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of reaction exponents.
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1 Introduction

In this paper, the following initial boundary problem is considered:

up — Apu = —|ul’lu+ alu|??u, Te€Q, t>0,
u=0, z €N, t>0, (1.1)
u(z,0) = up(z), x €,

where Q C RV (N > 1) is a smoothly bounded domain and p > 1,3 > 0,¢ > 1,a > 0. The operator Ay
is defined as follows:
Apu = div(|Vu|P~2Vu).

We also suppose that wug(z) > 0,u(z) Z 0,u(z) € Wy (Q) N L=(Q).

Problem (1.1) arises in the theory of nonstationary filtration of non-Newtonian (or dilatant) fluids and
combustion of solid fuels. The term —|u|?~!u, which is negative as we can prove later that u > 0, is called
a singular absorption term for 8 < 0 or a strong absorption one for 0 < 8 < 1 or a weak absorption one for
B> 1. aju|7"%u is an inner source term. It has been known for many years that the term —|u|®~!u with
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B > 0 may lead to finite time extinction, i.e., there exists a T € (0,400) such that u(z,t) is nontrivial
fort €[0,T) and u(x,t) =0 for t € [T,+00) a.e. in z € Q. On the other hand, a|u|?"?u may lead to
finite time blowup. However, if the two terms appear simultaneously in the first equation of (1.1), then
the solutions will exhibit complicated properties which will be studied later. To be specific, both blowup
and extinction can occur under some suitable conditions.

As the operator A, is degenerate for p > 2 and is singular for 1 < p < 2, it is impossible to consider
the classical solutions of (1.1) generally. However, the concept of weak solutions is enough for our study.
For the local existence of weak solutions of (1.1), various methods can be applied such as approximation
by regular solution (see [4,35]), the fixed point method (see [32]), the method of extension of semigroup
(see [12]) and the developed Faedo-Galerkin method (see [2,3,13]).

As soon as the local existence is established, one may ask whether the weak solution is global or not.
Moreover, we are eager to know when the solution is global in time and when it blows up in finite time.
For the global solution, we also want to know whether it will become zero in finite time or not.

The phenomenon of finite time blowup was first considered by Fujita [10] in 1966. Since then, many
people devoted themselves to this problem. The main equations they studied are the heat equations of
the form u; — Au = |u|P~'u in bounded or unbounded smooth domains in R™. The theory of blowup for
the heat equation is already developed; we refer the reader to [15,18,24,25,27] and the references therein.
While for the p-Laplacian equations of the form w, — A,u = f(z,t, u, Vu), there are still many problems
worth studying, such as the blowup rate, the blowup time estimate, the asymptotic behavior of blowup
solutions, the blowup criteria and so on. Some related results can be found in [11,13,19,23,33-36] and
the references therein. To be specific, in [13,19,23,32,35], criteria for the finite time blowup to occur were
established in bounded domains for different kinds of source terms and values of p. Generally speaking,
finite time blowup may occur if f(z,t,s,7) grows faster than s»~! (p >2)ors (1<p<2) (g=p—1
or ¢ = 1 is called the critical blowup exponent) when s — oo and the initial data is large enough.
In [11], Galaktionov and Posashkov studied the blowup set for the equation u; — div(|Vu|"Vu) = u?
with 0 > 0,8 > 1 and € RY. They proved that the radial solution will blow up at |z| = 0. For the
blowup time estimate, Zhou and Yang [38] considered the equation wu; — div(|Vu|™ 2Vu) = |u[P(®)~1y
with Dirichlet boundary condition on bounded domains. They obtained an upper bound of the blowup
time for some suitable conditions on m, p(x) and initial data. Zhao and Liang [36] considered a Cauchy
problem u; — Apu = uf in the radial situation and obtained the blowup rate upper bound is of the
order (T —¢)~*/(@=1) for ¢ > p — 1. In our latest papers [33,34], we considered the equation u; — Apu
= Au™ + p|Vu|? with p > 2 and Ay < 0, and proved that v will blow up in finite time in the L*°-norm
sense if A > 0, < 0 and m > max{p — 1,q},q < p/2. For the blowup of more general p-Laplacian
equations, there are also some important results. In [29,31], the Fujita exponent for equations with
weighted source of the form

ou

i div(|Vu[P~2Vu) + ki|Vu|m*1Vu x|z P

|z[?
was studied. In [22,37], the global existence, blowup and the blowup point of solutions for the doubly
degenerate equations, i.e., equations with div(|Vu™[P~2Vu™) were carefully studied.

