
SCIENCE CHINA
Mathematics

. ARTICLES . October 2016 Vol. 59 No. 10: 1949–1974

doi: 10.1007/s11425-016-5145-2

c© Science China Press and Springer-Verlag Berlin Heidelberg 2016 math.scichina.com link.springer.com

Global existence and decay of smooth solutions for
the 3-D MHD-type equations without magnetic

diffusion

REN XiaoXia1, XIANG ZhaoYin2,∗ & ZHANG ZhiFei1

1School of Mathematical Sciences, Peking University, Beijing 100871, China;
2School of Mathematical Sciences, University of Electronic Science and Technology of China, Chengdu 611731, China

Email: xiaoxiaren1987@163.com, zxiang@uestc.edu.cn, zfzhang@math.pku.edu.cn

Received August 18, 2015; accepted December 29, 2015; published online April 6, 2016

Abstract We study the large time behavior of a 3-D MHD (magneto-hydrodynamical)-type system without

magnetic diffusion introduced by Lin and Zhang (2014). By using the elementary energy method and interpola-

tion technique, we prove the global existence and decay estimate of smooth solution near the equilibrium state

(x3, 0).

Keywords global existence, decay estimates, magneto-hydrodynamical equations, zero magnetic diffusion

MSC(2010) 35A01, 35M31, 35Q35

Citation: Ren X X, Xiang Z Y, Zhang Z F. Global existence and decay of smooth solutions for the 3-D MHD-type

equations without magnetic diffusion. Sci China Math, 2016, 59: 1949–1974, doi: 10.1007/s11425-016-

5145-2

1 Introduction

In this paper, we consider the 3-D incompressible MHD-type equations without magnetic diffusion⎧⎪⎨⎪⎩
∂tφ+ u · ∇φ = 0,

∂tu+ u · ∇u−Δu+∇p = −div (∇φ⊗∇φ) ,
div u = 0

(1.1)

with the initial data (φ0, u0) in R
3, where φ is a scalar function and u is the velocity. The system (1.1) is

an analogy of the 2-D incompressible MHD equations without magnetic diffusion, which read as follows,⎧⎪⎨⎪⎩
∂tb+ u · ∇b = b · ∇u,
∂tu+ u · ∇u −Δu+∇π = b · ∇b,
div u = div b = 0.

(1.2)

To see this, we use div b = 0 to obtain b = (∂x2φ,−∂x1φ) for some potential function φ. Then in terms

of φ, the system (1.2) can be rewritten as the 2-D version of (1.1), i.e.,⎧⎪⎨⎪⎩
∂tφ+ u · ∇φ = 0,

∂tu+ u · ∇u−Δu+∇p = −div (∇φ⊗∇φ) ,
div u = 0,

(1.3)

∗Corresponding author



1950 Ren X X et al. Sci China Math October 2016 Vol. 59 No. 10

where p = π−|∇φ|2. The MHD equations without magnetic diffusion can be applied to plasmas when the

plasmas are strongly collisional, or the resistivity due to these collisions are extremely small [2,6,12,19].

In the last decades, much attention has been paid to the local/global existence of solutions to the 2-D

or 3-D MHD equations with partial viscosity (see [3,4,7,9] for 2-D case and [10,11,24] for 3-D case, and

the references therein). It is well known that the 2-D MHD equations have the global smooth solution

when the magnetic diffusion is included, while in the case without magnetic diffusion, the question of

whether smooth solution of the 2-D MHD equations develops singularity in finite time is open [6,19]. In a

recent remarkable paper [13], Lin et al. proved the global existence of smooth solution of the system (1.3)

around the trivial solution (x2, 0). To capture the weak dissipation, the anisotropic Littlewood-Paley

decomposition as well as anisotropic Besov space is used in [13]. More recently, Zhang [25] gave a

simplified proof for the global existence and uniqueness by using the energy method. Wu et al. [23]

further investigated the global well-posedness of this system with a velocity damping term. For the 3-D

MHD-type equations (1.1), Lin and Zhang [14] established the global well-posedness for smooth initial

data that is close to the nontrivial steady state (x3, 0) by employing the anisotropic Littlewood-Paley

analysis and the energy method. Then Lin and Zhang [15] simplified the proof by using the classical

energy method.

On the other hand, whether there is certain dissipation or not is a very important problem for the

inviscid MHD equations. It has been numerically showed that the energy is dissipated at a rate that

is independent of the ohmic resistivity in the MHD systems (see [2]). In other words, the viscosity

for the magnetic field equation can be zero and the system may still be dissipative. Recently, Ren et

al. [17] confirmed this numerical observation for the 2-D MHD system (1.3) by providing an explicit time

decay rate for various Sobolev norms of the solutions. The main tools used in [17] are the anisotropic

Littlewood-Paley decomposition and the anisotropic Besov spaces. The main purpose of this paper is to

establish the time decay estimates for the 3-D MHD-type system (1.1) by using the elementary energy

method and the interpolation. As a by-product of our proof, we also obtain the global existence of small

smooth solutions. We believe that the elementary energy-method techniques developed in this paper will

be useful for various related problems.

