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Abstract This paper is concerned with the stability of non-monotone traveling waves for a discrete diffusion
equation with monostable convolution type nonlinearity. By using the anti-weighted energy method and nonlin-
ear Halanay’s inequality, we prove that all noncritical traveling waves (waves with speeds ¢ > cx, ¢« is minimal
speed) are time-exponentially stable, when the initial perturbations around the waves are small. As a corollary

of our stability result, we immediately obtain the uniqueness of the traveling waves.
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1 Introduction

In population biology, lattice differential equations can be used to study the spatial spread of a species
over a patchy environment. The simplest lattice differential equation model (see [2,22,23]) describing
population growth and spread may take the form

O, (t)
ot

= dun+1(t) — 2upn(t) + upn—1(®)] + flun(t)), t>0, nezZ, (1.1)

where u,, (t) represents the population density at site n and time ¢, d > 0 denotes the diffusion rate, and
f(uy) is the growth function.

Because of the influence of maturation period and the random walk of individuals in space, time delay
and global interaction have to be taken into account. In 2003, Weng et al. [26] derived a delayed lattice
differential equation with global interaction

Oy, (t)
ot

= dlun+1(t) = 2un(t) + up—1(t)] — un(t) + Z K()g(tn_i(t — 7)), (1.2)
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where ¢t > 0 and n € Z. In this model, u,(t) represents the matured population density at site n and
time ¢, —u,(t) denotes the death, > ., K(i)g(u,—i(t — 7)) involves an infinite summation accounting
for the non-local interaction, g(-) is the birth rate function of population density which interacts with
neighbors by the non-negative weighted function K, and 7 > 0 is the maturation delay (the time required
for a newborn to become matured).

Recently, a continuum version of the above lattice differential equation (1.2) has been considered by
Guo and Lin [9], i.e.,

Ou(t, x)

or— = Dalul(t2) — u(t,x) + S K@)g(ut—7,x—1), t>0, z€eR, (1.3)

1€Z

where 7 > 0, and
Dofu](t, z) = dlu(t,z + 1) — 2u(t, z) + u(t,z — 1)].

Equation (1.3) can also model the matured population dynamics of a single species with nonzero matu-
ration delay. Here, u(t, x) represents the density of the matured population at the time ¢ and location z.
The other terms in (1.3) have the same meaning as those in (1.2). Guo and Lin [9] constructed three
different types of entire solutions of (1.3) under bistable and monotone increasing conditions on g(u).

The spatially discrete diffusion equations like (1.1)—(1.3) have been widely studied recently (see [3,8,
10-13,18] and the references cited therein). One of the important issues of those equations is the traveling
wave solution (in short, traveling wave), since the traveling wave can describe spatial spread or invasion
of the species in population dynamics. Mathematically, a traveling wave of (1.2) (or (1.3)) is a special
translation invariant solution of the form w,(t) = ¢(&), & = n+ ct (or u(t,z) = ¢(§), € = = + ct), and
¢ is the wave profile that propagates through the one dimensional spatial domain at a constant velocity
¢ > 0. Moreover, if ¢(&) is monotone in £ € R, then it is called a traveling wavefront.

It is easy to see that the wave profile equation of (1.3) is the same as the lattice differential equa-
tion (1.2), i.e.,

c¢/(€) = Da[g)(€) + ¢(&) = Y K(1)g(¢(¢ — er i), (1.4)
=

where ' = d%, Da[6](€) = d[p(E+ 1) — 26(E) + ¢(§ — 1)]. From the study of traveling waves of evolution
equations, we can see that if the properties, such as existence, monotonicity and uniqueness, of traveling
waves of (1.2) are obtained, then these properties also hold for (1.3). This is because the acquisition
of these properties depends only on the wave profile equation (1.4). To the best of our knowledge, the
traveling waves of (1.2) are well-investigated. When (1.2) is bistable, Ma and Zou [19] have proved
the existence, uniqueness, global asymptotic stability and propagation failure of traveling wavefronts.
When (1.2) is monostable, Weng et al. [26] established the existence of monotone traveling waves with
speeds ¢ > ¢4, and showed that the minimal wave speed c, is also the asymptotic speed of propagation.
Later, Ma et al. [17] obtained the existence of traveling wavefront of (1.2) with speed ¢ = ¢, and the
uniqueness of traveling wavefront with speed ¢ > ¢, under some extra assumption that the traveling
wavefronts decay exponentially at —oo, i.e.,

lim sup ¢(€)e (9 < 400, (1.5)

§——o0

where A1 (c) is the smallest positive solution of the characteristic equation P(c, A) = 0 (see (2.2)). Aguerrea
et al. [1] proved the uniqueness of traveling waves of (1.2) by adapting the uniqueness theorem developed
by Diekmann and Kaper [5]. The condition (1.5) is not assumed in their proof. In [8], Guo and Lin
studied the equation (1.2) without delay (7 = 0) and with short range interaction, i.e., K (i) = 0 for all
li| > p with p = 3, and investigated the asymptotic behavior, monotonicity and uniqueness of traveling
wavefronts without the assumption (1.5).

