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Abstract This paper aims to introduce some new ideas into the study of submodules in Hilbert spaces of
analytic functions. The effort is laid out in the Hardy space over the bidisk H?(D?). A closed subspace M
in H2(D?) is called a submodule if 2;M C M (i = 1,2). An associated integral operator (defect operator) Cpy
captures much information about M. Using a Krein space indefinite metric on the range of Cj, this paper
gives a representation of M. Then it studies the group (called Lorentz group) of isometric self-maps of M with
respect to the indefinite metric, and in finite rank case shows that the Lorentz group is a complete invariant
for congruence relation. Furthermore, the Lorentz group contains an interesting abelian subgroup (called little

Lorentz group) which turns out to be a finer invariant for M.
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1 Introduction

The book [4] by Douglas and Paulsen formulated an analytic framework for studying commuting operator
tuples. In this framework, the tuple of multiplcation by coordinates (M,,, M,,,..., M, ), as well as
their restrictions to joint invariant subspaces (called submodules), serves as a model for a large class
of commuting operator tuples. In recent years research in this framework has been one of the most
active fronts in multivariable operator theory, with encouraging developments in Hardy spaces, Bergman
spaces, Dirichlet spaces and Duray-Aveson spaces. A very notable success of this study, which started
even before [4] (see [15]), is the theory on the Hardy space over the bidisk H?(D?). In this setting, a
closed subspace M of H?(D?) is a submodule if it is invariant under multiplications by both coordinate
functions z; and z9 (or z and w), or equivalently it is invariant under multiplcation by functions in the
algebra H*°(D?). Submodules are two-variable counterparts of shift invariant subspaces in the classical
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Hardy space H?(D), but they have much more complicated structure. One important tool in studying
submodules is the core operator defined by

Cuf(z) = N GM(z, ) f(Ndm(\), zeD? fe H*D?

in [10], where GM (2, \) = IZ{I ((ZZ)) is the quotient of the reproducing kernel for M over the Szegd kernel
for H2(D?). A motivation behind this definition is the belief that the quotient will balance out singularities
of the reproducing kernels on the distinguished boundary T?, hence Cj; may be a nice operator. Indeed,
as it turns out, CM is Hilbert-Schmidt in all known examples. Moreover, it unifies some key elements in
prior studies and gives rise to a classification of submodules (see [23]). This paper is a step further along
this line.

If we let Py; denote the orthogonal projection from H?(D?) onto M, then it can be shown that the
core operator of M is equal to

Cyv = Py — T, PuT, Py — 1., PuT,, Py + 12,2, Pu Ty, L, Py

2122

Since Cjs = 0 on the complement H2(D?) © M, we may simply restrict Cj; to M and write
Cy=1- Rlezl — RZQR; + R2122R21Z2,

where Ry stands for the compression of Toeplitz operator T to M. For this reason, it is also called the
defect operator for the pair (R.,, R.,). Clearly, C) is self-adjoint, and it is not hard to check that it is
a contraction. Furthermore, it is shown to be Hilbert-Schmidt for almost all submodules (see [19,20]).
The following formula is important for this paper:

oy

This formula can be verified as follows: Since PyT7, kf‘\d = )le:f‘( , we have that

Cukyx = (Py — To, PuT, Py — 1oy Py T, Pap + T2y Py T P )k
= (IM - Rzl Rzl - RZ2R22 + RZ1Z2Rzlzg)k§\\4
= (1 — )\7121 — )\7222 + AlAgzlzg)kiw
e
kx
Another important fact for this paper is the following decomposition of compact defect operator
(see [23]) on the orthogonal complement of ker C);:

L,

D
Car = : (1.2)

—in—-1

-D

where [; stands for the identity matrix of size k x k, and D is an injective positive pure contraction.
Clearly, if C'ys is finite rank, then rankC'; is odd. This fact will be used in several places in the paper.

The paper is organized into two parts. Since, for a fixed ), 1/k, is invertible in the algebra H>(D?),
(1.1) implies that the range of Cy; generates M. The first part (see Sections 2-5) of this paper takes a
closer look at this fact and gives a representation of M through a Krein space constructed from Cj;, and
we will show that for every submodule M with rank Cj; = N < oo there exist Krein space operator D
and N functions @1, ..., @n,%1,...,¥N_pn in M (these might be unbounded) such that

PM = .DDIi = Z TijT;j - Z TwlcTJJk

1<j<n 1<kSKN—n
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on span{ky(z) : A € D?}. We would like to emphasize that this equality may be viewed as a bidisk version
of Beurling’s theorem, since in H?(D), M = §H?(D) for some inner function # by Beurling’s theorem
(see [3]) and one checks that Py = TpT} .

In the second part (Sections 6-9) of this paper, we consider the group G(M) of invertible operators
on M that preserve an indefinite metric for the Krein space. To be precise, it is the collection of
invertible operators T' acting on M such that T*Cy,T = C)y. It is called Lorentz group of M because of
its resemblence to the classical Lorentz group on Minkowski space-time. A classification of submodules
is given in [23] based on congruence. It will be shown that, when the defect operators are finite rank, two
submodules are congruent if and only if their associated Lorentz groups are isomorphic. In other words,
submodules can in fact be classified by their Lorentz groups. Congruence (or the Lorentz group) is a
coarse invariant for submodules. In an attempt to introduce a finer invariant to submodules, we define
the little Lorentz group Go(M), which is the set of invertible elements f in the algebra H°°(D?) such
that R}Cy Ry = Cpy. Since the map f — Ry is an embedding of Go(M) into G(M), the former can be
viewed as a subgroup of the latter. Go(M) is apparently abelian, and it is nontrivial for every submodule.
Moreover, it is invariant under unitary equivalence. In fact, if two submodules are unitarily equivalent
then their little Lorentz groups are identical. The converse, however, is not true. Little Lorentz group is
computed in some well-known examples. In Section 10, we give the concluding remarks.

Krein spaces and Lorentz groups are new approaches in the study of submodules. In particular, it
brings group theory into the vista. Although this paper is written in the setting of H?(ID?), the ideas can
be worked out as well in many other spaces of analytic functions, and it would be interesting to study
how the Lorentz groups vary with respect to the change of settings.

2 Krein space K ® H? and operator D

Let Cps be the defect operator of a submodule M in H? (short for H?(D?)). We consider the Jordan
decomposition Cyy = C — C_ of Cpy. Now, we set Hi = raTnCi/Q and K = Hy @ H_. In the case, Cjpy
has finite rank, and K is simply the range of Cj;. We shall introduce an indefinite inner product on K
defined as follows:

<<u+> , <v+>> = (ug,vy) — (u_,v_), where <u+> , <U+> EHLOH_.
U_ v-) /o U_ v_

Krein space K ® H? will play an important role in our study. One of standard references on the theory
of Krein spaces will be [7].

