress into the gradient and
the asymmetric part of the gradient. A robust residual-based a posteriori error estimator for Arnold-
Winther’s symmetric element was proposed in [16], but an arbitrary asymmetric approximation +, of
the asymmetric part of the gradient skew(gradu) = (gradu — (gradu)T)/2 was involved in this estimator.
Furthermore, v, was chosen as the asymmetric gradient of a post-processed displacement to ensure the
efficiency of the estimator.

The goal of this paper is to present an a posteriori error estimator together with a theoretical upper and
lower bounds, for the conforming and symmetric mixed finite element solutions developed in [8,29] (see
also [27,31]). We shall follow the guide principle in [8]: use the continuous and discrete linear elasticity
complex (see (2.2) and (2.3)).

Given an approximation o on the triangulation 7 consisting of triangles, we construct the following
a posteriori error estimator: denoted by 7,

7 (on Th) = Y miclon) + > n2(on),

KeTn e€&y
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where
i (on) = hiclleurlewrl (Aop)llg e, n2(0n) = hel| Teall§ o + Bl Te2ll3 e

[(Aop)te - tee, if e € £,(Q),

((Aop)te - te)le, if e € &),

T e {[curl(th) “teles if e € £,(Q),
’ (curl(Aop) - te — O, ((Aop)te - ve)) le, if e € En(D),

with &, being the collection of all edges of T,. We write &, = £,(Q)UEL(T), where &, () is the collection
of interior edges and &, (T") is the collection of all element edges on the boundary. For any edge e € &, let
te = (—n2,n1)T be the unit tangential vector along edge e for the unit outward normal v, = (ny,n9)T
Let hx be the diameter of the element K and h. be the length of edge e. The data oscillation is defined as

osc?(f,Tn) : Z Ryl f - thHOK;

KeTy

where @, is the L? orthogonal projection operator onto the discrete displacement space.
Using the Helmholtz decomposition induced from the linear elasticity complex (see [8,14]), we establish
the following reliability:
lo = onlla < Cr(nlon, Tn) + osc(f, Tn))-

In addition, we will prove the following efficiency estimate:

Con(on, Tn) < |lo — onlla

by following the approach from [2].

We also generalize the above results to the mixed boundary problems, for which the error estimator is
modified on the Dirichlet boundary edges. Reliability and efficiency of the modified error estimator can
be proved similarly.

In [20], a superconvergent approximate displacement uj, was constructed by a postprocessing of (o, us).
Using this result and the a posteriori error estimation of the stress, we give the a posteriori error estimation
for the displacement ||u — u}||1,;, in & mesh dependent norm.

In order to compare with the a posteriori error estimator in [16], we present their estimator as follows:

ﬁ2(0h77-h) = OSC2(fu 77L) + OSCQ(gagh(FN))
+ Z hi \|curl(Aay, + )I[5 x

KeT

+ Z hell[Aoy + 'Yh]ETEHS,e
EES;,,(Q)

+ Z he”(AUh +Yh — qu)T€||(2),e'
ec&nL(I'p)

(The estimator is rewritten in our notation and the details of the standard notation can be found below.)
To ensure the efficiency of the estimator, a sufficiently accurate polynomial asymmetric approximation -y,
of the asymmetric gradient skew(gradu) is used in the above estimator. Since the global approximation
or even minimization may be too costly, Carstensen and Gedicke [16] computed the sufficiently accu-
rate approximation 7, = skew(gradu}) by the post-processed displacement u} in the spirit of Stenberg
[38]. As we can see, this estimator is totally different from ours. The estimators we propose use the
symmetric stress directly and do not need any estimation of the asymmetric part. Therefore it is more
computationally efficient.

The remaining parts of the paper is organized as follows. Section 2 presents the notation and the
discrete finite element problems. Section 3 proposes an a posteriori error estimator for the stress and
proves the reliability and efficiency of the estimator. Section 4 generalizes the results of Section 3 to
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mixed boundary problems. Section 5 gives a posteriori error estimation for the displacement. Section 6
presents numerical experiments to show the effectiveness of the estimator. Throughout this paper, we
use “< ---” to mean that “< C---7, where C is a generic positive constant independent of i and the
Lamé constant A, which may take different values at different appearances.

2 Notation and preliminaries

The standard notation on Sobolev spaces and norms are adopted throughout this paper and, for brevity,
[ 1l :== || | L2(e2) denotes the L? norm. (-,-)x represents, as usual, the L? inner product on the domain K,
the subscript K is omitted when K = Q. (-,-)r represents the L? inner product on the boundary I'. For
brevity, let 9,, := 0/0x; and aiimj = 0%/0x;0x;,7 = 1,2, 9, := 9/0v, &, :== d/0t. For ¢ € H'(;R),
v = (v1,v9)T € H(Q;R?), set

Curlg := (—0¢/0z2,0¢/0z1), Curly := (31}1/8332 81}1/8331) .

—ng/axg 8v2/8x1
The symmetric part of the gradient of a vector field v, denoted by &(v), is given by
(v) := (gradv + (gradv)™)/2.

For 7 = (7;,j)2x2 € H'(; R?*?), set

37’12/81’1*8’7’11/31’2 A 87‘11/81’1+87‘12/8£L‘2
curlr := ,  divr = .
87‘22/81‘1 — 87’21/8332 87‘21/81‘1 + 87’22/81‘2

Namely the differential operators curl and div are applied rowwise for tensors.