We should point out that in the above work (see [8,17,26]), the monotonicity of the birth rate function g
is needed. When the function g is not monotone, the problem on the existence, uniqueness of traveling
waves of (1.2) has also been solved (see [6,7,28]). In [6], Fang et al. proved the existence of traveling
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waves of (1.2) for ¢ > ¢, by Schauder’s fixed point theorem. The existing traveling waves in [6] may
be non-monotone and oscillatory around positive equilibrium of (1.2). Furthermore, Fang et al. [7]
established the uniqueness of traveling waves of (1.2) for ¢ > ¢, without assuming that the wave profile
is monotone. In [28], Yu obtained the uniqueness of traveling waves of (1.2) for ¢ = c.. But, to the
best of our knowledge, when the function g is not monotone, the stability of traveling waves of (1.2) and
(1.3) is still unknown. Hence, we try to make our efforts to tackle this problem. We should remark that
the study of stability of traveling waves depends not only on the wave profile equation (1.4), but also on
the equations (1.2) and (1.3). In this paper, we are devoted to studying the stability of traveling waves
(monotone or non-monotone) of (1.3) when g is not monotone. We leave the stability of traveling waves
of (1.2) for future study. To this end, we assume the kernel function K satisfies

K(i)=K(=i)>0, Y K(i)=1 and Y K(i)e ™ < oo
1€Z IE€EZL

for any A > 0, and the birth rate function g : [0, 00) — [0, c0) satisfies the following hypotheses:

(G1) g(0) = 0, g(uy) = uy for some positive constant uy, g(u) > u for u € (0,uy), ¢'(0) > 1 and
9'(ug) <1

(G2) g(u) > 0 has only one positive local maximum at the point u. € (0,u4), and g(u) is increasing
on [0, u,] and decreasing on [u., +00);

(G3) g € C?[0,00) and |¢’'(u)| < ¢'(0) for u € [0, 00).

Remark 1.1. Hypothesis (G1) means that (1.3) has two constant equilibria v = 0 and v = u4. In
addition, 0 is unstable and wu is stable. Hence, (1.3) is a monostable system. Hypothesis (G2) implies
that g(u) is not monotone for u € [0, u].

The stability of traveling waves for various evolution equations has been extensively studied. We refer
the readers to [14, 18,20, 21, 24,25, 27,29]. In particular, Tian et al. [25] and Yang et al. [27] have
considered the stability of traveling waves of (1.3) when K(0) =1 and K(¢) =0 for all ¢ # 0, i.e.,

Au(t,x)

pramie Dou](t, x) — u(t, z) + g(u(t — 7, 2)). (1.6)

Under the assumption that g(u) is not monotone on the interval [0,uy], Yang et al. [27] proved the
stability of traveling waves of (1.6) with noncritical speed ¢ > ¢, by the technical weighted energy
method. Meanwhile, Tian et al. [25] established the stability of traveling waves of (1.6) with critical
speed ¢ = ¢, by the same method as in [27] but with some new flavors.

It should be pointed out that the technical weighted energy method in [27] for the local equation
(1.6) cannot be perfectly applied to the nonlocal equation (1.3), since the nonlocal term yields some
gaps in the L2-energy estimates, which cause us to need to take the wave speed ¢ large enough. More
recently, Huang et al. [14] adopted the so-called anti-weighted energy method (see [4]) and the nonlinear
Halanay’s inequality (see [15]) to prove the stability of all non-critical traveling waves for a nonlocal
dispersion equation with time-delay. Inspired by [14], in this paper, we still take the anti-weighted energy
method to prove the stability of traveling waves of (1.3) with noncritical speed ¢ > c.. More specifically,
we first introduce a suitable transform function (an anti-weight) to switch the original equation to a new
equation, and then give the a priori energy estimates for the solutions of this new equation. We leave the
stability of traveling waves of (1.3) with critical speed ¢ = ¢, for the future study.

The rest of this paper is organized as follows. In Section 2, we first show the existence of traveling waves
of (1.3) with a general non-monotone function g(u), and then state the stability theorem. In Section 3, we
first reformulate the original equation to the perturbed equation around the given non-critical traveling
wave. Then we give the corresponding stability theorem for the new equation. Finally, by taking the
anti-weighted energy method and the nonlinear Halanay’s inequality, we establish the desired a priori
estimates. Based on the stability theorem, in Section 4, we prove the uniqueness of those monotone or
non-monotone traveling waves.
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2 Traveling waves and stability theorem

In this section, we first give the existence of traveling waves of (1.3), and then state the main result on
the stability of traveling waves.
Throughout this paper, we assume that (1.3) satisfies the initial data

u(s,z) =ug(s,z), sel-7,0, zeR. (2.1)
The characteristic function for (1.4) with respect to the trivial equilibrium 0 can be represented by
Pe,\) =cA —d(e +e ™ —2) +1— g (0)G(N), (2.2)
where
G\ =D K(i)e ") < o0,
i€z
The following lemma gives some properties on the characteristic equation P(c, \) = 0.
Lemma 2.1.  Assume that ¢'(0) > 1. Then there exist A\, > 0 and ¢, > 0 such that

Pes, M) =0 and %P(c*,/\)

A=A,

Furthermore, if ¢ > c., then P(c,\) = 0 has two distinct positive real roots Ai(c) and Az2(c) with A\1(c) <
A < A2(e), and P(e,N) > 0 for A € (M(c), A2(c)).

When g(u) is increasing on [0, u4 ], the existence of a traveling wavefront has been established in [17,26]
by applying sub-super solutions, monotone iteration technique and a limiting argument.