Finite time extinction is another important property of solutions of evolution equations. Since Kalash-
nikov first brought in the concept of extinction in 1974, it has attracted many mathematicians’ interests
and most of them focused on the fast diffusive equations (see [5-9,14,17,30] for examples). Moreover,
in [28], the homogeneous p-Laplacian equation u; = Ayu with p > 1,z € RY was studied. It was shown
that extinction can happen if and only if 1 < p < p. = 2N/(N +1). In [32], Yin and Jin considered
the equation u; — Ayu = Au? with z € Q and 1 < p < 2. They proved that ¢ = p — 1 is the crit-
ical extinction exponent. In [14], Gu considered the p-Laplacian equation u; — Ayu = —|u|?~lu with
p > 1. In that paper, the conditions for extinction to occur were obtained for any p > 1 while the non-
extinction condition was obtained only for p > 2. For the equation with absorption and source terms,
ie., u — Apu = du? — Buf with 1 < p < 2and 0 < ¢,k < 1, it was showed in [8] that the solution will
exhibit extinction phenomenon under the assumptions that ug(x) or A is small enough and that /3 is large
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enough. In [16,23], the extinction phenomenon for p-Laplacian equations with Neumann boundary data
and nonlocal absorption term was studied.

In this paper, we will deal with (1.1) for any p > 1. In Section 2, we will give some basic concepts
and a weak comparison principle. Section 3 is devoted to the existence of the weak solution for (1.1) in
a general case. The extinction phenomenon will be discussed in Section 4. We will give some blowup
results under different conditions for ug(z) and p, 3, ¢, « in Section 5. In Section 6, we will give some
discussions.

2 Preliminaries

Before giving the definition of weak solutions, we bring in the following function space:
V:={ve L?(0,T; Wol’p(Q)) | O € Lp/(O,T; Wﬁl’p/(ﬂ))}. (2.1)

Now, let us introduce the definition of the weak solution of (1.1).

Definition 2.1. Let Q7 = Q x (0,7),Sr = 0Q x (0,7),0Qr = St U {Q x {0}}. A function u €
VN C0,T; L2(Q)) is called a weak solution of (1.1) if it satisfies the following:
(1) for every nonnegative test-function ¢ € VN C(0,T; L%(Q)),

// (Orup + |Vu|P~2Vu - Vo)drdt = — // (JulP~tu — aju)?™2u)pdadt. (2.2)

(2) u(x,0) = ug(x) for a.e. z € Q.

Moreover, if we replace “=" in (2.2) by “<” (“>”) and assume that u(z,0) < (Z)ug(x), u(z,t) |rco0 <
(>)0, then the corresponding solution is called a sub-(sup-) solution.

For the weak solution of (1.1), we have the following weak comparison principle. Some similar results
can be found in [4,19,32,33].
Proposition 2.2.  Suppose that u and v are weak sub- and sup- solutions of (1.1), respectively. If u

and v are locally bounded, then u < v a.e. in Qr.

Proof.  Let ¢ = max{u —v,0}. Then ¢(x,0) = 0,¢(x,t) |zcoo = 0. By Definition 2.1, p(z,t) satisfies

/ Opppdadt + // (|VulP~2Vu — |Vo[P~2Vv)(Vu — Vo)dadt
Qr Qr

M
< —// (|ul?~u — |[v]|? L) pdadt + a// (Jul?2u — [v]9%v) pdxdt
T T

< —// (|ul®~tu — v~ 1) pdadt +L// Y dadt, (2.3)
Qr Qr

A

where L is a constant depending on the sup-norms of v and v.
Let us now estimate terms M and A appearing in (2.3). By the monotone inequality (see [20]), we
have M > 0 for any p > 1. For term 4, by the fact that

Julf~u — o]~ = uf — P >0, if u>v>0,
luf~lu — [o]f~lo = uf + o) >0,  if u>0>0, (2.4)
[u|~tu — ]t = —|u|® + |v|® >0, if 0>u>v,

we have A > 0.
Following the above discussion, we have

1
5/ ordr < L// p*dxdt. (2.5)
Q T
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By Gronwall’s inequality, we have fQ ©? dxr = 0. This implies that ¢ = 0 a.e. € Q, ie. u < v ae.
(.”L',t) S QT. O

3 Existence of weak solutions

In this section, we will establish the local existence and global existence of weak solutions of (1.1).
Analogous to the proofs in [2,3,13] and the compactness results in [26], we have the following local
existence of the bounded weak solution for (1.1).