Let T, be a shape-regular triangulation of Q into triangles with the set of edges &,. Denote by &, ()
the collection of all interior element edges in 75, and &, (I") the collection of all element edges on the
boundary I'. For any triangle K € T, let £(K) be the set of its edges. For any edge e € £(K), let t. =
(—na, nl)T be the unit tangential vector along edge e for the unit outward normal vector v, = (nq, ng)T
hi be the diameter of the element K and h. be the length of the edge e, h = maxger, {hi} be the
diameter of the partition 7. The jump [w]. of w across edge e = Ky N K_ reads

)

[wle == (WK, )e = (W]K_)e-

Particularly, if e € &, (T), [w]e = w .
Let ¥ x Vj, € ¥ x V be a symmetric conforming mixed element defined on the mesh 7,. Then the
discrete mixed formulation for (1.1) is: find (op,up) € p X Vp, such that

{(AO’h,Th) + (divrp,up) =0 for all 7, € Xy, 2.1)

(divop,vr) = (f,vn) for all vy, € Vj,.

In the sequel, we briefly introduce Hu-Zhang element (see [27,29,31]). For each K € Ty, let P(K) be
the space of polynomials of total degree at most k£ on K and

Py(K;S) := {r € L*(K;R**?) |75 € Po(K), 75 =755,1 <i<2,1<j <2},
Po(K;R?) := {v € L*(K;R?) |v; € Pp(K),1 <i <2},

define an H(div, K;S) bubble function as
Br = {7 € P(K;S) : Tv |gx = 0}.
The Hu-Zhang element space is given by

Xy = ik,h + B n,
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Vii={ve L*(GR?) :v|g € Pr1(K;R?), VK € T},
with integer k > 3, where

By :={r € H(div,%S) : 7|k € Bxx,VK € Tp},
Spon = {r € H'(4S) : 7|k € Pu(K;S),VK € Tp}.

For the above elements, the following a priori error estimate holds.

Theorem 2.1 (A priori error estimate, see [27,29,31]).  The exact solution (o,u) of (1.1) and the
approximate solution (op,up) of (2.1) satisfy

o= oullo S B lollms  for 1<m<k+1,
|div(o — op)|lo S A™||dive]||m, for 0 < m <k,

llu —upllo S A™||ullmy1, for 1<m<k.
In the continuous case, the following exact sequence:
2 CurlCurl . div. ;2 2
P () — H*() 7"—" H(div,S) — L*(2,R?) (2.2)

holds for linear elasticity (see [8]). In the discrete case, the exact sequence holds similarly

Pi(Q) — &, TSy, ANy (2.3)

As stated in [8], the space ®; for the Arnold-Winther element is precisely the space of C! piecewise
polynomials which are C? at the vertices, i.e., the well-known high-order Hermite or Argyris finite ele-
ment. The Hu-Zhang element is an enrichment of the Arnold-Winther element, adding all the piecewise
polynomial matrices of degree k which are not divergence-free on each element and belong to H(div, {2;S)
globally. So the space ®; for the Hu-Zhang element is the same as the one for the Arnold-Winther
element.

Lemma 2.2 (Helmholtz-type decomposition, see [8,14]).  For any 7 € L%*(%;S), there exist v €
H}(3R?) and ¢ € H?(Q)/P1(Q), such that

7 = Ce(v) + CurlCurlg, (2.4)
and the decomposition is orthogonal in the weighted L*-inner product (C™1-,) := (A -,-), i.e.,
1711 = lle(@)%-+ + [|CurlCurlg||%, (2.5)

where Py(Q) is the linear polynomial space on €, the norm || -||% = (A -,-).

Since

(A7YA7, 1) = (1,7) = (A(A7'7), 1),

by the boundedness and coerciveness of the operator A, we obtain the following relationship of the norms:
for any 7 € X, there exist positive constants C7 and Cy, which are independent of the Lamé constant A,
such that

Coll7llh = Ca(Ar,7) < |I7ll5 < CL(A™ 7, 7) = Call7|l% - (2.6)

It is the goal of this paper to present a posterior error estimate of o — o, for the Hu-Zhang element
method. It is worth mentioning that the a posterior error estimator designed in this paper can be easily
extended to the Arnold-Winther element (see [8]).
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3 A posteriori error estimation for stress

In this section, we shall prove the reliability and efficiency of the error estimator. The main observation is
that: although it is a saddle point problem, the error of stress o — oy, is orthogonal to the divergence-free
subspace, while the part of the error that is not divergence-free can be bounded by the data oscillation
using the stability of the discretization.

For any 7, € 3, the error estimator is defined as

0, Tn) == > nc() + Y 02 (7)), (3.1)

KeTy, ec&y

where

i (1h) := hiclleurleurl (Am)||5 g, n2(7h) = 0.c+ M2l Te2ll3 e
[(ATh)te . te]ea if ee gh(Q),

je,l = .
((Amp)te - te)le, if e € ER(T),
[curl(A7p) - teles if e € £,(Q),

je 2 =

s { (curl(A7p) - te — Or, ((ATp)te - Ve)) e, if e € Ex(T).
The data oscillation is defined as

osc®(f,Tn) = > hillf = Quflg k-

KeTs

where @, is the L? orthogonal projection operator onto the discrete displacement space V},.

3.1 Stability result

For the ease of exposition, we write the mixed formulation for linear elasticity as L(o,u) = f. The
natural stability of the operator is ||o|| g (aiv) + [[ul| < [ f||. However, a stronger stability can be proved
for a special perturbation of the data.

