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1 Introduction

In this paper, we consider the 3-D incompressible MHD-type equations without magnetic diffusion

8t¢+uv¢:0,
Ou+u-Vu—Au+ Vp=—div(Vop o Vo), (1.1)
divu =0

with the initial data (¢g,u0) in R3, where ¢ is a scalar function and u is the velocity. The system (1.1) is
an analogy of the 2-D incompressible MHD equations without magnetic diffusion, which read as follows,
Ob+u-Vb=10b-Vu,
ou+u-Vu—Au+Vr=b-Vb, (1.2)
divu =divb = 0.

To see this, we use divb = 0 to obtain b = (9,,¢, —0., @) for some potential function ¢. Then in terms
of ¢, the system (1.2) can be rewritten as the 2-D version of (1.1), i.e.,

hp+u-Vo=0,
ou+u-Vu—Au+ Vp=—div(Vop @ Vo), (1.3)
divu = 0,
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where p = m—|V¢|?. The MHD equations without magnetic diffusion can be applied to plasmas when the
plasmas are strongly collisional, or the resistivity due to these collisions are extremely small [2,6,12,19].

In the last decades, much attention has been paid to the local/global existence of solutions to the 2-D
or 3-D MHD equations with partial viscosity (see [3,4,7,9] for 2-D case and [10,11,24] for 3-D case, and
the references therein). It is well known that the 2-D MHD equations have the global smooth solution
when the magnetic diffusion is included, while in the case without magnetic diffusion, the question of
whether smooth solution of the 2-D MHD equations develops singularity in finite time is open [6,19]. In a
recent remarkable paper [13], Lin et al. proved the global existence of smooth solution of the system (1.3)
around the trivial solution (x2,0). To capture the weak dissipation, the anisotropic Littlewood-Paley
decomposition as well as anisotropic Besov space is used in [13]. More recently, Zhang [25] gave a
simplified proof for the global existence and uniqueness by using the energy method. Wu et al. [23]
further investigated the global well-posedness of this system with a velocity damping term. For the 3-D
MHD-type equations (1.1), Lin and Zhang [14] established the global well-posedness for smooth initial
data that is close to the nontrivial steady state (x3,0) by employing the anisotropic Littlewood-Paley
analysis and the energy method. Then Lin and Zhang [15] simplified the proof by using the classical
energy method.

On the other hand, whether there is certain dissipation or not is a very important problem for the
inviscid MHD equations. It has been numerically showed that the energy is dissipated at a rate that
is independent of the ohmic resistivity in the MHD systems (see [2]). In other words, the viscosity
for the magnetic field equation can be zero and the system may still be dissipative. Recently, Ren et
al. [17] confirmed this numerical observation for the 2-D MHD system (1.3) by providing an explicit time
decay rate for various Sobolev norms of the solutions. The main tools used in [17] are the anisotropic
Littlewood-Paley decomposition and the anisotropic Besov spaces. The main purpose of this paper is to
establish the time decay estimates for the 3-D MHD-type system (1.1) by using the elementary energy
method and the interpolation. As a by-product of our proof, we also obtain the global existence of small
smooth solutions. We believe that the elementary energy-method techniques developed in this paper will
be useful for various related problems.

Since we are considering the equations (1.1) close to the equilibrium state (z3,0), we may set ¢ = ¢—ux3
and transform (1.1) into the following system for (1, u):

O+ u- Vi +uz =0,

1
Ou+u-Vu —Au+ Vo) + AV 4+ Vp = —2V|Vw|2—vaw, (1.4)

divu =0,

(¢, u)]i=0 = (¢o,u0),

where AU = (0,0, Ay). Furthermore, if we take divergence to the u-equation and solve the pressure p,
we can transform (1.4) into the following form,

Oy +uz = —u - Vi,

Oyun, — Aup, — 03Vpth = —u - Vuy, + f,

Oruz — Auz + Aptp = —u - Vuz + f*, (1.5)
divu =0,

(¥, u)le=0 = (v, uo),

where uj, = (u1,u2)T, Vi = (81732)T and

v

fh _ Ah (Oiu;05u; + 0;0;(0;10;4)) — 0;(Vp10;v),
0

fv U3 (&'uj&jui + 87,83 (({%w@jw)) _ aj (83wajw)

A
Hereafter, the indices ¢ and j mean summation from 4,j = 1 to 3.
Our main result is stated as follows.
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Theorem 1.1.  Assume that the initial data (1o, uo) satisfy (Vibo,up) € H™(R3) and divuy = 0.
Then there exist two small positive constants § and e such that if (Vibo,up) € H 5*(R3) with s =1 -4
and

||V¢0||?{14(R3) + HUJOH%{M(RS) + ||V¢0||%17514(R3) + ||UOH%I*S>4(]R3) < Cge?,

then the system (1.5) admits a unique global solution (1, u) satisfying
(Vi u) € O([0,+00); H(R?)) N C([0, +00); H*4(R?)).

Moreover, it holds that

st

IVhullz + VV39ll2 + [VVhullz + [V2Vi9ll2 < Ce(1+1)7 2 (1.6)
for any t € [0,+00) and £ = 0,1,2. Here H=>*(R®) is the anisotropic Sobolev space with norm defined by
lall sy = 1116017 (L + €]*) 2 )| 2oy < oo,

where &, = (£1,&2).
Remark 1.2. Due to s < 1, we see that (Vi,ug) € H=*(R3) if (Vibo,up) € L1(R3) N L2(R?).
In Theorem 1.1, we obtained the anisotropic decay estimates for solutions of System (1.5). We can also

establish the higher order decay estimates if the initial data has the more regularity. This anisotropic
decay can be seen from the linearized version of (1.5):

oY +us =0,

Oyup, — Aup — 03V =0,
Orus — Aug + App =0,
divu = 0.

By a simple calculation, we obtain

8“1/1 — Ahw + AU3 = 07
Opun, — Adyup, — Vi (Vi - up) =0,
8ttU3 — A(‘)tug — Ah’u,g = 0,

which are damped wave equations with dissipation only on horizontal direction. A simple spectral anal-
ysis [17] reveals the anisotropy of the time decay rates on the spatial directions. This partial dissipation
also implies that the solution has weak dissipation.

To prove Theorem 1.1, the main difficulty is that the system has a weak dissipation so that it is difficult
to control the growth of nonlinear terms. To overcome this difficulty, we will use the anisotropic Sobolev
space and the special structure of nonlinear terms. Our arguments are based on the elementary energy
method and the interpolation.

The rest of this paper is organized as follows. In Section 2, we show the time decay estimates under the
assumption that the solution is bounded in the anisotropic Sobolev spaces. Then in Section 3, we use the
obtained decay estimates to prove that the solution is indeed bounded in the anisotropic Sobolev spaces
with a refined bound. Thus, the theorem follows from a continuous argument. Finally in Section 4, we
present some comments.

Notation.  Throughout this paper, we set 2, = (21, 2) and use ||- || to denote ||-|| »rs) for simplicity.
2 Proof of decay estimates

In this section, we will establish the decay estimates of solution under the assumption that the solution
is bounded in some anisotropic Sobolev spaces, which will be closed in the next section. We begin with
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introducing the energy

De(t) = || Vyull3 + [V VY3 + IV Vhul3 + [ V2V, w||2+261/v uz VAV,

Hy(t) := [VViul3 + [V Viul3 + e[ VY93 = el VVus]l3 —61/V2V us V2V

for £ =0,1,2. It follows from O3usz = —V}, - up that we can fix a positive constant €; such that
Dy(t) = (IVhull3 + IVViRll5 + IV Viull3 + [V2VL13),
Hy(t) = (|VViull5 + [V2Viul3 + IV VL 9[13)

for /¥ =0,1,2.

