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1 Introduction

The Lie algebra W (2, 2) was introduced by Zhang and Dong [21] in their classification of moonshine type
vertex operator algebras generated by two weight 2 vectors. Note that this algebra has also appeared
in the framework of the non-relativistic conformal field theory (see [3]), the BMS/GCA correspondence
(see [5,6,16]), and two-dimensional statistical systems (see [11]).

The representation theory of the Lie algebra W (2,2) has been investigated from many algebraic per-
spectives (see [1,3,13,14,17,19,21]). Although it can be regarded as an extension of the Virasoro algebra,
the representation theory of the algebra W(2,2) is different from that for the Virasoro algebra significant-
ly. Tt is important to note that the maximal submodule of a Verma module is not necessarily generated
by some singular vectors. Instead, the submodule may be associated with some subsingular vectors, these
being vectors which become singular in an appropriate factor module (see [14,17]).

As is known, the structure of the Verma modules for a Virasoro algebra is partly encoded in the
determinant of its Shapovalov form [10,12,15]. The purpose of the present paper is to give an explicit
determinant formula of the Shapovalov form on the Verma module over the algebra W(2,2). We determine
the zeros of the determinant in terms of a proper total ordering on the basis and compute their exponents.
As a byproduct, we also fix a subtle gap appeared in [21], in which the Gram matrix A or A,, in the
proofs of Theorems 2.1 and 2.4 is actually not an upper triangular matrix if n is even and n > 4. We
also discuss the characters and filtrations of the Verma modules over the algebra W (2, 2).
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The free field realizations play an important role in studying representation theory of the Virasoro
algebra (see [7-9,18]). An interesting free field realization for the algebra W(2,2) has been recently
constructed with the twisted Heisenberg-Virasoro algebra at level zero (see [1,2]). The second aim of this
paper is to give a direct realization of a certain vacuum module over the algebra W(2,2) via the Weyl
vertex algebra.

The paper is organized as follows. In Section 2, we briefly review the relevant results on representations
of the algebra W(2,2). In Section 3, we define a contravariant form on the Verma module and derive an
explicit determinant formula for this form. In Section 4, we construct a natural realization of a certain
vacuum module over the algebra W (2,2) via the Weyl vertex algebra. Finally in Section 5, we give a
discussion containing the research background, the conclusion and the related research work. Throughout
the paper, Z denotes the set of non-negative integers.

2 The Lie algebra W (2, 2)

Definition 2.1 (See [14,21]).  The Lie algebra W (2, 2) is equipped with basis {L,,, W,, | n € Z}U{c, k}
and the following commutation relations:

m3 —m
[Lins Ln] = (m —n) Lygn + T5m+n,007
3 _
(Lo Wa] = (= m) W+ =5

[Wma Wn] = 0,

5m+n,0k7

where m,n € Z and ¢ and k are central elements of the Lie algebra W (2,2).

The Lie algebra W(2,2) contains the Virasoro algebra

Vir = EB CL,, & Ce

mEZ

as a subalgebra. It is clear that the algebra W (2,2) has the Z-grading and the triangular decomposition
W(2,2) =W(2,2)_eW(2,2),eW(2,2),,
where

W(2,2), =P CLin ® P CWr,, W(2,2), =CLy & CWy & Ce & Ck.
n>0 n>0

From the definition, we know that there is an anti-involution ¢ on the algebra W (2,2) given by
o(Lp)=L_,, o(W,)=W_,, o(c)=¢, ok)=k

for n € Z.
Let (¢, h,a,8) € C*. Consider C as a W(2,2),-module with

cl = Cl, Lol = hl, Wol = al, kl = 61

Let W(2,2), act trivially on C, making C a (W(2,2), ® W(2,2)_)-module. The Verma module
M (e, h, a, B) is defined by

M(c, h, o, B) = U(W(2,2)) Quw(2,2),0w (2,2),) C =~ UW(2,2)_)1,
where 1 = 1® 1. It follows that M(c, h,«, 8) = @n20 M, (c,h,a, ), where