Lemma 3.1. Let f; be the L? projection of f onto Vi, and let (o,u) = L71f and (6,4) = L71f,.
Then we have
e —alla < ose(f,Th)- (3.2)

Proof.  Use the first equation of (1.1) and let v = u — 4,

(A(c —6),0—0)=—(div(c —d),u—0) = —(f — Qnf,u—1u)
=(f = Qnf,Qnv —v)

<
KeTy,
S Z I f = Qnfllo,xhrlvl1 K
KeTy,
%
S(Z RS - thnm) le(@)llo,
KeTh

where the Korn’s inequality is used. Since £(v) = A(o — 7), by (2.6),
le)llo < llo =l a-

We acquire the desirable stability result. O

The oscillation osc(f, 7p) is an upper bound of || f — fn||—1 and is of high order comparing with the
error estimator.
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3.2 Orthogonality

For any ¢ € H?(Q), CurlCurlg € H(div,);S), we can use the exact sequence property div CurlCurl = 0
to get
(Ag, CurlCurlg) = —(a,div CurlCurlg) = 0. (3.3)

Similarly
(Ao, CurlCurlgy) = —(up, div CurlCurlgy) =0

for any ¢p € ®p. Therefore we have a partial orthogonality
(A(G — op), CurlCurlg,) =0, V¢ € Dy, (3.4)
3.3 Upper bound

Let Sy denote the Argyris finite element space, which consists of C' piecewise polynomials of degree less
than or equal to 5, i.e.,

={wel?*Q) :v|g € Ps(K), YK € Ty, v and its all first and second
derivatives are continuous at the vertices, v is continuous

along the normal direction at the edge midpoints}.

Following [23,37], we can define a quasi-interpolation operator I, : H2(Q) — SE, which preserves the
values of the function at all vertices of 7. On each element K € Ty, for any v € H*(Q), Iyv |k € P5(K)
and it satisfies

.I}L’U|K(CLZK)—U( ) 1 3;

® Ou,(Inv|k)(ai,x) =N, 1(‘11 K) ZK'eS(a i) Ou; (Prv |k )(ai k), 1 <i <

o 92 (Inv k) (ai k) = Ny (@i, 6) Y kresar ) 0w (Prv ) (@ir), 1 <6< 3, 1< <UL

o 9, (Inv | ) (az i) = Ny Haa4i ) Xgeres(ass, K) Dy (th [ )(as4ix), 1 <0 <3,
where a; k,1 < ¢ < 3, are the vertices of K, azy; k, 1 < 3, are the edge midpoints of K, v is the edge
outer normal of the element K at the edge mldpomt,

S(al}( U{KEIT}L alKEK}

and
Ni(ai i) = card{K : K € S(a; i)},

Py, is the L? projection operator from L?(2) onto the discontinuous finite element space of polynomial of
degree < 5 on Tj. It is obvious that the interpolation operator I, is uniquely determined by the above
degrees of freedom. Furthermore, I} is a projection, i.e.,

Iyw=v, YveEsS;, (3.5)
and it preserves the value of the function at vertices for any v € H*(Q2), i.e.,
I]ﬂ)((li’K) = v(ai,K), VK € 77“ 1<e<3. (36)

A similar scaling argument to that in [23,37] gives the following interpolation estimates:

[ — Iyl S h ™vlase, 0<m<2, VK ET, (3.7)
—m—1
[0 = Dyvlme She ™ 2olps, 0<m<1, Vec€é&, (3.8)

where Sk = {K; € Tp : K;,NK #0} and S, = | J{K; € T : K;Ne # 0}.
Applying the Helmholtz decomposition to the error 6 — oy, we have

& — op, = Ce(v) + CurlCurlg = CurlCurlg (3.9)
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and
|[CurlCurlé| s = |6 — onlla, (3.10)

where ¢ € H2(Q)/P1(2). It follows that
|6 — onl|4 = (A(6 — o), CurlCurle).
Since CurlCurl(I,¢) € X, by the orthogonality (3.4) and the equation (3.3),

(A(6 — op), CurlCurlg) = (A(6 — o,), CurlCurl(¢ — I,¢))
= —(Aoyp, CurlCurl(¢ — I,¢9)).

An integration by parts gives

(Ao, CurlCurl(¢ — I,¢))
=~ Y (cwl(Aoy), Curl(¢p — Ing))k + . ((Aoy)t, Curl(p — [9))ox

KeTh KeTh
= ) (curlewrl(Aoy), ¢ — Ind)k + »_ ((Aon)t, Curl(¢p — In¢))ax
KeT KeTy
- Z (curl(Aop) - t, ¢ — Ind)ok- (3.11)
KeTy,

The second term of the right-hand side can be rewritten as

> (Aont, Curl(¢ — Ing))ox = Y ((Aow)t-t, Curl(¢ — Ing) - thox
KeTy, KeTy,
+ Y ((Aout) - v,Curl(¢ — I$) - v)ox.
KeTn

Since the compliance tensor A is symmetric and continuous, (Aojt) - v = (Aopv) -t = (tTopv)/(2p) and
(Aopt) - v is continuous across the interior element edge, which implies

> {(Aowt) v, Curl(p — Ih¢) - v)ox = — > ((Aonte) - Ve, 01, (¢ — Ing))e

KeTh e€&n (D)