Lemma 2.2.  Assume that (G1) holds, g(u) is increasing on [0,us] and ¢g'(0)u — g(u) < Nu'*” for
all u € (0,uy), some N > 0 and some v € (0,1]. Let ¢, > 0 be defined as in Lemma 2.1. Then for
each ¢ > ¢y, (1.3) admits a strictly increasing traveling wave u(x,t) = ¢(x + ct) satisfying ¢(—o0) = 0
and ¢(+00) = uy, while for any 0 < ¢ < ¢, (1.3) has no traveling wave ¢(x + ct) connecting 0 and u .
Moreover, when ¢ > ¢,
lim ¢(€e ¢ =1,  lim ¢ (&e M =\ (0),
{——o0

£——o0
where A1(c) > 0 is the smallest solution to the equation P(c, ) = 0.

When g(u) is not monotone on [0, u], the existence of traveling waves can also be obtained by using
the idea of auxiliary equations and Schauder’s fixed point theorem (see [6,16]).

Theorem 2.3.  Assume that (G1)—(G3) hold. Then for every ¢ > ¢, (1.3) admits a traveling wave
u(t,r) = ¢(x + ct) satisfying ¢(—oc) = 0 and 0 < liminfe o0 ¢(§) < limsup,_,, o #(§) < ul for some
positive constant u’ > uy .

Before stating our main result, let us make the following notation. Throughout the paper, C' > 0
always denotes a generic constant, while C; > 0 (i = 0,1,2,...) represents a specific constant. Let I be
an interval, typically I = R. L?(I) is the space of the square integrable defined on I, and H*(I) (k > 0) is
the Sobolev space of the L2-functions f(x) defined on the interval I whose derivatives d(ii (i=1,...,k)
also belong to L?(I). Let T > 0 be a number and B be a Banach space. We denote by C([0,7]; B)
the space of the B-valued continuous functions on [0, 7] and by L?([0,T]; B) the space of the B-valued
L2-functions on [0, 7.

For the technical reason, in what follows, we shall assume that

(G4) K (i) = 0 for |i] > m for some m € N.

Define a weight function related to such a number A > 0,

w(z) =e 2 for A€ (A, No).

Now we state the stability theorem for (1.3) with a general non-monotone function g(u).
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Theorem 2.4 (Stability of traveling waves).  Assume that (G1)—(G4) hold. For any given trav-

eling wave ¢(x + ct) with ¢ > ¢, to (1.3), whether it is monotone or non-monotone, suppose that

Uo(s,2) == ug(s,z) — ¢(x + ¢s) € C([—7,0]; C(R)), vwUy(s,z) € C([—7,0]; H*(R)) N L%([-7,0]; HY(R)),
and limg_, 4 o, Up(s,z) =: Up,e0(s) € C[—T,0] exists uniformly with respect to s € [—,0], and

0

max [Uo)+ Vo) + [ I1Vati(s) s < 3

)

for some positive number &y. Then the solution u(t,x) of (1.3) and (2.1) uniquely and globally exists in
time, and satisfies

u(t,z) — d(x + ct) € Cunit[—T, 00),
Vwlu(t,z) — ¢(x + ct)] € C([=7,00); H'(R)) N L*([—7,00); H'(R))

and

suplu(t, ) — ¢(z +ct)| < Ce ™, ¢ >0,
z€R

for some constant p > 0, where Cynie[—7,T] for 0 <T < oo, is defined by

Cumit[—7, T = {U(t,x) € C([-7,T) x R) such that lim U(t,z) exists uniformly in t € [—T, T]}

Tr—r+00

Corollary 2.5 (Uniqueness of traveling waves).  Assume that (G1)—(G4) hold. Then, for any traveling
waves ¢(x + ct) of (1.3), whether they are monotone or non-monotone, with the same speed ¢ > ¢, and
the same exponential decay at & — —o0:

B(&) =0(1)e Ml a5 ¢ —o0,

they are unique up to translation.

3 Stability of traveling waves

This section is devoted to the proof of stability of those monotone or non-monotone non-critical traveling
waves of (1.3) when g is non-monotone.

3.1 Reformulation of the problem

Let ¢(z + ct) = ¢(€) be a given traveling wave with speed ¢ > ¢, and

U(t,€) :=u(t,x) — ¢(x + ct) = u(t,§ — ct) — $(),
Uo(s, &) :=up(s,z) — d(x + cs).

Then, from (1.3) and (1.4), we can see that U(t,§) satisfies

%f(t] + caa—g - Dy[U]+U — Z;mK(Z)g’((b(f —cr— i) Ut —T1,§& —cr —1)
= Y K@OQU(t-r&—er—1), (16 R, xR, (3.1)

U(s,ﬁ) = U()(S,f), s € [_Ta 0]7 g € Ra

where

Q) :=g(p+U)—g(o) —g'(o)U,
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with ¢ = @(§ —cr —i) and U = U(t — 7,€ — e7 — 1). By Taylor’s expansion formula, we know
Q) < ClU%, (3.2)

for some positive constant C'.
Let 0 < T < oo. We define the solution space for (3.1) as follows:

X(=7,T) = {U|U(t,€) € C([-7,T]; C(R)) N Cuni[~7, T], VU € C([~7,T]; H' (R)),
and vuU € L*([-7,T]; H'(R))},

equipped with the norm

T
My(T)* = sup (I\U(t)||2c+II\/EU(t)IIfqu/_ IVwU (s)[[3 ds.

te[—7,T]

Particularly, when T' = oo, we denote the solution space by X (—7, 00) and the norm of the solution space
by MU(OO)

Now we state the stability result for the perturbed equation (3.1), which automatically implies Theo-
rem 2.4.