Theorem 3.1.  Suppose that ug € Wol’p(Q) NL>®(Q),up = 0,ug Z 0 a.e. inQ and that ¢ > 1. Then
there exists a T* = T*(ug) > 0 such that for 0 <T < T*, (1.1) admits a solution

we U= {ue L0, T; WlP(Q) N L=(Qr) | dwu € L2(Qr)}. (3.1)

Moreover, 0 < u < M a.e. in Qr for some M depending on ug(x).

Next, we will give some results focusing on the global existence of the weak solution for (1.1).
Denote by A1 > 0 the first eigenvalue of the p-Laplacian operator with homogeneous Dirichlet boundary

condition, i.e.,
Ay :=inf {/ |Vu|Pdz
Q

Theorem 3.2 (Global existence).  Let ug(z) € Wy () N L®(Q),up(z) = 0 and one of the following
conditions is satisfied:

(i) g =p,a < Aj.

(i)g=p=pF+1,a< A +1.

(ii) 2<p<g< B+1.

(iv) ¢ < p.

Then the solution of (1.1) is globally in time bounded, i.e., there exists a constant M depending only
on p,q, B, A1,a,ug and Q0 such that for every T > 0,0 <u < M.

Proof. (i) Let © C RY be a smooth domain which satisfies @ CC Q. Denote by ¢ and A;(Q) the first
eigenfunction and the first eigenvalue related to the following Dirichlet problem:

ue WOW(Q),/Q |ulPdx = 1}. (3.2)

— N =M (D)[oP 26 in Q, ¢=0 on 890, /~\¢|”da:: 1. (3.3)
Q

Then by [19, Lemma 1.1], we know that ¢ > 0 in Q and that A;(€Q) < A1(Q). Moreover, by [21,
Theorem 3.2], A1(Q) continuously depends on Q and A{(Q) — A1(Q) as © — Q in the Hausdorff
complementary topology. Thus, we can choose a suitable Q and 6 > 0 such that a < Al(ﬁ) < A(Q).
Let ® = K¢ > Kpu = |lug||p () with u = infg ¢ > 0. Then a simple calculation shows that for every

nonnegative test-function ¢ € VN (0,7; L?(2)),

/ 0, Do + |[VOP 2V - Vopdadt > Ay (Q) // P pdadt
QT T

> a// dP L pdadt. (3.4)

This implies that ® is a sup-solution of (1.1). Then by Proposition 2.2, we have 0 < u < ® a.e. in Q7.
We can also see from the construction of ® that it is independent of ¢ which enables us to continue the
procedure above on any time interval [T, 7"]. Then, we can assert that the solution of (1.1) is globally in
time bounded.

The proof of (ii) is the same as the one of (i).

(iii) Without loss of generality, we assume o = 1 and the method below is still valid for the general case
with a little modification. Denote by p(Q2) the diameter of 2. Then we can easily know that p(Q2) < oo
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as € is bounded. Let € € (0, 1) satisfy: there exists a ball of radius € belonging to B(-, p(2) + 1) N Q°.
For any a € €, let z, satisfy

B(za,€) C B(za, p(2) +1)NQ°,  |za —al <p() +1. (3-5)
Let
V(z,t) = Le", r=lx—x4, =€l (3.6)
Define £,v :=v; — Apyv — v9~! 4+ 0. Then V(x,t) satisfies
N -1
£,V =~ )(Lopter=or - L gt patgemnor g et (37)
r

In order to derive that £,V > 0, we need to choose suitable o and L such that

(p—1)o? + N - lgp—l < LBt1—po(B+1-plor _ [a—p,(a—p)or (3.8)
T

By (3.5) and (3.6), we know that ¢ < r < p(2) + 1. Then if we want (3.8) to be satisfied, it is sufficient
that
(p—1)o? + N - 1Jp—1 + L1 Pela—P)a(p(@)+1) [ A+1-p (3.9)
€