M, (c,h,a,B8) ={v e M(e,h,a,8) | Lov = (h + n)v}.
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It is clear that M (c, h, a, 8) has a unique maximal submodule J(¢, h, o, §) and the factor module
L(C7 h7 a’ /8) = M(C7 h7 a’ /B)/J(C7 h7 a? B)

is an irreducible highest weight module.
Let {-,-) be a C-valued bilinear form on M (¢, h, a, B) defined by

(al,b1) = (1, P(c(a)b)1), (1,1) =1, forany a,beUW(2,2)_),

where P : U(W(2,2)) — U(W(2,2),) is the Harish-Chandra projection, i.e., a projection along the
decomposition

UW(2,2) =UW(2,2)y) & (W(2,2) _UW(2,2)) + U(W(2,2)W(2,2) ).
It follows that the form (-,-) is contragradient, in the sense that,
(Lpu,v) = (u, L_p,,v),  (Wnu,v) = (u, W_,,v)

for m € Z, u,v € M(c,h,a, ). Since the distinct weight spaces of M (c, h,a, 3) are orthogonal with
respect to (-,-), it follows that the study of (-,-) on M(c, h,a, B) can be reduced to the study of the
restrictions

(;Vn : Mp(c,hya, B) X My(c,h,a, B) — C.

The Verma module M(c, h, @, 3) is irreducible if and only if the forms (-,-),, are nondegenerate for all
n e Z+.

3 Determinant formula

Recall that a partition of a positive integer n is a finite non-increasing sequence of positive integers
A= (A1,A2,...,A) such that n = Y7, A\;. The ); is called the part of the partition A\. We call r the
length of A, denoted by ¢()), and call the sum of \;’s the weight of X, denoted by |A|. The number of
partitions of n is given by the partition function p(n). Denote by A the set of all partitions. Recall that
the natural ordering on A is defined as follows:

A> S AN =1,y Ak = [k,  Agt1 > fk4+1 for some k> 0,
A=pe N\ =p; forall i

For n > 0, let
S =A{W_sL_, | |A| + || = n for any A\, € A},

where W_ :=W_y, ---W_y and L_,:=L_,, ---L_,_.
From the Poincaré-Birkhoff-Witt (PBW) theorem, .S, is a basis of U(W(2,2)_). Let

p2(n) =dimU(W(2,2)_), = |Sn|-

Then po(n) is finite and can be counted by the generating series

S pen)g” = [J(1 -2 (3.1)
n=0 k>1
In particular,
pa(n) =Y p(i)p(n — i), (32)
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From [21], we have the following total ordering > on S,:

W_L_,=W_xL_, < N>, or [N|=|\ and A>X, or A=), and u' >p
Let

Sy ={b; | b; = bj for i < j}, where b; = W_ o L_ ),
with A®, 1@ € A and (AND |+ |p@ | =nfori=1,2,...,p2(n). Let
B, = {b11,...,by,m)1}.
Then B,, is a basis of M, (¢, h,a, 8). Let G5, = (gi;) be the Gram matrix of the form (-,-) defined by
gij = (b;1,b;1) for i,j=1,...,pa(n).

In order to compute the determinant of the Gram matrix G,, we introduce a dual basis B} of
M (¢, h, a, B) as follows: For b; = W_,i)L_,u) € Sp, we define

b: - W—u(i)L—)\<i)7 B:; - {b;l, ey b;;g(’n)l}?

where A®), 1 € A and |ANO| + |u®D| =n fori=1,2,...,pa(n).

Lemma 3.1.  Let D, = (d;), where d;j = (b;1,b31) for i,j = 1,...,p2(n). Then the matriz D, is
upper triangular.