= > On((Aonte) - ve).6 = Ind)e,

ec&p ()

where the fact ¢ — I, ¢ vanishing at the vertices (3.6) is used. So

> (Aont, Curl(p — Ing))ox = Y ([(Aoute) - tele, O, (& — Tn))e

KeT cCER(Q)
+ Z ((Aonte) - te, 0y, (¢ — Ind))e
ec&n (1)
+ Z (Or. ((Aonte) - ve), ¢ — Ind)e.
eESh(F)

Substituting it into (3.11), we get

(Ao, CurlCurl(¢ — I,¢)) = Y _ (curleurl (Aoy), ¢ — Ind)x
KeTn

+ Z ([(Aonte) - tele, Ov. (& — Ing))e

e€&r ()

- Z ([curl(Aop,) - tele, @ — Ind)e

ecép (Q)
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+ > ((Aonte) - te, 0, (¢ — Ind))e

eegn(F)

+ > (O ((Aonte) - ve) — curl(Aoy,) - te, ¢ — Ing)e

ee€&y (T)

and

|6 — onl4 = (A(6 — o), CurlCurlg)

1
2

[zjwmmwﬂmﬁﬁK+2mwaw@+@ 23]l

KeTy, ec&y

[ Z ne (on) + Z nZ(on } [|[CurlCurlg||o. (3.12)
KeTy, ec&y

By [14], the ¢ defined in (3.9) satisfies that div(CurlCurlg) = 0 and

/ tr(CurlCurlg)dz = / tr(6 — op)dx = 0.
Q Q

Using [11, Proposition 9.1.1], we get
|CurlCurlg|g < C|/CurlCurlg|| 4,
where the constant C' is independent of the Lamé constant A. Combining this with (3.10) and (3.12), we

obtain )
2
w—%ms[Xj@wm+2M%m]

KeTy e€lp

Together with the triangle inequality and the perturbation result (3.2), we get the desired error bound

lo — onlla < llo = &lla+ 15 — onlla
[Zwm+zm%ymwm
KeTy ec&y

In summary, we obtain the following upper bound estimation.

Theorem 3.2 (Reliability of the error estimator). Let (o,u) be the solution of the mized formu-
lation (1.1) and (op,un) be the solution of the mized finite element method (2.1). If the compliance
tensor A is continuous, there exists a positive constant C1 depending only on the shape-regularity of the
triangulation and the polynomial degree k such that

lo = onlla < Ci(n(on, Tn) + osc(f, Tn))- (3.13)

Remark 3.3. When A is discontinuous, we can modify n(oy, 7p) as follows:

2on, Ta) = Y hiclleurleurl(Aay) 5 i + Y hell[(Aon)te - ][5

KeTy, ecéy
+ Y BE|[ewrl(Aoy) - te — O;, ((Aon)te - ve)][5 -
e€&p

Compared with the case of continuous coefficient A, this estimator includes an additional term, the jump
of 0;, ((Aop)te - ve) on all interior edges, owing to the discontinuity of the matrix A. Similarly, we can
prove the reliability of the estimator

lo = onlla < nlon, Tn) + osc(f, Tn)-
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Remark 3.4. By [11, Proposition 9.1.1], it holds
ITllo S lI7lla+ I divr]-1, V7es,

where ¥ = {r € ¥ : (trr,1) = 0} with tr being the trace operator of matrix. Then we also have
from (3.13) and the fact that ||f — fr||-1 < osc(f, Tn),

lo = onllo < llo—onlla+[Idiv(e —on)ll-1 S nlon, Tn) + osc(f, Tn),
i.e., we can control the L? norm of the stress with constant independent of the Lamé constant \.
3.4 Lower bound

We shall follow Alonso [2] to prove the efficiency of the error estimator defined in (3.1). Similar to [2],
we need the following lemma.

Lemma 3.5. For any K € Ty, given px € L*(K), q. € L*(e), re € L*(e), e € OK, there erists a
unique Vi € Prys(K), k > 1, satisfying that

(Yi,v) = (Pr, V) K for any v € Py_1(K),
Wrsshe = laess)e  forany s € Pea(e), )
<8uu)K»5>e = <Tea S>e for any s & Pk(e),

0V (P)=0, |a|<2 for any vertex P € K,

where Py(e) denotes the spaces of polynomial of degree less than or equal to k on edge e. Moreover, it
holds that

(KIS

5. S Iplo g + D (hellgels.e +hElrels.)- (3.15)
ecOK

Proof.  Similar to [36], such a function ¥k is determined uniquely by the above degrees of freedoms. A
standard homogeneity argument gives (3.15). O

Theorem 3.6 (Efficiency of the error estimator). Let (o,u) be the solution of the mized formula-
tion (1.1) and (on,un) be the solution of the mized finite element method (2.1). If the compliance ten-
sor A is continuous, there exists a positive constant Co depending only on the shape-reqularity of the
triangulations and the polynomial degree k such that

Conlon, Tr) < [lo — onlla. (3.16)
Proof.  The estimator n?(op, 75) can be rewritten as

n(on, Tn) = Z (curleurl(Acy,), hi curleurl(Aoy,)) k¢

K€7-h
+ Z Z <(A0h)t€ 'tea heje,l>e
KeTn ecOK

+ Z Z (curl (Aap) - te, h2Te2)e

KeTh e€OKNEL(Q)

+ Z Z (curl (Aay) - te — O, ((Aop)te - ve), h3T.0)e.

