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Abstract We establish some existence results for the Brezis-Nirenberg type problem of the nonlinear Choquard
equation
o
Iz x
—Au = ( Mdy)ht\%_zu—&—)\u in Q,
o lz—yl#
where Q2 is a bounded domain of RV with Lipschitz boundary, ) is a real parameter, N > 3, 2), = (2N—p)/(N-2)

is the critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality.
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1 Introduction

In the recent decades, many people studied the elliptic equation

2" —2 .
{—Au = |u] u+Au in (11)
u=0 on 0,

where ) is a bounded domain of RV, 2* = % is the critical exponent for the embedding of H} ()
to LP(2), and A € (0,\1), where A; is the first eigenvalue of —A set on the bounded domain. In a
celebrated paper [8], Brezis and Nirenberg proved that: if N > 4 and A € (0, A1), then (1.1) has a
nontrivial solution; if N = 3 then there exists a constant A, € (0, A;) such that for any A € (A, A1)
(1.1) has a positive solution. Furthermore, if  is a ball, then (1.1) has a positive solution if and only if
X € (4%, \1). Capozzi et al. [11] proved if N > 4 then (1.1) has a nontrivial solution for all A > 0. In [13],
for N > 6 and X € (0, A1), Cerami et al. proved the existence of sign-changing solutions. While for the
case 2 is a ball, N > 7 and X € (0, A1), they also proved the existence of infinitely many radial solutions
to (1.1). There is a great deal of work on elliptic equations with critical nonlinearity (see, for example,
[10,12,16,18,19,30,32,37] and the references therein).
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In the present paper, we consider the existence and nonexistence of solutions for the following nonlocal

equation:
21
Ca ( ju(y) P
o lz—yl

dy> lul*2u+ X u in Q, (12)
u € Hy (),

where € is a bounded domain of RY with Lipschitz boundary, X is a real parameter, N >3, 0 < u < N
and 2y, = (2N — p1)/(N — 2). This nonlocal elliptic equation is closely related to the nonlinear Choquard
equation

1
—Au+V(z)u= <||u * |u|p> lulP™2u in RS (1.3)
T

Different from the fractional Laplacian where the pseudo-differential operator causes the nonlocal phe-
nomena, for the Choquard equation the nonlocal term appears in the nonlinearity and influences the
equation greatly. For p = 2 and pu = 1, it goes back to the description of the quantum theory of a polaron
at rest by Pekar [28] in 1954 and the modeling of an electron trapped in its own hole in 1976 in the work
of Choquard, as a certain approximation to Hartree-Fock theory of one-component plasma (see [20]).
In some particular cases, this equation is also known as the Schrodinger-Newton equation, which was
introduced by Penrose [29] in his discussion on the selfgravitational collapse of a quantum mechanical
wave function.

The existence and qualitative properties of solutions of (1.3) have been widely studied in the recent
decades. In [20], Lieb proved the existence and uniqueness, up to translations, of the ground state.
Later, in [22], Lions showed the existence of a sequence of radially symmetric solutions. Cingolani et
al. [14], Ma and Zhao [23] and Moroz and Van Schaftingen [24] showed the regularity, positivity and
radial symmetry of the ground states and derived decay property at infinity as well. Moreover, Moroz
and Van Schaftingen [25] considered the existence of ground states under the assumptions of Berestycki-
Lions type. For periodic potential V' that changes sign and 0 lies in the gap of the spectrum of the
Schrédinger operator —A + V', the problem is strongly indefinite, and the existence of solution for p = 2
was considered in [9] by reduction arguments. In [3], Alves et al. studied the existence of multi-bump
shaped solution for the nonlinear Choquard equation with deepening potential well. For a general case,
Ackermann [1] proposed a new approach to prove the existence of infinitely many geometrically distinct
weak solutions. For other related results, we refer the readers to [15,17] for the existence of sign-changing
solutions, [4,5,26,33,36,39] for the existence and concentration behavior of the semiclassical solutions.

The starting point of the variational approach to (1.2) is the following well-known Hardy-Littlewood-
Sobolev inequality.

Proposition 1.1 (Hardy-Littlewood-Sobolev inequality, see [21]).  Let t,r > 1 and 0 < p < N with
1/t+u/N+1/r =2, f € L'RY) and h € L"(RY). There exists a sharp constant C(t,N,p,r),
independent of f and h, such that

L] |x_y|)d dy < C(t, N, i) f 1ol (1.4)

Ift=r=2N/(2N — p), then

N_u Nyy -+
C(t’N’M7r):C(N7M):Wg£EJif_IZL){F(Q)} .

In this case, the equality in (1.4) holds if and only if f = Ch and
hz) = A3 + [z — af?) 2N /2

for some AcC,0# v €R and a € RV,
Notice that, by the Hardy-Littlewood-Sobolev inequality, the integral

)|a a
[ [ ottt
gy Jry | —ylH
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is well-defined if |u|? € LY(RY) for some t > 1 satisfying

2
Tt
Thus, for u € H(RY), by Sobolev embedding theorems, we know
2<tg< 2N )
N -2
ie.,
QNN_“ <q< 2]5:2“.

2N —p

Thus, QNN_ £ is called the lower critical exponent and 2, = “y—2 s the upper critical exponent in the

sense of the Hardy-Littlewood-Sobolev inequality.

We need to point out that all the papers we mentioned above were about the nonlinear Choquard
equation with superlinear subcritical nonlinearities. In a recent paper [27], Moroz and Van Schaftingen
considered the nonlinear Choquard equation (1.3) in R with lower critical exponent QNN_ £, Moroz

and Van Schaftingen [27] investigated the existence and nonexistence of solutions to the equation with
nonconstant potential by minimizing arguments. However, as far as we know there seems no result for the
nonlinear Choquard equation with upper critical exponent with respect to the Hardy-Littlewood-Sobolev
inequality. In [2], Alves et al. studied the existence and concentrations of the solutions of a nonlocal
Schrédinger with the critical exponential growth in R?, this problem is closely related to the Choquard
equation. Recently, many people also studied the Brezis-Nirenberg problem for elliptic equation driven
by the fractional Laplacian, this type of problem are nonlocal in nature and we may refer the readers
to [6,34,35] and the references therein for a recent progress. In addition, it is quite natural to ask if
the well-known results established by Brezis and Nirenberg [8] for the local elliptic equation still hold
for the nonlocal Choquard equation. The main purpose of the present paper is to study the nonlinear
Choquard equation with upper critical exponent 27, = 215:2" and give a confirm answer to the question
of the existence and nonexistence of solutions. By the way, in a forthcoming paper, we will consider the

existence of solutions for the following nonlinear Choquard equation with upper critical exponent 2j, in
the whole space:

—Au+V(z)u= <|:171|# * G(u))g(u) in R3, (1.5)

where the nonlinearity g is of upper critical growth in the sense of the Hardy-Littlewood-Sobolev
inequality.
From the Hardy-Littlewood-Sobolev inequality, for all u € D2(RY) we know

2* QIJVV% N-2
<ANAN u—yw” d*& < CO(N, )27 [ul

2%

where C'(N, 1) is defined as in Proposition 1.1. We use Sy, 1, to denote best constant defined by

Vul?d
S = inf ‘[RN‘ ul*de . (1.6)
ueD2RN\{0} ( (Jun Jrun %dxdy)m m
=y

From the commentaries above, we can easily draw the following conclusion.

Lemma 1.2.  The constant Sy 1, defined in (1.6) is achieved if and only if

b 2
“‘C<W+m—a2> !

where C' > 0 is a fized constant, a € RN and b € (0,00) are parameters. Furthermore,

S
SurL=——"—%=5>
C(N,p)>~=

where S is the best Sobolev constant.
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Proof.  On one hand, by the Hardy-Littlewood-Sobolev inequality, we can see
1 ) fRN |Vu|?d S

S cWpE

S > — in
BT OV, )P weDt 2@} u

On the other hand, notice that the equality in the Hardy-Littlewood-Sobolev inequality holds if and

only if

2N —p

b 2
h(x)_c<b2+|x—a|2> ’

where C' > 0 is a fixed constant, a € RY and b € (0,00) are parameters. Thus

()] N N
RN JRN |$ - y|u BT T = C(N, p)7=rful.,

N-—2

b 2
“C<w+u—a2) ‘

Then, by the definition of Sy 1, we know

if and only if

Jan [Vul?dz 1 S~ [Vul?dz

Su,r < ! - _ _
(IRN f]RN %d%dl{)% O(N’ Iu,)ZNNi—zu ‘

2
ul3-

and thus we get

S
SHL S ———F==-
C(N,p)>~=r
From the above arguments, we know that Sy 1 is achieved if and only if u = C(
S
SH,L =53
C(N, p)z~=r
N—2
In particular, let U(z) := U(V(I_TNfz be a minimizer for S. Then
1+|x 2
. (N—p)(2-N)
U(x) = S i@t O(N, H)Z(N M+2)U(J;)
N-—-2
= S(IZ(I\;L)(#QJer;/ C(N /,[,) 2(N /—b+2) —[N(N — 2)}1\[ 42

(14 [2[*) 7=

is the unique minimizer for Sy, and satisfies

27 .
—Au = Mdy |u[?~2u in RV,
RV [Tyl

U(y)[* Lt

VU [*dz = e —dady = Sy
Jtworae= [ [ S e =i

This completes the proof.

Moreover,

We have some more words about the best constant Sy ..

Lemma 1.3. Let N > 3. For every open subset Q of RY,

Vu 2dw
SH’L(Q) = 11211f fQ | | N - SH,L7
weDy 2 (Q)\{0} f f \u(r)lLu\;(y)l dxdy)2N—n

where Sy 1,(Q) is never achieved except when Q = RY.

Fe=ar)
b2+|z—al?

(1.8)
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Proof. Tt is clear that Sg ; < Sg.1(Q) by Dy(2) € DM2(RN). Let {u,} € C5°(RY) be a minimizing
sequence for Sy ;. We make translations and dilations for {u,} by choosing y, € RY and 7, > 0 such
that

N-2

ulr T (@) = T 7 un (e + yn) € CE(S),

/ |Vu3,’b"’7"\2da:=/ |V, |?dx
RN RN

/ ugmrn(x)ﬁiu%mfn(y)ﬁidxdy:/ / [ (@)% un ()| dudy.
aJo |z — yl~ RN JRN |z — y|»

which satisfies

and

Hence we obtain Sg () < Sg,r. Since U (z) is the only class of functions such that the equality
holds in the Hardy-Littlewood-Sobolev inequality, we know that Sp, 1.(€2) is never achieved except when
Q=RN. O

Next, we will denote the sequence of eigenvalues of the operator —A on Q with homogeneous Dirichlet

boundary data by
O< A <A< <A< A <o

and
)\j — 400
as j — +oo. Moreover, {e;}jen C L>®(Q) will be the sequence of eigenfunctions corresponding to

{)\;}. We recall that this sequence is an orthonormal basis of L?({2) and an orthogonal basis of H}(f2).
We denote

Ejy1:={u€ Hy(Q): (u,e)pn = 0,Vi=1,2,...,5}, (1.9)

while Y, := span{e, ..., e;} will denote the linear subspace generated by the first j eigenfunctions of —A
for any j € N. It is easily seen that Y; is finite dimensional and Y; & E;+1 = H} ().
In order to study the problem by variational methods, we introduce the energy functional associated

to (1.2) by
1 1 2 2 A
JA(u):f/ |Vu|?dz — - // ful@) | uly) }dxdy—f/ lul?dz.
2 Ja 225 JaJa |z —y|» 2 Ja

Then the Hardy-Littlewood-Sobolev inequality implies Jy belongs to C1(H}(Q),R). Moreover, u is a
weak solution of (1.2) if and only if w is a critical point of functional J).

The main results of this paper are stated in the following theorem.

Theorem 1.4. Assume Q is a bounded domain of RN, with Lipschitz boundary and 0 < u < N. The
following results hold:

(i) If N > 4, then (1.2) has a nontriwial solution for X > 0, provided A is not an eigenvalue of —A
with homogeneous Dirichlet boundary data.

(ii) If N = 3, then there exists M. such that (1.2) has a nontrivial solution for A > X, provided \ is
not an eigenvalue of —A with homogeneous Dirichlet boundary data.

Throughout this paper, we denote the norm [ul| := ([, |Vul2dz)z on H}(Q) and write | - |, for the
L%(Q)-norm for q € [1,00] and always assume 2 is a bounded domain of RY with Lipschitz boundary, A
is a real parameter. We denote positive constants by C,Cy,Cs,Cs, ...