Since we are considering the equations (1.1) close to the equilibrium state (x3, 0), we may set ψ = φ−x3
and transform (1.1) into the following system for (ψ, u):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tψ + u · ∇ψ + u3 = 0,

∂tu+ u · ∇u −Δu+∇∂3ψ +ΔΨ+∇p = −1

2
∇|∇ψ|2 −Δψ∇ψ,

div u = 0,

(ψ, u)|t=0 = (ψ0, u0),

(1.4)

where ΔΨ = (0, 0,Δψ). Furthermore, if we take divergence to the u-equation and solve the pressure p,

we can transform (1.4) into the following form,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tψ + u3 = −u · ∇ψ,
∂tuh −Δuh − ∂3∇hψ = −u · ∇uh + fh,

∂tu3 −Δu3 +Δhψ = −u · ∇u3 + fv,

div u = 0,

(ψ, u)|t=0 = (ψ0, u0),

(1.5)

where uh = (u1, u2)
T, ∇h = (∂1, ∂2)

T and

fh =
∇h

Δ
(∂iuj∂jui + ∂i∂j(∂iψ∂jψ)) − ∂j(∇hψ∂jψ),

fv =
∂3
Δ

(∂iuj∂jui + ∂i∂j(∂iψ∂jψ))− ∂j(∂3ψ∂jψ).

Hereafter, the indices i and j mean summation from i, j = 1 to 3.

Our main result is stated as follows.
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Theorem 1.1. Assume that the initial data (ψ0, u0) satisfy (∇ψ0, u0) ∈ H14(R3) and div u0 = 0.

Then there exist two small positive constants δ and ε such that if (∇ψ0, u0) ∈ H−s,4(R3) with s = 1− δ

and

‖∇ψ0‖2H14(R3) + ‖u0‖2H14(R3) + ‖∇ψ0‖2H−s,4(R3) + ‖u0‖2H−s,4(R3) � C2
0ε

2,

then the system (1.5) admits a unique global solution (ψ, u) satisfying

(∇ψ, u) ∈ C([0,+∞);H14(R3)) ∩ C([0,+∞);H−s,4(R3)).

Moreover, it holds that

‖∇�
hu‖2 + ‖∇∇�

hψ‖2 + ‖∇∇�
hu‖2 + ‖∇2∇�

hψ‖2 � Cε(1 + t)−
s+�
2 (1.6)

for any t ∈ [0,+∞) and � = 0, 1, 2. Here H−s,k(R3) is the anisotropic Sobolev space with norm defined by

‖u‖H−s,k(R3) = ‖|ξh|−s(1 + |ξ|2) k
2 û(ξ)‖L2(R3) <∞,

where ξh = (ξ1, ξ2).

Remark 1.2. Due to s < 1, we see that (∇ψ0, u0) ∈ H−s,0(R3) if (∇ψ0, u0) ∈ L1(R3) ∩ L2(R3).

In Theorem 1.1, we obtained the anisotropic decay estimates for solutions of System (1.5). We can also

establish the higher order decay estimates if the initial data has the more regularity. This anisotropic

decay can be seen from the linearized version of (1.5):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂tψ + u3 = 0,

∂tuh −Δuh − ∂3∇hψ = 0,

∂tu3 −Δu3 +Δhψ = 0,

div u = 0.

By a simple calculation, we obtain⎧⎪⎨⎪⎩
∂ttψ −Δhψ +Δu3 = 0,

∂ttuh −Δ∂tuh −∇h(∇h · uh) = 0,

∂ttu3 −Δ∂tu3 −Δhu3 = 0,

which are damped wave equations with dissipation only on horizontal direction. A simple spectral anal-

ysis [17] reveals the anisotropy of the time decay rates on the spatial directions. This partial dissipation

also implies that the solution has weak dissipation.

To prove Theorem 1.1, the main difficulty is that the system has a weak dissipation so that it is difficult

to control the growth of nonlinear terms. To overcome this difficulty, we will use the anisotropic Sobolev

space and the special structure of nonlinear terms. Our arguments are based on the elementary energy

method and the interpolation.

The rest of this paper is organized as follows. In Section 2, we show the time decay estimates under the

assumption that the solution is bounded in the anisotropic Sobolev spaces. Then in Section 3, we use the

obtained decay estimates to prove that the solution is indeed bounded in the anisotropic Sobolev spaces

with a refined bound. Thus, the theorem follows from a continuous argument. Finally in Section 4, we

present some comments.

Notation. Throughout this paper, we set xh = (x1, x2) and use ‖·‖k to denote ‖·‖Lk(R3) for simplicity.

2 Proof of decay estimates

In this section, we will establish the decay estimates of solution under the assumption that the solution

is bounded in some anisotropic Sobolev spaces, which will be closed in the next section. We begin with
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introducing the energy

D�(t) := ‖∇�
hu‖22 + ‖∇∇�

hψ‖22 + ‖∇∇�
hu‖22 + ‖∇2∇�

hψ‖22 + 2ε1

∫
∇�

hu3∇2∇�
hψ,

H�(t) := ‖∇∇�
hu‖22 + ‖∇2∇�

hu‖22 + ε1‖∇∇�+1
h ψ‖22 − ε1‖∇∇�

hu3‖22 − ε1

∫
∇2∇�

hu3∇2∇�
hψ

for � = 0, 1, 2. It follows from ∂3u3 = −∇h · uh that we can fix a positive constant ε1 such that

D�(t) � (‖∇�
hu‖22 + ‖∇∇�

hψ‖22 + ‖∇∇�
hu‖22 + ‖∇2∇�

hψ‖22),
H�(t) � (‖∇∇�

hu‖22 + ‖∇2∇�
hu‖22 + ‖∇∇�+1

h ψ‖22)
(2.1)

for � = 0, 1, 2.

Lemma 2.1 (See [16]). There exists a constant C > 0 such that

‖f‖L∞(R3) � C‖∇f‖ 1
2

L2(R3)‖∇∇hf‖
1
2

L2(R3).

We first deduce the following lower order energy decay estimates.

Proposition 2.2. Assume that the solution (ψ, u) of (1.5) satisfies ‖u(t)‖2H2 + ‖∇ψ(t)‖2H3 � c20 for

any t ∈ [0, T ]. If c0 is suitably small, then for some c > 0, we have

d

dt
D0(t) + cH0(t) � 0 for any t ∈ [0, T ].