Lemma 2.1 (See [16]).  There exists a constant C > 0 such that

1 1
||f||L°°(]R3) < CHVf”zz(W)||vvhf||zz(]gs)-
We first deduce the following lower order energy decay estimates.
Proposition 2.2.  Assume that the solution (¥,u) of (1.5) satisfies ||u(t)||% + |V (t)||3s < ¢§ for
any t € [0,T). If co is suitably small, then for some ¢ > 0, we have

d

dt

Proof. By a standard energy estimate, we have
1d

2dt

Dy(t) + cHo(t) <0 forany tel0,T].

(lull + 1V¢I3) + Va3 = 0.

Similarly, we also have

1d

2 21112 2,112
o g IVullz +IVZRI2) + [1V7ull3

/(u Vu) u—/V2 u- V) - Vih — /uh Ve — /u3v2fv
and

d
o T+ IVl = [Vl - [ PPy

=- /(u - Vug) - V2 — /(u V) Vs + /fvv%p.
Then combining the above three equalities, we obtain

dDO(t)+HO(t):/(u-vu)-v2u—/v2(u.w)-v2w—/uh~v2fh—/ugv2f”

dt
o [ V) Vo-a [ VeV ta [ 17
=L+ +I3+1s+ 15+ Ig + I7. (2.2)
We now estimate [, I5, ..., Iz one by one. For I, it is clear that
< NullslIVulle[Vullz S llull [ V2ull3 < CeoHo(2).

For the term I, we first use the integration by parts and the divergence free of u to deduce that
/v2 u-Vip)Va ¢—2/v2 u - Vp)02eh — /83 u - V1h) 02
—— [(Vhu- Vo) + 208(u- V) Vi~ [ (OF(un- Tuv) + S5 uadu)) v
=— /(V%u - Vp + 2Vu - VV ) + 203 - Vap + 403u - VO3t + 2u - VO Vih

- /(8§uh - Vpt + 203up, - Vi031) + 8§U3831/) + 283U38§1/))8§1/)
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Notice that
/ OB usDstb O3y = / Vi - Dsunds(O50))? / BBy, - VDbt
and
/ D3uz021p031) = — / Vi - up(03)? = =2 / Dzup, - V3 031p031) — 2 / wp, - V031934

by the divergence free of u and the integration by parts again. It then follows from Holder’s inequality
and Sobolev’s embedding that

L 5 (IVull2l Voo + [ Vulls [V lls + 1l V2 I IVEY N2 + 1Vull2l Vavlls VI3
+ (IVulle[[V*3lls + IV*ull2l Vi lloo + VUl V2 lloo + [ulle| VP4ls) [V VA2
SVl (IVull3 + 1V2ull3 + IV Vagll3)
< CepHy(t).

For I3 and I, we have
—/8i8juh . Vh(uiuj + 8ﬂbaj’¢) + /VQ’LL}L . 8j (Vhwajw)

S IV2ull2(IVullzullse + IV VR 2V o0 + [IVatll6lVZ4lls)
S (lullzz + IVl 2) (V3 + [IV2ull3 + 1V Vapll3)
< CCoHo(t)

and
—/81‘8]‘114383(71@11,]') - /838jU3Vh . (V}ﬂ/)aﬂ/)) + /th“)jug . Vh(é‘gz/za]z/z)
< IV2ull2(IVull2llullos + IV Va2 Vi) lloo)
S (lull = + V9 a2) (Va3 + Va3 + IV VR]3)
< COoHo(t).
Also, it is clear that
I + Is S llulls(IVull2l[ V29l + V9131 V2ull2) S IVl a2 (Va3 + [ Vull3) < CeoHolt)-

Finally, for I7, we can use
I =1 [ ooz a1 [ 0,00.0(000,0) + 1 [ 09 @uvoy)
= —El/agil)aiuj'ajui — €1 /@-wvh 83(th/z8]z/z) + € /8]1/JV%(831/)8]1/))

= —61/03¢0in3jUi+61/Vh0j¢-33(Vhw3j¢) —Gl/Vhajw'Vh(%WW)
to deduce that
I SV llool Vull3 + IV Vo la(IV Va2V oo + Va6l V?4l5)
SIVYl g2 (IVull3 + [VVai]l3)
< CCQHQ(t).

Summarily, we can substitute the estimates of I1, Io, ..., I7 into (2.2) and then complete the proof of
Proposition 2.2 by taking ¢y small suitably.

Proposition 2.3.  Let s =1— 0. Assume that the solution (1, u) of (1.5) satisfies
a1 Fs + IV Ol s + [u@)lFr-e2 + IV @) F-en < 5

for any t € [0, T]. If § and ¢o are suitably small, then for some ¢ > 0, we have

c;iDl(t)—l-cHl(t)go forany te€[0,T].



1954 Ren X X et al. Sci China Math October 2016 Vol. 59 No. 10

Proof. It follows from the standard energy method that

1d

o g¢ IVull3 + VY [3) + [V hull3

—/Vvhw-VVh(u-Vw)—/vhu-vh(u-Vu)+/thh'Vhchr/thg-Vhf”.

Similarly, we also have

1d

3 5y 19Vl + 1V29013) + V29 a3

—/V2vh¢-v2vh(u-w) —/Vth-VVh(u-Vu)
+/vvhuh~vvhfh+/vvhu3 SVVLfY

and

dt/v2u3v Y+ IVVEY|3 — [|[VVus 3 — /vz’v;ﬂp V2V us

VVZ -V (u- Vus) VV2i -V 4+ | ViuzVi(u- V).
-/ v/ /

Thus combining the above three equalities, we obtain

d
D4 (t) + Hq(t
g P10 + Hi(2)
—/Vvhw . VV}L(U, . Vlb) — /th . Vh(u . VU) + /thh . Vhfh + /Vh’LL3 AV
—/VQVhw-VQVh(u-Vw) —/Vth-VVh(u-Vu)—i-/Vthh -VVLf"
/VVhU3 VVLf° —el/VV Y- V(u-Vusg) +61/VV P - Vf”+€1/V u3V2(u Vi)
= Ji+Jo4-+Ju. (2.3)
We now estimate the terms Jy, Ja, ..., Ji1 one by one. For Jj, we first use the integration by parts

and divu = 0 to rewrite it as
== [ ViuTi o) - [ Vit o)
- / Vip(Viu-Vip +2Viu - VVRY) — /agvhw (Vhu - Vo + Viu - Vs + 0zu - VV 1))
=- /Viw(Viu -V +2Vipu - VVipe)) — /33Vh¢ (03Vpup - Vo + Vyuy - Vi 031
+ O3up - Vi Vpih) — /33Vh¢ - (05Vhu3dst) + Vausdiy + O3usdsVut)).
Due to d3uz = —Vy, - up, we have
—/V%JP(V;QLU -V +2Vpu - VVp)) — /33Vh¢ (3Vpup - Vptp + Vpup - V039
+ O3up - Vi Vpih) + /33Vh¢ ViV - un)03t) — Vausdiy + (Vi - up)93Vit)
= /( MViu - Vi — 2V - Viu - Vi) — /33Vh¢ (03Vhup - Vip + Vyup - V5031
+ 0 VaV0) — [ Q0VRUTn - un)Ou + (T 1) 00V

- / DV - (Viusd2b — (Vi - un)ds V).
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It then follows from Hélder’s inequality and Sobolev’s embedding that

i S IVl Viull2[IVolls + IV VRS2l VaullsVels + IV Vaulle|V Va2 ([ Vi) 12
+ I Vaulle VYR + VY] 12 [Vull 2 [Vills + IVaulle[VVav || 22 V29|22

SVl VVaullo [Vl + V2V rull2 [ VR 12| V] 2 + [V VRull2[ VR3]

+ [VVRl2 VVR| 2 [ Vull iz + [V Va2 VYVl [Vl b IVl g card
for s > 7 . Notice that
IVVielle < IVV3 wn"“*” AL SW}IIG“M I, 2
h h '53
6§ 7

< VOB 1Ay Vil IIG“+2>

6547

SIVViplls ™ IIWIG(””

by the interpolation and Sobolev’s embedding. Similarly, we also have

6541

IVelle S IIVVERILE ™ 1A, SWJIIG““) I, 2

6541
< IVI3IE Ay Ve, II“””

3
6541

S VR0 9wl

and
6s+4+1 6s+4+1

IVulle S 1VVa a7 [V 15552 < 19V 15 Ju et

5,1 ~o

Thus substituting (2.5)-(2.7) into (2.4), we can deduce that

S IVElas + IVGla-oa + l[ulla-+2) (IVVER I3 + [V Vaull3 + V2 Vaul3) < CeoHa(2).