KeTn ecOKNEL(T)

On each element K € Tj,, we apply Lemma 3.5 for px = hj curleurl(Aoy) |k, g = —h3Te2, e = heTen
for each edge e € K. Let ¥ |k = 1k, 1 is in fact in the high-order Argyris finite element space of degree
k+5 (k> 1), and hence ¢ € H?(2). Using (3.15), it follows that

1915.x S P lleurlewrl(Aon) (1§ + D (W[ Te.2
e€cOK

|(2),e +h2||je,1||(2),e)~ (317)
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This, in conjunction with (3.14), yields
W (on,Th) = Y (curleurl(Aay,), ¥ic)

KeTh

= > > (curl(Aon) - te, )
KeTh ecOK

+ Z Z <<A0h)te'te»avﬁ¢K>e
KeTh ecOK

> Y (On((Aow)te - ve) Y )e (3.18)

KeTh ecOKNEL(T)

Since (Aop)te - Ve is continuous across the interior element edge e, [Aopt. - Ve]e = 0 on interior edges.
Note that 1 € H?({2) and vanishes at the mesh vertices,

S Y On((Aon)te - ve) )

KeTh ecOKNEL(T)

== > ((Aow)te-ve, 0 vk)e

KeTh ecdKNEL(T)

== Z Z ((Aop)te - Ve, Or VK )e- (3.19)

KeTy ec0K

Hence the last two terms of (3.18) become

ST ((Aon)te te, O k) + Y Y (O ((Aon)te - Vo), YK )e

KeTh ecOK KeTn ecOKNEL(T)
= 3 Y ((Aon)te -te, Curlie - t)e — 3 (Aow)te - ve, —Curlyc - ve)e
KeTy, ecOK KeT, ecOK
= > Y ((Aow)te, Curlyy).. (3.20)
KeTn ecOK

Substituting (3.20) into (3.18) leads to

7onTh) = Y ((curlcurl(th),wK)K > (curl(Aoy) - te, e + Y <(Acrh)te,Curh/1K>e>.

KeTs ecOK e€OK

Integrating the first term by parts twice,
n*(on,Th) = Y (Aoy, CurlCurly)

KeTy

= Z (A(op, — o), CurlCurly i)k
KeTn

Slo-anla( 3 i 4||w||0K) |

KeTn

where CurlCurly € ¥ and the inverse inequality are used. By (3.17),
Yo hle g S Y Pkllewleurl (Aon) 1§ + D (hellTeallfe + A2 Te2l5.)

KeTh KeTh e€&p
= n*(on, Tn)-
Combining the above two inequalities, we have that
1(on, Th) S llo—onlla.
This completes the proof. O

Remark 3.7. For discontinuous A and the modified error estimator in Remark 3.3, efficiency can be
also proved using a similar argument.
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4 A posteriori error estimation for mixed boundary problems

The a posteriori error estimation for the linear elasticity problems with the homogeneous Dirichlet bound-
ary condition can be generalized to problems with mixed boundary conditions. In this section, we will
discuss the following linear elasticity problems with mixed boundary conditions. Let 2 C R? be a bounded
polygonal domain with boundary I' := 9Q = Tp Uy, TpNTx =0, 'y # 0. Given data f € L?(Q;R?),
up € H'(Q;R?) and g € L*(T'y;R?), seek the solution (o,u) € X, x V, such that

{(AU7 T)+ (divr,u) = (up, V)1, for all 7 € X, (1)

(dive,v) = (f,v) for all v eV,

where
Yo = {0 € H(div,;S) ‘ Y- (ov)ds =0, for all 1 € D(FN;R2)},
I'n

Yy = {0’ € H(div,;S) ‘ Y- (ov)ds = 1 - gds, for all ¢ € D(I‘N;RZ)},
I'n

I'n

where D denotes the space of test functions. Let ¥g; 1= X9 N Xy, Xgn := Xg N Xy, the mixed finite
element method seeks (o, un) € 41 X V4, such that

{(AO’;L,T}L) —+ (diVTh,uh) = <UD77'hV>FD for all Th € 207},, (4 2)

(divop,vr) = (f,vn) for all vy, € Vj,.

We modify the a posterior error estimator defined in Section 3 as follows:

7 (on, Tn) == miclon)+ Y n2(on),

KeTy, e€&y
where
ni(op) = h‘}(chrlcurl(th)Hg’K, 12(0n) = hel|Tenlls e + Pl Te2ll5 e
Toy = {[(AUh)te “tele, if e € £,(92),
) ((Aop)te - te — By, (up -te)) e, if e € En(Tp),
T {[curl(Aah) “teles if e € £,(Q),
, (curl(Aoy) < te + Ort, (up - v) — O ((Aop)te - ve)) e,  if e € En(Tp),

where &,(I'p) is the collection of element edges on the Dirichlet boundary.

Similar to Section 3, we can prove the reliability and efficiency of this a posteriori error estimator.
Theorem 4.1 (Reliability and efficiency of the error estimator).  Let (o,u) be the solution of the mized
formulation (4.1) and (op,ur) be the solution of the mized finite element method (4.2). If the compliance
tensor A is continuous, there ezist positive constants Cs and Cy depending only on the shape-reqularity
of the triangulation and the polynomial degree k such that

lo —onlla < Cs(n(on, Tn) + osc(f, Tn) + osc(g, En(I'n))), (4.3)

and
Canlon, Tn) < [lo — onlla + osc(up, En(I'p)), (4.4)

where the data oscillations for the Dirichlet boundary up and the Neumann boundary condition g are
defined as

osc(g, En(Tn))* = > hellg—gnll5..
e€&n(I'n)
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osc(up,Ex(Tp))? = Y helldr (up - te) = Op, (upn - to)ll5.
ec&r(p)

+ > B0t (up - ve) = Oror. (Upp - V) e
ec&r('p)

where gy, is the piecewise L? projection of g onto Pi(En(Un),R?) and up,p, is the piecewise L* projection
of up onto P(E,(Tp), R?).