Proof. By a standard energy estimate, we have

1

2

d

dt
(‖u‖22 + ‖∇ψ‖22) + ‖∇u‖22 = 0.

Similarly, we also have

1

2

d

dt
(‖∇u‖22 + ‖∇2ψ‖22) + ‖∇2u‖22

=

∫
(u · ∇u) · ∇2u−

∫
∇2(u · ∇ψ) · ∇2ψ −

∫
uh · ∇2fh −

∫
u3∇2fv

and

d

dt

∫
u3∇2ψ + ‖∇∇hψ‖22 − ‖∇u3‖22 −

∫
∇2u3∇2ψ

= −
∫
(u · ∇u3) · ∇2ψ −

∫
(u · ∇ψ)∇2u3 +

∫
fv∇2ψ.

Then combining the above three equalities, we obtain

d

dt
D0(t) +H0(t) =

∫
(u · ∇u) · ∇2u−

∫
∇2(u · ∇ψ) · ∇2ψ −

∫
uh · ∇2fh −

∫
u3∇2fv

− ε1

∫
(u · ∇u3) · ∇2ψ − ε1

∫
(u · ∇ψ)∇2u3 + ε1

∫
fv∇2ψ

=: I1 + I2 + I3 + I4 + I5 + I6 + I7. (2.2)

We now estimate I1, I2, . . . , I7 one by one. For I1, it is clear that

I1 � ‖u‖3‖∇u‖6‖∇2u‖2 � ‖u‖H1‖∇2u‖22 � Cc0H0(t).

For the term I2, we first use the integration by parts and the divergence free of u to deduce that

I2 = −
∫

∇2
h(u · ∇ψ)∇2

hψ − 2

∫
∇2

h(u · ∇ψ)∂23ψ −
∫
∂23(u · ∇ψ)∂23ψ

= −
∫
(∇2

h(u · ∇ψ) + 2∂23(u · ∇ψ))∇2
hψ −

∫
(∂23(uh · ∇hψ) + ∂23(u3∂3ψ))∂

2
3ψ

= −
∫
(∇2

hu · ∇ψ + 2∇hu · ∇∇hψ + 2∂23u · ∇ψ + 4∂3u · ∇∂3ψ + 2u · ∇∂23ψ)∇2
hψ

−
∫
(∂23uh · ∇hψ + 2∂3uh · ∇h∂3ψ + ∂23u3∂3ψ + 2∂3u3∂

2
3ψ)∂

2
3ψ.
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Notice that ∫
∂23u3∂3ψ∂

2
3ψ = −1

2

∫
∇h · ∂3uh∂3(∂3ψ)2 = −

∫
∂23uh · ∇h∂3ψ∂3ψ

and ∫
∂3u3∂

2
3ψ∂

2
3ψ = −

∫
∇h · uh(∂23ψ)2 = −2

∫
∂3uh · ∇h∂3ψ∂

2
3ψ − 2

∫
uh · ∇h∂3ψ∂

3
3ψ

by the divergence free of u and the integration by parts again. It then follows from Hölder’s inequality

and Sobolev’s embedding that

I2 � (‖∇2u‖2‖∇ψ‖∞ + ‖∇u‖6‖∇2ψ‖3 + ‖u‖6‖∇3ψ‖3)‖∇2
hψ‖2 + ‖∇2u‖2‖∇hψ‖6‖∇2ψ‖3

+ (‖∇u‖6‖∇2ψ‖3 + ‖∇2u‖2‖∇ψ‖∞ + ‖∇u‖2‖∇2ψ‖∞ + ‖u‖6‖∇3ψ‖3)‖∇∇hψ‖2
� ‖∇ψ‖H3(‖∇u‖22 + ‖∇2u‖22 + ‖∇∇hψ‖22)
� Cc0H0(t).

For I3 and I4, we have

I3 = −
∫
∂i∂juh · ∇h(uiuj + ∂iψ∂jψ) +

∫
∇2uh · ∂j(∇hψ∂jψ)

� ‖∇2u‖2(‖∇u‖2‖u‖∞ + ‖∇∇hψ‖2‖∇ψ‖∞ + ‖∇hψ‖6‖∇2ψ‖3)
� (‖u‖H2 + ‖∇ψ‖H2)(‖∇u‖22 + ‖∇2u‖22 + ‖∇∇hψ‖22)
� Cc0H0(t)

and

I4 = −
∫
∂i∂ju3∂3(uiuj)−

∫
∂3∂ju3∇h · (∇hψ∂jψ) +

∫
∇h∂ju3 · ∇h(∂3ψ∂jψ)

� ‖∇2u‖2(‖∇u‖2‖u‖∞ + ‖∇∇hψ‖2‖∇ψ‖∞)

� (‖u‖H2 + ‖∇ψ‖H2)(‖∇u‖22 + ‖∇2u‖22 + ‖∇∇hψ‖22)
� Cc0H0(t).

Also, it is clear that

I5 + I6 � ‖u‖6(‖∇u‖2‖∇2ψ‖3 + ‖∇ψ‖3‖∇2u‖2) � ‖∇ψ‖H2(‖∇u‖22 + ‖∇2u‖22) � Cc0H0(t).