The term J, can be directly estimated as follows:

J2 = /th - VVhu - u < [ Vaulls[VVrullallulls < llullm [V Vaul3 < CooHa(2).

1955

(2.4)

For Js, we use the LP boundedness of Riesz operator, the interpolation and Sobolev’s embedding to

obtain

0;0 0;0;
/thh j (uzu] /thh Vh AJ Vh( ﬂbajw /8 thh Vh(Vhwajw)

null2l| Vi (u @ w)ll2 + | Vaulls[VE (VY @ V)5 + IV Vhull2l|[Va(Vie © V)2

<V
SVl Vaullsllulls + [IVVELlI 1 Vlls + [V VRel3 + Vi 16l Ve lls + [V VREVa]2)
<

IVVaull2(IVVhullalull e + VD12Vl + [VVReI3 + [V VR Vapl2).

Then we have J3 < ([[VY|lgs + [VY| -1 + |ull g (IVV2]3 + | VVul|3) < CeoHi(t) by (2.5) and

the fact that

V9Tl <VTblas, 9l iz, S ||||vw| AV e,
S IVVES IR V30132 2 1431V x
< IVl Vel 2 (V520
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To estimate J4, we can first rewrite it as
i y 0; 33
VinOzus - Vi (uiuy) Viwus - Vi A 0;(050;5v) — 0;(03v0;)
&8- 030; V2
- / Vi,0sus - AJ Vh(uiuj) + /th;g . Vh( Z]

Vi (Vab0y) 3 0i(0u050))
and then take a similar procedure as Js to obtain
J1 SIVVRull2|Va(u @ w)l2 + [ Vauls| V3 (VY @ Vi)|le < CeoHu(?).

For J5, we first rewrite it as

Jy = — /(vivhw (V2Vhu- Vi + 3V2u - YV + 3V5u - VV2))
+OV205(05 ViU - Vi + Vi - VOsth + 205V - Vb + 2V - VV 05t + Oyu - VV2))
- /agvhlﬁ - 03V n(u - V)
= Ji+ JzZ.
Then it is clear that

J5 SIVVESl2(IVAVrull2 VYl + IV VRl V¥l + [V aullsV2lls + IV VY2 Vul o)
S (lullms + 1V ) IV VRIS + IV Vaul3 + IV VRull3). (2.8)

However, the estimate for J2 is very subtle. We first notice that

- / O3V n - (03V pup - Vith + 205V pup, - Vidsth + Vyuy, - V30390 + O3up - Vi Vi
+ 203up - VR Vi3 + 8§th3831/) + 283th;38§1/) + V}ﬂl@&?ﬂ) + 8§U383Vh1/) + 2(93U38§Vh1/)).
Then we can use 3uz = —Vy, - up, and the integration by parts to obtain

T3 < IV Va2 V2V adlls [ Vatblls + IVVaulls V2 Vi3I VVatll2 + [ Vaulls| V2V |3
+IVidllel V2V lls| V2ullz + IV VESIVVRY 3] Vulls + IV Vaull2[ VVE 22 Vo

VYLV Vaull| V4 lls + [ Vaulls[ VVES2] VP ]13) ‘/&?Vhw-vhus&?w

S (IV2Vrull2 [ VAV sV VRl + [V VRl V2Vl + [V VR0 V2 Vat|ls][Vull2

HIVEVRull2 VYR VYl 2 + IV V2V VRSl V] 1r2) + '/a?vhw thdasl/)‘ (2.9)

It follows from the interpolation and Sobolev’s embedding that

VYRl S VYV ”2 2 14"y MHL?
SIVVie ”QIIA Vil e SIIVViY b”IIWJ b”m (2.10)
which implies that
5+22 s +b 21
IVVaolls S VVR[5" IIVW“ 1>Vh¢| o
§+22 s24s 21
SIVVRplls™7 [Vl 5
s24s-1
< IVV2elH IVl 52 [l (2.11)
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for s =1 — ¢ with small d, and that

Ts+5

V2Vl e < I99el3 1975 V35 < Vvl IVl el 2. (2.12)

Similarly, we also have

192l < 9Tl 1A V2l 5 s, < 192Dl ™ 1479 2ulls™ S 192 Tnls™ ful2.
Substituting the above estimates into (2.9), we obtain
I3 S (IVYllas + IVl r-a0 + lull g-2) IVVELNS + [V Vrull3 + V2V rull3)
+‘/8§vhw-vhu38§w‘. (2.13)

It remains to estimate the integral term in (2.13). For this purpose, we first use the integration by parts
to obtain

[ 02Vt Vst = - [wsbVivos ~ [ wodViw- o4V
_ / D310 V2O + / sy V2O — ; / 03|02V b 2
- / (Vi - un) s Vi 051 + / u3ds V31 — ; / (Vi - up) |03V i),
It then follows from Lemma 2.1 and (2.12) that
‘/@?Vhl/} : th?,ag’l/J‘
< IVrull6|VVED|2l| VP Ylls + luslleo [V VAL 2V ll2 + [ Vaulle ||V2Vh¢||
S UIVElar + 1IVY[ -0 IV Vil V2|2 + ||VU3||2||Vth3||2||VV ¢||2||V4¢||2,

which together with ||[Vus|lz < ||Vaullz S ||| Viu 2;2 | A, *u ”2 ||L2 SIVVRu ”2||A u 5*2 and
19%%ll2 S 1791 IVEVw3
SIIVVyl;s 2 1A VYlL ot ||L2 IV 3
< IVVylls 1ALVl @ IV s
yields that
‘/83Vh1/1 Viuzd39| S (IVellms + VY a-so + [ull g-o0) (IVVRu]3 + [[VVE2[3). (2.14)

Substituting (2.14) into (2.13) and using (2.8), we have
Js S (IVellgs + lull s + IVl g-s0 + lullg--2) IV VAR5 + IV Viull3 + V>V aull3)
< CeoHq (t).
For Jg, a direct calculation yields that

Jo S IV Vrullo(IVVhull2l|Vulloo + [Viulle VZulls) < llull e[ VVrull3 < CeoHa ().