Definition 1.5. Let I be a C! functional defined on Banach space X, we say that {u,} is a Palais-
Smale sequence of I at ¢ ((PS). sequence, for short) if

I(u,) = ¢, and I'(u,)—0, as n— +oo. (1.10)

In addition, we say that I satisfies the Palais-Smale condition at the level ¢, if every Palais-Smale sequence
at ¢ has a convergent subsequence.
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An outline of the paper is as follows: In Section 2, we give some preliminary results and prove the
(PS) condition. In Section 3, we prove the existence of solutions for (1.2) when N >4 and 0 < A < A\q
by the mountain pass theorem. In Section 4, we prove the existence of solutions for (1.2) when N > 4
and A > A, provided A is not an eigenvalue of —A with homogeneous Dirichlet boundary data, by the
linking theorem. In Section 5, we investigate the existence of solutions for A > 0 when N = 3. In Section
6, we prove a Pohozaev identity for (1.2) and use it to prove the nonexistence of solutions.

2 Preliminary results

To prove the (PS) condition, we need a key lemma which is inspired by the Brezis-Lieb convergence
lemma (see [7]). The proof is analogous to that of [1, Lemma 3.5] or [24, Lemma 2.4], but we exhibit it
here for completeness. First, we recall that pointwise convergence of a bounded sequence implies weak
convergence (see [38, Proposition 5.4.7]).

Lemma 2.1. Let N >3, g € (1,+00) and {u,} be a bounded sequence in LY(RYN). If u, — u almost
everywhere in RN as n — oo, then u, — u weakly in LI(RY).

Lemma 2.2. Let N 23 and 0 < p < N. If {u,} is a bounded sequence in L%(RN) such that
Uy — u almost everywhere in RN as n — oo, then the following holds:

[ el s e Plun P = [ (Gl = P, — e > [ (] )l e
RN RN RN

as n — oQ.

Proof.  First, similar to the proof of the Brezis-Lieb lemma (see [7]), we know that
I e A A (2.1)
in L7V (RN) as n — co. The Hardy-Littlewood-Sobolev inequality implies that
2l 5 (=l — fun| %) > [ 5 fu]% (2:2)

in L%(RN) as n — o0o. On the other hand, we notice that

/ (|| s Jup |0 |up | dz — / (|| ™" % |up — ul®%) |y — ul?eda
RN RN
B / (|~ % (funl® — Jun = ul®) (Junl* — un — u|*)da
RN
+ 2/ (| 7 5 (Jun ) = |un — ul?*))|up — ul®ede. (2.3)
RN
By Lemma 2.1, we have that
|t — ul2 — 0 (2.4)
2N

in L2v=# (RY) as n — oo. From (2.1)—(2.4), we know that the result holds. O

Lemma 2.3. Assume N >3 and 0 < u < N. Let
s (] e -
“lINL = dxdy)
aolo lz—yl»

Xy i={u: Q= R;||ul|lnyr < +oo}.

and

Then || - ||nL is a norm in Xny. Moreover, under the norm || - |nr, Xnr is a Banach space.
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Proof. By the semigroup property of the Riesz potential (see [31]), we obtain

Ju(z /(/ Ju(y) | )2
d dy = Iy de
/Q/ \x—y|“ Y o \Ja |z —y/"z" Y

for every u € H}(Q). Then, by Minkowski’s inequality, we know, for any z € Q,

2 2% = 2:2"
|u(y) u(y) v(y) s
(/. o y|““ “) - ol T Y
o r—y " r—y 2

N 1 M 9.1 9.9%
uy) e NTE v(y)? AN
(L) (L) )

Notice that the integrals are non-negative and so, by Minkowski’s inequality again, we have

(L) -
(L)) ™ (L) )™

ie.,

lu+vllve < llullve + l[vllve
for every u,v € L* (). So, it is easy to verify that || - |y is a norm. The completeness of the space
follows from a standard application of the monotone convergence theorem. O

Lemma 2.4. Let N > 3,0 < pu < N and X > 0. If {u,} is a (PS), sequence of Jx, then {u,} is
bounded in H (). Let ug € HL(Q) be the weak limit of {u,}. Then ug is a weak solution of (1.2).

Proof. It is easy to see that there exists C; > 0 such that

)l < [t} <

In order to prove {u,} is bounded in H}(f2), we consider the two cases: 0 < A < Ay and X € [\, A\j+1)
for some j € N separately.

Case 1. 0< A<\

For n large enough, we have

Ci(1+ Jlunll) = Jx(un) = (T (), )

“(2s
+(as

for some d; > 0. Thus {u,} is bounded in H{ ().
Case 2. X €[\, A1) for some j € N.

2.2y

) (unll? = Alunl2)

)61|un||

M\»—l

l\D\»—t

Let 8 € (53 2 1). For n large enough, we have

Cr(L+[lunll) = Ia(un) — B3 (un), un)
1 2:2%
~(3- ) ol = ) + (8= 25 ) Il 37
M

2.2*
(P + Tl = Azl = AlynlB) + (5 5- 2*)nunnN;

1 .
> ( )62||zn||2 =Wl + (8- 575 ) el

w\»—*

1
7N
N\H
\_/

N | —
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for some do > 0, where u,, = 25, + Yn, 2n € Eji1, yn € Y;, where E;j4; is defined in (1.9). It is then easy
to verify that {u,} is bounded in Hg () using the fact that Y; is finite dimensional and Lemma 2.3.

Since Hg () is reflexive, up to a subsequence, still denoted by u,,, there exists ug € HZ(Q2) such that
U, — up in H(Q) and u,, — ug in L? () as n — +oo. Then

[un|?% — |uo|® in L%(Q)
as n — +oo. By the Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear continuous
2N 2N

map from L2N-=(Q) to L'+ (), we know that

B T A Y R [V A U A (0)

as n — +o0o. Combining with the fact that

272y, — |ug|% 2wy in LR (Q)

‘un

as n — +oo, we have

(]~ a2 e =2y = (] 74 o[22 ~2ug in L¥2(Q2)

as n — +o0. Since, for any ¢ € H}(Q),

2 27
— (I3 (un), /VunVLpdac— /ungodx—// fun (@) u|( vl n(y)sp(y)dxdy,

x—y|H

passing to the limit as n — +o00, we obtain
27 2% 2

/VUvadx_ /uwdw_// uo (@) [+ [ug (y) ™+ Uo(y)w(y)dxdy:()
Q |z —y|»

for any p € H}(Q), which means ug is a weak solution of (1.2).
Finally, taking ¢ = ug € HJ(2) as a test function in (1.2), we have

|Vuo2de = X u%dﬂc—i—/ [ (@) o () ;dxdy
Q Q aJa |z — y|~ 7
and so i
N+2—pu g ()% [ug (y) |
J = dxdy > 0.
2(0) = SN 5 // |:v—y\~ o
This completes the proof. O

Lemma 2.5. Let N >3,0<pu <N and A > 0. If {u,} is a (PS). sequence of Jy with

N42—p 2
c<4@§—§ﬁSN“M, (2.5)

then {u,} has a convergent subsequence.

