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1 Introduction and preliminaries

The centroid body operator is one of the central notions in convex geometry which rooted back at least
to Dupin (see also [28]). The classical affine isoperimetric inequality that relates the volume of a convex
body with that of its centroid body was conjectured by Blaschke (see also [10,28,37,46]) and established in
a landmark work of Petty [36]. Since Petty “reinterpreted” and made critical use of Busemann’s random
simplex inequality (see [3]) in establishing his inequality, Petty’s theorem is known as the Busemann-Petty
centroid inequality (see [10,37]).

In [25], Lutwak et al. extended the notion of centroid body to the L, analogues of centroid body, and
established the L, analogues of centroid inequality. An alternative proof of the L, centroid inequality was
provided by Campi and Gronchi [4]. The L, Busemann-Petty centroid inequality became a central focus in
the L, Brunn-Minkowski theory and its dual (see [10,23,24,37] for more references). Furthermore, the L,
centroid bodies quickly became objects of interest in asymptotic geometric analysis (see [8,9,20,31-34])
and the theory of stable distributions (see [30]). The literature is large and continues to grow (see, for
example, [5,7,14,26,29,38,42]). For more references, see [2,19,39-41,47-49].

Recently, as an extension of the L, Brunn-Minkowski theory, the Orlicz Brunn-Minkowski theory
emerged in three landmark works by Haberl et al. [15] and Lutwak et al. [27,28]. This extension is
motivated by asymmetric concepts within the L, Brunn-Minkowski theory developed by Haberl and
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Schuster [16,17], Haberl et al. [18], Ludwig and Reitzner [22] and Ludwig [21]. The new Orlicz Brunn-
Minkowski theory has attracted considerable interest (see, for example, [1,6,11,43,44,50]). See [12,45]
for its dual theory.

In [28], Lutwak et al. introduced the concept of Orlicz centroid body that is a natural extension
of the centroid body and its L, extension. The fundamental result in [28] is the Orlicz Busemann-
Petty centroid inequalities for convex bodies. After that, many works have been done for inequalities
and reverse inequalities (see [6,35,46]). Among those, Zhu [46] developed an important tool—the Steiner
symmetrization for star bodies. By applying his new tool, Zhu settled the conjectured LYZ Orlicz centroid
inequality. Zhu [46] also solved the equality condition for the case where ¢ is strictly convex. It is the
aim of this paper to extend the method used by Zhu [46] and to study the equality condition for the
Orlicz centroid inequality without the condition that ¢ is strictly convex.

In order to keep the paper self-contained, we first collect notation, definitions and basic facts about
convex bodies and star bodies. More detailed theories and references are included in books of Gardner [10],
Gruber [13] and Schueider [37].

Let R™ be the Euclidean space with the usual inner product z -y and standard Euclidean norm |z| for
z,y € R". We write ey, ..., e, for the standard unit vector basis of R”. When we write R” = R* ™! x R,
we always assume that e, is associated with the last factor. The unit sphere is denoted by S"~!. We
will use z, y for vectors in R™ and ', %’ for vectors in R" 1.

If K is a Borel subset of R™ and is contained in an i-dimensional affine subspace of R™ but not in any
affine subspace of lower dimension, let |K| denote the i-dimensional Lebesgue measure of K.

For A € GL(n) we write A? for the transpose of A, A~* for the inverse of the transpose of A, and |A|
for the absolute value of the determinant of A.

Let K be a convex body (compact convex subset with nonempty interiors) in R™. Tts support function
hxg = h(K,-) : R" — [0, +00), is defined by h(K,z) = max{z -y :y € K}. When considering the convex
body K C R"~! xR, we usually write h(K;z',t) rather than h(K; (2',t)). Let K" be the set of all convex
bodies, and K7 be the set of convex bodies that contain the origin in their interiors.

The Hausdorff distance between two convex bodies K and L is

0(K,L) = max |hg(u)— hr(u)l.

ueSn—1

If K,L € K", and hx and hj are support functions of K and L, respectively, then
hx < hp ifand only if K C L.

For ¢ >0, u € S 1,
her (u) = chi(u), hg(cu) = chi(u),

where ¢K = {cx : x € K} . More generally, by the definition of the support function, we have

hicrr(u) = hi(u) + by (u),
hax(u) = hg(A'w), for A€ GL(n),

where K+ L={z+y:2€ K,y € L} and AK = {Az:z € K}.

Let K be a convex body in R". For u € S~ !, let K, be the image of the orthogonal projection of K
onto the hyperplane ut. If [, (K,y’) and I,(K,y') are two concave real functions on K, such that

K={y +tu:—1,(K,y) <t <LK, y),y € K.},

then we call ,(K,y') the undergraph function of K in the direction u, and I, (K,%’) the overgraph
function, respectively.
Let S, K denote the Steiner symmetral of K with respect to u’,

LL(Ka y/) + Zu(Kv yl) }
B .