(2.15)

For J7, we first use the integration by parts, Holder’s inequality and Sobolev’s embedding to have
= - /&@-thh . Vth(uiuj + 811/)(9]1/)) + /VQthh . Vhé)j (V}ﬂ/)@ﬂ/))
SIVEVaul2(| Vi (w @ w)|l2 + IV (VY @ Vi) l2 + [VVR(ViY @ V)| 12)
SIVEVaul2(|Viullallulloo + I Vaulls [ Vaulls + IVVES2l VYo + IV Va3

HIVie sl V2%l + 1 Vatlsl| V2 Valls)
SVl (IVVrullallull gz + IV VR VY 2 + [VVREIT + [V VR ]|2]| V2 VRe)l3).
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5543

542
5 IV Vg

s s+2 s
37 S IVl VYl S

we

Then by (2.10) and the fact that ||[VV,9|? < |VVpe
obtain

Jr S (IVYllas + llullaz + VY a-0) IVVRDIE + IV VRul3 + [ V2Vihull3) < CeoHa ().
Similarly, for Jg, we have

Js = —/&@-thg - Vi03(uguj) — /th3 - Vr030; Vi - (Vo) + /th3 - Vi V3,0;(0590;1))

= —/818]-th3 . Vhﬁg(uiuj) — /838]'V}LU3 . Vth . (Vhw(‘)]w) + /8JV%L’U,3V%(83’¢831&)
SV aulla(IVVrull2lluflco + [ Viulls| Vulls + VY2 VY oo + IV Va[l)
< CeoH (1),
For Jy, a direct calculation gives that
Jo = —€;1 / VV%Q/J . V(Uh -Vpus + U3(93U3) = —€ /VV}QLQ/J . V(uh -Vius —usVy, -uh)

SIVVELl(1VVaullalulloo + [ Vaullsl|Valls)
Sl a2 (IV Vil + [V VE]3)
< CeoH ().

For Jyig, we can take a similar procedure as .J; to obtain
Jio = —€1 / Vi 030:9; (uiu;) — e1 / V30,V - (Viypdj) + €1 / Vit0; Vi (0510;)

= 61/33V;2L¢3i3j(uiuj)+61/33V;2L¢3jvh (Vo) —el/ajViw%(agwajw
SIVVERl2(IV(uVau) |2 + 05032 + [[VVR(VREVY) (2 + V7 (VYY) 2)
< CCoHl(t).
Finally, for Ji1, we have
Ji = —61/V2th3 “(Vi(un - Varh) + Viusdsip) — 61/V2vhu3 ~u303Vay
SIVAVhull2(IVaulls | Vells + lulls Vi lle)
S UVEla + lulla) IV Vhullz + V2V aull3 + [V Vi[13)
< CCQHl(t).
Here we used the fact that
- /VQVhU?, ~u303 V1)
= /VQ(V}L ~uh)th3 -Vp + /VQ(V;L . uh)U3V%1/) — /VQV;LUg,(Vh -uh)th/z.

Summarily, collecting the estimates for Jy, Js, ..., Ji11, we can conclude that

d
dt
This completes the proof of Proposition 2.3 by taking ¢y small suitably.

Proposition 2.4.  Let s =1— 0. Assume that the solution (v, u) of (1.5) satisfies

Dl(t) -+ Hl(t) < CCoHl(t).

lu(®) s + 1@ s + @) 175 + VYOI 700 < €5

for any t € [0, T]. If § and ¢o are suitably small, then for some ¢ > 0, we have

ZDQ(t) +cHs(t) <0 forany te][0,T].
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Proof.  Similar to Proposition 2.3, we can use the standard energy method to deduce that

thg(t) + Hs(t)

—/Vviw-vvi(u-w)—/Viu-vi(u-Vu)Jr/viuh-vifh+/viu3-vif“
— / V2AV2pV2V3 (u - Vip) — / VViu-VVi(u-Vu)+ / VViuy, - VV3fh
/vvhu(3 VV? f”+q/vviw.vv,%(u.wg)—q/ Zah - VIV fY

—q/v2v uzV32 (u - Vi)

=K +Ky+- -+ K. (2.16)

We need to estimate each term on the right-hand side of (2.16). For K, we first rewrite it as
- [Vie Vit ve) - [ avivavie vi) = Kl + K
By the integration by parts, we obtain
—/viw-viujajww/ajviw : viujvhw+3/ajv;°;w - Vau; Vi,
Thus we have
Ki < (IVaelslViulz + IV Vil Viullo) [ Vells + IV VRl Viu Vil

<
S VYl + llull e + VY -20) IV VRull3 + [VVED[13)
< CCQHQ(t). (2.17)

Here we used the fact that
IVhu30lls < I Vauls 193005 Iz,
<93 ||2%:+2>HA,£ 1257 IVADI ™ AT Tabl25™ s,
S (198l + [l sr-os + IVl e )(I9 V20l + [VVE0 ).

The estimate for K7 is more subtle. By using u-V = uy, - Vj, +u303 and the divergence free of u, we have
=— / O3V 2(03V3up - Viptp + Viuy - Vi3 + 203V pup - Vi Vith + 2Viuy, - Vi, V5,031

+ Ozuyp, - Vi, Vi) /ag,v,%w (V2(Vh - up)dst) — Vausd2p + 2V, (Vi - up)93 Vit
— 2V us - Vha?,w + (Vh . uh)agvhw).
It then follows from Sobolev’s embedding that
K} SIVVRull2lVVESVadllz + Vil VVRY 12 [VVRY ] 12 + [VVEY 2] VVRuV a2
+IVaulls VYLl + IVRelsl VViel 2l Vullz + [V V92l Viulls| Vel
+IVViel2lVausVEPll2 + [ Vauslle [V V9 l12 (V2 Vit 2
=R+ Ry +---+ Rg. (2.18)

We estimate the terms on the right-hand side of (2.18) one by one. Let s = 1 — ¢ with § > 0 suitably
small. Since

IVVieViyllz < IVVidllies IVavlles Iz,
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< Nvviel ATVl s 2 llee,
s 3
< 1991y e 47w B

we have
Ry S (V@) as + IV =) IV VRull2l VVEQ |2 < CeoHal(t).

Similarly, we have

<IVVRellIVVaullzs IValles lrs,

2a+3 2s5+1

S IV IV Viullzs ™ 1A, SVUII%“) IVVaelzs ™ 1A, SWJH”“) Iz,

S IVl + llull -2 + VYl a-s0)IVViullZ + [ VVED]3)
< CCQHQ(t).

To estimate Rs, we use Sobolev’s embedding and the interpolation to obtain

6s+13

IVViele SUIVVaelzs ™ 1A, Slel"“”) I L2

< IVl Ay Ve, IIG(”‘”

6a+13

< IVVREISE [ et

and

6547

VYl SUIVVaels ™ 1A, SW}II"““) I, 2

6§ 7 11
SIVViels g AR Vel 1175
Lse
6s+7

S ||VVW||§(”3) IVl g 6““’) :
Thus we have
S (IVYllas + IV L) IV Vi ul2[VVi$]l2 < CeoHa (t).

Similarly, it is easy to see that

I9uulls S 19Vnulla S V93l 145 Vuls™ < 19926l Jull 520,
which together with (2.20) yields that
ot g1
Ry S [IVVhull57 [Ju ”QHHVV Pl ||Vil)||3(g+3>
S IVYllas + VYl + ulla--0)(IVVEull3 + [VVED[13)

< CeoHal(t).

For Rj, it follows from Sobolev’s embedding and the interpolation that

6541

HVUH 12 g ||||VV || 6(s+3) ||A SVu ” 6(;+3) ||

6s+1
< IVTufs I[A} " Vull L2 IIG(‘”)_

x3
6541

S IV2VRul Jull 22,

(2.19)

(2.20)

(2.21)

(2.22)
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Then by (2.20), we have

6s+13 6s+1

+66 3 6(s+3 s+3 6(s+3
Ry SIIVVily ™ IVl (“IIVQV a7 I i)
< (lullgs + IVl - + llull g-22) (V2 Vi3ul3 + HVV ¥[13)
< CCOHQ(t).

It is clear that
Rs SVl VVull2 VOl S IV (IVViull3 + [V VEY]3) < CegHal(t).

To estimate Ry, we first deduce that

IViullz S 1IV3u

;:53 [|A; *u

”3 2 ez, S1VVhulls

<+3 ||A—

g+3 = ||Vvhu

<+3 ||u

g“g o (223)
Then by Lemma 2.1 we obtain
1 1 1 JF S B
IVnualloo < 19 Vnusll3 I VV3usll3 < V3l 1V V3ul3 < 19V3ul3 "> = lul 7% .
Thus we have

2+2< 2
Rr S 9V a9V Eull3 20 7 «

+2§ 3 2(s+3 2(s+3 2s(s+3
< IVl VV3ulls T+ ) (“IIVV wllz(“IIWI (“IIWI\H4‘
S VY s + VYl zr-c0 + [ull o) (IVVRulE + IV VEI3)
< CCOHQ(t).