Lemma 2.1. For any F in K ® H?, let
F= Z < >®2122
4,720

be the Taylor expansion of F. Then ZLJ.}O((C}‘_QUM)(/\) - (Ci/Qvij)(/\)))\li)\g (A = (A, \2) € D?)
converges uniformly on any compact subset in D?.
Proof.  Since {||u;j }4,; is bounded and

12 iNg 12 i
Z| (CYPui)NNA] =3 (O Puiy, AN A
RS [l 1A Aol
i,
< 00,

> ]>0(C~1k/ 2u”)()\))\li A}, converges uniformly on any compact subset in D2, This concludes the proof. [
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The following mapping is the key of our discussion: Define

D:F= Z ( >®2122|—> Z 1/2 _2vij)zizg.

4,720 4,720
By Lemma 2.1, D is well-defined as a linear mapping from K ® H? to Hol(D?), the set of all holomorphic
functions on D?. The following formula is useful.

Lemma 2.2. It holds that

D (u) ®f= (C’iﬂu - Ciﬂv)f.
v

Proof.  Trivially (01/2 c/? v)f belongs to Hol(D?). Writing f = 20 ¢ij7i2}, by Lemma 2.1 we

have that
()@f DZ()@C”,%Z%
7=0

= Z 1/2 i/2v)cijz§zg
7,720
= (C’i/Qu - Ci/gv) Z cij2iz)
i,j>0
— (C}Pu—CP)f.
Thus we have the desired identity. O

Before we state results, let us take a look at the idea of D in the classical setting H?(ID). This shall
explain why it is of importance. By Beurling’s theorem, every shift invariant subspace M is of the
form 0H?(D). The corresponding defect operator Cpy = Py — T, Py T Py = 0 ® 6. Hence, Cpy = Cy
and H, = 6. So the map D : 0 @ H?(D) — §H?(D) is simply the multiplication D(0 ® f) = 0f.

However, in the setting of H?(D?), D may not be bounded, so we will deal with it as an unbounded
operator with domain dom D = {F € K® H? : DF € M}. Observe that domD is a module over H*(D?)
with module action defined by p(u ® h) = u ® ph for p € H>®(D?).

3 Basic properties of D

We shall give some basic properties of D as a linear operator from dom D to M.

Theorem 3.1. Let M be a submodule of H2. Then D is a densely defined closed module map with
dense range.

Proof.  First it is easy to check that D(pF) = p(DF) for every p € [z1, 22]. Indeed, it suffices to show
the statement in the case where p is a monomial. Let

F= Z <v )@zizg
ij

1,520
be the Taylor expansion of F in I ® H2. Then zfz, DF belongs to M and
(F23DF)(N) = M, D7 (C2%uig (V) = O/ %0 (V)AL N
§,j>0

= Y (CYPui (V) — O 0y () AN
i,720

)
>0 \Vij
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which implies that D(zFz,F) is defined as a function in M. Therefore, 2FzL F' belongs to dom D and
22 DF = D(2F2LF). Hence D is a module map.

Now we shall show that D is densely defined. For any (aC'i/QI@\7 bC’iﬂku) in K where a and b are in C,
A and p are in D?, and any f in H>, by Lemma 2.2,

<aoi/ &\

Vo2 ) ® f = (aCyky — bO_k,) f
— P

is a function in M. Hence D is densely defined. Furthermore, considering the case where f = k) and
A = p, by Lemma 2.2 and (1.1), we have that

01/21%
D CT/% @k = (Cyky — C_ky)kx = (Carka)ky = kM.

Hence the range of D is dense in M.
Next, we shall show that D is closed. Suppose that F, is in dom D, F,, — F in K® H? and DF,, — g

in M. Setting
(n)

u u; y
Fn—Z( (n)> ®ziz) and F = Z( J) ® 21235,

z 7 UU

(n)

we have that Wi — Ui in Hy and vi;b — v in H_ as n — oco. Hence we have that

(DE)N) = S ((C Pl (N = (C20i) ()N
= 3 ((CF uig)(N) = (C o) XA,
= (DF)(\)

by Lemma 2.1 and the Lebesgue dominated convergence theorem. Furthermore, since (DF;,)(\) — g(\),
we have that (DF)()\) = g()\) for any A in D?. Hence F belongs to dom D and DF = g, i.e., D is closed.
This concludes the proof. O

Let {e4 ;}; (resp. {e— ;};) be an orthonormal basis of # (resp. H_). Furthermore, we set

j 0
p; =D i ®1 and ;=D ®1,
0 e-j

wj = Ci/2€+’j and ;= —C’i/Qe,’j.

ie.,

In particular, if C' is compact, we will choose eigenvectors of C (resp. C_) as {e4 ;}; (resp. {e_ ;};).
In this case, we have the following:

p; = /\+Je+] and ; = —/\17/56_

where A4 ; (resp. A_ ;) denotes an eigenvalue of C (resp. C_).

Corollary 3.2.  Let M be a submodule of H?. If Cyy is of finite rank and ran Cyy is contained in H™,
then we have the following:

(1) ¢, and ; are bounded;

(2) D is bounded.

Proof.  Since p; = Ci/ze_hj € ran C)y, (1) is trivial. We shall show (2). For any F in K ® H?, let

> (1)

i,5=0 \Vij
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be the Taylor expansion of F'. Then F' can be rewritten as follows:

;O{Zc(’“) ( ) ® iz +Zd”) < > ®ziz;}
:ZZ“’( ) 122+ZZd < 7>®zfz§

F

k=11,7=0 =1 1,j=0
k
—z(+)®f+z( )
k=1 =l

where we should note that fi, and g; are in H?. Hence we have that
DF = Z‘Pkfk + ngz eEM
k=1

by Lemma 2.2. Therefore, by Theorem 3.1 and the closed graph theorem for Krein spaces (see [7, p. 147]),
D is bounded. O

Remark 3.3. Two assumptions of Corollary 3.2, that C; is of finite rank and ranC' is contained
in H°°, are satisfied in many concrete examples.

4 A representation of Py,

Let D! denote the Krein space adjoint of D. Then Dﬁkﬁ\M is calculated as follows.
Lemma 4.1.  If M is a submodule, then k' belongs to dom D* and

Cl/2k>\
Dﬂk'f\w = + R ky.
01/21@\

Proof.  Since

M 01/2u o " o
k)\ 7D CT/Q’U ® Zizé = <k)\ ’ (C-‘ru - C_U)Zi,Z;)

= (k' 7Z1ZQC+U> (k3 721220 v)
= (CVNN M, 0Py — (VPN R M )

1/2 1/2
_ C+/ Al)\zkﬁ\\/l ®zizj C+/ U ®Zizj
oY) T e ) T

by the orthogonality of {z{zé : 1, j = 0}, we have that

Cl/QTliEjkA o
DFEM = to ® 242
A Z (Ciﬂ)q Ao’ ko 1

1,720
c?g —i—j .
=3 | iy, | @M A4
C’l/Qk,\
i,j=0 -

c\ %k,
= @ by
(Cl/ )

This completes the proof. O
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In the following argument, we shall identify D* with the following operator matrix:

Dt
(0 0) on domD!@ M+ c H?.

Next, we shall show that Py, is factorized with D.

Lemma 4.2. Let M be a submodule of H>. Then Py = DD? on the linear space generated by
reproducing kernels.