SuK = {y/ +itu:|t] <
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This means
iu(Squ y/) = Zu(SuKa y/) = (Lu(K, y/) + Zu(Ka ?/))/2'

Fubini’s theorem yields |S, K| = |K|. If we iterate Steiner symmetrizations of K through a suitable
sequence of unit directions, the successive Steiner symmetrals of K will approach a Euclidean ball in the
Hausdorff topology on compact (in particular, convex) subsets of R" (see, e.g., [13]).

Let K be a compact star-shaped set (about the origin) in R™. Its radial function, px = p(K,-) : R" —
[0,400), is defined by px(z) = max{\ > 0: Az € K}. If p is strictly positive and continuous, then we
call K a star body. Let S]' denote the set of star bodies with respect to the origin in R™.

Let K be a star body, and u € S"~!. We use [,,(K,y’) and [, (K,y’) to denote max{\ : y' + A\u € K}
and max{\ : ' — \u € K}, respectively. Note that if K is a convex body, they are just the overgraph
and undergraph functions of K.

Let C denote the set of convex functions ¢ : R — [0,00) such that $(0) = 0 and ¢(t) + ¢(—t) # 0 for
t # 0. For a convex function ¢, the condition “$(0) = 0” means that ¢ is monotone decreasing on (—oo, 0]
and monotone increasing on [0,00). Then the condition “¢(t) + ¢(—t) # 0 for ¢ # 0”7 is equivalent to
that ¢ is either strictly monotone decreasing on (—oo, 0] or strictly monotone increasing on [0, 00).

A stronger condition “@(t)¢(—t) # 0 for t # 0” can guarantee both strictly monotone decreasing
on (—o0,0] and strictly monotone increasing on [0,00). Note that “¢(t)¢(—t) # 0 for ¢ # 0” means
“¢(t) # 0 for t #£ 0”. Moreover, the condition “¢ is a strictly convex function” is stronger than both
“O(t) + d(—t) #0 for t #0” and “@(t)d(—t) # 0 for t #07.

Let K be a star body with respect to the origin in R™. The corresponding support function of the
Orlicz centroid body I'y K for ¢ € C and € R" is defined by

hF¢K(x)=inf{A>o:|K,1|/K¢<x;/>dy<1}, (1.1)

where |K| is the volume of K € 8", x -y denotes the usual inner product of  and y in R™ and integration
is with respect to Lebesgue measure in R™.

An important special case is when ¢(t) = |¢|P for some p > 1. Then I'x K is the L,, centroid body of K,
whose support function is given by

1
WO, K,z) = ﬁ/l(mywdy. (1.2)

In particular, if p = 1, then the body I', K is the classical centroid body I'K of K.

Unlike I'K, the Orlicz centroid body I'y K is not translation invariant for a general ¢ € C, and may
not be o-symmetric, while [28] showed the Orlicz centroid body operator retains continuity in Hausdorff
metric and GL(n) covariance. The property of GL(n) covariance can be formulated as

T4AK = AT, K, for A€ GL(n), KeS' ¢eC. (1.3)

Lutwak et al. [28] obtained the following Orlicz Busemann-Petty centroid inequality.

Theorem A. If¢ €C and K is a convex body in R™ that contains the origin in its interior, then the
volume ratio

Ty K|/ |K]

is minimized if and only if K is an ellipsoid centered at the origin.
Lutwak et al. [28] posed the following open problem.

LYZ Conjecture. If ¢ € C and K is a star body in R™ that contains the origin in its interior, then
the volume ratio
Ty K/|K] (1.4)

is minimized if and only if K is an ellipsoid centered at the origin.
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Zhu [46] extended the Orlicz Busemann-Petty centroid inequalities from convex to star bodies and
solved the equality condition for the case that ¢ is strictly convex.

Theorem B. If¢ €C and K is a star body with respect to the origin, then the volume ratio
T K|/|K|

is minimized when K is an ellipsoid centered at the origin. If ¢ is a strictly convex function, then
ellipsoids centered at the origin are the only minimizers.

Motivated by ideas of Lutwak et al. [28] and Zhu [46], we confirm the conjectured LYZ Orlicz centroid
inequality and solve the equality condition for star bodies in Sg without the condition of ¢’s strict
convexity.

If K is a star body that is not convex, @gg there exist P;, P, € K such that the segment P; P, does
not completely lie in K. Set u = Py P5/|PyP,|. Let Uk be the set of all of these u about K, and let
K’ = K, be the image of the projection of K onto u*. By Lemma 3.6, for every u € Uk, and y € u™*,
there exist 2}, x5 € u' and A, Ao satisfying that

AL = h(F¢K7 xlh 1) = zuo (F¢Ka y/) + xll : y/ (1'5)

and

Ao = WK, xh, —1) = L, (T K,y ) + a5 - y'. (1.6)
A star body K which is not convex is called a ®-star body if there exist ug € Uk, y; € K’ such that
there are at least three points in (y) + Rug) NOK, and L, (K, yh) (or L, (K,yb)) & [s1(yh), s2(yh)]. Here,

Zug

s1(y") and so(y’) are, respectively, the left and right monotone points (see the note of Lemma 2.3) of
2\ oy +s 22 by —s
7 = 1.7
oo = oo () e (), (1.7

for some «}, 25, € u and A1, Ao which satisfy (1.5) and (1.6). Let 87 denote the union of K and the set
of all ®-star bodies.