Here we used the fact that

IVell2 < VY30l 2 1A VYlg e 2z, S VY3l 1A, T l5. (2.24)
Finally, we estimate Rg. Indeed, we have
19290l S 19Vl G VSTV G < IVVMl 5 IVel i
which together with (2.23), (2.20) and (2.21) gives that
Rs S | Viul2|VVi ] 12 [ VY| 6*”||W| i
Be13 65—

4
6§+7

SIIVViu g”llu <+3;0||vv ¥l g IIWJIIG(”” IVVills et IIV%/JI\"““)““”> IVl 7
S UVl + IVl - + 1wl z-0) IV VRul3 + [V VE(13)
< CeoHa(t).

Substituting the estimates of Ry, ..., Rg into (2.18) and using (2.17), we deduce that
Ky < K} + K? < CeoHa(t).
For Ko, it follows from the integration by parts and the divergence free of u that
Koy = —/viu (Viu-Vu+2Vyu-VViu) = /v,%akujv,%ukuj +2/viakujvhuk - Vau,.
Then we deduce that

Ky S VVhull2(IVaulsllulls + 1Vaulld) < (lullss + lullg--2)IIVViul3 < CeoHa(?).
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Here we used the fact that

254

(2.25)

IVhull < Vi *“ A ”3 2 llee,
< ISl i ||A uli2 s
S (lullas + IIUIIH—s@)IIVVhUIlz'
For K3, we have
Ky=— [ (V3. 995 G2 (50 V2u, - 2013 (900, 8;V3uy, - V3 (Vihd;
3= h " Uh) A h(uing) + nUh A w(0i00;) + 5V RUR w(Vr0o;9)
< Va2l Vi (w @ w2 + [IV3ulls| VA (VY @ V)| s + [V Viull2]|VE (Vi @ Vi)l2
S IVViullz(lulls| Viulls + [Vauld + VY2l VEls + VYRS [V V] 12
+ Vvl Vells + VRV Va2 + VeV VR 2).
Similar to (2.19), we have
IVEeVVRYlle S IV Ve ”3 ARVl e 2 ez, S IV V30|l V Vi WLz 1AVl rs re
which together with (2.25), (2.19), (2.20) and (2.21) yields that
K S (lullgs + [IVellms + llull - + [Vl a-sa)(IVVRUll + [IVVEDIE) < CooHa(t).
The estimate for K4 can be similarly obtained. Precisely, we have
0;0; 0;0
/V283’U,3 A VQ(U,,L’U,J /V;QLU3V2< A3 ( zwa]w) (33¢3]¢)>
0;0j 050 0
:—/V%a‘gu?, Afvi(uiujn/v,%ugvi( ‘ZJ (Vo) — JVQ(agwajw))
S IVl Vi (u @ w2 + [Viulls | VA(VY @ V)|l o
< CeoHy (1),
For the term K5, we need the more subtle estimates. We first rewrite it as
Ks = / (V2V24pViV32 (u- V) 4+ 2ViVipdaVi(u - Vip)) / 2N 24p0IV 3 (u - V)
= K} + K2.
Then for K}, we have
K} = /(v2v YVIVE (1 - Vip) — 205V34) - 93V3 (u - Vb))
SIVVRel YV (- Vi) —u - VIV
SIVVel(IVViul2 VYoo + IViulle V25 + [V VR VVR o
+ IVaulls|V2Vatlls + (IVVRuVVill2 + [ Vaulls [V2VEY s + [Vl o[V VE]2).-

By the interpolation, we obtain

2543 2s+5

IVVruV Vel S IV Viullzs ™ 1A, Vu IIQ(““) IVVaelzs ™ 1A, SWJHQ“M) Iz,
S (IVViulla + VYRR 1) IVl s + ull o2 + V]| pr-20).

Similarly, we also have

IV2Viyls S IVVi wllfa IVoV3oll3-

(2.26)
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Thus by (2.22), (2.20) and (2.26), we deduce that

K S (lullgs + 1Vl ae + l[ullg—sa + IVl a-0) [V VR[5 + [V2Viull3 + [V Vi]3)
< CCOHQ(t).

For K2, we further rewrite it as

- / ONVth - (03N pup, - Viih + 305V puy, - Vi0sth + 303V pup - V3039 + Viuy, - V3051

+ 8§uh -ViVpy + 383?1141 . thha?,i/) + 303uy, - thhagil) “+ up, - thhagw + 8§th;>,a31/)
+ 302V u303%) + 303V puz031) + Vi uz051) + 05uzV 031 + 302u3V 1,031
+ 305u3V1,05¢ + uzV,051)).

It then follows from Holder’s inequality that

< OVl (IVPVruVadlla + (V2VauVVadlls + [[VVauV2 Vil + [ Viu V3V ity
+ [VPuVile + [VuVVidlle + [VuV2Vidlle + [uVPVEY|2 + [V Vius Vi |2

+ V2V hus V3|2 + [V VRus V3|2 + | Vaus VA2 + |V us VV Y2

+ [IV2us V2V itz + [Vus VPV itz + usViVaip|2)

=: C|[VV[2(S1 + Sz + -+ + Si6)- (2.27)
We now estimate S, ..., S16 one by one. The following estimates will be frequently used
IV2Vhull2 S I V*Viu ”2 2[4y VEu ”2 2 llee,
S IVl a2
S Hlull 2 - V2 VEu 3+ (2.28)
and
IVVidlle S IIVVie ”3 2 1AVl e Pllez, SIVVie A VY5 (2.29)
as well as
IVVadllz S IIVVie ”3 2 1AVl g s 2 llez, SIVViels s 1AVl (2.30)

For Sy, we use the interpolation and Sobolev S embeddmg to obtain

3(s+2) (s24354

252 45s
< IVl Vidlloo S IIV2Tnull 3500 |7 w2 @yl 30 |99,V
which together with (2.28)—(2.30) gives that
S1 S (lullme + V9 llze + lull -2 + 1V r-e0) (V2 Viull2 + [V V32 |2). (2.31)

Similarly, for S5, we have

S2 S IIV2V3 ||2“+2) 1AL SVQUII”*” A% wn”“) 1AL SWJIIQ“H) Lz,
S IVl + llull - + HWHH—S,I)(IIVQV ull2 + [IVV312)- (2.32)

Noticing that

s+1

S < IVViullaol V2Vublle S V2V null [V203ul} [VV6)137 [ 557 W30,

we can use (2.28) and (2.30) to obtain

S3 S (IVellms + lull -2 + V] -e0) (IV2Viull2 + [V Vi ]2). (2.33)
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Similarly, we have

s+1

4 < IVntloc |2 Vntlle < CIVT4ulld |99 3ullf VO35 |V 550 W3
Thus by (2.22) and (2.30), we obtain
CUIVYllas + lull - + 1V -0 (IVVEull2 + [V VED]|2). (2.34)

To estimate S5, Sg and S7, we will use the following inequality:

IV2ull2 S HV*Viu 232 1A, V2u *“ 2 lze,
S, ||V2V%L 6+2 ||A sv2 b+2
SIVAV2ul5* |lu ;+2§2 (2.35)
Then for Sy, we have
< IV2ull2]| Vil
2485-2) 252 45s—2
< VP 25(”3) |V 550 w5 |9Vl IV Vi3
< (lullms + 1VY | -0) IV Viullz + [VV3]12) (2.36)

by (2.29). Similarly, for S and S7, we can use (2.35), (2.28), (2.29) and the interpolation to deduce that