Proof.  Let

*
bp=W_xoL_,m, bg=W_xwl_pw, by=W_,oL_ e, by=W_,wL_xa-

Since by > b, for p > ¢ in S, we can discuss it into three different cases.
(1) If ]A®| > N9, then (W_y 1, L_y@1) = 0. It follows that

dpg = (bp1,0g1) = Loy Wao W_ 0L yx0l=L,oW_@Wy»l \@l=0,

where Ly, = Ly, Ly, - Ly, for p= (p1,...,p1) € A
(2) If ]A®P)| = A9 | and AP) = A9 then

dpg = (bpl,b51) = Lyw W_ o Wi Ly 1 = 0.
(3) If AP = ]A@| and AP =A@ and p® = 4@, then W, L_,m1 = 0. It follows that

dpq = (bp1,051) = Ly Wy W_ i L_ 01 = Ly@W_xin W, L_,,»1 = 0.

Hence, dpq = 0 for p > ¢, which implies that D,, is upper triangular. O
Corollary 3.2.  The following holds:

p2(n)
det Gy, =det Ry, [] dop, (3.3)
p=1
where
dpp = <bp]-> b;1> = <W—)\(P) 17 L_,\(p) 1><L_p,(p) 17 W_MP) 1>
forp=1,...,p2(n), and R, is the basis transformation matriz from B} to B, given by

(B1Loee by l) = (0L, B oy 1) R

7 P2
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Proof. It follows directly from G, = D, R, and Lemma 3.1. O
Lemma 3.3.  The determinant det Gy, is a polynomial in o of degree
Z pa2(n —rs). (3.4)
rs€ELy
1<rs<n

Proof.  The degree of a equals

p2(n) n
DA+ = p) Y W)
p=1 =0 veEA,|lv|=n—i
=>"p(i) Y pn—i-rs)
=0 T,S€Z+
1<rs<n—1
n—rs
= >, D plipn—i—rs)
7‘,S€Z+ =0
1<rs<n
= Z pa2(n —rs),
rs€Ly
1<rs<n

where we used the following identity:

Z L(N) = Z p(n —rs).

AEA, | A |=n r,s€ELY

The proof is complete. O

Recall a basic result from linear algebra.

Lemma 3.4 (See [12]). Let V be a linear space of dimension n, and let A(t) € End(V)[t]. Then
det A(t) is divisible by t*, where k is the dimension of ker A(0).

Lemma 3.5. The determinant det Gy, is divisible by qbffs(n*”), where
¢T¢Su T 7& 87 72 - 1
¢T,S = ¢r =oa+ 5, 3.5
¢T? r=s, 24 ( )

for any r,s € Z satisfying 1 <rs < n.
Proof.  Let Jp(c,h,a,B) = J(e, h,a, B) N My, (¢, hyr, 3). Then

Jn(c, h,a7ﬁ) = ker Gn = ker<., >n

It follows that det G, (¢, h,a, ) = 0 if and only if J,(c, h, o, 8) # 0.

Suppose that k is the smallest positive integer for which the determinant det G vanishes at a = hy.
It follows that there exists 0 # w € Jg(cr, B8, h, ho) such that Ly,u = 0, Wy,u = 0 for all m > 0.
Otherwise, we assume that L;u # 0 or Wju # 0 for some ¢ > 0. Then (v, Liju) = (L_v,u) = 0 or
(v, Wiuy = (W_,v,u) = 0 for any v € M(c, h,, 8) and Lu, Wyu € My_;(c, h, o, §); this contradicts the
minimality of k. Then (u) is a submodule of J(c, h,a, 3). The subspace (u) N M, (c, h, @, B) is spanned
by the elements W_)L_,u where A\, € A,|\| + || = n — k. These vectors are linearly independent,
since U(W(2,2)) has no divisors of zero. Therefore, J,(c, h, «, §) has a subspace of dimension py(n — k).
Then G,, has a kernel of at least dimension pa(n — k).