Proof.  Let ug be the weak limit of {u,} obtained in Lemma 2.4 and define v, := u,, — ug. Then we
know v, — 0 in H}(Q) and v,, — 0 a.e. in . Moreover, by [7, the Brezis-Lieb lemma] and Lemma 2.2,
we know

/|Vun|2dx:/|VUn|2dx+/|Vu0|2dm+on(1)
Q Q Q

un Un 2 Un 2 Un, 2 U 2, U 2Z
//l O = [ [ [ [ PO iy o
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Then, we have

1 A [t () [P [ (37)
Ia(un) = WPde — = | uid //" " dxd
¢ Jx(up) 2/Q|Vu| x 2/Qunac R 7 P xdy
1 1 A
:7/ |an\2dac—|—f/ |Vu0|2dx—§/u(2)dx
Q
// |Un |vn )2; // |U0 M|”U,0 )|2;dxdy+0n(1)
S 2.2 2% \x—y|“ S 2.2 2% | — y|*
Un Un 2

U () 2 [0, (1) |
/|an\ da:—2 2*//| |9l—|y|ﬂ) dzdy + o, (1), (2.6)

since Jy(ug) > 0 and [, uZde — [, ugdz, as n — 4oco. Similarly, since (J{(ug), uo) = 0, we have

On(l) = <J§\(un)v“n>

2,
:/ |V, [2de — X /u dx — // [n () 1 (9)] dxdy
Q |I* ylr
= [ |Vu,|?dz + Vuo 2dr — ) u2dx
|
|Un g () 1 |uo (y) >
— d dy —m dxdy + 0, (1)
\x yl \x yl

!
— () o) + [ [T e - / / e S dady + on(1)

Un 'Un

From (2.7), we know there exists a non-negative constant b such that

\\/

|V, |?dz — b
o

. 2
[0 (@) v (3) " dady — b
Ix —ylr ’

as n — +o0o. From (2.6) and (2.7), we obtaln

and

N+2—,ub

> 2.
“ZUN —2u (2:8)
By the definition of the best constant Sy 1, in (1.6), we have
)2 2" =
(/ / [on (@)% [vn ()] dmdy) ’ < / |V, |2dz,
|z — y|» Q
_ 2N —p
which yields b > SH’LbQZ;]V—Q#. Thus we have either b =0 or b > S5 7""*. If b = 0, the proof is completed.

2N —p

Otherwise b > Sy ;""*, then we obtain from (2.8),

N+2- K N“+2<N+2_,U/b

X

AN —2u AN —2u
which contradicts with the fact that
e Nt2-np h 552 25

AN —2u
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Thus b =0, and
||, —uol] = 0
as n — +oo. This ends the proof of Lemma 2.5. O
3 Thecase N 24, 0< A< X\
We devote this section to proving Theorem 1.4 for the case N >4 and 0 < A < A1.
N-2
By Lemma 1.2, we know that U(z) = % is a minimizer for both S and Sy, 1. Without loss
1+|x 2

of generality, we may assume that 0 €  and Bs C Q C B,,s for some positive k.

such that
1, if x¢€ Bs,
1/)(90) = . N
0, if zeRY\Q,
0<y(z) <1, Ve RY,
|DY(z)| < C = const, VaeRYN.

We define, for € > 0,

From [37, Lemma 1.46] and Lemma 1.2, we know

VU3 =|Uc|3. =S~

and as ¢ — 0T,

N-—2

/Q|Vu5|2dx =8% + O(EN™2) = CO(N, p)2v=n"

N
2

Sh

I\J‘Z

L+O( N 2)7

/ |2 dz = §¥ +0(eN)
Q

and

/ Pz > de?|lne| + O(e?), if N =4,
U x =
o de? + O(eN72), if N =05,

where d is a positive constant.
Using the Hardy-Littlewood-Sobolev inequality, on one hand, we get

|ug )25 e (3) 2 e JUCTE
‘I _ |‘u dxdy < C(N7 /’L) AN |u5 2%
N—2

— C(N,p) =5 (S% + O(N)) "%
= O(N, )=

= O(N, ) &=5 ¥ 57 + 0N ).

While on the other hand,

[ [ et ) ey ws [ [ bt e W
aJa |z — |“ Bs JBs |x—y|“

2#
_[ [ e,
Bs J Bs ‘37_ ylr

= (C(N ) r B85+ 0N

N—2

) ¥

Let ¢ € C3°(Q)

(3.1)

(3.5)
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2/J
[ [ L,
RN JRN |ff—y|“
_2/ /IU DU
RN\ B; J Bs |z — yl|~

U ()| |U.
[ R,
RN\B;s JRN\Bs |z — yl|~

CC(N, ) ng — 2D —E,

where
o

2 M
RN\B; J Bs |z — y|»

)%
# U (
/ / @) [P U ()] drdy.
RN\Bs JRN\ Bs |$*Z/|“

By a direct computation, we know

and

2NM

H= 2NNN 2
o | / N A,
e o (14 12F) g1+ 22)

= 2N-1[N(N / / Erzen dxdy
RN\B; JB; ( +|x\ y\“( +[yl?)
2N —pu
£2N-n) ( b ) (/ 1 p > N
x T T oAy
RN\B; ( +|9€| W By €2+ [yA)N
e 2w 5 ,N-1 o
" —~dr SN
( mw ) (] @)
2N—p
2N ;L d 2N
0 (1+22
2N u +oo 21;1;“
(] )
0 1+Z A
2N ;L
O(e
and
n=2NIN(N — 2))
/ / pEe NS dndy
RN\B;s JRN\Bs 1+|$ 7 -yt (14 [£)?)
v - [
R¥\Bs JRM\ B, s?+\x|2> |x—y|ﬂ<s?+|y|2>” *

< e2NH[N(N —2)]7 7" / / dzd
NV =207 [ o R g
=0 M),
It follows from (3.6) to (3.8) that
25, 211{772
n —K 2N — —u —2
(/ / e @ lZTu o dwdy) > (CN,m¥Syf —O(ETT") — 0N 1))
2N—p — —2
= (C(N, M)%SHi,L oG ))211\\[7—/1’

When N = 3, (3.2) and (3.9) also hold.