If ¢ > p, let 0 and L satisfy

7 (q—p)(pl(sz)+1)’ L:max{(ze)m’@((p_l)ouNs_l"p_l))m}' (3:10)

If ¢ = p, let 0 and L satisfy

1
N —1\\7—>
o=1, Lmax{2ﬂ+§q,(2<p1+5>) } (3.11)

Then it holds that £,V > 0. If we assume furthermore that L > ||uo| 1= (q), then V(x,0) = ug(z). Thus,
we have proved that V(z,t) is a sup-solution of (1.1). By Proposition 2.2, we have

u(x,t) < Le? PO+ < o0, (3.12)

Notice that the right-hand side of (3.12) is in fact independent of ¢, which enables us to continue the
procedure above in any time interval [T,7T"]. Hence, we can conclude that u(x,t) is globally in time
bounded.

In the case ¢ < p, by Young’s inequality, there exists a small v > 0 such that a|s|?"2s < a|s|97! + C,
< v|s|P~1 4+ C(v). Then the conclusion follows from the same procedure as above. O

4 Finite time extinction and decay

Before proving our main results, we first introduce the following Gagliardo-Nirenberg type inequality
which can be found in [6,13] and the references therein.

Lemma 4.1. Letl<p<+4ooandr € [f+1,400) if p > N, and r € [6—1—17%] if p< N. Then
there exists a constant C' > 0, depending only on p,r, N, 8 and ||, such that for every u € Wol’p(Q),

1 1
N . 841 r
[ullLr @) < C||VU|\%p(Q)||U\|1LBfl(Q) with 6 = +—5——— €[0,1]. (4.1)
N p ' B+1
Remark 4.2.  We can see from the expression of § with r > 8+ 1 that
1 1
31 r
o< _61? (4.2)
p B+l
and that 0 10
-+ 7 > 1’ 4.3
(p B+ 1> (43)

which will play an important role in establishing a desired ordinary differential inequality later.
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4.1 Finite time extinction

The following theorem deals with the finite time extinction.

Theorem 4.3. Let 8+ 1< q<pandf < min{l,p— 1}. Assume additionally that o« < min{1, A;}.
Then there exists a finite time T* > 0, such that u =0 a.e. in Q fort > T*.

Proof. By Theorem 3.2, u exists globally in time. Let y(t) = ||u||%2(m. Then it satisfies

1y’(t)—l—/ |Vu|pdx:a/ uqdac—/u5+1dac. (4.4)
2 Q Q Q

By the assumption that 8+ 1 < ¢ < p, we have

/uquz/ uqdﬂc—f—/ uqd:cg/ updx—i—/ uPtdx
Q Qn{u>1} QN{u<g1} QN{u>1} QN{u<g1}

1
</(u”+u5+1)dm< —/ |Vu|pdx—|—/ uP T, (4.5)
Q A Jo Q

where we used Poincaré’s inequality Aillull}, o) < [Vull},q)- Combining (4.4) with (4.5), we find
that for

1
1amax{,1}, if 64+1<q<np,
Ay

D=<1-aq, if B+1=¢q<p, (4.6)
[0
1—-— if 1 =
A if f+1<g=p,
it holds that
—y/(t) + D/(|Vu|p +uPhde < 0. (4.7)
Q

Our next goal is to obtain the following differential inequality from (4.7):
y'(t)+ Ky?'(t) <0, with K>0, 0<~vy<l. (4.8)

Integrating (4.8) with respect to ¢, we have

_ 1
y(t) < (y'77(0) = K(1—7)t)7=7, (4.9)
which implies
1—ry
«._ ¥(0)

yt) =0 as t=>T" = ——~. 4.10
(t e (410)

Thus, the finite time extinction for the solution of (1.1) is proved

To obtain (4 8), we divide our proof into two parts: p > N+2 and 1 <p< N+2

i) Ifp> N+2, then NN— 2 for p < N which implies that we can choose r = 2 in (4.1). If p > N,
then r € [8 + 1,400) which enables us to set r = 2 in (4.1). In both cases, we can obtain