It follows from Lemma 3.4 that det G,, is divisible by (a — hg)P2(»=*). Since det G, has a zero at

o= —7"2211/6’ for r € Z satisfying 1 < r < n, the determinant det G,, is divisible by ¢52("7T). From

p2(n —7s) < min{pa(n —7), pa(n — 5)}
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for any r,s € Z, satisfying 1 < rs < n, we have det G,, is divisible by ¢£?s(n7m) for any r,s € Z4
satisfying 1 < rs < n. Finally, with the degree and the coefficient of the highest power of «, we have

n—rs

det G =k ] o227,
T, SEL Y
1<rs<n

where k,, is a nonzero constant independent of ¢, h, @ and (. O

Theorem 3.6. Forn € Z, the determinant of the Gram matriz of {-,-),, has the form

det G =k ] o227, (3.6)

r,s€Z+
1<rs<n

where k, is a nonzero constant independent of ¢, h, o, B and

¢T‘¢Sv T?é57 T2*1
r.s — r =+
¢ / {¢ra r=s, d) 24

As a corollary, we have the following corollary.
Corollary 3.7. M(c, h,«, ) is irreducible if and only if
m? —1
12
Next, we recall and summarize the structure of the Verma module M (¢, h, a, B).
Assume that § # 0 and p = - 2470‘ € Z,. It follows from [14, Theorem 2.7] that the Verma module

M (e, h, ar, B) possesses a singular vector

2a0 +

B#0 forall meZy.

u=251¢€ My(c,h,a, ), (3.7)
where S = W_, + Q(W) and Q(W) is a polynomial of W_; with 0 < i < p. Let

a  Wp+Dp-1) (@A-mp
3 12 2

for any r € Z,. Using [14, Corollary 3.20] (see also [17, Theorem 3.1]), we have the following theorem.
Theorem 3.8. (1) If h # h(r) for allr € Z 4, then

L(e,h,a, 8) = M(c, h,a, 8)/{u)

h(r) =

(3.8)

and its character is given by
- [[a-d"2 (3.9)
k>1

(2) Assume h = h(r) for somer € Zy. Let
T=L_ p+Q(W)Li_p+- - +Qp1(W)L_1 +Qp(W) € Up(W(2,2)4).

Then
L(C7 h, a, ﬁ) = M(Q h, a, 6)/<UT>’

where
vp = (T" + Q(W)T" ! 4 -+ Qra (W)T + Q (W), (3.10)

where Q;(W) € U(W4)sp and W_,, does not occur in Q;(W) fori=1,...,r. Here, this vector v, is called
the subsingular vector in M (c, h,a, 8). Furthermore, the character of the irreducible module L(c, h, o, )
is given by

"= -q?) [J(-q"2 (3.11)

k>1
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Corollary 3.9. If 2a + %6 = 0 for somep € Zy, there is a singular vector u, at level np in

M (e, h,a, B) for non-negative integer n and the singular vector is
Up = S"1 € My,(c, h,a, B).

The submodule (u,) generated by w, is isomorphic to M(c,h + np,a, ), and there exits the following
descending filtration:

M(c,hya, B) = (ug) D (u1) D (u2) D (ug) D - (3.12)

for the submodules of Verma module M (c, h, «, 3).

(1) If h # h(r) for all v € Z4, then the subquotient (u,)/(ur41) is the irreducible module L(c,h
+rp,a, B) and (u1) is the mazimal submodule of M(c, h,a, B3).

(2) If h = h(2m) for somem € Z., there are subsingular vectors and the following descending filtration:

My = <UQ> O M = <U2m> D My = <U1> D M3 = <’U2m_2> O My = <U2> DERE
D Moy 1 = <U2> D My, = <Um> D M2m+1 = (um+1> DRI (313)

such that the subquotient M;/M; 1 is the irreducible Verma module over the algebra W(2,2) for any
i € Zy and My = (vam) is the mazimal submodule of M(c, h,a, 3).

(3) If h = h(2m — 1) for some m € Z., there are subsingular vectors and the following descending
filtration:

My = <’Lb0> O M, = <U2m,1> D My = <u1> D M3 = <Ugm,3> D My = <’U,2> Do
D Moy, 1 = <’U1> D My, = <’LLm> D M2m+1 = <’U,m+1> D (314)

such that the subquotient M;/M; 1 is the irreducible Verma module over the algebra W(2,2) for any
i € Zy and My = (vam—1) is the mazimal submodule of M(c,h, o, ).