Finally, for I7, we can use

I7 = −ε1
∫
∂3ψ∂iuj∂jui − ε1

∫
∂jψ∂i∂3(∂iψ∂jψ) + ε1

∫
∂jψ∇2(∂3ψ∂jψ)

= −ε1
∫
∂3ψ∂iuj∂jui − ε1

∫
∂jψ∇h · ∂3(∇hψ∂jψ) + ε1

∫
∂jψ∇2

h(∂3ψ∂jψ)

= −ε1
∫
∂3ψ∂iuj∂jui + ε1

∫
∇h∂jψ · ∂3(∇hψ∂jψ)− ε1

∫
∇h∂jψ · ∇h(∂3ψ∂jψ)

to deduce that

I7 � ‖∇ψ‖∞‖∇u‖22 + ‖∇∇hψ‖2(‖∇∇hψ‖2‖∇ψ‖∞ + ‖∇hψ‖6‖∇2ψ‖3)
� ‖∇ψ‖H2(‖∇u‖22 + ‖∇∇hψ‖22)
� Cc0H0(t).

Summarily, we can substitute the estimates of I1, I2, . . . , I7 into (2.2) and then complete the proof of

Proposition 2.2 by taking c0 small suitably.

Proposition 2.3. Let s = 1− δ. Assume that the solution (ψ, u) of (1.5) satisfies

‖u(t)‖2H3 + ‖∇ψ(t)‖2H8 + ‖u(t)‖2H−s,2 + ‖∇ψ(t)‖2H−s,1 � c20

for any t ∈ [0, T ]. If δ and c0 are suitably small, then for some c > 0, we have

d

dt
D1(t) + cH1(t) � 0 for any t ∈ [0, T ].
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Proof. It follows from the standard energy method that

1

2

d

dt
(‖∇hu‖22 + ‖∇∇hψ‖22) + ‖∇∇hu‖22

= −
∫

∇∇hψ · ∇∇h(u · ∇ψ)−
∫

∇hu · ∇h(u · ∇u) +
∫

∇huh · ∇hf
h +

∫
∇hu3 · ∇hf

v.

Similarly, we also have

1

2

d

dt
(‖∇∇hu‖22 + ‖∇2∇hψ‖22) + ‖∇2∇hu‖22

= −
∫

∇2∇hψ · ∇2∇h(u · ∇ψ)−
∫

∇∇hu · ∇∇h(u · ∇u)

+

∫
∇∇huh · ∇∇hf

h +

∫
∇∇hu3 · ∇∇hf

v

and

− d

dt

∫
∇2u3∇2

hψ + ‖∇∇2
hψ‖22 − ‖∇∇hu3‖22 −

∫
∇2∇hψ · ∇2∇hu3

= −
∫

∇∇2
hψ · ∇(u · ∇u3) +

∫
∇∇2

hψ · ∇fv +

∫
∇2u3∇2

h(u · ∇ψ).

Thus combining the above three equalities, we obtain

d

dt
D1(t) +H1(t)

= −
∫

∇∇hψ · ∇∇h(u · ∇ψ)−
∫

∇hu · ∇h(u · ∇u) +
∫

∇huh · ∇hf
h +

∫
∇hu3 · ∇hf

v

−
∫

∇2∇hψ · ∇2∇h(u · ∇ψ)−
∫

∇∇hu · ∇∇h(u · ∇u) +
∫

∇∇huh · ∇∇hf
h

+

∫
∇∇hu3 · ∇∇hf

v − ε1

∫
∇∇2

hψ · ∇(u · ∇u3) + ε1

∫
∇∇2

hψ · ∇fv + ε1

∫
∇2u3∇2

h(u · ∇ψ)

=: J1 + J2 + · · ·+ J11. (2.3)

We now estimate the terms J1, J2, . . . , J11 one by one. For J1, we first use the integration by parts

and div u = 0 to rewrite it as

J1 = −
∫

∇2
hψ∇2

h(u · ∇ψ)−
∫

∇2
hψ∂

2
3(u · ∇ψ)

= −
∫

∇2
hψ(∇2

hu · ∇ψ + 2∇hu · ∇∇hψ)−
∫
∂3∇hψ · (∂3∇hu · ∇ψ +∇hu · ∇∂3ψ + ∂3u · ∇∇hψ)

= −
∫

∇2
hψ(∇2

hu · ∇ψ + 2∇hu · ∇∇hψ)−
∫
∂3∇hψ · (∂3∇huh · ∇hψ +∇huh · ∇h∂3ψ

+ ∂3uh · ∇h∇hψ)−
∫
∂3∇hψ · (∂3∇hu3∂3ψ +∇hu3∂

2
3ψ + ∂3u3∂3∇hψ).

Due to ∂3u3 = −∇h · uh, we have

J1 = −
∫

∇2
hψ(∇2

hu · ∇ψ + 2∇hu · ∇∇hψ)−
∫
∂3∇hψ · (∂3∇huh · ∇hψ +∇huh · ∇h∂3ψ

+ ∂3uh · ∇h∇hψ) +

∫
∂3∇hψ · (∇h(∇h · uh)∂3ψ −∇hu3∂

2
3ψ + (∇h · uh)∂3∇hψ)

= −
∫
(∇2

hψ∇2
hu · ∇ψ − 2∇hψ · ∇hu · ∇∇2

hψ)−
∫
∂3∇hψ · (∂3∇huh · ∇hψ +∇huh · ∇h∂3ψ

+ ∂3uh · ∇h∇hψ)−
∫
(∂3∇2

hψ(∇h · uh)∂3ψ + (∇h · uh)|∂3∇hψ|2)

−
∫
∂3∇hψ · (∇hu3∂

2
3ψ − (∇h · uh)∂3∇hψ).
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It then follows from Hölder’s inequality and Sobolev’s embedding that