)
1

1
\V4 B+
||u||L2(Q) C” u”LP(Q)”uHLB+1 </ |Vu|pdx) </QUB+1d:C>

0

p

< c(/ﬂ(|vu|p+uﬁ+1)d ) (4.11)

from (4.1) with » = 2. Then

2(8+%
C~2y(t) < ( / (|vu|p+u5+1)dx> : (4.12)
Q
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Combining (4.12) with (4.7), we can obtain (4.8) with

1 06 1-0
—=2(-4—]>1, K=2DC™%. 4.13
(5+5+7) (13

(i) fl<p< let 2>re(f+1, NN—f;] and M = |lu||z=(qQ,). Then we have

N+2’
y(t) = lull 2y = / 2=y < M2 |ulff - (4.14)

By (4.1) with r € (8 + 1,2), it holds that

y(t) < M7 (O Vullpooy lull 5% o))"

9 g+
< J\42_"(D¥Jr ) 7'C”( /(\Vu|p +uﬂ+1)d:c) . (4.15)
Q
Combining (4.15) with (4.7), we can derive (4.8) with
1 /0 1-96
- ( + 6+1> >1, K=2DM""2c-". (4.16)
'Y
This completes the proof. O

Remark 4.4. In the case 1 < p < 2, Fang et al. [8] obtained some similar extinction results. The
results there needed stronger conditions for the coefficients of absorption and source terms. Moreover,
the initial data was also chosen small enough. However, our results hold for any nontrivial initial data
and some « which does not need to be sufficiently small. Besides, our proof is more efficient.

Different from Theorem 4.3, the following theorem shows that finite time extinction can also occur for
g >pand 1 < p < 2 with small initial data.
Theorem 4.5. Assume that ¢ > p,1 < p < 2. Then the solution of (1.1) will vanish at finite time

provided the initial data is small enough.

Proof.  The proof here is same as the one in [32, Theorem 4.1], so we omit it. O

4.2 Decay

Let us now consider the decay of the solution.

Theorem 4.6. Assume that 8 > 1 and p > 2. Then the solution of (1.1) will not extinguish in
finite time. Assume additionally B < q — 1. Then there exists a constant € > 0, such that if ug > 0
and |[ugl| () < €, then the solution will decay to zero as t — +o0. Moreover, we have the following
estimates:

0<u<Ci(t+Cq)™7 Jor 1<B<q—1,

) Y= 5
p—1 (4.17)
0<u<Cse™t for =1, ¢q>2.
The constants C;,i = 1,2,3,4 appearing above depend on q, 5 and c.
Proof. By [14, Theorem 3.3], we know that the solution of

v —Apv =[P lu, zeQ, t>0,
v =0, eI, t>0, (4.18)
v(z,0) = up(z), x €

will not extinguish in finite time if p > 2,8 > 1,ug(z) € Wy P(Q) N L>(Q), uo(x) # 0. As was shown in
Theorem 3.1, u > 0. Thus, v is a sub-solution of (1.1). By comparison principle, v will not extinguish in
finite time.
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Let us now consider the decay of the solution of (1.1). For convenience, we define £, as

Ly = — Dy —alp|i 20+ | L.

Ifl<pf<qg—1,let

1
U)(x,t) = Cl(t + CQ)_’Y, Y= ﬁ, (419)
where C7,Cs > 0 are constants to be decided later. By a direct computation, we have
Lyw = (t4 Cy) 77 H=~Cy + CF — aCT ™t + Cy) "= 1A, (4.20)

If 8 <qg—1,let C1,C > 0 satisfy (29)7 < C1 <€ (QQ)BJJH C3. Then we have Lyw > 0. Assume
additionally that [lug||r=) < C1Cy 7. Then we have w(x,0) > ug(x). Thus, we have shown that Ci
and Cy satisfy

max{||ug|| oo () C3, (29)7} < (20) =1 CF. (4.21)
To make (4.21) satisfied, we need
l[uoll Lo () < € := (20) F=aF1 (4.22)
and
Cy > 27@ =D Tl (4.23)

For C; and Cs satisfying (4.21) and (4.23), we know that w is a sup-solution, which implies that

1

0<u<<Cit+Cy)™, ~= 1

for 1<B8<qg—-1 (4.24)

provided wg satisfies (4.22).
If 1 < 8 =q— 1, assume additionally that o < 1, and we can still obtain the first estimate in (4.17)

for C1,Cy and ug satisfying
v

w = Cre 2! (4.26)

Ifg=1,q>2let

with

aCl™2 4+ Cy <1, Jluollpee(ay < Ch, for ¢q>2,
{ 1 2 luoll Lo~ (@) < C1 q (4.27)

0<Cy<1l—q HU()HLoc(Q) <Cp, for g=2.