1229

(3.8)
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Lemma 3.1. If N >4 and A > 0, then, there exists v € H}(Q)\{0} such that

[Vo[3 — Alvf3

< SHL.
Ivll3z

Proof. If N =4, from (3.4), (3.2) and (3.9), we can obtain

|Vue|3 — Mus3  C(4, )s%us2 — Ade?|Ine| + O(e?)
2 ~X
JuellFr (C(4, )2SHL —0(e 4—7»8 =
Ade?|In e
(C(4, )28, — O(e*%))=r
< Su,r — Ade’|Ine| + O(e?)
<SH.L (3.10)

=SurL—

for € > 0 sufficiently small. Analogously, if N > 5, we have

|Vu5|§ - )‘|U8|%

< SHIL (3.11)
lluell Rz

for € > 0 sufficiently small. From the above arguments, we may take v := u. with € small enough and
then the conclusion follows immediately. O

Lemma 3.2. If N >3 and A € (0, \1), then, the functional Jy satisfies the following properties:

(1) There exist a, p > 0 such that Jy(u) = a for |ju| = p.

(ii) There exists e € H}(Q) with |le|]| > p such that Jy(e) < 0.
Proof. (i) By A € (0, \1), the Sobolev embedding and the Hardy-Littlewood-Sobolev inequality, for all
u € HE(Q)\ {0} we have

203754
2*

1 A 1
> — \V4 2 S \V4 2 —
u)/2/\ ul“dx 2 /| ul“dz 22*C’1|u

1 A
>-(1-= 2 Colu)?F=2).
(1= 55 )l = g ol

Since 2 < 2(2N 1), we can choose some «, p > 0 such that Jx(u) > a for |lul = p.
(ii) For some u; € Hg(2)\ {0}, we have

n

22 2"
A(tug) /\Vu1|2dm——/ ~ 3. 2*// s (@ |$—Z|1“ vl dxdy < 0

for t > 0 large enough. Hence, we can take an e := tjuy for some t; > 0 and (ii) follows. O

Proposition 3.3. By Lemma 3.2 and the mountain pass theorem without (PS) condition (see [37]),
there exists a (PS) sequence {u,} such that J\(u,) — ¢ and Ji(u,) — 0 in H{(Q)™' at the
minimax level

* — inf T 0 3.12
c ;grtgl[% (v(t)) >0, (3.12)

where

I = {y € C([0,1], H5(©)) : 7(0) = 0, Jx(v(1)) < 0}.

Proof of Theorem 1.4. Case N > 4,0 < X\ < \;. From Lemma 3.1, we know there exists v € HZ (2)\{0}
such that
[Vul3 — Alvf

< SH,L~
||UHNL
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Therefore,

_ t2 2 At 2 vz “|’U )|
0<r{1§8(J>\(tv)r{1§8({2/Q|Vv| dxf—/ dzf2 2*// P dzdy

L N+2—p (|Voff - Al ¥
4N -2

vl
N+2—p ﬁfz“u

AN —2p

By the definition of ¢*, we know ¢* < {XJ%ZJSN“ T Let {un} be the (PS) sequence obtained in

Proposition 3.3. Applying Lemma 2.5, we know {un} contains a convergent subsequence. In addition,

we have Jy has a critical value ¢* € (0, 1152255'”“ “) and (1.2) has a nontrivial solution. O

4 Thecase N 24, A =2 )\

We may suppose that A € [A;, \j11) for some j € N, where A; is the j-th eigenvalue of —A on  with
boundary condition u = 0. e; is the j-th eigenfunctions corresponding to the eigenvalue A;.

Lemma4.1. IfN >3 and X € [A\;, \j11) for some j € N, then, the functional J satisfies the following
properties:

(1) There exist a, p > 0 such that for any uw € E;j 11 with ||u|| = p it results that Jx(u) > o.

(ii) Jx(u) <0 for any u € Y;.

(iii) Let F be a finite dimensional subspace of H}(Q). There exists R > p such that for any u € F with
[lu]l = R it results that Jy(u) < 0.

Proof. (i) Since A € [A;, A\j11), by the Sobolev embedding and the Hardy-Littlewood-Sobolev inequality,
for all w € E;j11\ {0} we have

2(2N72)

Gy

Ix(u /|Vu|2dxf /|Vu|2dxf
Aj+1 22*

1
>-(1- 2 CoJul|*
2( o = = Calll

Since 2 < 2(2N 4), we can choose some «, p > 0 such that Jy(u) > a for u € E;; 1 with [Jul| = p.

(i) Let w € Yy, ie., u = Zgzl l;e;, where [; € R,;i = 1,...,7. Since {e;};en is an orthonormal basis
of L3(Q) and H{ (), we have

J
/ u?de = Zlf and / |Vu|?*de = ZZQ|V€1|2
Q2 i=1

i=1

Then, we get

1 2 2 u(z |
JA(u)—igli(Wezb— 22*// |x_ |# L dady

thanks to A; < A; < A
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(iii) For uw € F\ {0}, the non-negativity of A gives

1 A 1 2.2*
Ia(u) = Sllull® = Slul3 — sz llully
2 2 228
1 1 2.2
< §||U||2 - EHUHNLH
< gt = S e
2 2 - 2;

for some positive constant C1, since all norms on finite dimensional space are equivalent. So, Jy(u) — —oo
as |lu|]| = +o0. Hence, there exists R > p such that for any v € F with ||u|| > R it results that Jx(u) <0
and (iii) follows. O

From Lemma 3.1, if N > 4 and X\ > 0, then for € small enough,

|Vu€|§ - )\|u€|g

< SH,L
lJuellRr .
For any j € N, we define the linear space
Gj. :=span{es,...,€j,u.}
and set
mje = max </ |Vul|*dr — )\/ |u|2da:>,
u€G; e, llulln=1 \ Jqo Q
where || - ||nr is defined in Lemma 2.3.