We show that for any ¢ € C, Orlicz Busemann-Petty centroid inequality holds for K € 5]} with its
equality condition. This solves the uniqueness of the volume ratio |I'yK|/|K| for arbitrary ¢ € C and
confirms the LYZ conjecture for star bodies in S”. Our main work can be described as follows.

Theorem 1.1. Let ¢ € C and K be a star body with respect to the origin. Then the volume ratio
Ty K[/ K]

is minimized when K is an ellipsoid centered at the origin. If K € 52, then ellipsoids centered at the
origin are the only minimizers.

In the case that ¢ is strictly convex, it follows from Lemma 2.2 that s1(y{) = sa2(y;) for (1.7). It is
true that Ly, (K, y) (or L, (K,y0)) & [s1(y)), s2(y))], so every non-convex body is ®-star body. In this
sense, our result is a generalization of Zhu’s result (see Theorem B).

Our proof of the LYZ conjecture is based on the methods used by Lutwak et al. [28] and Zhu [46] and
Steiner symmetrization. The novel idea of the proof is to reduce the problem to show that if K € ‘SN‘Z}
and is not convex, then the volume ratio is not minimized. This can be shown by Steiner symmetrization
of 'y K with its identity condition. To show the LYZ conjecture for any ¢ € C, we will study the
monotonicity and integral inequality of ¢ which will be strictly used in showing Steiner symmetrization
of 'y K. After establishing Steiner symmetrization of Orlicz centroid bodies in Section 3, we prove the

LYZ Orlicz centroid inequality for star bodies in S” in the last section.

2 Properties of convex function ¢ € C

Let C denote the set of convex functions ¢ : R — [0, 00) such that ¢(0) = 0 and ¢(t) + ¢(—t) # 0 for
t # 0. For any ¢ € C, we have the following lemma (see [46]).
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Lemma 2.1. Let ¢ € C. For real a; > 0, bj,c; > 0 (i = 1,2), let s, = min{—b—1 bz}, Sy =

al ? as
by bo
max{— ., 2} and

f(s) = c1d(ars + b1) + cadp(—aas + bs).

Then there exists an o € [Sm,Sm| such that f(s) is monotone decreasing on (—o00,so] and monotone
increasing on [sg, 00).

Lemma 2.2. Let ¢ € C. For real a; > 0, bj,c; > 0 (i = 1,2), let s, = min{—%,s—z}, S o=
max{—s—ll, %} and let

f(s) = c1¢(a1s + b1) + cop(—azs + ba).

Then, we have either

(I) there exists a unique so such that f(s) is strictly monotone decreasing on (—o0, sg] and strictly
monotone increasing on [sg, 00); or

(IT) there exist s1, $2 € [Sm, Snr] with s1 < s2 such that f(s) is strictly monotone decreasing on (—oo, s1],
strictly monotone increasing on [s2,00) and f(s) = const. for all s € [s1, $2].
Proof.  Since (I) is the special case s; = sz in (II), it suffices to show (II). For ¢(s) € C, without loss of

generality, let ¢(s) be strictly monotone decreasing on (—oo, 0] and monotone increasing on [0, c0). Let
f1(s) = crd(ars + b1), f2(s) = cagp(—azs + ba). Obviously, fi and fo are convex, by the convexity of ¢.

By the monotone property of ¢, fi is strictly monotone decreasing on (—oo, —%] and monotone
increasing on [fb—l,oo), f2 is monotone decreasing on (—oo, b—2] and strictly monotone increasing on
ai az

[%7 00). Thus, f = f1 + fo is strictly monotone decreasing on (—oo, s,,] and strictly monotone increasing
on [spr,00,).

Next, we consider the monotone property of f on [s.,, sp]. By the convexity of fi and fa, f is convex
on S, Sn)-

Let us recall the differentiability of 1-dimensional convex functions (see, e.g., [37, Theorem 1.5.4]).
If f: R — R is convex, then on the interior of the domain of f the right derivative f. and the left
derivative f/ exist and are monotonically increasing functions. Furthermore, f; < f;, and with the
exception of at most countably many points, f/ = f; holds and hence f is differentiable.

If there does not exist s1,82 € [sm,Sar], such that f(s) = const. for s € [s1, s3], then there exists a
unique sg such that f(s) is strictly monotone decreasing on (—oo, s9] and strictly monotone increasing
on [sg,00). Indeed, if there does not exist s1,s2 € [$m, Sar], such that f(s) = const. for s € [s1, s2], then
it follows from the monotonically increasing property of f/ and f, that there exists at most one point
where f/ = f/ = 0. Therefore, there exists a unique so such that f(s) is strictly monotone decreasing
on (—o0, sp] and strictly monotone increasing on [sg, o), which is (I).