Theorem 3.1 (Stability).  Assume that (G1)—(G4) hold. For any given traveling wave ¢(x+ct) = ¢(§)
with ¢ > ¢, suppose that Uy(s,&) € X(—7,0) is small enough, namely, there exists a constant 6y > 0
such that My (0) < do. Then the solution U(t,&) of (3.1) uniquely and globally exists in X (—7,00) and
satisfies

sup [U(t)| < Ce ™™, t>0
EER

for some constant > 0.

The global existence of U(t, ) can be obtained by the continuity extension method (see [20,21]), if we
get the following local existence result and the a priori estimate.

Proposition 3.2 (Local existence).  Assume that (G1)—(G4) hold. For any given traveling wave ¢(x
+ ct) = ¢(§) with ¢ > cx, suppose Up(s,§) € X(—7,0), and My(0) < 01 for a given positive constant
91 > 0. Then there exists a small tg = to(d1) > 0 such that the local solution U(t,€) of (3.1) uniquely
exists fort € [—7,1o], and satisfies U(t,§) € X(—7,to) and My (to) < C1My(0) for some constant C1 > 1.

Proof.  The proof for the local existence of the solution is standard, since it can be proved by the
well-known iteration technique. We just sketch the proof as follows.

Let UO\(t,€) := Uy(t,€) € X(—7,0) € X(—7,t0). Then we define the iteration U™+Y = F(U™) for
n >0 by

(n+1) (n+1)
o + + (2d + UMD (¢,€)

ot ¢
= AUV (8,6 + 1) + U (1,6 — 1) + PO (t — 7,6 —c7),  (t,6) €Ry xR, (3:3)
U(n+1)(57€) = UO(Sa§)7 s € [_Tv O]a f € R7
where
PUM(t— 7.6 ~cr)) = Y K(@i)(glo+U™) - g(0)),
with ¢ = ¢(€ — ¢r) and U™ = U™ (t — 7, ¢ — 7). By Taylor’s expansion formula, we obtain
IPUM (=76 —em)| < g'(0) Y KOUM(E—7,¢—cr—i)|, (3.4)

1=—m
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The solution of (3.3) can be written in the form

t
U(nJrl)(t,f) _ ef(2d+1)tUO(0,£ _ Ct) + ef(2d+1)t/ e(2d+1)s[dU(n+1)(S,§+ 1+ C(S o t))
0
+dU™ (5,6 =14 ¢(s —t)) + P(U™ (s — 7,6+ ¢(s —t — 7)))]ds. (3.5)

Combining (3.4) and (3.5), one has
t
U+ @)lo < e CHIH[T,(0) o + 2d / o~ GHDE=N ) (s)) | cds
0
t
e / o GHNE=N M (5 — 7) | cds
0

t
< 1Uo(0)lle + Cto sup HU(”)(t)Ilc+2d/ lT" 1 (s)| o ds.
0

te[—T,to]

Applying Gronwall’s inequality, we get

0D @le < ([0s0)lle +Cto_sup [UD@)]lc)e, ¢ € [0,t). (3.6)

te[—T,to]

Notice that U™ (t,€) € Cunit[—T, to], namely, limg_, U™ (L, &) =: Ul (t) € C[—T,tp]. We are going
to prove UMV (t,€) € Conig[—T, to]. We rewrite the solution of (3.3) as

t
UCPHD(1,€) = e U (0, & — ct) + e / e [dU™ ) (5,€ + 1+ ¢(s — 1))
0

—2dU D (5,6 + (s — 1)) + AUV (5,6 — 1 4 ¢(s — 1))
+ PU™(s—1,6+c(s—t—71)))]ds.

It is clear that

t
5lim U (¢, ¢) = e_télim Uo(0,& — ct) + e_t/ e® lim P(UM™ (s — 1,6 + ¢(s —t —7)))ds
—00 —00

0o &0
= Up,oe(0)e ™" + /Ot eI P (s — 71))ds
= U (¢), uniformly with respect to t € [, t).
We further prove that U™+ (¢, €) is uniformly convergent as & — oo. In fact,

lim sup [UT(t,€) — ULV (¢)]

§—=o00K <ty
t
= lim sup / e EINPUM (s — 1,6+ (s —t —71))) — P(UM (s — 7)))ds
§2000<t<to| JO

t
< lim sup / sup (e_(t_s)|P(U(”)(s —né+e(s—t—1))) — P(Uég)(s —71))|)ds
0

§000<t<to JO s€[0,t0)

t
< Clim sup / sup (e UM (s — 1 6 +e(s—t—7)) = UM (s —7)|)ds
0

§=000gt<to JO s€[0,¢0]

t
=C sup / lim sup (e"DUM (s -7 6 +c(s—t—71))— UM (s —7)|)ds

0<t<to Jo €se(0,t0)

=0.
Here, we used the uniform convergence of

lim sup \U(")(t,ﬁ)—Uég)(t)l:O'

£—004¢(0,0]
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Next, we shall show the regular energy estimates for U ("“)(t,f). First of all, we introduce the
transformation

V(n-‘rl) t f / U(TL+1) t é-) _ e—)\EU(n-‘rl)(t é«)
Substituting UM+ (¢, €) = NV (1, €) to (3.3), we derive the following equation for V(" +1 (¢ ¢):