8o < [ V2ullol V3%l < 190l [ VO T0ul3 [V V362
<

([ullge +llull o2 + V]| g-20) (V2 Vi3ullz + [VVi)l2) (2.37)
and
3(5+3)2 2%‘2+o§21
87 S IV2ull3 [ V2Vl V24|30 ||V2*2+“ KA s
S IV llas + lull -s2 + VY[ a-s0) IV Viull2 + [V V5]2)- (2.38)
For Ss, it follows from (2.35), (2.22) and (2.29) that
S5 S 1IVull3 [VVaul3 V293012
352 +8s—1
S 1V2ul3 V2V ul3 [VV3 1/1H2(§+2> Vst 1V21/)|| e
S IVWllao + lull sz + [Vl -o0) IV Viullz + V2 Viullz + [V Vi 2). (2.39)

For Sy, S19 and S1, it is easy to see that

So + S10 + S11 < [[VPVaus|l2l|[ Vi lloo + V2V ius|l6l| V25 + [|[VVRus|l6l| V2|2
SAIVYl a2 (IV2Viullz + [VVEu2) (2.40)

by Osus = —V}, - up, and Sobolev’s embedding. Similarly, for S, we first notice that

S12 3 = e
and then use (2.23) and (2.24) to obtain
Si2 S (IVellam + lull -0 + [V -s0) (IVVRull2 + [V Vi |2). (2.41)
The estimates for Si3,S514 and Si5 are exactly similar to those of So,S3 and Sy by Osuz = —Vy, - up.

Finally, since

2
s¥3

IVusll2 S 1Vaullz < | Viu SR

541
5 A
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we can use the interpolation, (2.23) and (2.30) to obtain
2s—1

2(b+1> Hv2§ 1vhw|‘2(5+1)
[VViull2 + [V V5]2).

S16 < HVU3||2 ||Vth3||2 IVl

S IVl + lull =0 + [Vl z-20)( (2.42)

Substituting the estimates of S1,S2,...,S16 into (2.27), we deduce that K5 < K} + K2 < CegHa(t).

For K¢, we have
K¢ = /VQV,%u- (Viu-Vu+2Viu - VViu +u- VViu)
SIVEVRulla(IV5ullsl Vulls + [VVrul3 [VVEull3 [V Vaulle + [[ulleo |V Vi ull2)
< (lullzz + llwll g—2) (Y VRl + [[V2Viul3)
< CeoHa(t)

by (2.22) and (2.28).
To estimate K7, we first notice that ||V2V,9|2 < HVV;LwHQ ||V5Vh1p||2 and [|[V2Viy|2 < | VV3 wHQ

HVE’V%d)HQ. Then by (2.29) and (2.30), we obtain

/V2V2 ( 00 s » (uiug + 0100;0) + V30 (vw&jw)

SIVAVRul2(IVh (u @ wll2 + (IVE(VY @ Vi) |l2 + [VVE(Vie @ Vi) 2)
S IVAViull2 (1 Vhull2llulleo + V7 ulle| Vaulls + VY2 Vi) oo
+ VORIV Oel V2920112 + (V36161920 ]s + [V V213 IV VES]3 V2 Vass

+ VY3 VY3015 V2 V30]12)
< (lull a2 + 1Vl zre + [lull =22 + 1V g-e0) (IVVRulE + [V*VEu]3 + [V VEI3)

< CeoHa(t).
Similarly, for Kg, we have
- /8i8jvh83u3 - Vi (uiug) — /333jviusvi ~(Vrpo) + /@‘V%UB - Vi (9390;1)
S IV ull2 (Vi (w @ w)lle + V3 (VY @ Vi) 2)
< CeoHa(t).
For Ky, it is easy to see that

Ky = —el/VV%w - VVn(up - Vyug + uzdsuz) = —€1 /VV;?’Lw -VVi(up - Vyug — usVp, - up,)
S IVl (IVVRull2 [ VVRull3 [V VRl + [ VullsViulls + [ullcol VVEul2)
< (g + lull - (IV VR ulZ + [V2Viull + IV VE113)
< COoHQ(t).

Similar to Kg and K7, we also have

K10 —61/83Vhw Vh(‘)(‘) (uzuj +€1/8 V ’Lp 83Vth (Vhw(‘)]w —61/8 V w V3(831p831p)

IVVael2(IVVE () |l2 + [VVR(uViu)ll2 + [ VVE (VR @ V) [l2 + [ Vi (VY @ V)| 12)

S
S CCOHQ (t)
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Finally, for K1;, we have

Ky = el/VQVhU3 V3 (u- Vi)
S IVl (Vi ull2 VYl + [Vl VValls + 1Vaullso |V VD2 + [[ullso| VVE]]2)
S IVV2ulo(IVV3ullalI Vel e + IV Vaull3 V'V UIIQIIVV Pll2 + [l 2 [ VVED]|2)
S (lullaz + 1V¢ a2 + 1V a-0) [V Va3 + [VVEL]3)
g CCOHQ(t).

Substituting the estimates for Ky, Ko, ..., K11 into (2.16), we conclude that

d

dtDQ(t) + Hy (t) < CepHo (t)

This completes the proof of Proposition 2.4 by taking ¢y small suitably.
Now we are in position to complete the decay estimates of the solution.

Proposition 2.5.  Assume that the solution (1, u) of (1.5) satisfies

IV Frra gy + 1)1 Fra ey + VPO Fr—camsy + [0t Fr—c0msy < 4CFe
for any t € [0, T]. If € is suitably small, then it holds that

IViullz + IV V92 + IV Viullz + [ V2V54ll2 < Ce(1+¢)”

(2.43)
[ 993 + 1929513 + 1995 wlR)ir < 022
0

for any t € [0,T] and £ =0,1,2, where C is a constant independent of ¢,t.

Proof.  We first choose ¢ small enough such that 4C2e? < ¢3. Then the estimates (2.43); can be
obtained by using a direct integral in Propositions 2.2-2.4.
To establish the decay estimates (2.43);, we first use the interpolation to obtain

2(s+0)

s+
s+e+1 < Ce <+e+1 HZ( ) sHe41

I95ull3 < 1A, *ulls 195+ ul;

Similarly, we have

s4+£

s+£)
vafLUHQ < HA SVU, §+[+1 vaé+1 s+1+1 CES‘*‘%‘HHg(t) sSii

and
2(s+4) )

IVEIE S 1A Tll5 o VATl < Cenrbn Hy(t) b

Also, we can use the Littlewood-Paley decomposition to deduce that

2(s4£)
<+e+1

IV*VhulE < 1A, SVS“*% AV

2(s+£)
<+e+1

SV e |v€+1w
< Ce s+%+1 H, (t) s+e+1 .

Then we have
s+4£

Dy(t) < Ce i Hy(t)s+t+1,
which along with Propositions 2.2-2.4 gives

d
dt

This implies the desired decay estimates (2.43); by (2.1).

Dy(t) + ce =3¢ Dy(t) 4 < 0.
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3 Proof of global existence

In this section, we will establish the global existence by using the decay estimates (2.43) obtained in last
section, which in turn closes the decay estimates (2.43) by using a continuous argument.

Proposition 3.1.  Let s =1— 0. Assume that the solution (1, u) of Equations (1.5) satisfies
Es(t) = VW) Fpa + u®)lFns + IV F-ea + [[u(®)]|F-.a < 4CFe?

for any t € [0, T]. If € and § are suitably small, then there exists a positive constant kg > 1 such that

d

PEAGES Cocs(t)(1 4 t)"° (3.1)

for any t € [0,T], where 60 is a constant independent of € and t.

Proof.  The following energy conservation has been established in the proof of Proposition 2.2:

1d

o g VPO + u@®3) + [ Vu(®)]s = 0.