Proof. By Lemma 4.1 and (1.1), we have that

C,1/2]@\
DDﬁk)\ =D CT/2]§ R ky = (CM]CA)]C)\ = kﬁ\w = Pyk).
A

Thus we have the conclusion. O

Let T, denote the Toeplitz operator with symbol ;. We note that T;,, might be unbounded. Indeed,
it is known that there exist submodules which contain no bounded functions other than 0 (see [15, p. 71]).

In [23], it was shown that the rank of C) is odd if it is finite. The next theorem shows us that Krein
space operators appear naturally in our problems.

Theorem 4.3. Let M be a submodule of H? with rank Cjy = 2N + 1 < co. Then there exist 2N + 1
functions ©1,...,oN+1,V1,..., YN in M such that

(1) Py, = DD¥ = Z;V:ll Ty, Ty, — 21]:]:1 Ty, T}, on the linear space generated by reproducing kernels;

'(92) Z;V:il loi(N)|? — Eszl [k (N)|? = 1 as A tends radially to T? a.e., where T denotes the unit circle
{6 €]0,2m)}.

Proof.  Let ® denote the Schatten form. Then C}; is represented as follows:

N+1 N
Cv=) ;00— > U@k
j=1 k=1

Hence, we have that

kAT = (Cark)k

N+1 N
= ( > 0iNe; - ZW(A)W) ke
k=1
N

j=1
N+1
- ( > T, T - ZkaTgk)k,\.
j=1 k=1
Hence, by Lemma 4.1, we have (1). By (1) and [10, Theorem 2.1], we have (2). O

Corollary 4.4. Let M be a submodule of H?. If rank Cyy = 2N + 1 and ran Cyy 4s contained in H™,
then Z;V:Jrll 0 H? + chvzl YL H? is a dense subspace of M.

Proof. By Corollary 3.2 and Theorem 4.3, we have the conclusion. O

Corollary 4.5. Let M be a submodule of H?. If rank Cy = 2N + 1 and ran Cyy is contained in H*>,
then the following two identities hold:

N+1 N
Py = Z T‘PjT;j o ZT%TJM
j=1 k=1

N+1 N
Iz = Z T3 Ty, — Z 75, Ty, -
j=1 k=1
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Proof. By Corollary 3.2 and Theorem 4.3, we have the first identity. Let f be any function in H?2,
and m denote the normalized Lebesgue measure on T2. Then, by Theorem 4.3(ii), we have that

N N N N
(210, = 5,10 ) 1.8 ) = SN 7 = 3 1
=0 k=1 7=0 k=1
N N
=3 [ lestPam =3 [ juesPam
N N
= [ (st = S o
T2 \ =0 k=1
— [ I#Pam
T2
= (£, f)
By the polarization identity we have the second identity. O

Corollary 4.6.  Let M be a submodule of H? with rank Cjy = 2N + 1 < co. Then X is a zero of M if
and only if 3355 o (VP = 305, [ex (V) = 0.

Proof. By Theorem 4.3, the Berezin transform of Py is Zj\zl (V)2 =30, [¢x(N)]2. This concludes
the proof. O

5 Examples

We shall compute some examples. Throughout this section, ® will denote the Schatten form.

Example 5.1. If M = 2, H? + 2, H?, then it is easy to see that

Cy=21021+ 20 ® 29 — 2122 ® 2129,

Ci=21®21+22020 and C_ = 2125 ® 21 2.
By Theorem 4.3, we have that

Py =T,T; +T.,7; —T.,..7T

Z17"2z1 Z2" zo Z1Z22F 2129

More generally, the submodule M = q; H? + g2 H?, where ¢ = q1(21) and ga = q2(22) are one variable
inner functions, is well-studied (see [12,13]). Then the defect operator of M is calculated as follows (see

[21]):
Cvu=qa®q+q0®q¢—qq ® qq,

and

o(Car) = {0,1, £/ (1 = [a1(0)) (1 — [a2(0)[)}.
Eigenfunctions can be also described, however they are complicated.

Example 5.2. This example computes a rank 3 defect operator of another type. Fix the following

notation:
Vv1—1r2

Kol =15

0<r<1.

Then it is easy to check that {z/WK,,(2)} ez is an orthonormal system in L?(T). Now, we set

L=H*® @CszKrw(z).

Jj=0
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Then £ is invariant under the multiplication of z and w in L2. Indeed, trivially £ is invariant under the
multiplication of z, and for any j > 0 we have that

W WKy (2) = 27 Ky (2)
= (V1 =12 + 120K, (2))
=1 =122 412 GK, . (2),

i.e., L is invariant under the multiplication of w. This type of invariant subspace was discovered by Izuchi
and Ohno [14]. Furthermore, there exists an inner function # such that

M = 9<H2 @ @(Czijm(z)>
3=0

is a submodule in H2. This type of submodule was discussed by Izuch [11] in detail. We shall calculate C;.
Setting L, = Py M, |, trivially we have that R, = M@LZM:,. Hence, it suffices to deal with L, and L,,
on L. First observe that

Ce=1,-L,L;—-L,L;, +L,L,L.L},
=1~ L.L* — Ly(Iz — L.LY)LY,.
Now, it is easy to see that I — L,L* is the orthogonal projection onto H?(w) & CwK,,(z). Moreover,
Ly(Iz — L,L%)L; is the orthogonal projection onto wH?(w) & CK,.,(z). Hence, we have that
Cr=1014+WKp @WKy — Krp @ Ky
This concludes that
Cru =90+ 0Ky @ QWK — Ky @ 0Ky

Example 5.3. H?(z1) denotes the Hardy space over D with variable 2;. Let {g;};>0 be an inner
sequence, which is a sequence of inner functions in H?(z;) such that every q¢;j/qj+1 is also inner. Then

720
is a submodule in H?(D?) (see [16,17] for details). The defect operator of M is calculated as follows:
Crv=q®qe Y (¢ © ¢z —q-12 © ¢ 123).
j=1
Lemma 5.4.  If (¢j—1/¢;)(0) # 0, then

G RYG —Gj-1©qj—1 = ey Q ey j — e Qe

gives the spectral resolution, where we set aj = \/1 —[(g;—1/¢;)(0)[2,

1 * 1 *
Q1= 55T, T2, ;051 Qi1+ 35 Te0q; T2, 4,051

Cri = and e_ ; =
+.7 2(1 — «;j) d e
Proof.  Since
qj—1 q;—-1
qﬂ'®‘Ij_Qj1®qj1=qu<1®1_J® j )T;j’
4q; q;
it suffices to see the spectral resolution of A = 1 ® 1 — ¢ ® g, where ¢ is an inner function with

q(0) # 0 in H?(D). A has the following matrix representation with respect to orthonormal system
{11, 12,4/ T2, T2, gl }:

Z172z1 zZ1* 2z

( ozi —aq(O)) where a =+/1—1q(0)|%.

—aq(0) —a?