If there exist s1,82 € [$m,sm| such that f(s) = const. for s € [sq,ss], then choose the maximal
interval [s1, s3] such that the above holds.

First, we claim that if f(s) = const. for s € [s1, s3], then f; and f5 are linear functions and f; = —f
on [s1,82]. In fact, if f; is not a linear function, the convexity of f; implies that f; is strictly convex
on [s1,s2]. Then fo = f — f; = const. — f; is strictly concave on [s1, s3], which obviously leads to a
contradiction. We may assume f; = ks + by, fo = k’s + bs. Since f1 + fo = f, we have k' = —k. Now,
we prove that f is strictly monotone on [s,,, s1] and [s2, spr]. Suppose that there exists another maximal
interval [s3, 84] C [$m, Sp] such that f(s) = const.” for s € [s3, s4]. Without loss of generalization, assume
s3 > s9. Since f1 and fy are convex then the (left) derivatives of f; and fo are monotonically increasing,
namely for s € [s3, s4], f1, > k, f5, > —k. Then f], = —f}, is impossible on [s3, s4]. Therefore, there
exists [$1, 52| C [Sm, Sp| such that f(s) = const. for s € [s1, sa].

Next, for any so € [s1,s2], we have f(so) = min{f(s) : s € R}. In fact, it is a corollary of the
uniqueness of the maximal choice of [s1, s3]. The condition that f(s) = const. for s € [s1,s2] implies
that f’(s) =0 for s € [s1, s2]. Since f] is increasing, the uniqueness of the interval [s1, so] indicates that
fl(s) <0ons € (—oo,s1] and f/(s) >0 on s € (s2,00].

Thus, we have proved that if there exist si,s2 € [sm,snm] such that f(s) = const. for s € [sq1, s2],
then (II) holds. O



1278 Wu D H et al. Scit China Math  July 2018 Vol. 61 No.7

The following lemma is a direct corollary of Lemma 2.2.

Lemma 2.3. Under the condition of Lemma 2.2, there exist s1,S82 € [Sm,Sm] with s1 < sg such
that f(s) is strictly monotone decreasing on (—oo, s1], strictly monotone increasing on [so,00) and f(s) =
const. for all s € [s1, s2].

Note that for convex function f in Lemma 2.3, s; and sg uniquely exist, and are called the left monotone
point and right one of f, respectively.

Lemma 2.4. (I) Let f(s) be strictly monotone decreasing on (—oo, so| and strictly monotone increasing
n [so,00). If E C R is compact, then

[ 16 /ijﬂﬂm

0

where 8 = |E N [sg,00)|,0;, = |E N (—00,s0]|. If there exists an s; not in E and |E N (=00, sg]| > 0,
|E N [sh,00)| > 0, then equality cannot hold.

(IT) Suppose that f(s) is strictly monotone decreasing on (—o0, s1], strictly monotone increasing on
[s2,00) and f(s) = const. for s € [s1,s5]. Let E C R be compact and 6F = |E N [s;,00)|, 5 =
|EN(—00,s:]|,4=1,2, and let s = mingeg{s} and s; = maxsep{s}. Then, we have

LﬂwkzgiéﬂWh (2.1)

/f /Sij f(s)ds. (2.2)

2

If there exists an sy € [s—,s4+] but not in E and |E N (=00, sp]| > 0,|E N [sy,00)| > 0, then the equality
in (2.1) holds if and only if s € [s1,82], [s—,s1] C E and sy < so; the equality in (2.2) holds if and only
if sy € [s1,82], [s2,5+4] C E and s— > s1.

Therefore, if there exists an sy € [s—,sy] but not in E and |E N (—o0, sp]| > 0, |E N [sy,00)| > 0, then
both equalities hold only when E C [s1, s3].

[
Proof.  We only need to prove (II). In fact, (I) is a corollary of (IT) when s; = ss.
To prove the first inequality (2.1) in (II), it suffices to show that

/ f(s)ds > /31 f(s)ds, (2.3)
EN(—o00,s1] 51—05;

Sl+6sl
/ f(s)ds > / f(s)ds. (2.4)
EN[s1,00) S1

Since E is compact, we have E N (—o0, s1] and E N [s1,00) are compact, and s_ = mingeg{s} > —o0
and s = maxsep{s} < co.

Now, we show (2.3).

Suppose that [s_,s;] C E. Then s_ = s; —d,,. Hence, EN(—00,s1] = EN[s_,s1] = [s_,51] =
[s1 — 05, ,51]. Thus, the equality in (2.3) holds.