We can still verify that w is a sup-solution of (1.1). Then we obtain the desired result by the comparison
principle. Thus, the proof is completed. O

5 Finite time blowup

In this section, we will use two different methods to show that the solution of (1.1) will blow up in finite
time. We first introduce the following blowup result which is based on the construction of a self-similar
sub-solution and comparison principle.

Theorem 5.1.  Suppose that ¢ > max{p,2,5 + 1}. Then the solution of (1.1) will blow up in finite
time for some large ug(z) satisfying uo(x) > 0 in Q' C Q.

Proof.  Without loss of generality, we assume that 0 € Q. Define v(x,t) as

B 1 || 1
v(z,t) = (1—€t)kv((1—5t)m>’ t0<t<g, (5.1)
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where Y
Y
Viy) =1+ — - ——— >0, 5.2
(y) + o O-Ao-il’ y ( )
and . 5
p q—p
o= , k= , l<m< , A>—, 0<e< 5.3
p—1 q—2 p(a—2) (1+2) (53)
Let )
R=(A"Y o+ A)7, D:= {(x,t) to <t < -, la] < R(1- Et)m}. (5.4)

Then V(y) > 0 is smooth in D and v(y) < 0 if y > R. Moreover, V (y) satisfies
A U .
ISV <1+=, —-1<V'(y)<0, if 0<y<A,
o

o—1
<V <1, i A<y<R (55)

0<V(y) <1,

N -1 N
VI[PV —— VPRV = ——
(V'] ) + ” v 1
Define
Lyv = v — Apv — alv|T %0 + v o, (5.6)
Then
Lo SOV Emyy) VPRV ERVERVT gyt v
P (1 —et)ktt (1 — et)(k+m)(p—1)+m (1 —et)kla=1) ~ (1 —et)kB’ '

By (5.3), we can easily see that k+1 = k(¢ —1),k8 < k+1,(k+m)(p—1) + m < k+ 1. Then, for
0<I-to<landty<t<i, ifyel0, 4],

1
(1— ct)rHt

R

N
Lyv= {s(kV +myV') + Z(l — gt)kHimm=(ktm)(p=1) _ a1

A N
<——  Jekf1+ 2 2 (1 = gpykrimm=(ktm)(p—1) _
(1—5t)’€+1{6 ( +U)+A( et) a

+VA(1— st)k+1—kﬁ}

o
<0, f <« % 5.8
or € R+ ) (5.8)
Similarly, if y € [4, R],
L€ — b e(k —mA) + 5(1 — et)ftlmm=(kdm)(p=1) (] _ gp)hF1-kB
P2 (1 — et)htl A
<0. (5.9)

Thus, we have proved that £,v < 0in D. In order for v(z,t) to be a sub-solution, we also need to choose
suitable initial data and boundary value. Let ty be such that ug(z) > 0 in B(0, R(1 — etp)™) C Q and
uo(x) = v(-,to) in B(0, R(1 — etp)™). According to Theorem 3.1 and the definition of v, u(z,t) > 0 =
v(z,t) in OB(0, R(1 —et)™) x (to, 1). Thus, we have shown that v(x,t + to) is a sub-solution for (1.1) in
D(to) :== {(z,t) |0 < t <L —to,|z| < R(1 —&(t +to))™}. By Proposition 2.2, we have

u(z,t) Zv(x,t+to), (x,t) € D(tg). (5.10)

Noticing that lim;_,; /. v(0,t) — 400, we have u must blow up at a finite time 7" < % —ty < 0. O
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Remark 5.2. If 1 < p < 2 we can also choose m such that 0 < m < (q 2) n (5.3).

Remark 5.3.  The method we used above is first introduced by Souplet and Weissler [27] for p = 2. Li
and Xie [19] developed this method for p > 2. In our latest papers [33,34], we used this method to study
the blowup results of the initial boundary problem for a p-Laplacian parabolic equation with a nonlinear
gradient term.