J1 � ‖∇2
hψ‖6‖∇2

hu‖2‖∇ψ‖3 + ‖∇∇2
hψ‖2‖∇hu‖6‖∇ψ‖3 + ‖∇∇hu‖6‖∇∇hψ‖ 12

5
‖∇hψ‖ 12

5

+ ‖∇hu‖6‖∇∇hψ‖212
5
+ ‖∇∇hψ‖ 12

5
‖∇u‖ 12

5
‖∇2

hψ‖6 + ‖∇hu‖6‖∇∇hψ‖ 12
5
‖∇2ψ‖ 12

5

� ‖∇∇2
hψ‖2‖∇∇hu‖2‖∇ψ‖H1 + ‖∇2∇hu‖2‖∇∇hψ‖ 12

5
‖∇ψ‖ 12

5
+ ‖∇∇hu‖2‖∇∇hψ‖212

5

+ ‖∇∇2
hψ‖2‖∇∇hψ‖ 12

5
‖∇u‖ 12

5
+ ‖∇∇hu‖2‖∇∇hψ‖ 12

5
‖∇ψ‖

5
6s+1
12
5

‖∇ψ‖
6s−4
6s+1

H6 (2.4)

for s � 7
8 . Notice that

‖∇∇hψ‖ 12
5
� ‖‖∇∇2

hψ‖
6s+7

6(s+2)

L2
xh

‖Λ−s
h ∇ψ‖

5
6(s+2)

L2
xh

‖
L

12
5

x3

� ‖∇∇2
hψ‖

6s+7
6(s+2)

2 ‖‖Λ−s
h ∇ψ‖L2

xh
‖

5
6(s+2)

L
10

3−s
x3

� ‖∇∇2
hψ‖

6s+7
6(s+2)

2 ‖∇ψ‖
5

6(s+2)

H−s,1 (2.5)

by the interpolation and Sobolev’s embedding. Similarly, we also have

‖∇ψ‖ 12
5
� ‖‖∇∇2

hψ‖
6s+1

6(s+2)

L2
xh

‖Λ−s
h ∇ψ‖

11
6(s+2)

L2
xh

‖
L

12
5

x3

� ‖∇∇2
hψ‖

6s+1
6(s+2)

2 ‖‖Λ−s
h ∇ψ‖L2

xh
‖

11
6(s+2)

L
22

9−s
x3

� ‖∇∇2
hψ‖

6s+1
6(s+2)

2 ‖∇ψ‖
11

6(s+2)

H−s,1 (2.6)

and

‖∇u‖ 12
5
� ‖∇∇2

hu‖
6s+1

6(s+2)

2 ‖∇u‖
11

6(s+2)

H−s,1 � ‖∇∇2
hu‖

6s+1
6(s+2)

2 ‖u‖
11

6(s+2)

H−s,2 . (2.7)

Thus substituting (2.5)–(2.7) into (2.4), we can deduce that

J1 � (‖∇ψ‖H6 + ‖∇ψ‖H−s,1 + ‖u‖H−s,2)(‖∇∇2
hψ‖22 + ‖∇∇hu‖22 + ‖∇2∇hu‖22) � Cc0H1(t).

The term J2 can be directly estimated as follows:

J2 =

∫
∇hu · ∇∇hu · u � ‖∇hu‖6‖∇∇hu‖2‖u‖3 � ‖u‖H1‖∇∇hu‖22 � Cc0H1(t).

For J3, we use the Lp boundedness of Riesz operator, the interpolation and Sobolev’s embedding to

obtain

J3 = −
∫

∇2
huh · ∂i∂j

Δ
∇h(uiuj) +

∫
∇huh · ∇h

∂i∂j
Δ

∇h(∂iψ∂jψ) +

∫
∂j∇huh · ∇h(∇hψ∂jψ)

� ‖∇2
hu‖2‖∇h(u⊗ u)‖2 + ‖∇hu‖6‖∇2

h(∇ψ ⊗∇ψ)‖ 6
5
+ ‖∇∇hu‖2‖∇h(∇hψ ⊗∇ψ)‖2

� ‖∇∇hu‖2(‖∇hu‖6‖u‖3 + ‖∇∇2
hψ‖2‖∇ψ‖3 + ‖∇∇hψ‖212

5
+ ‖∇2

hψ‖6‖∇ψ‖3 + ‖∇∇hψ∇hψ‖2)
� ‖∇∇hu‖2(‖∇∇hu‖2‖u‖H1 + ‖∇∇2

hψ‖2‖∇ψ‖H1 + ‖∇∇hψ‖212
5
+ ‖∇∇hψ∇hψ‖2).

Then we have J3 � (‖∇ψ‖H3 + ‖∇ψ‖H−s,1 + ‖u‖H1)(‖∇∇2
hψ‖22 + ‖∇∇hu‖22) � Cc0H1(t) by (2.5) and

the fact that

‖∇∇hψ∇hψ‖2 � ‖‖∇∇hψ‖L4
xh
‖∇hψ‖L4

xh
‖L2

x3
� ‖‖∇∇2

hψ‖
2(s+1)
s+2

L2
xh

‖Λ−s
h ∇ψ‖

2
s+2

L2
xh

‖L2
x3

� ‖∇∇2
hψ‖2‖∇∇2

hψ‖
s

s+2

L∞
x3

L2
xh

‖Λ−s
h ∇ψ‖

2
s+2

L∞
x3

L2
xh

� ‖∇∇2
hψ‖2‖∇ψ‖

s
s+2

H3 ‖∇ψ‖
2

s+2

H−s,1 .
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To estimate J4, we can first rewrite it as

J4 = −
∫

∇h∂3u3 · ∂i∂j
Δ

∇h(uiuj) +

∫
∇hu3 · ∇h

(
∂i∂3
Δ

∂j(∂iψ∂jψ)− ∂j(∂3ψ∂jψ)

)
= −

∫
∇h∂3u3 · ∂i∂j

Δ
∇h(uiuj) +

∫
∇hu3 · ∇h

(
∂3∂j
Δ

∇h · (∇hψ∂jψ)− ∇2
h

Δ
∂j(∂3ψ∂jψ)

)
and then take a similar procedure as J3 to obtain

J4 � ‖∇∇hu‖2‖∇h(u⊗ u)‖2 + ‖∇hu‖6‖∇2
h(∇ψ ⊗∇ψ)‖ 6

5
� Cc0H1(t).