8v(n+1) 8V("+1)

S e 5 + (A4 2d + 1) VD (¢ €)
= derV D (€ +1) + de VD (£ € — 1) (3.7)
+e Xpwm (t -, gf CT)) (t,6) e Ry x R,
V(n+1) 3 f Vv w UO ( 5), ERS [_Tv O}v feR

Multiplying (3.7) by V1 (¢,€), we have

1 c
(V2 + 3 (VD2 + [eh +2d + 1) (v FD)2(¢,
{2( )*( 5)}t {2( )*( 5)}5 [ I( )7(t.€)

= d VD OV (¢ ¢ 4 1) + de VO (1 )V D (16 — 1)

+e MV PUM™(t — 1,6 — 7). (3.8)
Integrating (3.8) over R X [0, ¢] with respect to & and ¢, and noting the vanishing term at far fields, we
have oo
{swmpeo}|” -0
2 A

because V" (¢, &) = \/w(E)U T (¢,¢) € HY(R). Thus, we obtain
(VD)2 + /0 /R [2eA + 4d 4 2) (VD)2 (s, €)deds
= O 2000 [ [ VO 0+ s
+ 2de_’\/Ot/RV(”H)(s,f)V(”“)(s,g —1)déds

+2 /t / e MYV (5 YP(UM™ (s — 7,6 — e1))dEds. (3.9)
0o Jr

By the Cauchy-Schwarz inequality, one has

‘/t/V("H)(s,f)V("“)(s,fi1)d§ds
0 R

1 ' (n+1)y2 1 ! (n+1)y2
/ /(V 12(s, €)deds + 2/0 /R(v (s, € 4 1)déds
/ / (VHIN2(s, ¢)deds. (3.10)

Applying (3.10) to (3.9), we get

e+ [ | [0 2a(e* + 07 - 2) 4 V)R, s
0 JR

t
< VD)2 + 2 / / eV (5 ) P(U (5 — 7, € — er))déds. (3.11)
0 R

From (3.4) and by using the Cauchy-Schwarz inequality, the right-hand side of (3.11) can be estimated by

‘// 7)\5V(n+1 EP (U(n)(sz,g—cT))dde
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// ZK e MU (s — 7,6 — er —0)| [V (s, €)|deds

/ / Z —)\(H—cﬂ —)\(f cT— z)lU(n)( - f — e — i)||V(n+1)(8, f)|d§d8

/ / Z —A(z—b—cr ‘V(n) (8 -7, f —cr — ,L)||V(n+1)( )\dfds

i=—m

(0) / / GO (V)25 €)déds

/ / Z i)e AH) (VN2 (g _ 7 ¢ — o7 — §)dEds

i=—m

// Y () (,5)d5ds+g'(0)/ / N)(VI)2 (s, €)deds
// VtN2(s ¢)deds + ¢' (0 // )?(s, €)déds

/_T/G V™2 (s, €)deds. (3.12)

Substituting (3.12) into (3.11), we have
t
VORI + 0 [ VD ()]s
0

0
< VO 0)12. + ¢(0) / VO (8)|22ds + ¢ (0)G(N) / IV ()12,

-7

where
o 1= 20eh —d(e +e 7 —2) + 1] — d(0)G(N) > ¢/ ()G () > 0.

Namely,

t
VD@2, + / (V0D (5)]2.ds
0

t 0
<O(IOI: + [ 1V Ods+ [ Waolads ). (3.1

-7

Similarly, differentiating (3.7) with respect to £ and multiplying it by V;nﬂ)(t, £), and integrating the
resultant equation over R x [0,¢] with respect to £ and ¢, we can prove

t
n+1 n+1
VD@12 + / VD (s) [2ds

-7

t 0
<C<|V0,5(0)||2L2+ / IV (5)2 s + / %,g<s>||izds)- (3.14)

Combining (3.13) and (3.14), we further have

t
VD ()2, + / V0D (5)[2,, s

0
C(IVo ||H1+/Hv s + | ||vo<s>||z1ds),

namely,

t
VG @)+ [ IWaU )l ds
0
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<C(WU0<0>||%11+ / VU™ (5)] 2y ds + / ||ﬁUo<s>||zlds). (3.15)

Combining (3.6) and (3.15), we get

0
Myt (t0) < O ma, [00(6)I% + VGO s + [ IVGT (5o

s

+ Cto My (to).

Thus, we can prove that U +1) = F(U™) defined in (3.3) maps from X (—7,ty) to X(—7,to) and leads
to a contraction mapping in X (—7,%p) by providing 0 < tg < 1 and

s

0
e [[Uas)[ + VGO + [ IVEUo(s)nds < 1.

Hence, by applying the Banach fixed point theorem, we can prove local existence of the solution in
X (—,tp). Since the convergence lim, o, U™ (t,&) = U(t,€) is uniform for (t,£) € [0,t0] x R, and
U(")(t,ﬁ) € Cunit[0, to], we can also guarantee U(t, &) € Cunit[0, to]. O

Proposition 3.3 (A priori estimates).  Assume that (G1)—(G4) hold. For any given traveling wave
d(z + ct) = (&) with ¢ > ¢, let U(t, &) € X(—7,T) be a local solution of (3.1) for a given constant
T > 0. Then there exist positive constants 6o > 0, Cy > 1 and p > 0 independent of T and U(t,€) such
that, when My (T) < da,

t
ITOIE + VU )17 +/ o Ml (s)|[ 3 ds < Cae™ My (0)?, (3.16)
0

fort € [0,T1].