Next, we will introduce some blowup results whose proofs are based on the energy method and concavity
method which were also used in [1,19,32,35] and the references therein. In the proof of our desired results,
the following lemma concerning the so-called “energy” is useful.

Lemma 5.4. Let
1 1 «
E(t :/ ( Vup—kuﬁ“—uq)dx. 5.11
0= | (SIVal+ 555 . (511

If E(0) <0, then E(t) <0 for all t > 0.

Proof. By a direct computation, we can see that
E'(t) = / (IVulP~2Vu - Vg 4+ vPuy — ot tuy)dz
Q
= / (—Apu +u? — autMude = 7/ uldx < 0. (5.12)
Q Q

Hence, E(t) < E(0) <0 for all ¢t > 0. O

The following theorem is the main result of this section.

Theorem 5.5.  Suppose ug(x) satisfies

1
/Q <|vuo|P + 31 ugtt — ‘;‘uo)dx <0. (5.13)

Then the solution of (1.1) will blow up in finite time provided that one of the following cases occurs:
(a) 0 < 8 < min{l,p — 1}, ¢ > max{p,2};
(b)g=p,1<pB<p-1
(c) B=p—1,q>max{p,2};
(d)1<B<p—1,9>p>2;
() B+1=q=p>2
fHg>B+1>p>2, and ||u0HL2(Q is large enough.
Proof.  Let y(t) = ||u||L2(Q). Then it satisfies

%y/(t) :/uutd:c:/(uApu uPT 4 qu?)de = /( \VaulP — vt + au?)dz. (5.14)
Q Q Q

By Lemma 5.4, we can get

1 1 1
—y'(t) = / <—|Vu|p—uﬁ+1—auq)da:
2p Q D D D
1 1 1 1
=—E(t)+ (—)/uﬂ+1dx+a<—>/uqdw
B+1 p)Ja p q/)Ja
> <1 —1)/uﬁ+1d:ﬂ+a(1—1>/uqd$. (5.15)
B+1 p)Jg r q)Ja

Let us now estimate (5.15) furthermore in different cases.
(a) 0 < 8 < min{l,p—1}, ¢ > max{p,2}. In this case, by Holder’s inequality, (5.15) can be rewritten as

]. 1 ]. ]. 1 2—q g
— () > a< - ) / wldz > a< - > Q2" y3, (5.16)
2p P q/) Ja P q
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ie.,
0> 205 = )iy, (517)
p q
Integrating (5.17) with respect to t, we have
2
v (50 - pala-2 (3~ D)) (5.18)

which implies that
2—¢q 2
0)|Q2] 2=«
y(t) = 400, as t— T = y2()‘J . (5.19)
pa(q — 2)(5 - 5)

(b) ¢ =p,1 < B8 <p—1. In this case, it holds that

1 1 1 1 - +1
’ +1 1-8 pB+1
yt>2p(—>/u5 dx>2p(—>ﬂ Ty 2 (t). 5.20
0>w(5-1) ) LR a0 (5.20)
Then )
1-8 1 1 1-g \ 1P
t) = = (0) — )| —-=-=1)1Q| ¢ . 5.21
v > (70 =61 (537 - 5 )l (.21
Thus ) ,
y(t) = +oo0, as t— Ty := y> (0) 1| - (5.22)
P e —y
(¢) B=p—1,¢ > max{p,2}. Similarly to (a), we can derive that y(t) — +o0, as t — T5 = T7.
(d)1<B8<p—1,9>p>2 We can rewrite (5.15) as
1 1 1-8 B+l 1 1 2-q g
12 =F BT 2—-q9 g
yt>2p<—>Q Ty 2 t+2po<<—>(2 7 y2(t
(t) B+1p|| (t) , qH (t)
1 1y /1 1 8-g-B gtst1
2@)&()()9 2 ), 5.23
-5 G- e ( (5:23)
Then y(t) — +o00, as t — Ty < min{7}, Ty, T’} with
3—q—§ 4
Q|3=a—5
T/ = y 4 (0)| ‘ (5.24)

pla+8-3)/alGH-DGE -1

(e) B+1 = q=p. If this happens, then we can only derive from (5.15) that y’(¢) > 0 which cannot be
used to show that y(t) — 400 ast — T < co. However, if p > 2, we can still obtain the desired result by
the concavity method. The proof here is same as the one of [19, Lemma 3.4]. Here, we just provided the
final ordinary inequality