For J5, we first rewrite it as

J5 = −
∫
(∇2

h∇hψ · (∇2
h∇hu · ∇ψ + 3∇2

hu · ∇∇hψ + 3∇hu · ∇∇2
hψ)

+ 2∇2
h∂3ψ(∂3∇2

hu · ∇ψ +∇2
hu · ∇∂3ψ + 2∂3∇hu · ∇∇hψ + 2∇hu · ∇∇h∂3ψ + ∂3u · ∇∇2

hψ))

−
∫
∂23∇hψ · ∂23∇h(u · ∇ψ)

=: J1
5 + J2

5 .

Then it is clear that

J1
5 � ‖∇∇2

hψ‖2(‖∇2∇hu‖2‖∇ψ‖∞ + ‖∇∇hu‖6‖∇2ψ‖3 + ‖∇hu‖6‖∇3ψ‖3 + ‖∇∇2
hψ‖2‖∇u‖∞)

� (‖u‖H3 + ‖∇ψ‖H3)(‖∇∇2
hψ‖22 + ‖∇2∇hu‖22 + ‖∇∇hu‖22). (2.8)

However, the estimate for J2
5 is very subtle. We first notice that

J2
5 = −

∫
∂23∇hψ · (∂23∇huh · ∇hψ + 2∂3∇huh · ∇h∂3ψ +∇huh · ∇h∂

2
3ψ + ∂23uh · ∇h∇hψ

+ 2∂3uh · ∇h∇h∂3ψ + ∂23∇hu3∂3ψ + 2∂3∇hu3∂
2
3ψ +∇hu3∂

3
3ψ + ∂23u3∂3∇hψ + 2∂3u3∂

2
3∇hψ).

Then we can use ∂3u3 = −∇h · uh and the integration by parts to obtain

J2
5 � (‖∇2∇hu‖2‖∇2∇hψ‖3‖∇hψ‖6 + ‖∇∇hu‖6‖∇2∇hψ‖3‖∇∇hψ‖2 + ‖∇hu‖6‖∇2∇hψ‖212

5

+ ‖∇2
hψ‖6‖∇2∇hψ‖3‖∇2u‖2 + ‖∇∇2

hψ‖2‖∇2∇hψ‖3‖∇u‖6 + ‖∇2∇hu‖2‖∇∇2
hψ‖2‖∇ψ‖∞

+ ‖∇∇2
hψ‖2‖∇∇hu‖6‖∇2ψ‖3 + ‖∇hu‖6‖∇∇2

hψ‖2‖∇3ψ‖3) +
∣∣∣∣ ∫ ∂23∇hψ · ∇hu3∂

3
3ψ

∣∣∣∣
� (‖∇2∇hu‖2‖∇2∇hψ‖3‖∇∇hψ‖2 + ‖∇∇hu‖2‖∇2∇hψ‖212

5
+ ‖∇∇2

hψ‖2‖∇2∇hψ‖3‖∇2u‖2

+ ‖∇2∇hu‖2‖∇∇2
hψ‖2‖∇ψ‖H2 + ‖∇∇hu‖2‖∇∇2

hψ‖2‖∇ψ‖H3) +

∣∣∣∣ ∫ ∂23∇hψ · ∇hu3∂
3
3ψ

∣∣∣∣. (2.9)

It follows from the interpolation and Sobolev’s embedding that

‖∇∇hψ‖2 � ‖‖∇∇2
hψ‖

s+1
s+2

L2
xh

‖Λ−s
h ∇ψ‖

1
s+2

L2
xh

‖L2
x3

� ‖∇∇2
hψ‖

s+1
s+2

2 ‖Λ−s
h ∇ψ‖

1
s+2

2 � ‖∇∇2
hψ‖

s+1
s+2

2 ‖∇ψ‖
1

s+2

H−s,0 , (2.10)

which implies that

‖∇2∇hψ‖3 � ‖∇∇hψ‖
s+2

(s+1)2

2 ‖∇
5s2+8s+1

2(s2+s−1)∇hψ‖
s2+s−1

(s+1)2

2

� ‖∇∇hψ‖
s+2

(s+1)2

2 ‖∇ψ‖
s2+s−1

(s+1)2

H8

� ‖∇∇2
hψ‖

1
s+1

2 ‖∇ψ‖
1

(s+1)2

H−s,0 ‖∇ψ‖
s2+s−1

(s+1)2

H8 (2.11)
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for s = 1− δ with small δ, and that

‖∇2∇hψ‖ 12
5
� ‖∇∇hψ‖

s+2
2(s+1)

2 ‖∇ 7s+5
2s ∇hψ‖

s
2(s+1)

2 � ‖∇∇2
hψ‖

1
2
2 ‖∇ψ‖

1
2(s+1)

H−s,0 ‖∇ψ‖
s

2(s+1)

H7 . (2.12)

Similarly, we also have

‖∇2u‖2 � ‖‖∇2∇hu‖
s

s+1

L2
xh

‖Λ−s
h ∇2u‖

1
s+1

L2
xh

‖L2
x3

� ‖∇2∇hu‖
s

s+1

2 ‖Λ−s
h ∇2u‖

1
s+1

2 � ‖∇2∇hu‖
s

s+1

2 ‖u‖
1

s+1

H−s,2 .