Lemma 4.2. IfN >4 and X € [\, \j11) for some j € N, then
(i) mje 5 achieved at some u,, € G;. and u,, can be written as follows:

Uy, = UV + TUe

withv € Y; and t > 0.
(ii) The following estimate holds true:

A — \vl?, if t=0,

Mj,e < ( ’ )| |; N—2 N—2 f (41)
(A = Nlvlz + Ac(1+ [0[20(e727)) + O(e 2 )vl2, #f £>0,

as € — 0, where v is given in (i), ue is given in Section 3 and

_ | Vuel3 — Auc3

A
) luellFr

Proof. (i) Since G . is a finite dimensional space, m, is achieved at some u,, € G, ., i.e.,
Mje = |Vum\§ - A‘“m'% and  ||um||nL = 1.
Obviously, 4y, # 0. From the definition of G; . we have that
Uy, = UV + tug

for some v € Y; and ¢t € R. We can suppose that ¢ > 0, otherwise, if ¢ < 0 we can replace u,, with —,,.
The result follows.
(ii) If ¢ = 0, then u,, =v € Y; and

Mje = V|3 = Mum 3 = [Vol3 = All3 < (4 = N)vl3.



Gao F S et al. Sci China Math  July 2018 Vol. 61 No.7 1233

We consider the case ¢ > 0. Since ei,...,e; € L>®(Q), we also have v € L>®(Q). By a direct
computation, we have

/ / |u€ “|7.L ( )|2;171dl‘d'y
Brgs J/ Brgs |z — yl~
2 2% —1
L[ e,
K,Ori 508 |(Ij_y‘u
2# 3N 2 3N-— 2u+2 1
= v e [ f e o dady
Brgs /Bugs (L4 |212) 72 [z —y|H (14 [£]?)

2p—3N—2 3N — 2[J,+2 1
=e 2z [N(N-2)] e?N- M/ / Nopiz dzdy
Brys JBrys (L+ j]?) 5 yl* (1 + |yl?)

=== dxdy,

yl“( 1+ [yl
where kg is given in Section 3. If u > 1, by the Hardy-Littlewood-Sobolev inequality, we have

RN JRN (1 + |z]2)

2 —1

/ / el Wy
n05 KD(S |:L._y|“
N—-1 N N—p41
N

<o) ( [, QLWJWMJNIW)N(/ Q-H$wﬂ“thm)

=0 7).

If 4 < 1, by the Hardy-Littlewood-Sobolev inequality again, we have

2% —1
/ / [ue(z s(t) : dxdy
Bys / Bigs |Z‘ - y‘l
—u 2N 2N—p

<o) [ (b)) (L () )

=0 7).

z
S

Thus, we obtain

2 2,1 N-—2
//'“5 Dl ueW g, < 0.

|z —yl
On the other hand, by a direct computation, we have

2" —1

/ / |u€ |u5() no dl'dy
Bs J Bs |5U—?J|”

)% 1
_[ [ metwrt,,
Bs J B;s |z — y[»

2pu— 3N Z[N(N 2 3N — 2u+2/ / 1 d d
= £ — 2N—p — -z y
By By (14 | 2[2) 555 o — yle(1+ |22) 2
W 1
262 3N Z[N(N—Q)}SN 2p+2 2N u/ / S da?dy
B5 /Bs (1+[2]?) T -yl (14 y?) e
— dxdy
Bs By (1+|2|2) " y|ﬂ<1+|y\ )

—O(

provided € < 1 and so

)2 20 -1 ~
/ / |U’E ‘ |uE )‘ d.’)fdy?O(ENQZ).

|z — yl~
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Then we can get

)| 2,-1 N2
//'uE D) fuew)l dedy =0(e"7 ).

|z — yl~

By convexity, we obtain

o*
\w —yl“

Ix - yl"

t 2.0t 2, t t 2,
//‘UE i ui( Py 2.2 [ [ 105 (|L|us(y)'“dxdy
:I:—y T —y
27 -1 27,
t22*// |“e ) dady — 2 - 2 22 _1|v| // |Us |“6< )‘ dzdy
M*yw w—yw

2* 2%
> 2% |“5 WelueW)™ 40y — Cp22i1u],0(7),
|z =yl

where we used the fact that Y; is a finite dimensional space and all norms on Y; are equivalent.

implies that ¢ < C5 for some constant C5 > 0. Taking (4.3) into account, we have

27

// e (@) ltue (3) dedy <1+ 0(e™
\x—yl“

=)ol

By (4.2), one can see that
Myje = / V(v + tu)[*dz — )\/ v + tuc|*dx
Q

. " N-2
tue ()2 [tue (y)] - 2N=w
<Oy =N+ a( [ [ O 40 Ly,
|
2

—ylr
) +C4|us| [v]2
=)+ 0ol

(A = Ml + A:(1+ Ivlz (e
(A = N3 + A=(1 + [v]0(~

NN

where we had used the estimate in [37, Lemma 2.25] that |uc|; = O(e R ).

Lemma 4.3. IfN >4 and A € (A, \j11) for some j € N, then,

[Vuls — Aluf3

< SH,rL
[l

for any u € G, ..
Proof. ~ We only need to check that

mje = max (/ |Vu|2d33—)\/ |u|2dx) < Su.L.
u€G; e llullnve=1 \ Jq Q

If t =0 1in (4.1), by the choice of A € (Aj, Aj41), we get that
mje < (A — A)|v[3 <0< SpL.

Now we suppose that ¢ > 0 and discuss the cases N > 5 and N = 4, separately.
If N > 5, we have

|Vu5|§ - )\|Ug|%
lluell3 L

mje < (A = Alof3 + (14 [v}0(=77)) + O™ ol
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217\17—2/% > _ 2 N—-2
C(N,p)>N=r"287 1 — Ade + O(e™ 9)

<\ — N3+ s — o 202 )) + 02 )2
(C(N,pw)=zSy7 —O(e""2))2n=
2
< (SH,L - . zN_);\LdE N O(E{‘Y)>
(C(N,1)=Sy7 —O@EN2))2v
X (L4 02077 )) + (A — Mol + 07 ) ol
)\dE2 N 2 N—2
< S — P s T O@E2)+ (N =Nz +O0(e" 2 )[vf2
(C(N, )= Sy7 —O(eN32))v
for ¢ > 0 sufficiently small. Since A € (Aj, Aj+1), we know
2 N-2 1 N-2 N-2
PR 2 < = . 44
(s = Wl + 0" )luls < =550 3) = O 2) (14)

Therefore
%

Mje < SH,L — \de? +O(€ ) < SH,L

for € > 0 sufficiently small.
If N =4, by (4.4), we have

|Vue|3 — Auc|3
llue ¥
C(4,u)ﬁ5’%’L — Ade?|Ine| + O(g?)