5 A posteriori error estimation for displacement

In this section, we shall discuss the a posteriori error estimate for a superconvergent postprocessed
displacement recently constructed in [20]. The key points of the theoretical analysis involve the discrete
inf-sup condition and the norm equivalence on H!(7y;R?) developed in [20], and the a posteriori error
estimates (3.13) and (3.16). Here, the broken space

HY (T R?) = {v € L*(4R?) :v|g € HY(K;R?*), VK € Ty, }.
For any v € H'(Tx;R?), define the following mesh dependent norm

[0l = llen(@)IF + D hetlIT]

ecly

2
0,e’

where €),(v) |k = ¢(v|k) for any K € Tp.
We first recall the superconvergent postprocessed displacement from (o, up) developed in [20]. To this
end, let
Vi={ve L*(%R?) v |k € Py (K;R?), VK € Ty}

Then a postprocessed displacement is defined as follows (see [12,20,35]): find u} € V;* such that

(uf,v) g = (up, )i, Yv € Py 1(K;R?), (5.1)
(e(ur),e(w))k = (Aop,e(w))k, Ywe (I —QnVy |k, (5.2)

for any K € 7.
We recall the following two useful results (see [20]): the discrete inf-sup condition

di
fonlin S sup VTR gy, oy (5.3)
0#TRLEX, ”Th”O
and norm equivalence
v — Qnulin = llen(v — Quov)llo, Vv e H(Th;R?). (5.4)

Theorem 5.1.  Let (o,u) be the solution of the mized formulation (1.1), (op,up) be the solution of the
mized finite element method (2.1), and u}, be the postprocessed displacement defined by (5.1)—(5.2). Then
we have

o —onlla+ lu—uplin Snon, Ta) + [[Aon — en(up)|lo + osc(f, Tn), (5.5)

(o Tn) + [ Aon — en(up)llo S llo = onlla + [u = upfip.

Proof.  Using the discrete inf-sup condition (5.3) with v, = Qn(u—wu}), (5.1), the first equation of (1.1)
and (2.1), we get

di ot
Qn(u—up)lin S sup (div 75, @n(u — uj))
0#ThEXR ||Th”0

(div 7h, u — up)
= sup —r—-—+~
0£THED I7nllo
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A _
sup (A(o —an), )
O£ €S 175 llo
< [[A(o = an)llo-

Choosing v = u — uj, in (5.4), we have

[v = @nvlin = llen(v — @nv)llo < llen(u — up)llo + 1@n(u — )
= [l Ao — en(up)llo + 1Qn (v — uj)|1.n
S [[Aon —en(ui)llo + 1Al = on)llo-

1,h

Then it follows from the last two inequalities that
lu —uplin S |Aon —en(up)llo + Al — on)llo,

which combined with (3.13) implies (5.5).
Next, we prove the efficiency (5.6). By the triangle inequality,

Aoy — en(up)llo < Al — an)llo + [[Ao — en(up)llo
= |A(o —on)llo + llen(u —uj)llo

Sllo—onlla+ lu—upl1 .

Therefore we can end the proof by using (3.16). O

6 Numerical experiments

We will testify the a posteriori error estimator by some numerical examples in this section.
In the first example, let Q = (0,1)2, k = 3, u = 1, the right-hand side

) =3 sin(2my) (2 cos(2mz) — 1)
f( ay) ( Sln(27T.’L')(2 COS(27Ty) _ 1) ) )

and the exact solution (see [16, Section 5.2])

7 [ sin?(rz)sin(27y)

U(I7y) =5 . 9 . .

2 \ —sin?(my) sin(27x)

We subdivide €2 by a uniform triangular mesh. The a priori and a posteriori error estimates for A = 10
and A = 10,000 are listed in Tables 1 and 2, from which we can see that the convergence rates of
lo = onlla, [[Va(u —u)llos nlon, Tn) and ||Aoy — en(u})|lo are all O(h*). Hence, the a posteriori error
estimators 1(op, Tr) and n(on, Tn)+|| Aoy, —en(u})|lo are both uniformly reliable and efficient with respect

to the mesh size h and A\ for smooth solutions.

Table 1 Numerical errors for the first example when A = 10

h lo—onlla  Order ||Vip(u—uf)llo Order n(on, Th) Order  ||Aop, —ep(uf)llo Order
271 6.6998E-01 — 7.9544E—-01 - 1.6615E4-01 — 4.0073E—-02 —
272 5.2451E-02 3.68 6.0585E—-02 3.71 1.3585E+-00 3.61 9.3899E—-03 2.09
273 3.6139E—03 3.86 4.5839E—-03 3.72 1.0918E—-01 3.64 7.1387TE—-04 3.72
274 2.2714E-04 3.99 3.0676E—-04 3.90 7.4510E—-03 3.87 4.5925E—-05 3.96
275 1.4193E-05 4.00 1.9600E—05 3.97 4.7919E—-04 3.96 2.8824E—-06 3.99
2-6  8.8742E-07 4.00 1.2347E—06 3.99 3.0263E—-05 3.99 1.8040E—07 4.00