Proof.  The proof of (1) follows from the proof of Remark 3.22 in [17]. It suffices to give the proof
of (2). The filtration in (2) is due to (3.12) and

h+ip = h(2m — 29)

for i = 0,...,m — 1. Clearly, by (1), these subquotients (u;)/{vam—2i) are the irreducible modules
L(e,h + ip,«, B8) and the subquotients (uy)/(ur+1) are the irreducible modules L(c,h + kp, «, 3) for
k > m. By the proof of Corollary 3.19 in [17], we obtain that the subquotients (vamyo_2:)/{(u;) are
isomorphic to the irreducible modules L(c, h + (2m + 2 — 2i)p, a, B), respectively. O

4 A realization of the vaccum module

For (¢, ) € C? with 8 # 0, it follows from Corollary 3.7 that the Verma module M (c, 0,0, 3) is reducible.
In particular, (U(W(2,2))L_11 + U(W(2,2))W_11) is a proper submodule of M(c,0,0,3). We call the
factor module

Ve, 8) = M(c,0,0,8)/(UW(2,2))L_11+U(W(2,2))W_411)

the vaccum module over the algebra W (2,2). Furthermore, V (¢, §) is an irreducible W (2, 2)-module.

Let the symbols z,z; and zo denote mutually commuting independent formal variables. We denote
by EndV (¢, 8)[[z,#71]] the vector space of (doubly infinite) formal Laurent series in x with coefficients
in EndV (¢, 8). We have the following generating functions:

L(z) =Y Lz "% W)=Y Wy "?€EndV(c,p)[x,a]).
nez nez
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Set 1=1+ (UW(2,2))L_11+U(W(2,2))W_11) and let
L=L i, W=W._,iecV(A).

It follows from [21] that there exists a vertex algebra structure on V' (¢, 8), which is uniquely determined
by the condition that 1 is the vacuum vector and

Y(La) = L(z), Y(W,a)=W().

As a vertex algebra, V(c, ) is generated by the subset {L, W}.
The Weyl algebra W has generators a(n),a*(n) (n € Z), and relations

[a(m),a”(n)] = 0mino, [a*(m),a"(n)] = [a(m),a(n)] =0
for m,n € Z. The simple W-module V), is generated by a vector 1 which satisfies

an)1=0, n>=2, a*(n)1=0, n>-2

Set,
a(w) = Y a(m)a™"*, a*(x) = Y a*(n)e "2
neZ nez
Then
[a(z1), a* (22)] = xf15<zj>.

There exists a unique vertex algebra structure (Vyy,Y, 1) on Vi such that 1 is the vacuum vector and
the vertex operator map for this vertex algebra structure is given by

Y(a(1)1,2) =a(x), Y(a"(-2)1,z)=a*(x).
For u,v € V}y, we define the normal order of vertex operators as follows:
Y (u,2)Y(v,2) $ =Y (u,2)Y(v,2) + Y (v,2)Y T (u,2),
where
Y(u,z) = Z Upr " =Y (u, ) + Y (u,x) = Z T Z wpz "L
nez n>0 n<0
Let
T(x)=—"2a(x)0a"(x) ] —2°a"(x)0za(z) .