By elementary linear algebra, we have the conclusion. O
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For simplicity, we assume that (gj—1/¢;)(0) # 0 for every j > 1. By Lemma 5.4, we have that

oo
_ L S RN L
Cv=q®q + E (et 2 ®@ ey j25 —aje_ jzy ®e_ jz3).
i=1

Hence, if C' is of finite rank, then we have that

n n
Ci=q®q® E Gajeq jzh ®ey jzi and C_ = E Gaje_ ;2 Qe_ ;2.
=1 =1

By Theorem 4.3, we have that

n
Py = T4, Ty, + Z a3T€+,jZéTe+,ﬂ§ Z a]Tef»jzéTeajzjz'
j=1 '

6 Lorentz group

A prototype of Krein space is the four-dimensional space-time R*, where the indefinite metric is the
Minkowski metric given by the indefinite inner product

(u, v) = UV + UV + U3V3 — UgV4.
Here, the metric matrix is

100 0
010 0
001 0
000 -1

The Lorentz transform is the collection of invertible 4 x 4 matrices T that preserves the Minkowski metric,
e.g., (Tu,Tv) = (u,v), or equivalently T*CT = C. This notion can be generalized to the Krein spaces
with more general metric matrices. For example, every non-singular n x n Hermitian matrix C' induces
an indefinite inner product on C™ defined by (u, v)c = (Cu, v). The associated Lorentz group G(C") is
thus the collection of non-singular matrices T' such that T*CT = C. Since C is congruent to its signature
matrix I, @ (—I,), where p is the number of positive eigenvalues and ¢ is the number of negative ones,
G(C™) is easily verified to be isomorphic to the so-called pseudo-unitary group U(p, q) (see [2]). Hence up
to isomorphism G(C") is completely determined by C’s signature. Things are more complicated if C is
an Hermitian operator on an infinite dimensional Hilbert space, for example the case here when C' is the
defect operator for a submodule. Nonetheless the notion of Lorentz group still makes good sense. For an
algebra B, B! will denote the set of invertible elements in 3.

Definition 6.1. Let M be a submodule of H?(D?) and denote B(M) the set of all bounded linear
operators on M. Then we call

G(M)={ge B *(M):g*Crpg=Cu},

the Lorentz group of M.

We first verify that G(M) is indeed a group. For g € G(M), it is easy to check (¢*)~'Cun(g)~" = Cus,
so g~1isin G(M). For g1, go € G(M), we have

(9192)"Cr(9192) = 92" (91" Crr91) 92
= 92" Crg2
- CM?
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and it follows that G(M) is a multiplicative group.

Before we make a study of G(M), let us take a closer look at the operators T' € B(M) that satisfies the
equation T*CyT = Cpy. Assume C); is compact and Cyy = Zj n;¢; ® @; is its spectral decomposition,
where {¢,} is an orthonormal basis for K formed by eigenvectors with corresponding eigenvalues 7;.

Then C);’s integral kernel is
2) =D 16;(Né5(2)
J

The following proposition provides a description of T

Proposition 6.2.  Assume Cyy is compact. Then T*CyT = Cyy if and only if

> 0T g;(NT*¢i(2) = GM (A, ).

J
Proof. If

> T 6, (VT ¢i(2) = GM (), 2),

J
then

Carf(2) = [ GM(z0) fONdm(Y
’]I‘2
-3 T 6,1 )

= an (£, T¢;)T"¢;(z)

_ T*(ZWj(Tf, ¢j>¢j<z>)
=T*CuTf(z).

Tracing the above arguments from the bottom up and use the fact that G is uniquely determined
by Chus, we have
> niT*6;(NT*;(z) = GM(), 2).
J

This completes the proof. O
Recall that two submodules M; and M; are said to be congruent if there is a bounded invertible
operator J : My — M; such that the defect operators satisfy
Cyy, = JCOM, T

Congruence relation was introduced in [20] in an attempt to classify submodules. Lorentz group is
invariant under congruence relation.

Proposition 6.3. If two submodules My and My are congruent, then their Lorentz groups G(My)
and G(Msz) are isomorphic.

Proof.  Suppose that M; and M, are congruent, and we let Cy, and Chy, be their defect operators.
Then there is a bounded invertible operator J : My — M; such that

CM1 = JO]VIZ J*
Let us define

¢ G(Mi) — G(Ma),
g Jg(J")L
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For any g € G(M;), we have

0" (9)Crp(g) = T g" TCM, T g(J*) ™!
= J 9" Carg(J*) !
— T O, (J7)
— C,.

So it is well-defined. It is clear that ¢ is invertible and

©(9192) = J*g1g2(J*) !

= J g (J*) T ge ()
= p(91)p(g2)-

Hence, G(M7) and G(Ms) are isomorphic. O

If Cyy is of finite rank, then G(M) can be determined. First, consider general block matrices

T = T 0 and A= An A ,
00 A1 Ago

where Tj is an invertible Hermitian matrix and A is an operator. Then one computes easily that A*T A
=T if and only if
AN ToAn =Ty, A7 ToA12 =0, Aj,TpA12 =0. (6.1)

Since A;1 and Ty are finite matrices and Ty is invertible, Aq; is invertible by the first equation, which by
the second identity implies A1 = 0. If A is invertible then Ass is invertible, but there is no restriction
on Agl.

If O}y is finite rank with rank 2p 4+ 1, we can decompose M as M = K @ ker Cs, where K is now equal
to the range of Cy;. In addition, C'y; is then congruent to

T — Ip1®—=1, 0
0 0/

So by (6.1), A*T'A =T if and only if A;; € U(p+ 1,p) and Ass € B~ (ker Cjy). It is not hard to check
that the space zwM C ker Cjy, hence B~!(ker Cjy) is isomorphic to B~1(H), where H is any separable
complex Hilbert space. In conclusion we have the following.

Proposition 6.4. If Cy; has rank 2p + 1, then G(M) is isomorphic to the group

Up+1l,p) 0
B(C2+! ) B-Y(H) |
The following corollary is immediate.

Corollary 6.5. If Cpp, and Cyy, are finite rank, then G(My) and G(Mz) are isomorphic if and only if
rankCyy, = rankC)y,.

The situation when C) is of infinite rank seems rather complicated. It was known that C'y; is Hilbert-
Schmidt in almost all examples (see [20]). So the decreasing speed of C),’s eigenvalues is of importance
here. Indeed it is shown in [18,20] that if A; are the eigenvalues of Cys, and 7); are the eigenvalues of Cyy, ,
both arranged such that |X;| and |n;| are decreasing, then Cps, and Cjy, are congruent if and only if

the ratio llj];‘l are bounded above and below by positive constants. So if we let o1(t) = >, |\;|t7 and

oa(t) =3 ; In;|t7, then o1 and o9 have the same radius of convergence. Now we are in position to state
a conjecture.

Conjecture. If G(M;) and G(M>) are isomorphic, then o7 and o9 have the same radius of convergence.
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Observe that the conjecture is trivial when C)y is of finite rank because f is a polynomial in this case.

In the remaining part of this section, we show that when C)y is finite rank there is an element in G(M)
of order 2. This fact will be used later. It is sufficient to construct such a matrix on L. Then we extend
it to M by simply adding the identity operator on ker Cj;. On K, we have by (1.2)

I,
D
Cy =
—4dn—1
-D
Let
I,
D Jon, Iy,
T = , J — 2 , I/ — 2 ’
Infl J2n71 _I2n71
D
where
1
Ji =
1
kxk

It is easy to see J2 = I. Since C) is finite rank, it is invertible on /C, and hence so is T. We set
K =T-12JTY2 and verify that

K*CK =T3JT :CT= JT*
=T JI'JT*?
=T:I'T% = C.
It is easy to see that K? = I and K # I when n > 1. Hence K @ Ii;c,, is an element in G(M) of
order 2. The existence of such K in G(M) will be used to show the difference between the Lorentz group

and the little Lorentz group (to be defined later). The map ¢(g) = KgK defines an inner automorphism
of G(M). We give an interesting example below.