V> B, (529

(f)g>B8+1>p>2 As B+ 1> p, the first term of the right-hand side in (5.15) is negative, we
cannot use the above procedure directly. However, by the fact that ¢ > 8+ 1, we can still obtain the
desired result. Indeed, by Young’s inequality, we have for small € > 0,

Awﬂmgﬂjnémm+aﬁglm. (5.26)

Choose a suitable € such that

(hr-Yea -
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Then we have

P q B+1 p q

If we assume additionally that ||u0||%2(9) is large enough, then we can derive

iy'(t) > C;(l — 1) /Ququ + C(e)( 1 1>q_5_1|9| (5.28)

, pa (1l 1 2-q g
yt}(-)Q z yz(t), 5.29
0> 5 (5 - o)l (5.29)
which implies that
y(t) — +o0, as t—TF :=4T7. (5.30)
The proof of Theorem 5.5 is now completed. O

Remark 5.6. Following the same manner as in [19, Theorem 3.5], we can still obtain the desired
blowup results in Theorem 5.5(e) if we assume that o > A; + 1 instead of (5.13).

Remark 5.7. During the proof of Theorem 5.5, we also obtain an upper bound of the blowup time in
each case.

6 Discussions

As was shown in the previous sections, the relation of p,q and 3 plays an important role in determining
the properties of the weak solution of (1.1). To be specific, we will state it for 1 < p < 2 and p > 2,
respectively. Moreover, we will use two figures to state the results of blowup, extinction and global
existence intuitionally. For simplicity, we will not point out which domain the boundary lines and the
coordinate axis belong to.

We first discuss the case 1 < p < 2 (see Figure 1). In this case, if ¢ > max{2,8+ 1} or 0 < 8 <
p—1, ¢ > 2, then finite time blowup will occur for some suitably large initial data (see Theorems 5.1,
5.5(a) and 5.5(c)). If ¢ € (8 + 1,p), or ¢ = B+ 1, or ¢ = p, then finite time extinction will happen with
suitable o and any nontrivial initial data (see Theorem 4.3). If ¢ > p, 8 > 0, then small initial data can
lead to finite time extinction (see Theorem 4.5). Noticing that if ¢ > 2, then large initial data can lead
to finite time blowup while small initial data implies finite time extinction which is interesting.

B
g=p+1
9 E1l: Extinction for
Extinction(E2) any initial data
p Global E2
oba or E2: Extinction for
1 Existence small initial data
. Blowup
p—1
% q
0 . « >

p—1 1 p 2

Figurel 1<p<2
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g gq=p+1
p
2
p—1 Global Existence Decay
or
Blowup
1e Decay
Blowup
Extinction
q
0 1 p-1 2 P

Figure 2 p> 2

Next, let us consider the case p > 2 (see Figure 2). In this case, if ¢ > max{p, 3+ 1}, or ¢ > p, 0 <
B<qg—1,0or g=p=pF+1>2, then for some suitably large initial data, the solution of (1.1) will blow
up in finite time (see Theorems 5.1, 5.5(b) and 5.5(d)-5.5(f)). If g € (B+1,p), f<l,orq=p+1<2,
or ¢ = p, then finite time extinction will happen with suitable o and any nontrivial initial data (see
Theorem 4.3). Besides, if 1 < 8 < g — 1, then as was shown in Theorem 4.6, the solution of (1.1) cannot
extinguish in finite time, while it will decay to zero as t — 400 for some suitably small u.

We also need to point out that finite time extinction is not a singularity property for solution of (1.1)
as B and ¢ — 1 are positive. If finite time extinction happens, we have in fact shown that the solution
of (1.1) is global in time bounded which is also an important property of the solution of (1.1). For the
global existence of the weak solution, we can see from Theorem 3.2 that the critical value for ¢ is p if
1 < p < 2. While in the degenerate case, the critical value is p and 8+ 1. Moreover, if g <por ¢ < S+1,
then we can obtain the global existence.
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