We now establish the energy estimates related to the higher order or negative derivatives. It is con-
venient to use the vorticity equation when we consider the higher derivatives of w. For this purpose, we
apply V2 to (1.4); and take the curl of (1.4)2—(1.4)3 to obtain

2 2, \72(,, .
{atv 4 V3uz = —V2(u- V), 52)

Ow +u-Vw — Aw+ W = w - Vu — curl(AyY V),

where w = curlu and W = (Adyyp, — A0 1), O)T. Since the lower order energy estimates are easier than the
higher order ones, we only pay our attention to the highest order energy estimates. For this purpose, we
apply V13 to (3.2), multiply the resulting equations by V!%¢ and V13w, respectively, and then integrate
over R? to obtain

1d
2dt

= —/v%-v“(u-w) —/Vmw-VlQ(w-Vu)+/V14w-V12(u-Vw)

(V201 + V5w + T4l + [ V%0 Viou + [ 9o, vHEy

+ / V1w - VP2eurl(Ay Vi)
=: L1+ Lo+ Ls+ Ly, (33)

where Vi = (—02,01)T and wy, = (w1, ws). For Ly, we use u -V = uy, - Vj, + uzd3 and Leibniz’s formula
to obtain

14 14

Li=- / <©}f’¢ V(- V) + Y Ol 087 005" Ty, - vhag¢> -y s / 05°005° Tuz0

j=0 j=0
=: Ly + L,

where @,1;'3 denotes V'® containing 9; or 0. It then follows from Hélder’s inequality and Sobolev’s
embedding that

13
Ly S VY VR (IIV”’uIIzIVono + IV gl VI s + IVUIIOOIV15wI2)

Jj=1

13
+ VPl <|v15u||2|vhw|oo + Y IV 6| VIVl + IIVUIOOIIVI“VWIIQ)

Jj=1
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S IV s (IV VRl Fs + 1Vl F0), (3-4)

where we used Lemma 2.1 to deal with the term ||V9)]/s in the last inequality. By the divergence free
condition of u and integration by parts, we also have

> C [ o003 W wof o ol [0 vawdity
= Z Cis / 05 Vit (05" Tundf M+ 05" M und ) = Y Ol / 03°00;" w05 Vi
=0 =0
_ o / O gD,
It follows from Holder’s inequality and Sobolev’s embedding that

12
LY S IVH VR (IIV15UII2IV¢IOO + DIV ullo| V2|5 + IVUIImIVlswb)

=0

12
+ |v15w|2(2 [V 6] VT Vi3 + ||Vu|oo||v14vw||z) + [105usllso | V|13

=0
S IVl s (IVVRl s + VUl Fne) + 1V 17l Osus| - (3.5)
For the terms Ly and Lg, it is easy to see that
- ZCfQ/VIW (Vw0 VVIu) S VR0 Vw6 VVIulls S Jlull el Vel Fie (3.6)
— =

and

12

= / Vi VI T £ 3 [V la Tl Vel € e [Vl (37
7=0

For the term L4, we first rewrite it as
Ly= / V1401 VI2(931p Adotp — Oap AD31) + / Vw0 V12919 Adstp — D31 AD1Y)
+ [ V200 - 0roa%w)
= Li+ L3+ L3 (3.8)
It then follows from Hélder’s inequality, Sobolev’s embedding and Lemma 2.1 that
L= Zc / V01 (V2 950V H20y0) — V277 950p VI H2059))

11

S ||V14wllz<z V1277 05|31V +2 02l + (|05 |V 0230 2
j=0
11 _ ‘
+ Y IV 0ll6 | V20505 + |321/)||oo||V14331/)II2>
j=0
S IV lls IV VRl s + 1Vl F0s)- (3.9)

The terms L3 and L3 can be similarly dealt with. Summing up (3.3)-(3.9), we deduce that

5 PG + 19 () ) + 1V %ul}
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< CUIVllza + ull i) IV VRl Fps + [ VulFpa) + ClIVE | Fal|05us |- (3.10)

Here we used the fact that [ V¢ - V¥uz+ [ Viw, - VVit = 0. Then (3.10) together with the lower
order energy estimates yields that

1d
o gt VPO + Tu@7e) + [IVul Fs
< CUIVllza + lull ) IV VRl s + [ Vulfs) + ClIVE | Fsl|03us]| - (3.11)

To close this estimate, we need to investigate the dissipation of VV . In this case, it is convenient
to consider the equation of the horizontal direction component of the vorticity. For this purpose, we
use (1.5); and (3.2)2 to deduce that

{ Vit + Vius = —Vi-(u- V), (3.12)

Opwn, — Awy, — VﬁAw =—u-Vwp +w-Vu, — R,

where R = (93¢ A2 — 0210 Ad31h, 0110 AD31) — 831/)A811/1)T. Similar to the estimate for u, we only
investigate the highest order derivative case. Applying V¥ to (3.12), and multiplying the resulting
equations by V'3w;, and VlBVﬁw respectively, we have

o [ T VIR [V + [ T VIV 4 [ 98, VT
:/vl‘*wh.v”vﬁ(u-w)+/v14vﬁw~v12(u.wh)
—/vl‘*vﬁw.vw(w.wh)+/v14vm~v127z
=: My + My + M3 + M. (3.13)

We shall estimate each term on the right-hand side of (3.13). For the first term M;, we use Holder’s
inequality and Sobolev’s embedding to obtain

12
My =Y Ci, / VHop, - (V2IV5u - YV + V2704 VVI Vi)
12

SIVHwll2 Y IVl Vs + V2 a3 VT Vatple)
=0

S Vel + llull ) IV VRl + [Vl Fas)- (3.14)

Similarly, for the terms Ms and M3, we have

12
My = Zcfz/vl‘*vﬁ (V24 YV wy)
j=0

12
SVl Y IV s VI wls
j=0
S Nl s (1VValFne + | Vullzs) (3.15)

and

12
Ms = — chz / VUV - (VP w - YV uy,)
=0

12
SIVHEVRll2 Y V2wl V9 ulls

Jj=0
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S ull s (IV VRl s + 1Vl 7). (3.16)

Finally, for the last term My, we use the expression of R to rewrite it as

My =— /V1432¢V12(83¢A82¢ — 02 A037)) + /Vmalwvm(alwAan — 03 A1)
=: Mj + Mj.
It then follows from Hélder’s inequality, Sobolev’s embedding and Lemma 2.1 that

12

Mj=-% Cf, / V001 (V27 030V 2050 — V2T 0,V 2 030))

11
S |V1432¢||2(Z(||V12_j33¢||3|Vj+2vh¢||6 + V270006 V72 059)3)
7=0
+ (1039l oo [V Vit |2 + |321/)||oo||V14331/)||2)
SVl VYVt s (3.17)

Similarly, we can obtain the same estimate for M?. Thus, summing up the estimates (3.13)—(3.17), we
obtain

i/v13wh~v13vﬁw+ ||v14vhw|\§+/v14wh.v14vﬁw+/v13wh.vl?’vﬁu?,
<SOUVEles + lul ) IV VRlFs + [V,

which together with the lower estimates gives that
d
g {m Vit s + [V VRl + (Vwn, VVig) s + (wn, Vi us) s

< C(IVYllra + llull i) IV Va7 + [Vull3). (3.18)

Combining (3.11) with (3.18), we can take € small enough and use Lemma 2.1 to deduce that
MOl 2 YVl + [Vul3s) < CIVO| 2 [Vl [V V3ul 3
g IV + l[ullipa) + c(IVVadllis + [Vl < CIVEallVVrul3 [V Viull3 -

Thus the decay estimates (2.43); give that

2543

d _
dt(llvwl\im +lullFns) + IV VR s + IVullFpe) < CeEa(t)(1+4)7 (3.19)

We now turn to deal with the energy estimates related to negative derivatives. We first apply A, *
to (1.5) and obtain

O\, °Vp + Ay ¥ Vug = =N SV (u - V),
Oy un — Aj Ay — Ay "0Vt = =y (u - Vug) + A" 1, (3.20)
O, Pus — AP Aug + A Ay = =A% (u- Vug) + A8 fY.