Example 6.6. Let M = q1(21)H?(D?) + g2(22) H?(D?) be as in Example 5.1. It is computed in [21]
that on IC,

Cu = 7 ,
-n
where 17 = (1 — |¢1(0)|?)*/2(1 — |¢2(0)|?)*/2. By the construction of K and ¢, one checks that ¢ : G+ G
has the form

g11 912 913 922 Mg21 +/M923
P Gg21 g22 G23 | = g% g11 gﬁ
931 932 933 % V1931 933

In particular, if both ¢; and g» vanish at 0, then =1 and

gi1 912 913 g22 g21 g23
P | 921 922 g23 | = | 912 911 G913
g31 932 g33 g32 g31 933
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7 Subgroups in (H>)™!

In preparation for the definition of little Lorentz group in the next section, we look into some subgroups
in (H°°(D))~! and (H*°(D?))~! in this section. We believed it was a well-studied subject because both
are classical commutative groups of analytic functions. But to our surprise, there is not much in the
literature. However, this section makes no attempt to do a general study. Instead, it looks into some
subgroups that are relevant to the discussion in later sections.

First of all, the set of nonzero complex numbers Cy is a trivial subgroup in (H*)™!, so we only
look at subgroups in (H>*(D%))~!/Cy, i = 1,2. In addition, we observe that if J is an ideal in H>,
then G(J) := (1 + J)N (H*)"! is a group. To see it, we let 1 + f and 1 + g be in the set. Clearly,
(1+ £)(1+g) € G(J). Furthermore, (1 + )=t =1— f(1+ f)~!, which is in G(J).

Now we consider the ideal

J'={fe H®D): fF0)=0,0<k<n},

where f(*) stands for the k-th derivative of f, and set G* = G(J"). On D?, similar subgroups can be
defined. For non-negative integers n; and nsy, we let
o o
I, o

Jmnz = { f € HO(D?): —= =0, —=
{f (%) 02" | (9,0 ow’

:0,0<i<n1,0<j<n2},
(0,0)

and set G"t"2 = (1 + Jmom2) N (H<(D?)) L
Clearly, G™ is a subgroup in G"~! for each n > 1. However, they are all isomorphic to each other.
Theorem 7.1.  G° is isomorphic to G™ for each n > 1.

Proof. ~We prove the case n = 1. The other cases are similar. For ¢ € G° define p(¢) = ¢(z)*
= e#log@(2)  First of all, since ¢ is nonvanishing and I is contractable to a point, log ¢ is well-defined
and analytic. It is clear that p(1) = 1* = 1. In addition, p is a homomorphism, since

plp1p2) = (p1(2)p2(2))*
e1(2)*p2(2)*
p(p1)p(p2

~—

To check p(p) is in (H*)~1, we verify that it is bounded above and below by positive numbers. Let
z =z +iy. Then

()| = eRelzloa (2]
— oRel(z+iy)[log [ (2)[+iArge(2)]}

— ot logle(2)|—yArge(2)

Since p(2) is in (H*(D))~!, there exist constants 0 < m < 1 and M > 1, such that m < |p(2)] < M
on D. Since |z| < 1, we have

Min{logm, —log M} < xlog|e(z)| < Max{log M, —logm},

Min{m7 1} < evloglv()l MaX{M, 1}.
M m

Since |y| < 1, |[Argp(2)| < 27, —27 < yArgp(z) < 27 and e 27 < e VATE2(2) L €27 we have
Mi ! e ™2™ < p(p)| < Max{ M L1 on
in<m, — ¢ - < < Maxq M, — ¢ - €.
"M e m

It follows that p(¢) € H*(D) and p~1(¢) = p(L) € H®(D), e.g., p(¢) € (H>®)L.

1
©
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Moreover, p(¢)(0) = »(0)? = 1° =1, and

/
/ _ . zlogo(z) 1 P (Z)}
plp)(z) =e og p(z) + )
(V@) {toget) + 25
so p(v)'(0) = 0. Hence p(¢) € G, and p is well-defined.
Furthermore, since p(p) = 1 if and only if log p(z) = 0, or equivalently, p(z) = 1 on D. Hence p is
injective.

log @

Lastly, we will show that p is a surjective. For any ¢ € G', let us consider ¢ = e~ - . Since ¢ = 1+ 22h
for some h € H®(D), log @ = z2h + 0(22). Hence p(z) = e*"*t°(2) in particular p(0) = 1. So there exists
0 <& < 1 such that when [z| < e, |p(2)] > L. When e < [2] < 1,

[p(z)| = et *E)

log [o|+iArg log &
— oRel= o)

(log [p|+iArg log &) (z —iy)
= eRe{ T4ty t

zlog [p|+yArglog &
—e 22+4y2

Since ¢ € G!, there exist positive constants k and K, such that k£ < |¢] < K. So

Min{log k, — log K'} o z log |;| o Max{log K, — log k}
€2 Soa?4y? &2 ’

and
-2 < yArglog ¢ < 21

X X .
52 I‘2 + y2 52

Hence |¢(2)] is bounded above and below by positive constants, e.g., » € (H°*(D))~!, and hence ¢ € G°.
This shows p is a surjective, and it concludes that p is an isomorphism from G° to G'.

For ¢ € G0, if we let p"(p) = gp(z)zn = ¢*"102¢(2) then using polar coordinate and similar arguments,
we can show that p" is an isomorphism from G° to G™. O

The same map p can be defined from G°° to G1'°, and its well-definedness and injectivity still hold.
However, the map fails to be onto. For example, 1 + 0.5w is in {G1°} but not in the range of p, as is
easily seen from the power series of p(p).

Since the groups G" and G"" are multiplicative, it is sometimes more informative to see their additive
counterparts. Let Lg°(T) be the set of real-valued functions in L*°(T). Clearly, it is an additive abelian
group. The following lemma from [8] gives a group homomorphism from Gy to L (T).

Lemma 7.2.  There is a surjective group homomorphism p from (H*(D))~! to L (T) with ker p = T.

Proof.  The main idea of its proof is to consider the map p defined by p(f(z)) = log|f*(6)|, where
|f*(0)] is the radial limit. It is not hard to check p is a group homomorphism with kerp = T. For
surjectivity, for each g(6) € Lg(T), let

f(2) = exp (1 /T - 29(9)d0).