2

(C(4, 25,7, — O(eh%))=r

mj.e < (A = Avl3 + (14 [0[20(e)) + O(e)]v]2

<N =N+

(14 |v]20(e)) + O(e)|v|2

Mde2|1lne
< (Sm - L — +0<52>)<1+ 1020()) + (o) — Vo2 + 0E)[olz
(C(4, )28,y — O(e™4)) =
Ads2| 1
< Sus— =lIne] LO(2) + (A — Mol + 0ol

(C(4, 12,7, = O(e*—5))=r
< Sp.p — Mde?|Ine| + O(?)
< SHL

for € > 0 sufficiently small. The result follows. U

Proof of Theorem 1.4. Case N =4, A > \;. From the definition of G; ., we know

Um =T+ 1z,

where
J
T = ertZ </ uge,;dx)e,; €Y;
i=1 Q
and
J
Ze = Ug — Z </ useidx) €,
i=1 V79

so that ¥ and 2. are orthogonal in L?(£2). This implies that
[uml3 = [B3 + %]z 5.

Then,
Gj’e = Y]’ &) RZS.
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Applying Lemma 4.1, we know that J, satisfies the geometric structure of the linking theorem (see [30,
Theorem 5.3]), i.e.,
inf Ia(u) = a>0, sup Jy(u) <0
u€E; 1, llull=p u€Y;
and
sup  Jxa(u) <0,
u€G; e llull 2R

where o and R are as in Lemma 4.1. Define the linking critical level of Jy, i.e.,

"= inf 4.
¢" = Inf max Jy(7(u)) > 0, (4.5)
where
I:={yecCV,H}Q)):v=id on oV}
and

V:=(BrNY;)®&{rz.:r e (0,R)}.

For any v € I', we have

* <
¢* < max Jx(v(u))

and in particular, if we take v = id on V, then

< max In(u) < urélgfg Ix(u).

Note that for any u € H}(Q)\{0},

2N —pu
N +2—p(|Vul3 — Aul3\ ¥+
max J) (tu) = + p(1Vulz 5 [ul2 .
" N o \ Ry

From the face that G; . is a linear space we have

u
J = Il ltl— ) = Ja(tu) < Jx(tu).
Jax () = max A(' 'u) welB%_ It < max Ji(tu)

Thus, by Lemma 4.3, we have

< max  Jy(tu)
u€G, ¢ ,t>0

2N —
N+2—/~L(|VU|§—>\|U|§)M
= Imax 2
ueG; . 4N —2u [l
N+2—p 354

4N —2p ~HE

Therefore, the linking theorem and Lemma 2.5 yield that (1.2) admits a nontrivial solution u € H}(Q)
with critical value ¢* > «. O

5 The case N =3

In this section, we prove Theorem 1.4 for the case N = 3 by using the mountain pass theorem and the
linking theorem. We still denote F to be a finite dimensional subspace of H}(Q) and

Gj :=span{ei,..., e, uc},

for any j € N.
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Lemma 5.1. Let N =3 and u. be as in Section 3. Then, there exists A, such that for any A > A,

|VU6|§ - )\|Us|%

< SH,L
JuellFr

provided € > 0 is sufficiently small.
Proof. By the definition of u., we can get

/ |u€|2d$c 2/ \U5|2dx > Coe (5.1)
Q Bs
for € > 0 sufficiently small. By (3.2), (3.9) and (5.1), we have

Vool — Ml _ CBm) =7 285, — ACoe + O(e)

lucllZ (0(3#)%5% _ O3 )T
(ACo —O(1))e
=SprL— =
(CB,pm)28y7, —O(e*7))5n
< SH,L
if A is large enough, say A > A\, > 0, while £ > 0 is sufficiently small. O

We show that Jy has the geometric structure of the mountain pass theorem when A € (0, A1) and the
geometric structure of the linking theorem when A € [, Aj41) for some j € N.

We set
Mje 1= max (/ |Vu|2dx—)\/ |u|2dx>.
u€Gjellullne=1 \ Jo Q

Related to Lemma 4.2, we also have the corresponding result for N = 3, so, we have the following lemma.

Lemma 5.2. If N =3 and X € [A\j, \j41) for some j € N, then,
(i) me is achieved in uy, € G and u,, can be written as follows:

Uy, = U + tUe

withv € Y; and t > 0.
(ii) The following estimate holds true:

N — A)|vl3, if t=0,
mje < {( i = llz it (5.2)

(A = V[ + A1+ [v:0(2)) + O(P)vls, if >0,
as € — 0, where v is given in (i), uc s given in Section 3 and

_ Vuel3 — Aucl3

Ae
lJuell3rr
Lemma 5.3. IfN =3, A€ (A\j,\j11) for some j € N and A > X, then,

[Vuls — Aluf3

< SH,rL
llulldL

for any u € Gj.
Proof. If t =0 in (5.2), by the choice of A € (A\j, A\j11), we get that

me < ()\j — )\)l’l}@ <0< SH,L'
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When ¢ > 0, by (3.2), (3.9), (5.1) and Lemma 5.2, using the similar estimates to that in (4.4), we have

|Vu5|% - )\|u€|g
[|u eHNL
C(3,1)77 352, — ACoe + O(e)

6—p 1

(CB.miSy7 —OE 1)
ACy — O(1 1 1
< (sH,L - e rveen. ) (L+ 0}0(=2)) + (45 = NIvl3 + O(e*) vl
(C3,m)28,7, — O 5) T
(ACy — O(1))e

(CR.wESyT, — 0> 4)7n
< SH,L — ACoe + 0(6)

< Su,r

mje < (A — A)|vl3 + (1+[v]20(e2)) + O(e 7)o

<Oy = N[old+ (1+[v]20(e2)) + O(e 7)o

+ (O — N2+ Oe%)]v]2

< Sur—

for e > 0 sufficiently small, since A > A, and A € (Aj, Aj41). The result follows. O
Proof of Theorem 1.4. Case N = 3. We consider the two cases: A\; > A, and A\; < A, separately.
Case 1. )\ > ..