Suppose that (s_,s1) \ E is a non-empty open set in R, which is a union of at most countably many
open intervals {U;}32,,U;NU; =0 for i # j and 4,5 =1,2,...,00

Let U; = (s}, s%) and s < sf,i=1,2,...,00. We may assume that (s_,s;)\ (Uje; Us) is a non-zero
1-dimensional Lebesgue measurable set. Otherw1se the Lebesgue measurable set (s_,s}t) \ (Uije, U;) is
measure zero. Then

/ f@w=/ f@%+/ F(s)ds
EN(—o0,s1] (s—,sH\(Us2, Us) (sL,s1)

— /(SLSI)f(s)ds = /:55_ f(s)ds,
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which is the equality of (2.3). We may also assume that || J;=, U;| > 0. Otherwise, | ;= U;| = 0, then

/ F(s)ds = / F(s)ds = / F(s)ds + / F(s)ds
EN(—o0,s1] (s—,sH\Us2, Us) (s—,sH\(Us2, Ui) U, Ui

5[3@@—L?%ﬂm&

Since J;=, U; and (s_,s;) \ (Ui~ U;) are 1-dimensional non-zero Lebesgue measurable sets, without
loss of generahzatlon, we assume |st — s}| > 0 and |s] — s2| > 0. Then f(s) > f(s+ (st — s})) for
s € (s2,s1) by the monotonicity of f. Furthermore, for k =1,2,...,00, f(s) > f(s+ 21:1(53« — st)) for
s € (s7 k+1 s¥). Therefore,

/ f(s)ds
EN(—o0,s1]

as required.

k+1

S1
=1l 1
k:nolo ) s)ds + 1m2/l+1f ds—|—/ f(s
sf“
=l 1
Jim 5 s)ds + 1m2/ f(s ds—|—</ f(s ds—|—/ f(s )
sf*
>k1520 7 ds+hmz:/1+1 </ f(s+ (st —s7) ds+/ f(s >
s;+1
= kli}rrgo 5 s)ds + ILH;OZ/ZH f(s —|—/82+(S L ds
shk+1 st
> lim [ f(s)ds+ lim Z/ s ds+/ F(s)ds
> lim s
k— oo s k—o00 et Si+1 34 (s2 752)+(S 751)
Sf+1 S1
> klim f(s)ds + klim f(s)ds
T TSR (si—sh)
S;Hrl k+1 S1
> lim (s—l— sL—s ))ds+ lim f(s)ds
Fmvoo f, Z} : koo Jotiist (st —si)

S1 S1
> [ fods= [ fs)ds
s—+3072, (si—s}) §1—05,

S1

This proves (2.3).

The equality in (2.3) holds if and only if |(s—, s1) \ E| =0, i.e., if € (s_, s1) then z € F a.e. However,
since F is compact, the equality in (2.3) holds if and only if (s_,s1) C E.

Similar to the proof of (2.3), we can obtain (2.4).

For s; < s9, we have

/ f(s)ds = / f(s)ds = const.|E N [s1, s2]]
EN[sy,00) EN[s1,s2]

81+5:1
= / f(s)ds = / f(s)ds.
(s1,81+64;) s1
Hence, the equality in (2.4) holds.

We assume sy > so. If [s1,54] C E, then s, = 51 + 6. Hence, the equality in (2.4) holds. Suppose
that (s1,s4+)\ E is a non-empty open set in R, which is a union of at most countably many open intervals
{Ui}?ipUimUj = @ for i 75],27] = 172,...700
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Let U; = (si,s%) and s < sjt',i=1,2,...,00. Assume that ||J;°, U;| > 0. Indeed, if ||, Us| = 0
then the equality of (2.4) holds. Without loss of generalization, let |(s},s;)| > 0. Furthermore, either
I(ss54) \ (Usey Us)| = 0 or |(s2,84) \ (Uje; Us)| = 0 implies that the equality of (2.4) holds. Thus, we
may also assume that (max{s],s2},s1) \ (U;=, U;) is a non-zero Lebesgue measurable set.

Since (max{sl csots) \ (U2, U-) is a non-zero Lebesgue measurable set, there exists a non-empty
open set (si, s/t C E, such that (si,s]™") C (max{s},s2},s.). Hence, by the monotonicity of f, we
have f(s) > f(s—>1_,(sL—s})) for (57 3{+ ). Moreover, for k=1,...,5—1, f(s ) f(s—Zle(si—sil))
for s € (¥, sF1); for k= j,j 4+ 1,...,00, f(s) > f(s — S, (st —s))forse( , si 1), Therefore,

St

ds—/ f(s)ds + hm / s)ds + hm f(s)ds
~/Eﬂ(sl,oo Z skt
si+2I0) (Sy»_sz) S+
>
> / s)ds + khﬁrgloZ/ s)ds + kl;r& /s’;‘+1 f(s)ds

S1

5f+1+21, (s 7sl)

> lim f(s)ds + hm f( )ds
k—o00 k— o0 sk+1
k+1+2’f L (st—sh) ot k1 ,
: : i
> lim . f(s)ds + Jim o f(s+ ;(Sr 81))
s14+3°52 (sh—s)) sl+5s+1
> [ fods = [ ftsyas.
S1 S1

Therefore, the inequality (2.4) is proved.

The equality in (2.4) holds if and only if |(s2, s4+)\ E| = 0, i.e., if 2 € (82, 5) then z € F a.e.. However,
since F is compact, the equality in (2.4) holds if and only if (s2,s4) C E.