21 Jrelf — 2z

1

For simplicity, we set ¢ = - in the sequel. Then verify that f € (H>°(ID))~!, and

g ()1 = 1og [ xp (< [ P00 )]
—c / Po(0)g(6)do),

so p(f(2)) =log|f*(8)| = g(6). This idea of proof will be generalized to D? later. O



760 WuY et al. Sci China Math  April 2018 Vol. 61 No.4

It follows from Lemma 7.2 that (H°°(D))~!/T is isomorphic to L (T). Now consider the following
chain of subgroups of Lg(T):

N = {9(9) € Ly(T) : /g(o)e*““"da =0,k=0,1,2,... n}
T

Clearly, N"T1 C '™ for any n > 0.
Proposition 7.3.  The restriction of p to G" is an isomorphism from G™ to N™.

Proof. Tt is clear that ker(p|gn) = 1, since kerp = T and f(0) =1 in G".
For each g(f) € N, as in the proof of Lemma 7.2, there exists some f(z) € (H°°(D))~! satisfying

i0 Py
1) =esp (e [ S at0)a0).

f(0) = exp (c /Tr g(9)d9).

Then

19 + 2z 2619

exp (c [ )de) /T GOl

exp (c /T 4(0 ) / 2617 4(6)db,

— exp <C/TEZ“_LE ) HC/T(QGZG_WZVQ(Q)MFH/T (eife_wz)gg(e)da},
(o) (o an] = o]

and in general,

o= 22 2]
+o c/T mg(@d@}v

F™(0) = exp <c /T g(o)da>.{ {c /T 2eieg(0)d9]n+~~+c /T 2n!ei"99(6)d0}.

Inductively, it shows that f(0) = 1, f(¥)(0) = 0 for all k < n is equivalent to [ g(#)e *Ydf = 0 for all
k< n. O

= exp

Things become more complicated in two variables. It is well known that every real harmonic function
in D is the real part of a holomorphic function. However, a distinction arises in bidisk. For example, zw
is harmonic in each variable, but it is not the real part of any holomorphic function. We use RP(D?) to
denote the class of all functions in D?, which are real parts of holomorphic functions. For f € H?(D?),
define

fr@) = lim  f(rit1,rat2)
r1,rg—1-
at every t € T? where this radial limit exists, and we let P(log|f*|) be the Poisson integral of log |f*|
(which is in L'(T?)). If f does not vanish on D?, then we let u[f] be the least 2-harmonic majorant of
log |f|. We refer the readers to [15] for details. Now we consider P(LZ(T?)) N RP(D?). The following
fact is analogous to Lemma 7.2.

Lemma 7.4. (H*(D?))~'/T is isomorphic to P(Lg(T?)) N RP(D?).
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Proof. For f € (H®°(D?))~!, we define ¥(f) = P(log|f*|). Clearly, P(log|f*|) € P(L¥(T?)). We
need to show that P(log|f*|) € RP(D?). By [15, p. 46, Theorem 3.3.5],

ulf] = P(log|f*| + doy),

for some real singular measure do; < 0. Since f € (H>°(D?))~!, |f(2)| is bounded away from 0. Hence
log f is holomorphic, which in particular implies u[f] = log|f| € RP(D?). It then only remains to show
that doy = 0. To this end, one observes that

0 =log|f|+log|f™"|

= ulf]+ulf]
= P(log |f*| + doy +1log|(f~1)*| + dos-1)
= P(dO'f —|—de—1).

Since both doy and doy-1 are non-positive, this implies doy = doy-1 = 0. Therefore, P(log|f*|) =
ulf] = log|f| € RP(D?), e.g., ¥ is well-defined. It is easy to see that ¥ is a homomorphism. Moreover,
P(log|f*|) = 0 if and only if | f| = 1 on D?, which means f is a constant of modulus 1, so ker ¥ = T.
To see ¥ is surjective, we let u = P[g] for some function g € L*(T?). Then u is bounded and 2-
harmonic. And by maximum principle |[u|/ocop < ||g|lco- If in addition, u € RP(D?), then there exists

a unique real valued function v (called w’s harmonic conjugate) with v(0) = 0, such that u + iv is
holomorphic. Let f = €. Then ||f|lco = [|€“t1||oo = el“l> and |f(2)] = e¥*) > e~ llull~. Hence
f € (H>®(D?)) 1, so |f*| exists almost everywhere on T? and log |f*| = u* = g a.e. on T?. So ¥(f) = u,
and it concludes that ¥ is surjective. O

Now let us consider the following chain of additive subgroups:
arns = fg e 1) Plgl e RP and [ g(@6" dm(©) =0,0 < by < i i = 1.2},
T2

where dm(¢) stands for the normalized Lebesgue measure on T2.
Proposition 7.5.  The restriction of ¥ to G"'"2 is an isomorphism from G""2 to N"™:"2,

Proof.  Assume f € G"t"2. First, by direct computation, we see that f(0,0) =1 and g%{ l0,0)=0,1<

k < nq if and only if 821;’5]0 \(070) =0,0<k<n.

We write log f = log|f| + iArgf := u + iv. Note that v(0,0) = 0 and v = ¥(f) by the proof of

Lemma 7.4. Since log f is holomorphic, % + i% =0, by taking conjugate we have 2% —i2% = ( on D?.

0z 0z
Hence,

Flows _ o do ok
dzk T 9k Azk Tk’

So in particular 8k61;’,§f l(0,0) = 0 if and only if % l(0,0) = 0. Since

(1= [z = w*) |
2 |1 — Z€1|2|1 — w§2|2

uwwzﬂmum=4 og | *(€)|dm(),

we have

Ou )= (L~ [2)(1 ~ wP) (N g
o) =M [ ot B g (€6 (6,

which implies
oFu

G 0.0 = k1 [ (log (D& am(c).

Therefore, £(0,0) =1 and 24 |0.0) = 0, 1 < k < ny if and only if

[ ogl @& im© =0, 0<k<m.
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k
Parallelly, f(0,0) =1 and % l(0,00 =0, 1 <k < ny if and only if

[ teglr @&t am(e) 0. 0<k<m

By Lemma 7.4, ¥ is already an isomorphism from (H*(D?))~!/T to P(LH%O(TQ)) ARP, and VU is an
isomorphism from G"1:"2 to N™1:72, -

8 Little Lorentz group

A natural question about Lorentz group G(M) is whether it contains a nontrivial abelian subgroup, and
if it does, whether the subgroup is an invariant for submodules. The following notion seems natural. We
recall that R, is the restriction of multiplication by ¢ to M.

Definition 8.1. Let M be a submodule of H%(D?). Then
Go(M) = {p € (H*(D*))™" : R,"Cu R, = Cir}

is called the little Lorentz group of M.
Clearly, if we identify ¢ with R, then Go(M) can be viewed as an abelian subgroup of G(M).
Proposition 8.2.  Go(M) is non-trivial for any M and it is a proper subgroup in G(M).
Proof.  First, using the fact that Cyy = I — R, R} — R, R}, + R, R, R: R}, it is not hard to check that
zwM C ker Cyy, or equivalently Zwk is orthogonal to M. Fixing an |o| < 1 and letting ¢ = 1 4+ azw
€ (H>*(D?))~!, then we have
R,*CyRyg9 = R,"Cr(g + azwg)
= Rap*CMg
= Py(1+azw)Cuyg
= Cuy,
for any g € M. So Go(M) is always non-trivial. The fact that it is proper in G(M) is not hard to see. But
it has interesting details. We consider three cases. If Cjs is of rank 1, then M is of the form §H?(D?)
for some inner function #, and we shall compute Go(M) in the next example, and it will be evident that
it is proper. If 1 < rankC); < oo, then G(M) contains a nontrivial element of order 2 by Section 5 which
is of course not in Go(M). Hence the latter is proper in the former. In the case rankCy; = oo, we have
no interesting element to display but just resort to the trivial one Ix @ —Iyer ¢ It is clearly in G(M) and
of order 2. O
Now we compute some examples.