Similar to (3.11), we still focus on the highest order derivative case. For this purpose, we apply V4

to (3.20), multiply the resulted equations by A, *V®y, A; *V4u, and A, °*V4us respectively, and then
integrate them on R? to deduce that

1d
2dt

= —/A;Sv% AV (u- V) — /Agsv‘*u-A;Sv‘*(u - Vu)

(1A V2@ + 1A,V iu®)]13) + 1A, "V ub)]3
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+ /A;Sv4uh AV 4 /A;Sv4u3 ALCVASY
=: N1 + No + N3 + Ny. (3.21)
We shall estimate each term on the right-hand side of (3.21). For the term Np, we have

N S 1AL VPRIV (un - Vi + usOsP)ll 2, llzz,

Th

5
S IRV T un VIVl 2, + 19 VI00] o, sz, (3.22)

Jj=0

Here we used the Hardy-Littlewood-Sobolev inequality [|A}, * f|| 2, <C IIf || .2, in the second inequality.
Th

We only need to consider the cases j = 0 and 7 = 5, since the other cases can be similarly dealt with.
For the term related to u, with j = 0, it follows from Holder’s inequality that

VPR Vall 2 llzz, < [IIVPunllzz,

;+1

"h

< |IVPul2|l[[ Vit
L3,

Noticing that

IV%ull Va3 [V%ul3 S 1A, °Va ”2 ||sz B ||L2 lull o S ||u||9(b+2> IVV2u)3F [
and
: SVael 2 bl
S IAT Ve ]34 V3412 b IIAZSW/)II 2 IIVV vl
< Il 2 9T, v vyl
by the interpolation and Sobolev’s embedding, we have
||||V5uth¢Hsz1 llzz,
Th
< I ull 2% o IV V25 [0V 30 19920 (329

Similarly, for the term related to u, with 7 =5, since

2
iz,

AT Tl 1A Sl 9Tl

< ||u b+16 1 |th I;f-l)
and
5 < 2 471 9 g
[V°Vrille S VIVR[S IVIVRYS
S ALV *“ ||vzv *“ IILz IIVwHHg
7 2 2 i(b+;>
SIVYl g (” A A IIleng,
we have

1un VoV

L lzz, S Vinddllez |z,

Lz h
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Vit|l2

4(s+1)

< SV, (3.24)

P A2 Tt IV o il

For the terms related to ug, we take similar procedure and use the divergence free of u to obtain

IVusdal 2, oz,

Lz h

S IVVhul2 vl -

h

< A7V ;+2||v4vh ATV IVl
< ull32 TVl [VEV3u) 3 v §+:1||vvhwn S ECS
< Nl 26 19150 L IVl V020 92T 2+ (3.25)
for 7 =0, and
[us V>89 ;+1 ||L2
< Ml ol

IV%HQ IV )13

S |||IU3||L2 ||3SUsIILz I,

S Mlusll 2 G TR i v L V4350
2541
S llu ||2(b+2> ||V¢H9(6+2) ||V¢||H10||V el v L (3.26)
for j = 5. In the last inequality, we have used the facts ||u3||L2 SAL “’2 [VZu ;+2 and ||(93U3||L2
op @y,

S A u

5 IV3u

”2 . Thus by (3.22)—(3.26) and the decay estimates (2.43)1, we can deduce that
Ny < Ce&(t)(1+1t) " (3.27)

for some k > 1 and any t € [0,T], provided that the positive constant § = 1 — s is small enough. For the
terms No and N3, we have

<Ay SVSUIIQIIA Vo (u - V)l

SIAy 5V5u||22||||v3 TuVT

7=0

peb e

SIIAy SVE’UIIzZIIIIV?’ jUII ILoo V7 ]

7=0
S Ml as (A, 5 VPull3 + IIVUH?W), (3.28)
and
—5775 —s5v73 a’baj
N3 S|[A PV APV A Vi (uiuj + 0i905v) — 0;(Vrp0;1))
2
S AL Vrullo (AL VP (uVa) 2 + [[A, VP (VY VVRY) |2 + AL VAV VYY) l2), (3.29)
which can be estimated as N1 and Ns. For the term N4, we have
s s 0;0; 030 o;V
Ny = /Ah‘ Vouz - Ay° V3< AJ O3(uiuj) + Zjvh (0;9V i) — JAh -w(agwajw))
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S AL VPull2 (AL VP (uVu) |2 + [[AL V2 (VY V V) |2), (3.30)

which can be estimated as N5. Substituting the estimates (3.27)—(3.30) into (3.21) and taking similar
procedure for the lower order derivatives, we can deduce that

1d
5 dt(nwt)n%w + [[u(O)[7-e0) + (VO - 0
< C(llull s + V9l as) IVl Fr-as + [Vl s + 1VVRY[13a) + Ce&s(t)(L+1) 7"
< 2CCoe(|VulFg—ea + VUl + [[VVRY||54) + Ce&s(t)(1 + 1) " (3.31)

for some x > 1 and any ¢ € [0, T7.
By taking e suitably small such that 4CCpe < min{e, 1} and then using (3.19) and (3.31), we can
obtain (3.1) for some Cy and kg > 1. This completes the proof of Proposition 3.1.

Proof of Theorem 1.1. By using the standard energy method, it can be proved that there exists T > 0
such that the system (1.5) admits a unique solution (¢, u) on [0, T] satisfying

(Vop,u) € C([0, T); H*(R?) N H™*(R?))

(we may refer to [5,8,21] for details). Let us further take e > 0 small enough such that 2Coe < ko — 1
and then define

T* = sup {t|E(t) < 4C3<*}.

If T* < 400, we can use Proposition 3.1 to deduce that

C 1
Cos sup & (1) < E(0) + sup E(1)

t
Es(t) < E5(0) + Coe/ Es(T)(1 +7)7"dr < E5(0) +
0 Ko — 1 7€[0,T*) 2 T€[0,T*)

for all t € [0,7%). Then it holds that &(t) < 2E5(0) < 2C3e? for any t € [0,T*), which contradicts
the definition of T* and therefore T = +o00. Thus we have closed the a priori assumption used in
Proposition 2.5 and established the global existence and decay estimates. This completes the proof of
Theorem 1.1.

4 Several comments on the MHD equation without magnetic diffusion

In the 2-D case, as mentioned in the Introduction, the system (1.1) is exactly the same as the incom-
pressible zero-magnetic-diffusion MHD system (1.2). In this paper, we use the elementary energy method
and the interpolation to establish the time decay estimates for the 3-D MHD-type system (1.1). This
elementary energy-method technique is useful for various related problems (see [22]). Recently, for the
3-D incompressible MHD system without magnetic diffusion, Xu and Zhang [24] wrote the system in
the Lagrangian formulation and proved the global existence of smooth solution for the small initial data
around the trivial state (e1,0) under the assumption of an admissible condition, which is removed by
Abidi and Zhang [1] by introducing a new Lagrangian formulation of the system.

Considering that the fluids and the magnetic fields are often posed in a perfectly conducting container
with boundary, Ren et al. [18] proved that the initial boundary value problem of the 2-D MHD system
without magnetic diffusion in a strip domain has a unique global strong solution around the equilibrium
state (b, @) = (e, 0) for both the non-slip boundary condition and Navier slip boundary condition on the
velocity. In the 3-D case, Tan and Wang [20] also established the global existence and convergence rate
of solutions for initial data around the steady state (b, ) = (es,0).
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