If there exists an s( € [s—, s+]\F and |E N (—o0, sp]| > 0,|E N [sg, 00)| > 0, then the equality in (2.1)
holds if and only if s, € [s1,52], [s—,51] C E and s; < sa.

The same argument in the proof of (2.1) can be used to show (2.2) with its equality condition. O

3 Steiner symmetrization of Orlicz centroid bodies

Now, we establish a sharp Steiner symmetrization of Orlicz centroid bodies for star bodies, which is
critical in the proof of our main theorem. To get the sharp Steiner symmetrization, the following lemma
(see [46]) is needed.

Lemma 3.1.  Let K be a nonempty compact set. Then K is a star body if and only if for each u € S*1,
all the points of {tu : 0 <t < px(u)} are interior points of K.

From the strictly monotone property of ¢* = fo ¢(ts)ds™, we have the following useful lemma (see [28]).
Lemma 3.2. LetpcC and K € S',z9 € R". Then

e Je ()=

hl"d)K(l'O) = )\0.

if and only if

The following result for star bodies was proved in [46]. The version for convex bodies was proved
in [28].
Lemma 3.3. Let K € 8", ¢ €C. Then for u € S"~! and xy,z} € ut,

1

1 1
<F¢(S K) Il + 21’2, 1> §h(F¢K :L‘l, ) + ih(FgﬁK;xé, 71),



Wu D H et al. Sci China Math  July 2018 Vol. 61 No.7 1281

1
h(yK;2h, 1)+ ih(F¢K; xh, —1).

1 1 1
(Co(SuR) 3o+ 1) < 5

Now, we prove a critical lemma.

Lemma 3.4. Let K be a ®-star body, ¢ € C. Then there exist u € S"~1 and ', 2} € ut,

1 1 1 1
1 /! 1 !/ 1 ! 1 !/

Proof.  From (1.3), we may assume, without loss of generality, that |K| = |S, K| = 1.

Since K is a star body, and is not convex, we can choose P; and P, to be two interior points of K
such that P; P, does not completely lie in K. To see this, choose P; and P, to be two boundary points
of K such that P3P, does not completely lie in K, i.e., there exists @ € P3P; but not in K. Since K is a
compact set, there exists an open ball B(Q,rq) centered at @ of radius r¢g such that B(Q,rg) N K = 0.
Using Lemma 3.1, we may choose two interior points P; € OP3, P, € OP; such that PPN B(Q,rq) # 0.

Let u = (P, — Py)/| P, — P»|, and let K’ = K, be the image of the projection of K onto u*. For any
y' € K', we write 6, (u) = &,y = |K N (y' +Ru)| for one-dimensional Lebesgue measure of K N (y' + Ru).

Let 27,24 € ub,zf = 12} + 1af, and let A;, Ao € RT, 0o = LX) + 10 € RT. Fory/ € K',s € R, we

consider the function
Aoy +s Ao fxh-y —s
/ = —¢p| —— —| ———— |. 3.3
R e R (33

By the convexity of ¢, we have that f,/(s) is convex, and there exits an so(y’) such that f(s) is monotone
decreasing on (—o0, sg(y’)] and monotone increasing on [so(y’), 00). Thus, from Lemma 2.4, we get

So(yl)-i_é:ro(y/)
/ f(sas> [ iy (s)ds, (3.4
KN(y'+Ru) so(y’)—tss_o(y/)
where 5:;(7/) =|K N (so(y’) + Rtu)| and Oso(y) = |K N (so(y') +Rtu)|.

To obtain the strict inequalities of our result, we need consider the strictly monotone property of (3.4).
Now, we consider the strictly monotone property of f,/. It follows from Lemma 2.2 that either (i) that
there exists a unique so(y’) € R with |so(y’)| < oo such that f,/(s) is strictly monotone decreasing on
(—00, so(y’)] and strictly monotone increasing on [so(y’), 00); or (ii) that there exist s1(y'), s2(y') € R with
s1(y') < s2(y') and |s;(y')| < 00,7 = 1,2 such that f,/(s) is strictly monotone decreasing on (—o0, s1(y’)],
strictly monotone increasing on [s2(y’), 00) and f,/(s) = const. for all s € [s1(y’), s2(y’)]. Thus, according
to the strictly monotone property of f,/, Lemmas 2.2 and 2.4 indicate that we should distinguish two
cases.

(i) For all ¥ € K’, f,/(s) satisfies the following condition: there exists a unique so(y’) € R with
|so(y')] < oo such that fy/(s) is strictly monotone decreasing on (—oo, so(y)] and strictly monotone
increasing on [so(y'), 00).

Using Lemma 2.4, we obtain

So(y/)+§:r0('y/)

/ fy(s)ds 2/ fy(s)ds. (3.5)
KN(y'+Ru) so(y’)—ts;o(y/)

Since P; and P, are two interior points of K, choose two open balls B(P;,r;),i = 1,2 centered at P; of

radius r; such that B(P;,r;) C K. Since Py P> does not completely lie in K, and since K is compact, we

can choose P € PP, but not in K and B(P,r) centered at P of radius r such that B(P,r) N K = (.