Example 8.3. Consider M = §H?(D?) for some inner function 6. Since

9()\;77)0(2,10)
(1= X2)(1 —Tjw)’

KM\ 5 2,w) =

GM(X 2) = 0(\)0(z), and hence Cprf = (f,0)0. By Proposition 6.2, T*CyT = C) if and only if
T*0 = 1, where |n| = 1. In other words, G(M) is the group of all T' € B~1(M) such that T* fixes 6 up
to a unimodular scalar. In particular, it is non-abelian. Let f = 0h € M for some h € H?(D?). Then

Cy f = (6h,0)0 = h(0,0)6.
In addition,
R,*CuRyf = Ry ((p0h,0)0)

= ¢(0,0)1(0,0) Py (6)
= 10(0,0)[*1(0,0)8.
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Since R,*Cy R, = Cpr, we have Go(M) = {p € (H>®(D?))~! : |¢(0,0)| = 1}, which is T x G%°.

Now we take another look at the submodule in Example 5.1, i.e.,
M = p(z)H*(D?) + q(w) H*(D?),
where ¢(z) and g(w) are nontrival one-variable inner functions. In this case rankCj; = 3 and

Cuf = (fipp+{f,a)a—{f,pa)pq

To make the computation simpler, we assume that p(0) = ¢(0) = 0, in which case {p,q,pq} is an
orthonormal basis for K. To proceed, we need to introduce two evaluation operators mapping H?(D?)
into H?(D). Define

L(0)h = h(0,w), R(0)h = h(z,w), he€ H*(D?).

The evaluation operators were defined and studied in [22], and they played important roles in proving
the Hilbert-Schmidtness of Cs (see [19,20]). For simplicity, we denote L(0) by L and R(0) by R when
there is no confusion. Note that R and R, are different operators. It is easy to see that L(ph) = LpLh,
and R(ph) = RpRh. Also recall that Ty stands for the Toeplitz operator. We state the result as follows.

Theorem 8.4. Assume M, p and q are as above. Consider ¢ € (H*)™ with ¢(0,0) = 1. Then
© € Go(M) if and only if

T7,9=4q, Tr,p=0p.
Proof.  For f = phy + qgha € M, where hy and hy are arbitrary functions in H?(D?), we have

Cu f = (phy + qha,p)p + (ph1 + qha, q)q — (ph1 + qh2, pg)pq
= (P1(0,0) + q(0)(Rh2,p))p + (h2(0,0) + p(0)(Lh1, q))q
— ((Lh1, q) + (Rh2,p))pq
= h1(0,0)p + h2(0,0)q — ((Lh1,q) + (Rha,p))pq

Then
RL,CuR,f = R,Cu(ef)
= h1(0,0)Rp + h2(0,0)RGq — ((L(ph1), q) + (R(ph2), p))Rpq. (8.1)

Observe that in order that R,Cy R, = Cu, K should be invariant under R7. Hence, RZp, R7q and
R, (pq) are linear combinations of p, ¢ and pg. Since {p, ¢, pq} is an orthonormal basis of K and ¢(0,0) = 1,
one verifies that

RZp = p,
R*
Ripq = <q, Ly)p + (p, Rp)q + pg.

Putting these into (8.1), we have

R:CuR,f
= h1(0,0)p + h2(0,0)g — ({(L(ph1),q) + (R(ph2).p))({¢; Ly)p + (p; Re)q + pq)
= [71(0,0) — ((L(¢h1), q) + (R(ph2), p)){a, Le)lp
+ [h2(0,0) — ((L(ph1), ) + (R(ph2),p))(p, Rp)lq
= ((L(¢h1), q) + (R(¢h2), p))pq.

Comparing the coefficients of pg in Cy f with those in R,Cy R, f, we have

(L(ph1),q) + (R(ph2),p) = (Lh1,q)q + (Rh2,p).
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Since h; and hg are arbitrary, we have

(L(ph1),q) = (Lhi,q),
(R(ph2),p) = (Rha, p),
or equivalently,
L(p—1)Lhy 1L q, R(p—1)Rhy L p, Yhy, hy € H*(D?).
Since L(H?(D?)) = H?(D) and R(H?(D?)) = H?(D) (in different variables), the Toeplitz operators satisfy
T7p,-19=0, Tp,_1p=0,

e.g.,
Tzwq =gq, Tj’%gap =p. (8.2)

For the other direction, if (8.2) holds, then tracing the above arguments upward, we have

<L(<)0h1)a Q> = <Lh1a q>7
(R(ph2),p) = (Rha,p),

for every hi, ho € H?(D?). Hence, the coefficients of pg in Cjsf and those in RLCM R, f agree. In
particular, if we set hy = ho = 1 in the above two equations, then they imply

(Lo, q) = q(0) =0

and

(Rep, p) =p(0) =0.
Putting these into R;,Cy R, f we see that the coefficients of p and g agree with those in Cyf. Hence
v € Go(M). O

It is worth noting that in Theorem 8.4 if we write ¢ =1+ 7, then T7_¢ = 0 and T%,p = 0. It is not
hard to check that the set of 7 satisfying these equations forms an ideal, say J in H*. Then by the

remarks preceding Theorem 7.1, (1 + J) N (H>)~! is indeed a group.

Example 8.5. Let us consider a concrete situation where p = 2™ and ¢ = w"™, where m and n are
positive integers. By Theorem 8.4, ¢ = 1+ 7 is in Gy if and only if T} _w™ = 0 and T, 2™ = 0. We write
7(z,w) = R7(2)+wn for somen € H*. Then T}, 2™ = 0 if and only if (z™, (R7)h) = 0 for all h € H?*(D),
and this happens if and only if R7 has a factor z* for some k > m. Since 7(z,w) = R7(z) + wn, this is
the case if and only if % (0,00 = 0, for all 0 <4 < m. Likewise, T} w" = 0 if and only if % l(0,0) =0,
for all 0 <4 < n. In conclusion, Go(M) = T x G™™ for the submodule M = 2™ H?(D?) + w" H?(D?).

9 Little Lorentz group and unitary equivalence

In this section, we study the relationship between little Lorentz group and unitary equivalence. First,
two submodules M7 and My are said to be unitarily equivalent if there is a unitary module map between
them. Unitary equivalence is well studied (see [1,5,6,9]). We will prove that little Lorentz group is an
invariant under unitary equivalence of submodules. However, it is not a complete invariant, as we shall
see through a somewhat complicated example.