For this case, we use the mountain pass theorem if A € (A4, A;) while the linking theorem if A €
(Aj, Aj41) for some j € N.

If A € (A, A1), by Lemma 3.2 and the mountain pass theorem without the (PS) condition (see [37]),
there exists a (PS) sequence {u,} such that Jy(u,) — ¢* and J(u,) — 0 in HJ ()~ at the mountain
pass level ¢*. From Lemma 5.1, we have there exists v € Hg(Q2)\{0} such that

[Vol3 — Alvl3

vl

0 < max J)y(tv) = ma t2/V0|2dx—>\t2/v2x //|v dd
150 — N 2 o 2 Jq 2.2y |x—y\“ Y

5 <w%xw%>§ﬁ

< SH,L~

Thus,

S 12-2p lvllR .
S—p =

< — K
12 —2u HL

6—u
By the definition of ¢, we know ¢ < 12 2# SI} 7.
From Lemma 2.5, we obtain {u,} contains a convergent subsequence. So, we have Jy has a critical

value ¢* € (0, 1; SMS5 “) and (1.2) has a nontrivial solution.

If A € (A, \j41) for some j € N, we define

then,
Gj,s = Y]‘ &) RUE = Y]‘ D RZE.

By Lemma 4.1, we get that J) has the geometric structure required by the linking theorem (see [30,
Theorem 5.3]). Thus we can define the linking critical level ¢y, of Jy as in (4.5) and

cr, < Igleae} In(u) < urgg;i Ix(u).
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On the other hand, we note that for any u € H}(2)\{0},

6—p
_ 2 _ by 2\ 5—4n
ma,XJ)\(tU) _ 5 H (|vu|2 |U|2> .

20 12-2u\ " Jul},

As the same arguments in Section 4, we have

c <  max_ Jy(tu)

u€G; . ,t20
.
5— 1 CVM%—AWE>55

= max 2

ueGy. 12 —2p ||u||NL

5—p o=

< I —H

12 — 24 HL-

Therefore, the linking theorem and Lemma 2.5 yield that (1.2) admits a solution v € H{ () with
critical value ¢z, > «. Since o > 0 = J,(0), we deduce that u is not identically zero.

Case 2. )\ <\,

We only consider A € (Aj,Aj41) for some j € N and A > A,. We can argue as in the last part of
Case 1. In this way, we get that for any A > A, different from an eigenvalue of —A, (1.2) admits a
solution u € H&(Q) with critical value ¢y, > a and wu is not identically zero. O

6 Nonexistence

In this section, we discuss the nonexistence of solutions for (1.2) by using the PohoZaev identity. Firstly,
we are going to show that the solutions for (1.2) possess some regularity which will be used to prove the
Pohozaev identity.

Lemma 6.1. IfN >3, A<0anduc€ Hl(Q) solves (1.2), then u € Wf)f(Q) for any p > 1.
pt2

Proof.  Denote by H = K = |u|? 1 = |u “¥2* . Then H K € L7 u (). Using 25, Proposition 3.2],

we know u € LP(Q) for every p € [2, %) Moreover, there exists a constant C}, independent of u

such that
</ |updx) <C (/ |u|2d:v>

2(N—-2) 2N : 2(N-2) N
2N—p (N—/L)(QN—/L))' Since 2N—p < N- I < (N— /L)(ZN DR

Thus, |ul> € L1(Q) for every q € | we have

Jul

/Q 7@ — y|”dy € L>(Q),

and so

| — Au—Xu| < Clu| 7%

By the classical bootstrap method for subcritical local problems in bounded domains, we deduce that
u € W2P(Q) for any p > 1. O

Proposition 6.2. IfN >3, A <0 and u € H'(Q) solves (1.2), then the following equality holds:

1 N —2 2N — )|
7/ (x~1/)|Vu|2ds+7/ |Vul|?dx = *,u// Jule |ld dy Jr /|u|2dx
2 Jaq 2 Ja 2-25 |a:—y\“

where v denotes the unit outward normal to OS2.

Proof.  Since u is a solution of (1.2) and Lemma 6.1, u satisfies

— Au = ( Wdy) |22 + \u. (6.1)

|z —y|»
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/Q(I.VU)Audx/Q(x.vu)</gm(iy>|u|221dx+,\/g(x~vu)ud:c. (6.2)

Calculating the first term on the right-hand side, we know

/Q(x-Vu(x))( Mdy)uwz;_ldw
= [ uo (/ ~dylu(x) % l)dm
S RCICH ﬁd@"“(’f)'%” = Dlu(o)Pie - Vua) [ mdy
o+ i)
N// |u |x— |M

Ju(y) 2 duda
tuf o |a:—y|u+2' u(w) 2 dyda. (6.3)

This implies that

Then

dxdy—(27;—1)/ﬂa:-Vu(x) )P ) P

) [z —yl»

2

2*/(3; Vau(z ))< “( ) |;dy)|u(x)|2:ildx

() % fu(y) P s
-, |:c—y|“ IR A To = ypprz 1@ dyd,

2 / v ( | :Z(f)j:‘j ) uty)

|u(y) [ fu(z) | (x)IQ* 2"
-N dda?—l—u//ﬂ |u+2|u( y)|»dxdy

aJo |x— ylm
and consequently, we get
Ju(y)[* ) 1y //|u o) [P uy) P
x-Vu(z ———dy ||u = dxdy. 6.4
[ Tuton ([ Oy oy e = P2 DR oty (6a)
Moreover, we already know that
N
/(x-Vu)udxz——/ u?da (6.5)
Q 2 Ja
/ (z - v)|Vul?ds = (27N)/ |Vu|2dx+2/(x~Vu)Audx. (6.6)
a0 Q Q

From the above equalities, we know the result holds. O

similarly,

2’*"71dy

and

Using the Pohozaev identity obtained above, we can easily draw the following conclusion, the proof is
standard and we omit it here.
Theorem 6.3. If N >3, A <0 and Q # RY is a smooth (possibly unbounded) domain in RN, which
is strictly star-shaped with respect to the origin in RN, then any solution u € H} () of (1.2) is trivial.
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