Moreover, we can require that (B(P,r)), C (B(Pi,7;))u. Let P, be the image of the projection of P to u=.

For y' € (B(P,r/2))u, we can choose sy(y') =y’ + (P — P,) not in K such that |[K N (—o0,s5(y")]| > 0,
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|K N [s4(y'),00)] > 0. Thus, by applying Lemma 2.4, we get that the equality in (3.5) cannot hold for

Y € (B(P,r/2))u.

Let
By applying (3.5), we have

-y +s A2 (xé-y’—s) ,
I= DV TR 2 2 2 ) gyas
/K’ /Kﬂ(erRu) Ao ( A1 ) >\0¢ A2 Y
eoy)+‘5s<y>/\1 -y +s Ao [(xh-y —s
L)+ T A— )d 'ds
/’/eo(y) 5, (b( A1 ) >\0¢( A2 Y
/ / 8w )\1¢<x’1 .yIJrS)dy’ds
" Jso(y')— 6 )\1
so(y’ )+5S A s
/ / o(y”) 2¢(W>dy’ds. (3.6)
" solw)—s, A2

Note that the inequality in (3.6) is strict. The reason is that there exists a non-zero (n — 1)-dimensional
Lebesgue measurable set (B(P,r/2)),, such that for all y’ € (B(P,7/2)),, the equality in (3.5) cannot hold.

Let m, be the midpoint of [so(y') — 0oy S0y )+ (58 (v nl; and let 8y, = (550@) + 0, (- Since
S0 (y')—é;o(y, = My —%550(31/), so(y’)—i—é;;(y =my +3 650 (v')> we make the change of variables s = m,, +t
for the first integral of the last equation in (3 6), and make the change of variables s = m,, — t for the

second one. Then using the convexity of ¢ we have

1>/ / P00 ﬁ (wl y‘it‘f'mil)dy/dt

SO(y)
/ /2 so(y") Q (xz Y —;t my)dy’dt
" =305
A1 (171 y+t+my/) Ao <x’2~y’+tmy/)] ,
— A -2 V)4 Zp| =L —— X ) | dy/dt
/suz( L\od) A1 )\Ogb A2 4
x1+a:2
y +1
> 2/ ¢(/\1+/\>dy’dt. (3.7)
S.K S5

Therefore, it follows from (3.6) and (3.7) that

A ((xi,l)'y> A ((xlu—l)'y>
al L)Y gy g 22 IS EhnlORe ) P
Ao K(Z) A1 Ao K¢ A2 4

> 2/&[( ¢(($6’;0)'y>dy. (3.8)

A1 Zh(Fqu;x/l,l) and Ao :h(F¢K;x’1,—1),

Choose

Recall that | K| = 1, it follows from Lemma 3.2 that
1) 1)
K At K A2

Hence, from (3.8), we obtain
/ 1 .
[ oDy, oy
S.K Ao
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By the definition of the Orlicz centroid body, we conclude
h(r¢(SuK); $6, 1) < Ao,

which is (3.1).

Note that if we put s = m,, +t for the first integral of the last equation in (3.6), and put s = m,, —t
for the second one, the same manner implies (3.2), as required.

(ii) There exists y' € K’, such that f,(s) satisfies that there exist s1(y), s2(y') € R with s1(y") < s2(¥')
and |s;(y')] < oo, = 1,2 such that f,/(s) is strictly monotone decreasing on (—o0,sq(y’)], strictly
monotone increasing on [s2(y’),c0) and f,(s) = const. for all s € [s1(y'), s2(y")].

By Lemma 2.4, for those 3’ satisfying the above condition we have that

Sl(y/)—i_éjl(y’)
/ fr(s)ds > [ fy(s)ds = Ay, (3.9)
KN(y'+Ru) 51(Y")=0 (1
32(y,)+5;(y/)
/ fyr(s)ds > / [y (8)ds =: As. (3.10)
KN(y'+Ru) 52(y") =82 (1)

If there exists y(, such that A; # A,, without loss of generalization, let A; < As, then

sl(yé)”-i(yé)
/K - )fyé(s)ds >/ fyy (s)ds. (3.11)
N(yy+Ru s

l(yé)ié;(y())

Hence, there exists B(yg, 7y, ), such that for all ¥ € B(yp, 7y, ), (3.11) holds. Together with the same
argument of (i), we have (3.1) and (3.2).
Otherwise, for all y', Ay = As. From our assumption there exists y{, € K’ such that there are at least

three points in (y, + Ru) N 0K and (K, y() or L(K,yl) & [s1(¥)), s2(y))]. Lemma 2.4 implies that the
equality of (3.9) or (3.10) cannot hold. Therefore, the same method implies that (3.1) and (3.2) hold for
xiEuJ-,izl,Z O

Combining Lemma 3.3 and Lemma 3.4, we have the following corollary.
Corollary 3.5. Let K € S?, ¢ € C. Then for u € S"~! and 2},24 € ut,

1 1 1 1
h(I‘¢(SuK); 55511 + ixé, 1) < ih(I‘¢K;x’1, 1)+ ih(anK;:r’Q, —1),

1 1 1 1
h(F¢(SuK); 5:5’1 + §x’2, —1> < Qh(F¢K;x’1, 1)+ ih(Fde;x'Q, —-1).