7

5.5567E—08 4.00 7.7435E—-08 3.99 1.8992E—06 3.99 1.1306 E—08 4.00
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Table 2 Numerical errors for the first example when A = 10,000

h lo—onlla  Order ||Vip(u—uf)llo Order n(on, Th) Order  ||Aop —en(u,)|lo  Order
2-1  6.6096E—01 — 7.7905E-01 - 1.6050E4-01 — 4.3292E—-02 —
272 5.1630E—02 3.68 5.8762E—02 3.73 1.3066E4-00 3.62 9.0182E—03 2.26
273 3.5430E-03 3.87 4.3977TE—-03 3.74 1.0508E—01 3.64 6.8780E—04 3.71
2-4  2.2220E—-04 4.00 2.9277E—-04 3.91 7.1542E—-03 3.88 4.4330E—-05 3.96
275  1.3873E-05 4.00 1.8668E—05 3.97 4.5947TE—04 3.96 2.7853E—-06 3.99
276 8.6708E—07 4.00 1.1751E—06 3.99 2.8998E—05 3.99 1.7442E-07 4.00
2=7  5.4210E-08 4.00 7.3695E—-08 4.00 1.8195E—-06 3.99 1.0922E—-08 4.00
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Algorithm 1

Adaptive algorithm for the mixed finite element method (2.1)

Given a parameter 0 < ¢ < 1 and an initial mesh 7p. Set m := 0.

1.
2.
3.

SOLVE: Solve the mixed finite element method (2.1) on Ty, for the discrete solution (om, um) € Xm X Vin.

ESTIMATE: Compute the error indicator n%(om, Trm) piecewise.

MARK: Mark a set S, C Tpn, with minimal cardinality by Dorfler marking such that

772(0'm73m) = 79772(0m77m)-

REFINE: Refine each triangle K with at least one edge in Sp, by the newest vertex bisection to get Tp1.

Set m :=m + 1 and go to Step 1.

(a) Initial mesh

(c) #dofs = 129,624, 6 = 0.2, A = 10

(b)

#dofs = 198

,098, 6 =0.1,\ = 10

(d) #dofs = 138,323, 6 = 0.2, A = 10,000
Figure 1 Meshes generated in Algorithm 1 with different § and A for Example 2

Next, we use the a posteriori error estimator n(op,7r) to design an adaptive mixed finite element
method, i.e., Algorithm 1.

The approximate block factorization preconditioner with the generalized
minimal residual method (GMRES, see [20]) is adopted in the SOLVE part of Algorithm 1, which is
verified to be highly efficient and robust even on adaptive meshes by our numerical examples.

Now we construct a problem with singularity in the solution to test Algorithm 1. Set L-shaped domain
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4 T .
—©—Inflo —ou/l4 (0=0.1)

2F —<&—lun(on, Ta) (6=0.1) | 4
—+—lnflo —oulla (0 =0.2)

0 —¥—lnn(ox, Ta) (6=02)
iy J
—4 4
—6 J
—-8r 4
10} J

1
12 r 4
14 . . . . . . .
6 7 8 9 10 11 12 13 14
In(#dofs)

Figure 2 Errors ||c — op||a and n(op, Tr) vs. #dofs in In-ln scale for Example 2 with A = 10

6 ® T T
—o—nflo o2 (0=0.1)
al ——lnn(on ) (0=0.) |
—+—1nllo —oufla (0=02)
ol —¥—1Inn(o,, Tn) (0 =0.2)
or 4
_2t 1
_at N
—6f ]
8t 1
-10 J
_12 I I I | | I I
6 7 8 9 10 11 12 13 14
In(#dofs)

Figure 3 Errors ||o — op||a and n(op, Tr) vs. #dofs in In-In scale for Example 2 with A = 10,000

Q=(-1,1) x

D4 (0)

2071

N

.0
-1.0 -05 0 05 10 15 20

Figure 4 The rotated L-shaped domain with the initial mesh

(_17 1)\[0) 1)

x (—=1,0]. Let

((z+2)(A + p) + 4p) sin(z6) — z(X + p) sin((z — 2)8)

2(A 4 p) (cos(z6) — cos((z — 2)0))
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Table 3 Numerical errors for Example 3 with £ = 3 on uniform meshes

h llo —onlla order n(on, Tn) order n(on; Tw)/llo = onlla
V2/2 6.6585E—03 - 4.5431E—04 - 6.82E—02
\/5/22 4.7264E—-03 0.4944 3.2749E—-04 0.4722 6.93E—02
V2/23 3.2966E—03 0.5198 2.3212E—04 0.4966 7.04E—02
V2/24 2.2791E—03 0.5325 1.6180E—04 0.5207 7.10E—02
V2/2° 1.5689E—03 0.5387 1.1182E—04 0.5330 7.13E—02
V/2/26 1.0777E—03 0.5418 7.6957E—05 0.5390 7.14E—02
V2/27 7.3957E—04 0.5432 5.2859E—05 0.5419 7.15E—02