It follows from the well-known Feigh-fuchs construction (see [8,9]) of the Virasoro algebra that

_ g (22 O g2 L 1B 0N (22
[T(z1), T(x2)] = Op, T(x2)x] 5($1>+2T(x2)8x2x1 5(331) + 5 <6x2 ) o )

[T(21), a(z2)] = ama(@)z;la(x?) - a(:cg)ax_15<x2>,

T O0xa ! Z1
* _ * —1 B * i —1 @
[T(x1),a"(x2)] = Oz,a™ (x2)x] 5(301) + 2a (xg)axle 5(951)'
Let
T(x) = ZTTLJ,‘*"*Q.

nez
It follows that

13
[Tm,v Tn] = (m - n)Tm+n + F(ms - m)(;m,—i-n,()v

[Ty an] = —(2m + n)amin,
[T, ar] = (m—n)a;

m—+n

for m,n € Z.
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Theorem 4.1. For 8 € C, there exists a homomorphism of vertex algebras
D :V(26,8) = Viy

uniquely determined by

B

L(z) — — ¢ a(z)0ya™(x) 0 — 22 a"(x)0za(z) 0 — Eaga(x),
W(z) — a*(x).
Proof.  Let
L(z) = — % a(x)dya*(z) © — 22 a*(x)0za(z) ° — %Bi’a(x)
=T(z) — %aga(x) = Ly "2

It follows that

(Lo L

1 1
= |T — 3 _ T 4+ —B(n3—
m + 12B(m M), Ty, + 125(?% n)an}

13 1
=(m —n)Tmin + E(m3 — M)dmtn,0 + Eﬁ(ng —n) [T, an]

1
- ﬁﬁ(”ﬁ - m)[Ln, am]

13 1
=(m—n)Tyin+ E(m?’ — M)0mtn,0 — E,@(n‘?’ —n)(2m +n)

1
+ 5 Bm* —m)(2n+m)

13

1
= (m —n) (Tm+n + EB((m +n)® —m — n)am+n> —+ 5 (m® — m)6mtn.0,
and
T * 1 3 * * 1 3
[Ln,al] = |Tm + Eﬁ(m —M)am,an | = (m—n)ay,,, + Eﬁ(m — M)0mtn,0-
We have
5 3 N i (x . o _, [z 26/ 0\° _, [«
[L(21), L(x2)] = 0y, L(x2)x] 15<xj> + L(x2)a—x2x1 15<xj> + 35 <8m> a3 15(;),

Foo) o (o) = 8ot (ore 1522 4 artay O atg(T2) 4 B (0N g2
[L(z1),a™(x2)] = Og,a™(z2)x] 5(321)—1-@ (acg)axQxl 5<m1)+ 12(83@2) x] 0 o )

which implies that ® is a W (2, 2)-module homomorphism. Since L(z) and W (z) generate V (26, 5) as a
vertex algebra, ® is a homomorphism of vertex algebras. O

5 Discussion

In the recent years, great attention has been paid to the study of the representations of infinite-dimensional
Virasoro type Lie algebras. The Lie algebra W(2,2), which is also called the centrally extended BMSs
algebra in physics, can be regarded as an extension of the Virasoro algebra. The induced representations,
coadjont representations, and the characters associated with certain induced representations over the
centrally extended BMS3 have recently been studied in [5,6,16]. The associated bmss algebra is isomorphic
to the infinite-dimensional extension of the Galilean conformal algebra in two dimensions, which is closely
related to non-relativistic conformal symmetries (see [4]). A class of non-unitary representations of central
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extended GCA in 2D have been studied in some details (see [3]). The bmss algebra has also appeared
in the framework of two-dimensional statistical systems in the form of an infinite-dimensional extension
of alty (see [11]) and turned out to be related to the classifications of vertex operator algebras in the form
of the algebra W(2,2). The representations of the algebra W(2,2) have been investigated from a purely
algebraic point of view (see [2,13,14,17,19-21]).

In this article, we give an explicit determinant formula of the contravariant form on the Verma module
of the algebra W(2,2). We also discuss the structure of the Verma module such as irreducibility, non-
unitarity, singular vectors, characters and filtrations. Finally, we give a direct realization of certain
vacuum module over the algebra W(2,2) via the Weyl vertex algebra. Especially, the result related to
the maximal submodule of the Verma module over the algebra W (2, 2) is partly different from that given
by Radobolja [17]. We believe that these results provide valuable insights into the nature of W(2,2)-
modules, free field realizations and some algebraic properties for the other Virasoro type Lie algebras.
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