Substituting the above estimates into (2.9), we obtain

J2
5 � (‖∇ψ‖H8 + ‖∇ψ‖H−s,0 + ‖u‖H−s,2)(‖∇∇2

hψ‖22 + ‖∇∇hu‖22 + ‖∇2∇hu‖22)

+

∣∣∣∣ ∫ ∂23∇hψ · ∇hu3∂
3
3ψ

∣∣∣∣. (2.13)

It remains to estimate the integral term in (2.13). For this purpose, we first use the integration by parts

to obtain∫
∂23∇hψ · ∇hu3∂

3
3ψ = −

∫
u3∂

2
3∇2

hψ∂
3
3ψ −

∫
u3∂

2
3∇hψ · ∂33∇hψ

=

∫
∂3u3∂3∇2

hψ∂
3
3ψ +

∫
u3∂3∇2

hψ∂
4
3ψ − 1

2

∫
u3∂3|∂23∇hψ|2

= −
∫
(∇h · uh)∂3∇2

hψ∂
3
3ψ +

∫
u3∂3∇2

hψ∂
4
3ψ − 1

2

∫
(∇h · uh)|∂23∇hψ|2.

It then follows from Lemma 2.1 and (2.12) that∣∣∣∣ ∫ ∂23∇hψ · ∇hu3∂
3
3ψ

∣∣∣∣
� ‖∇hu‖6‖∇∇2

hψ‖2‖∇3ψ‖3 + ‖u3‖∞‖∇∇2
hψ‖2‖∇4ψ‖2 + ‖∇hu‖6‖∇2∇hψ‖212

5

� (‖∇ψ‖H7 + ‖∇ψ‖H−s,0)‖∇∇hu‖2‖∇∇2
hψ‖2 + ‖∇u3‖

1
2
2 ‖∇∇hu3‖

1
2
2 ‖∇∇2

hψ‖2‖∇4ψ‖2,

which together with ‖∇u3‖2 � ‖∇hu‖2 � ‖‖∇2
hu‖

s+1
s+2

L2
xh

‖Λ−s
h u‖

1
s+2

L2
xh

‖L2
x3

� ‖∇∇hu‖
s+1
s+2

2 ‖Λ−s
h u‖

1
s+2

2 and

‖∇4ψ‖2 � ‖∇ψ‖ 5
8
2 ‖∇8∇ψ‖ 3

8
2

� ‖‖∇∇2
hψ‖

s
s+2

L2
xh

‖Λ−s
h ∇ψ‖

2
s+2

L2
xh

‖ 5
8

L2
x3

‖∇ψ‖ 3
8

H8

� ‖∇∇2
hψ‖

5s
8(s+2)

2 ‖Λ−s
h ∇ψ‖

5
4(s+2)

2 ‖∇ψ‖ 3
8

H8

yields that∣∣∣∣ ∫ ∂23∇hψ · ∇hu3∂
3
3ψ

∣∣∣∣ � (‖∇ψ‖H8 + ‖∇ψ‖H−s,0 + ‖u‖H−s,0)(‖∇∇hu‖22 + ‖∇∇2
hψ‖22). (2.14)

Substituting (2.14) into (2.13) and using (2.8), we have

J5 � (‖∇ψ‖H8 + ‖u‖H3 + ‖∇ψ‖H−s,0 + ‖u‖H−s,2)(‖∇∇2
hψ‖22 + ‖∇∇hu‖22 + ‖∇2∇hu‖22)

� Cc0H1(t).
(2.15)

For J6, a direct calculation yields that

J6 � ‖∇∇hu‖2(‖∇∇hu‖2‖∇u‖∞ + ‖∇hu‖6‖∇2u‖3) � ‖u‖H3‖∇∇hu‖22 � Cc0H1(t).

For J7, we first use the integration by parts, Hölder’s inequality and Sobolev’s embedding to have

J7 = −
∫
∂i∂j∇huh · ∇h∇h(uiuj + ∂iψ∂jψ) +

∫
∇2∇huh · ∇h∂j(∇hψ∂jψ)

� ‖∇2∇hu‖2(‖∇2
h(u⊗ u)‖2 + ‖∇2

h(∇ψ ⊗∇ψ)‖2 + ‖∇∇h(∇hψ ⊗∇ψ)‖2)
� ‖∇2∇hu‖2(‖∇2

hu‖2‖u‖∞ + ‖∇hu‖6‖∇hu‖3 + ‖∇∇2
hψ‖2‖∇ψ‖∞ + ‖∇∇hψ‖24

+ ‖∇2
hψ‖6‖∇2ψ‖3 + ‖∇hψ‖6‖∇2∇hψ‖3)

� ‖∇2∇hu‖2(‖∇∇hu‖2‖u‖H2 + ‖∇∇2
hψ‖2‖∇ψ‖H2 + ‖∇∇hψ‖24 + ‖∇∇hψ‖2‖∇2∇hψ‖3).
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Then by (2.10) and the fact that ‖∇∇hψ‖24 � ‖∇∇hψ‖
s+2
s+1

2 ‖∇ 5s+3
2s ∇hψ‖

s
s+1

2 � ‖∇∇hψ‖
s+2
s+1

2 ‖∇ψ‖
s

s+1

H5 , we

obtain

J7 � (‖∇ψ‖H8 + ‖u‖H2 + ‖∇ψ‖H−s,0)(‖∇∇2
hψ‖22 + ‖∇∇hu‖22 + ‖∇2∇hu‖22) � Cc0H1(t).