Table 4 Numerical errors for Example 3 with k = 4 on uniform meshes

h llo —onlla order n(oh, Th) order n(on, Th)/llo — onlla
V2/2 5.3787TE—03 - 8.4604E—04 — 1.57TE—01
V?2/2? 3.7715E—03 0.5121 6.0103E—04 0.4933 1.59E—01
V?2/23 2.6141E—03 0.5288 4.2105E—04 0.5134 1.61E—01
V2/24 1.8017TE—03 0.5370 2.9171E—04 0.5294 1.62E—01
V?2/25 1.2383E—03 0.5409 2.0101E—04 0.5373 1.62E—01
V2/26 8.5005E—04 0.5428 1.3814E—04 0.5411 1.63E—01

Table 5 Numerical errors for Example 3 with kK = 5 on uniform meshes

h llo —onlla order n(on, Tn) order n(on, Tn)/llo — onlla
\/5/2 4.5148E—03 — 1.2961E-03 — 2.87TE—01
\/5/22 3.1444E—-03 0.5219 9.1388E—04 0.5041 2.91E-01
\/5/23 2.1721E—-03 0.5337 6.3609E—04 0.5228 2.93E-01
\/5/24 1.4946E—03 0.5393 4.3929E—-04 0.5341 2.94E—-01
\/5/25 1.0265E—03 0.5420 3.0223E—-04 0.5395 2.94E—-01

29(6) = < 2(A + 1) (cos((z — 2)8) — cos(20)) > |
—((2=2)(A+ p) + 4p) sin(z0) — z(A + p) sin((z — 2)6)
0(0) = (2(A + p)sin((z = 2)w) + (2 = 2)(A + p) + 4p) sin(zw)) 21 (0)
— 2z(A 4 p)(cos((z — 2)w) — cos(zw)) P2 (),
where z € (0, 1) is a real root of (A +3u)? sin? (2w) = (A + p)?2? sin?
solution in polar coordinates is taken as (see [24, Subsection 4.6])

w with w = 37/2. The exact singular

u(r,0) = ﬁ(r2 cos? @ — 1)(r?sin? 6 — 1)r*®(h).
It can be computed that z = 0.561586549334359 for A = 10, and z = 0.544505718203590 for A = 10,000.
We also take k = 3 and p = 1.

Some meshes generated by Algorithm 1 for different bulk parameter ¢ and Lamé constant A are shown
in Figure 1, where #dofs is the number of degrees of freedom. The adaptive Algorithm 1 captures the
singularity of the exact solution on the corner (0,0) very well. The histories of the adaptive Algorithm 1
for 9 =0.1,9 = 0.2 and A = 10, A = 10,000 are presented in Figures 2 and 3. We can see from Figures 2
and 3 that the convergence rates of errors |0 — o]|4 and n(op, Tp,) are both O((#dofs) ™) no matter
A =10 or A = 10,000, which demonstrates the theoretical results. For uniform grid, #(dofs) =2 = h*, this
means that the errors ||o — op||a and n(op, Tr) converge with an optimal rate.
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~ D — — logy[lo — UhHA (k=3)
-3F 0\ —-=-logy [l —onfla (k=4)
N logyy [lo — onla (k = 5)

4t

_5F

6

7t

-1 I I I I I L I I
25 3.0 3.5 4.0 4.5 5.0 55 6.0 6.5

log,, (#dofs)

Figure 5 Errors || — op||a vs. #dofs in log;y-log( scale for Example 3 with ¢ = 0.1

— — logyn(on, Tr) (k=3)
1 S~ ——log (o Th) (k = 4)
IR logyy n(on, Tr) (k = 5)

-1 I I I I I . . |
25 3.0 3.5 4.0 4.5 5.0 55 6.0 6.5

log, o (#dofs)

Figure 6 Errors n(op, Tp) vs. #dofs in logg-log; scale for Example 3 with ¥ = 0.1

The third example considers the L-shape benchmark problem with general boundary conditions testified
in [16, Subsection 5.3] on the rotated L-shaped domain with the initial mesh as depicted in Figure 4. We
impose the Neumann boundary condition on the boundary z? = y? and the Dirichlet boundary condition
on the rest boundary of 2. The exact solution in the polar coordinates is given as follows:

(ur(r, e)) re (—(a + 1) cos((a + 1)) + (Ca — o — 1)C4 cos( (o — 1)9))

ug(r, 0) T2 (a+ 1)sin((a + 1)0) + (C2 + a — 1)Cy sin((a — 1)6)
The constants are C; := —cos((a + 1)w)/cos(( — 1)w) and Co := —2(\ + 2u)/(A + p), where o =
0.544483736782 is the positive solution of a sin(2w) + sin(2wa) = 0 for w = 37/4. The Lamé parameters
E E
A — Y ==

(1+v)(1-2v) 2(1+v)

with the elasticity modulus E = 105 and the Poisson ratio v = 0.4999. The volume force f(z,y) and the
Neumann boundary data vanish, and the Dirichlet boundary condition is taken from the exact solution.
It is easy to check that u € H*(Q;R?) for any s < 1+ . The numerical errors for k = 3,4,5 on uniform
meshes are listed in Tables 3-5, from which we observe that both the convergence rates of ||c — ox|la
and n(op, Tp,) are almost O(h®) indicated by the regularity of the exact solution u. Hence adopting higher
order finite elements on the uniform meshes does not lead to higher convergence rates, because of the
singularity of u.
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Then we test the a posteriori error estimator 7n(on, 7;) on the adaptive meshes. The histories of

Algorithm 1 for k£ = 3,4,5 and ¢ = 0.1 are presented in Figures 5 and 6, which mean that the convergence
rates of errors |0 — ou|[4 and n(on, Tn) are both optimal, i.e., O((#dofs)~(++1)/2),
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