The proof for the a priori estimates of the solution in the designed solution space X (—7,T) is technical
and plays a crucial role in this paper. We leave this for the next section.

Proof of Theorem 3.1.  Choose

(52 52
51 = C2C1My(0), 02}, do = o ’
1 = max{y/C201 My (0), 82}, o maX{C’l \/@01}

where d2 and C5 are two positive constants given in Proposition 3.3, and C} is a positive constant
given in Proposition 3.2. It follows from Proposition 3.2 that there exists ¢y = ¢o(d1) > 0 such that
U(t, &) € X(—T,tg). By the selection of 6y and d;, we can see that My (t9) < d2. Then by Proposition 3.3,
we can obtain the exponential decay estimate (3.16) for ¢ € [0,%o]. Next, we consider (3.1) with the new
initial data U(s, &) for s € [tg — 7,t0]. Again, by Proposition 3.2, we can prove that the solution to the
new Cauchy problem (3.1) exists for time ¢ in [tg, 2tg], which means the time interval of the solution
has been extended to [—7, 2tg], namely, U(t,&) € X(—7,2ty). Furthermore, by using Proposition 3.3, we
can establish the exponential decay estimate (3.16) for ¢ € [0,2¢9]. Repeating this procedure, we can
prove global existence of the solution U(t,§) € X(—7,00) with the exponential decay estimate (3.16) for
t € [0,00]. For details, we refer the reader to [15,20]. The proof is completed. O

3.2 A priori estimates

In this subsection, we first prove the time-exponential decay of U(¢,§) at £ = +o0.

Lemma 3.4.  There exist a large number xo > 1 (independent of t) and a number uy > 0, such that

1Tz o, +00) < Ce || Unllpoe (=r,0xR); T = 0. (3.17)
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Proof.  Since U(t,&) € X(—7,T), by the definition of Cuni¢[0, T, we can see that lime_, o U(t, ) exists
uniformly with respect to t € [0, T]. Let us go back to the original equations (1.3), (2.1) and (1.4), and
denote

U(t,z) = ult,x) — ¢z + ct).

Namely, U(t,z) = U(t,€) and satisfies

%Lt{ — Do) +U - .Z K(i)g (p(x + c(t — 1) — ) Ut — 7,2 — i)
= Y KOQU(t—mz—i). (t.x)ERy xR, (3.18)

U(s,z) =Uo(s,x), se€[-7,0, xR
Denote z(t) := U(t,+00) = U(t, +00) and z(s) := Up(s,+o0) for s € [—7,0]. Since U(t,€) € Cunit[0, T,

lime 400 U(t,€) = limy 0o U(t, ) = 2(t) is uniformly with respect to ¢ € [0,T]. Thus, by taking
x — 400 to (3.18), we have

{z'm +2(t) — ¢ (up)2(t — 7) = Q(2(t — 7)),

z(s) = zo(s), s€[-7,0].
Applying the nonlinear Halanay’s inequality given in [15], we get
12(t)] < Cllzo|poe (=706 ", £>0 (3.19)

for some 0 < p; < 1.
It is easy to see that (3.18) is equivalent to

{e'U}, = e'DolUt] + ' Z K@) g (plx +c(t —7) —))U{t — 7,2 — 1)
te Y K@HQW(t— 1,2 —1i)). (3.20)

i=—m

Integrating (3.20) with respect to ¢ over [0,t], we obtain

t
U(t, ) = e U (0, z) + / e~ E=IDy U] (s, 2)ds
0

m

+ /0 e (=9 Z K@) g (px+c(s—1)—i))U(s — T, —i)ds

i=—m

+ / e ) N K(QW(s — 7w — i))ds.

i=—m

Thus, for 0 < py < 1, we further have

t
MY (t, ) = e~ TR (0, ) + e_(l_“l)t/ e Do [U] (s, x)ds
0

4 e~ (Imp)t / e’ Z K@) g (d(x+c(s—T1)—i))U(s — 7,2 —1i)ds
0 i=—m
e~ (Imma)t tes Y i s—T,x—1))ds. .
n [ e ¥ Ko —ra-iyd (3:21)

r=—m
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Taking the limits to (3.21) as # — +o00, and noting all these limits are uniformly in ¢, and applying the
fact |Q(z)| < C2? and the decay estimate (3.19) for z(¢), we get

lim eMiU(t,x) = e~ (171 {ZO(O)+/0tesg/(u+)z(s—T)ds+AteSQ(z(s—T))ds}

r—+o0
t

t
<Ce<1m>t[|zo(0)|+/ es|z(sf7')|ds+/ es|z(s7')|2ds}
0 0

t t
< Cemm)t [|z0(0)| +/ eSeH2(s=7) 4g +/ ese2u2(sr)d5}
0 0

< C, uniformly in t.
Therefore, there exists a number zy > 1 independent of ¢, such that when x > x(, one has

sup |[U(t,z)| < Ceiﬂlt||Z/{0HLoc([_T)0]><R), t>0. (3.22)
z€[xo,+00)
Again, notice that U(t,&) = U(t,z) and £ = x +ct > x > xg for © > xo and t > 0, and then (3.22)
immediately implies

sup  |U(t,€)] < Ce ™ ||Ug|l Lo (—r0]xr), t = 0.
€[xo,+00)