Proposition 9.1.  If two submodules My and My are unitarily equivalent, then Go(My) = Go(Ma).
Proof.  Suppose U : M1 — Ms is a unitary module map. For ¢ € H*, we let Rf;o denote the restrictions
of T, to submodules M;, where i =1, 2. Then U Ri, = R?DU , and therefore
Cwmy =1 — RURL) = Ry,(Ry,)" + RLR,(RY)(R,,)"
=1 -U*R*(R*)"U — U*R%(R%)"U + U*R?R% (R*)"(R2)"'U
= U*(I - RZR? - Ry, (R,)" + RIR,,(R2)(R3))U
=U*Cp,U.
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For every ¢ € Go(Mz), we have R?;C’M2 R? = Cy,. Therefore,

(RL)*Ch, R, = (R,)*U*Ca,UR,
=U*(R%)*Ca, R2U
= U*C,U = Chy,.

Hence, ¢ € Go(M7). Similarly, for any ¢ € Go(M7), ¢ is also in Go(Ma). O

However, the converse of Proposition 9.1 is not true. Let us take another look at Example 5.2. Let

M= 9<H2(D2) ® éczijrw(Z))

=0

where
1— 2

el =97

0<rl <1

and 6 is an inner function satisfying 6/(w — rz) € H*(D?).
Lemma 9.2. M is not unitarily equivalent to MY! := 2 H?*(D?) + wH?(D?).

Proof. Denote h = 6/(w — rz). Agrawal et al. [1] proved that two submodules M; and M; satisfying
Ms C M, are unitarily equivalent if and only if My = nMj, for some inner function #. Without loss of
generality, let h(0,0) # 0. In [21], it is shown that if M is a submodule that contains two nontrivial one
variable functions, then a submodule N is unitarily equivalent to M if and only if N = nM for some inner
function n. Hence, if M1! is unitarily equivalent to M, we have M = nM'1. So for any f € H?*(D?),
there exist f; € H?(D?) and f, € H?(D?) © 2H?(D?), such that

(h(w —r2)f + iajzjh) =n(zf1 + wfz).

§=0
However, this is not true when ag # 0, contradiction. O

The next fact is a bit unexpected. It indicates that this submodule has the same little Lorent group
as that of M1 (see Example 8.5).

Proposition 9.3.  For the submodule M in Ezample 5.2, Go(M) =T x G&1.
Proof.  In Example 5.2, we have that

Cr =080+ 00K,y (2) @ OWK 1y (2) — 0Ky (2) @ 0Ky (2).
Consider f = 60hy + 372, 0a; 2 WK, (z) € M, where hy € H*(D?).
We have that

Cuf= <0h1 + Z@ajzijm(z),9>9

=0

- <9h1 +) a2 WK (2), Hme(z)>9me(z)
j=0

— <9h1 - i 0a; 2 WK 1y (2), HKm(z)>9Km(z)

Jj=0

= h1(0,0)0 + < > a2 Ky (2), K,w(z)>eme(z)

Jj=0

- <h1(0,0) 1—7r2+ <9h1 + iajszf(m(z),K,w(z)>eKm(z)>

Jj=0

= h1(0,0)8 + agbWK p(2) — (h1(0,0)vV'1 — 72 + a17)0 K (2).
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It follows that

CuRyf = <ap9h1 + Z @Hajzijm(z),9>9

=0

+ <<,09h1 + Z goHajzjﬁKm(z), GwKrw>9wKTw(z)

§=0
— <@9h1 + i 00a; 2 WK (2), aKm>eKm(z)
j=0
= ¢(0,0)h1(0,0)0 + < i a2 Ky (2), Krw>9wKrw(z)
§=0
©(0,0)h1(0,0)v/1 — 120K, (2) — < i 0a; WK 1 (2), Krw(z)>9KTw(z)
j=0
L o0 ?(0,0)a0y/1 — r26.

ow
Using the fact that K is the reproducing kernel, we have

CuRyf = ¢(0,0)h1(0,0)0 + ©(0,0)aob WK ., (2)

< (0, 0)a1r+g (0,0)aq + ©(0,0)h1(0,0 eraO%(O 0)r )9Km,(z)
+ a—“”(o 0)aoV/1 — r20.

ow
In order to compute R,Cn R, f, we verify that

R0 = Z(@H, 02" w? )0z w! + Z(@G, 02 WK 1y (2)) 02T W 1 (2)

7,7 J
= (0,0)0 + 2—2(0, 0)V1—120WK . (2),
ROWK oy = > (POWK 02" w))02" w7 + Y (POWK ay, 02/ WK 0y (2)) 027 WK oy (2)

= ¢(0,0)0W K,
and

RO0K .y =Y (POKy, 02w’ )02 w! + Y (GOK 1y, 020K 1y (2)) 02/ WK oy (2)
i,J J

©(0,0) 0)v1—120 4+ (0, ©(0,0)r02WK .y + g (0,0)r0wWK .y + g

Since R, Cy Ry f = Cup f, and 0, OwWK,.,, and 6 >0 V1 —r2(rwz)™ are orthogonal, by comparing the
corresponding coefficients, we have that for the coefficients of 6,

h1(0,0)r? — ayry/1 — 12

= |(0,0)[*21(0,0)r* — |0(0,0)[*arrv/1 — 12 — (0,0) 5~

(0,0)0WK .

S0 (0 0)agrv/'1 —r2;

0z

for the coefficients of OwWK,.,,,

B 2 A B B
ao = |(0,0)2a — ‘82‘;(070)’ aor ‘a (0, 0) aor? = 52 ?(0,0) 3*" (0,0)aor
D A D Do
~ 9 (0 0)a (0,0)aer — (0, 0)a (0,0)a;7r* — (0, 0)8 (0,0)ayr
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O 2(0,0)71(0,0)r/1 — 12;

0z
and for the coefficients of > ° | /1 — r2(rwz)"

h1(0,0)vV1 —7r2+ayr

——0p
= |¢(0,0)|?h1(0,0)v/1 — 72 + (0, 0)|2arr + ©(0, 0)8

(0,0) 5~

e

(0. 0)aor + (0,0) 5~

(0,0)ao

By choosing ag = 0 and a; = 0, we get |¢(0,0)| = 1 from the last equality. Plugging it back into the
last equation, and using the fact that ag and ay are arbitrary, we have gi(o 0) = 0 and 6—“’(0 0) = 0.
Conversely, if |¢(0,0)] = 1, gf (0,0) =0 and 2 52(0,0) = 0, then one checks that all equations above hold.
In conclusion, Go(M) = T x GH1. O

10 Concluding remarks

The goal of this paper is to introduce Krein space, Lorentz group and little Lorentz group into the study
of submodules in H?(D?). Clearly, the defect operator C; is a pivot in this attempt. Cp; can be defined
for many other reproducing kernel Hilbert spaces, so at least some parallel work can be done in more
general settings. How will the Lorentz group and the little Lorents group change with respect to the
change of settings is an appealing question, and some work is on the horizon. However, we conclude this
paper by posting some more immediate problems.

(1) Since the defect operator may be non-compact (albeit hard to find), will G(M) and Go(M) be able
to detect the non-compactness of Cys7

(2) For an ideal J C H®°, is the rank of J an invariant for the group G(J)?

(3) Is Go(M) maximal abelian in G(M)?

(4) TIs the converse of Proposition 5.3 true?
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