If K is a ®-star body, then there exists u € S™~! such that either equality cannot hold.
We need the next well-known lemma (see, e.g., [25,28]).

Lemma 3.6. Let K € K" andu € S"~'. Fory' € relint (K,), the overgraph and undergraph functions
of K in direction u are given by

L(K.y') = min {hi(@,1) = o)
and
L(K.y') = min {hie(@,~1) = 'y}
Corollary 3.5 and Lemma 3.6 imply the sharp Steiner symmetrization.
Theorem 3.7. Let K €S?, ¢ €C and u € S"~1. Then
Ty(SuK) C Su(THK). (3.12)

If K is a ®-star body, then there exists u € S"~! such that the identity cannot hold.
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Proof.  For y' € relint(I'yK),,, Lemma 3.6 implies that there exist 27 (y’) and x5(y’) such that
Lu(
Ly

From the definition of Steiner symmetrization, (3.13), (3.14) and Corollary 3.5 and Lemma 3.6, we obtain

(K)vy,) = hF(b(K)(x/lv 1) - 1,/1 ’ y/7 (313)

Ly
Ly(K),y') = hr, k) (x5, —1) — x5 -y (3.14)

1
l

L(SuToK), 1) = STu(To(K). o) + 5L,(To(K), )

/

1 1
= §(hr¢(K)(ﬂf/17 -z -y)+ §(hF¢(K) (x5, —1) — x5 - y)
1 1 1 1
2 hr, (s, K) (233'1 + 523/2, 1) - (293'1 + 255/2) -y
> min {hr,s,5)(2',1) — 2"y}
= 1u(Ps(SuK), "), (3.15)

and

L(SWTYK),y') = ST(Ca(K). 1) + ST (). )
1

1
= §(hrd,(K)(33/17 1) — 37/1 'Z/) + *(hrd,(K)(xlza 1) - 33/2 -y’)

2

1 1 1 1
2 hF¢(SuK) (2.’Ell + 5.%/27 —1) — <2(E/1 =+ 2(3/2) . y/
> I{Iéilg{hr(ﬁ(suf()(ﬁ?/’ 1) —a’-y'}

=1, (Tp(SuK),y). (3.16)

Thus, the inclusion holds.

Assume that K is a ®-star body. For 2}, 7} € u’ there exists yj € K’ such that there are at least
three points in (y) + Ru) NOK and [(K,y}) or L(K,y}) ¢ [s1(yh), s2(vh)]. Corollary 3.5 also implies that
there exists u € S™~1 such that the equalities in (3.15) and (3.16) cannot hold, then the identity in (3.12)

cannot hold. O

4 Proof of the main theorem

We are now in a position to prove the LYZ conjecture for arbitrary ¢. The core arguments in the proof
is to use the Steiner symmetrization of Orlicz centroid bodies established in Section 3. The inequality
for star bodies was proved by Zhu [46]. Our main purpose is to show the equality condition.

Proof of Theorem 1.1.  We first prove that the centered ellipsoids are the minimizers of |I', K|/|K].

Suppose that there exists K € SI' such that |[T'4K|/|K| < |T'»,B|/|B|. Since the case of convex bodies
has been considered by Theorem A, we assume that K € S is not convex. By Theorem 3.7, there exists
u; € S"71, such that |I'yS,, K| < |[T4K|. Then choose a suitable sequence of unit directions {u;}$2; so
that the sequence of convex bodies K; defined by

Ki =Sy, Sy, K

converges to the centered closed ball B(r) with respect to the Hausdorff distance, where rx is the
volume radius of K, namely rg = (|K|/wy)"

Since K — B(rg) with respect to the Hausdorff distance, we have lim; oo [[3K;| — |[TyB(rk)|
(see [28]). Theorem 3.7 implies that

TeB(rg)|l < -+ < TyK;| < -+ < [TgKy| < [TK]|.
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Since the volume of {K;}2, is not changed in Stenier symmetrization, we have

CoBre)l o ToFal [Tk
|B(r)| | K| K|

This leads to a contradiction with the hypothesis [Ty K|/|K| < |T'¢B|/|B|.

Next, we prove the uniqueness of minimizers for ¢(s) € C.

From the argument of existence of minimizers, if K is a ®-star body, then there exists a centered closed
ball B(rg) such that

Lo B(ri)| _ [Le K]
[B(rk )| K|

This means that if K is a ®-star body, then K is not a minimizer. Hence, the minimizers need to be
convex bodies. By Theorem A, ellipsoids centered at the origin are the only minimizers, as desired. [
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