The proof is completed. O

In order to establish the a priori estimate (3.16), we adopt a new transformed energy method, which
is different from the standard weighted energy method by multiplying (3.1) by w(§)U(¢,&). We first
shift U(¢t,&) to U(t,& + xg) by the constant zp given in Lemma 3.4, and then introduce the following
transformation:

V(t,6) = Vw(@U(t,€ + o) = e U (t,€ + ao),
where e ¢ — 400 as £ = —o0, and e ¢ — 0 as £ — +oo. Substituting U = w='/2V to (3.1) yields

ov. oV

o T “BE + (A4 2d + 1)V (L, &) —derV (t, € +1) —de MV (L, € —1)
= 3 K@) (96 — o7 — i+ 20)e XDV ( — 7,6 — er — i)
i=—m (3.23)
= 2 KOVw@QUEt-1.¢—cr—i+m)), (4€) €Ry xR,
V(Svf) =V w(&)UO(Sag +x0) = VO(S’g)v s € [_7—7 0]1 g eR.

Now we are going to prove the a priori estimate (3.16) by the following several lemmas.
Lemma 3.5. It holds that
1d 2 2 2 2
2 IV OlLe + p2lV@IZ + ClIVOlLe — IV (E = 7)Z] <RO), (3.24)
where
1
Cs = ig'(O)G(/\) > 0,

po i =ch—d(e* +e*=2)+1— ¢ (0)G(\) >0, (see Lemma 2.1),

R(t) = /RV(t,ﬁ) Y K@OVw(@QU(E - 7,6 — et — i+ z0))dé.
Proof.  Multiplying (3.23) by V(¢,&) and integrating the resultant equation over R with respect to &,
we have
1d

2dt||V(t)||iQ +/R[CA+2d+ 1V2(t, €)de
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- [ VeV g+ d—de [ ViV e
R
/V (t,€) ( > K(i —CT—i+x0))e_)‘(i+CT)V(t—T,f—CT—i))df

i=—m

= R(t). (3.25)

By using the Cauchy-Schwarz inequality, one has

‘/RV(t,g)V(t,gil)dg‘ < ;(/RV2(t,g)dg+/Rv2(t,gi1)d§)

_ / V2(t, €)de. (3.26)
R
It can be seen from (G3) that |¢'(u)] < ¢’(0) for u € [0,00). Then we can obtain the following estimate:
’ / (t,€) < Z K(i —er —i420))e MVt — 76 —er — i))dg’
/ Z K(i —er —i420))e MV, OV (E — 7,6 — er —i)|dE
$0) [ 3 KGO V(e —er o
%’ /G Y2 (t,€)de + 59 /sz e MFVE(L — 7.& — e —i)d¢
= %g’(O)G(A)IIV(t)II%z + 59’(0)/ GV (t —7,€)d¢
R
1
= 59’(0)G(A)(IIV(t)II%2 +V(E—=1)72) (3.27)

Substituting (3.26) and (3.27) into (3.25) yields

_ 1
SV + (A~ dle + e =2 + VO — 30 OGNV Z + V(7)) < R(),
namely,
thnw e+ [eA = d( + e 2) + 1= SOCNIV I
+ 59’(0)G(>\)(||V(t)||%2 = IVt = 7)l72) < R(),
which immediately implies (3.24). The proof is completed. O

Lemma 3.6.  There exists 0 < p < po such that

t 0
IV (®): +/0 e MU=V (s)|72ds < Ce_M(IIVo(O)I%z +/ IIVb(s)II%zds), (3.28)

provided My (T) < 1.

Proof.  Multiplying (3.24) by e?#* and integrating the resultant inequality with respect to ¢ over [0, 1],
where p > 0 will be selected later, we have

t t
ANV ()12 + 2002 — u)/ ||V (s)|I72ds + 203/ [V (s)lI7e = IV (s = T)IZ:]ds
0 0

t
< IVo(0)]|22 + 2/ 2SR (s)ds. (3.29)
0
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Notice that, by the change of variable s — 7 — s,
t t—7
[ eV =l = [ v s) ads
0 —T
0 t
< / eg”(s+7)||V0(s)H%2ds +/ ez”(s“'T)HV(s)HQdes.

-7 0

Substituting (3.30) into (3.29), we get

t
VO3 + 202 1) + Calt = )] [ &V ()]s
0

t 0
< |IVo(0)]122 +2 / SR (s)ds + 205627 / 25| Vo (5)|12 2 ds.
0

-7

We choose 0 < ¢ < o to be small such that
Cy = (‘LLQ - [L) + 03(1 - 62#7—) > 0.

Then (3.31) becomes

t
IVOlze + 204/0 e IV (5)]|2ds

0

t
62“S||V0(8)||2L2d8> w2 [ eI as.
0

< Ce-%t(nvo(mn%z -/

—T

(3.30)

(3.31)

(3.32)

We now estimate the nonlinear terms involving R(¢). Since U(t,€) € X(0,T), namely, U € C(R), one

has
|U(t,& + xo)| < CMy(T).

By (3.2), we get
IQU(s — 1,6 —cr —i+x0))| < CU*(s — 7,6 — cT — i + x0).

Then noting V (t,&) = Jw(&)U(t, & + x¢) = e MU(t, £ + x9) and

V(t, € —er—i) = VJw(€ —er —)U(t, € — et —i+x0) = e METTDU (L € — er — i + p),

we can estimate

t
2/ e 2R (s)ds
0

=2 et ([veo
<o te2ﬂ<ts>( [Ives.e

t
= [fermt Vi)
0 R

X < Z K(i)e—k(i-‘rCT)e—)\(é—CT—i)U2<s _ T,é’ — T — Z + m())) dé-ds

i=—m

-c =) [ el

X ( Y K(i)e MV (s — 16 —er —i)U(s — T, —eT — i+ xo)) déds

i=—m

m

m

Z K(i)e MU(s — 1,6 —cr — i+ xo)df) ds

i=—m

> K(i)Vw@QU(s — 1,6 —er —i+ xo))dg) ds
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<CMU(T/ u(t= / Z K (i)e™ M+ |V (s,6)||V (s — ,€ — er —i)|deds

i=—m

g%CMU(T/ —2u(t=s /G N V2(s, €)déds

1 —2u(t—s) 7)\ (i+eT)y 2
+§C'MU( / " lZm V(s —1,& — e —1)dEds
= CMy(T) / —2ult—s / G\ V?(s,€)deds

m

+ CMy (T / —2u(t=s) / > K(i)e MV (s — 7, €)deds

i=—m

t
— CMy(T)G(N) / e 2= [V (s) 2 + [V (s — 7)]22]ds
0
t
< CMy(T) / &2 (|V () 2 + 27 [V (5)][22)ds
0

0
+CMU(T)/ e =571V (5)] 22 ds

-7

t 0
< CMy(T) / e 2| 7 (8) |2ads + Ce— 20t / €23V (s) |2 ds. (3.33)
0

-7

Substituting (3.33) into (3.32), we obtain

t
V)22 + [2Cs — CMy (T) / &2 ||/ (5)[ 2 ds

0

< Ce%f(nvo(oniz -/

e V(o) s ).
Let My (T) < 1. Then we immediately get (3.28). The proof is completed. O
Next, we establish the estimates for the one order derivatives Vg(t,¢) of the solution V' (¢,§).

Lemma 3.7. [t holds that
t 0
V@22 + / e?ﬂ“8>||vg<s>||%zds<0e2*“f(||vo<o>||%p + / %(s)nipds), (3.34)

provided My (T) < 1.

Proof.  Differentiating (3.23) with respect to & and multiplying it by Ve(¢,€), then integrating the
resultant equation with respect to £ and ¢ over R x [0,¢] and applying Lemma 3.6, we can similarly
prove (3.34) provided My (T') < 1. Thus, we omit the details. O

Finally, combining Lemmas 3.6 and 3.7, we can get the following a priori estimates.

Lemma 3.8. It holds that

VO + [ O < oo (o1 + [ Ihelas). 63
namely,
VBTl + [ &) s
< e (IO + [ IV s ). (3.:30)

provided My (T) < 1.
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From (3.35), by Sobolev’s inequality H*(R) < C(R), we obtain
V(I < CIV(©)lm < Cdoe™.

Noticing that
V(taf) =V w(E)U(t7£ + ‘TO) = ei/\gU(tvg + IO)?
and y/w(&) = e ¢ > 1 for € € (—o0,0], we then have

sup |U(t, €+ xo)| < Cpe ™, > 0.
56(700’0]

This derives the following estimate for the unshifted U(t, £).
Lemma 3.9. It holds that

1U ()] o (—o0,z0) < Cdoe™*, > 0. (3.37)

provided My (T) < 1.
Proof of Proposition 3.3.  Combining (3.36), (3.37) and (3.17), we immediately prove (3.16), namely

t
T + Vo @ + [ e |t (s) s
0
< oo (e 10 + VGO + [ IVl s ).

for some positive constant Cy, where p is taken as 0 < p < min{ug, p2}. The proof of Proposition 3.3 is
completed. O

4 Uniqueness of traveling waves

Proof of Corollary 2.5.  Let ¢1(x+ ct) and ¢o(x + ct) be two different traveling waves of (1.3) with the
same speed ¢ > ¢, and the same exponential decay at —oo, i.e.,

$1(&) = Ae™™MIEl ag £ 5 —0

and
$2(€) = Be Il as € o —oo,

for some positive constant A and B, where Ay = A1(¢) > 0 is defined in Lemma 2.1. We shift ¢o(x + ct)
to ¢a2(x + ct + &) with some constant shift £ such that

1. A
§0—711n§.

Then by taking £ — —oco, we obtain that £ + &, < 0, and
Ba(E+ &) = Be Mlétbol — BeriE+80) — Beribog=Alél — go—MIEl 4g £ — —oo.

Hence, we get
|pa(€+&0) — p1(6)] = O(L)e @l for a >N as € — —oo,

which implies
Vw(©)[b2(€+ &) — ¢1(6)] € C(R) N H'(R).
If we take the initial data for (1.3) by

vo(s,x) = ga(x+cs+&), xze€R, se[-r0],
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then the corresponding solution to (1.3) is

v(t,z) = ¢a(x + ct + &).

By applying Theorem 2.4, we obtain

lim sup|pa(z + ct + &) — ¢1(x + ct)| =0,
t—)OOwE]R

which means that ¢a(x + ct + &) = ¢1(x + ct) for all © € R as ¢ > 1. This proves the uniqueness of the
traveling waves up to a translation. O
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