Similarly, for J8, we have

J8 = −
∫
∂i∂j∇hu3 · ∇h∂3(uiuj)−

∫
∇hu3 · ∇h∂3∂j∇h · (∇hψ∂jψ) +

∫
∇hu3 · ∇h∇2

h∂j(∂3ψ∂jψ)

= −
∫
∂i∂j∇hu3 · ∇h∂3(uiuj)−

∫
∂3∂j∇hu3 · ∇h∇h · (∇hψ∂jψ) +

∫
∂j∇2

hu3∇2
h(∂3ψ∂jψ)

� ‖∇2∇hu‖2(‖∇∇hu‖2‖u‖∞ + ‖∇hu‖6‖∇u‖3 + ‖∇∇2
hψ‖2‖∇ψ‖∞ + ‖∇∇hψ‖24)

� Cc0H1(t).

For J9, a direct calculation gives that

J9 = −ε1
∫

∇∇2
hψ · ∇(uh · ∇hu3 + u3∂3u3) = −ε1

∫
∇∇2

hψ · ∇(uh · ∇hu3 − u3∇h · uh)

� ‖∇∇2
hψ‖2(‖∇∇hu‖2‖u‖∞ + ‖∇hu‖6‖∇u‖3)

� ‖u‖H2(‖∇∇hu‖22 + ‖∇∇2
hψ‖22)

� Cc0H1(t).

For J10, we can take a similar procedure as J7 to obtain

J10 = −ε1
∫

∇2
hψ∂3∂i∂j(uiuj)− ε1

∫
∇2

hψ∂3∂j∇h · (∇hψ∂jψ) + ε1

∫
∇2

hψ∂j∇2
h(∂3ψ∂jψ)

= ε1

∫
∂3∇2

hψ∂i∂j(uiuj) + ε1

∫
∂3∇2

hψ∂j∇h · (∇hψ∂jψ)− ε1

∫
∂j∇2

hψ∇2
h(∂3ψ∂jψ)

� ‖∇∇2
hψ‖2(‖∇(u∇hu)‖2 + ‖∂23u23‖2 + ‖∇∇h(∇hψ∇ψ)‖2 + ‖∇2

h(∇ψ∇ψ)‖2)
� Cc0H1(t).

Finally, for J11, we have

J11 = −ε1
∫

∇2∇hu3 · (∇h(uh · ∇hψ) +∇hu3∂3ψ)− ε1

∫
∇2∇hu3 · u3∂3∇hψ

� ‖∇2∇hu‖2(‖∇hu‖6‖∇ψ‖3 + ‖u‖3‖∇2
hψ‖6)

� (‖∇ψ‖H1 + ‖u‖H1)(‖∇∇hu‖22 + ‖∇2∇hu‖22 + ‖∇∇2
hψ‖22)

� Cc0H1(t).

Here we used the fact that

−
∫

∇2∇hu3 · u3∂3∇hψ

=

∫
∇2(∇h · uh)∇hu3 · ∇hψ +

∫
∇2(∇h · uh)u3∇2

hψ −
∫

∇2∇hu3(∇h · uh)∇hψ.

Summarily, collecting the estimates for J1, J2, . . . , J11, we can conclude that

d

dt
D1(t) +H1(t) � Cc0H1(t).

This completes the proof of Proposition 2.3 by taking c0 small suitably.

Proposition 2.4. Let s = 1− δ. Assume that the solution (ψ, u) of (1.5) satisfies

‖u(t)‖2H14 + ‖∇ψ(t)‖2H14 + ‖u(t)‖2H−s,3 + ‖∇ψ(t)‖2H−s,4 � c20

for any t ∈ [0, T ]. If δ and c0 are suitably small, then for some c > 0, we have

d

dt
D2(t) + cH2(t) � 0 for any t ∈ [0, T ].
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Proof. Similar to Proposition 2.3, we can use the standard energy method to deduce that

d

dt
D2(t) +H2(t)

= −
∫

∇∇2
hψ · ∇∇2

h(u · ∇ψ)−
∫

∇2
hu · ∇2

h(u · ∇u) +
∫

∇2
huh · ∇2

hf
h +

∫
∇2

hu3 · ∇2
hf

v

−
∫

∇2∇2
hψ∇2∇2

h(u · ∇ψ)−
∫

∇∇2
hu · ∇∇2

h(u · ∇u) +
∫

∇∇2
huh · ∇∇2

hf
h

+

∫
∇∇2

hu3 · ∇∇2
hf

v + ε1

∫
∇∇2

hψ · ∇∇2
h(u · ∇u3)− ε1

∫
∇∇2

hψ · ∇∇2
hf

v

− ε1

∫
∇2∇2

hu3∇2
h(u · ∇ψ)

=: K1 +K2 + · · ·+K11. (2.16)

We need to estimate each term on the right-hand side of (2.16). For K1, we first rewrite it as

K1 = −
∫

∇3
hψ · ∇3

h(u · ∇ψ)−
∫
∂3∇2

hψ∂3∇2
h(u · ∇ψ) =: K1

1 +K2
1 .

By the integration by parts, we obtain

K1
1 = −

∫
∇3

hψ · ∇3
huj∂jψ + 3

∫
∂j∇3

hψ · ∇2
huj∇hψ + 3

∫
∂j∇3

hψ · ∇huj∇2
hψ.

Thus we have

K1
1 � (‖∇3

hψ‖6‖∇3
hu‖2 + ‖∇∇3

hψ‖2‖∇2
hu‖6)‖∇ψ‖3 + ‖∇∇3

hψ‖2‖∇hu∇2
hψ‖2

� (‖∇ψ‖H4 + ‖u‖H−s,1 + ‖∇ψ‖H−s,1)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t). (2.17)

Here we used the fact that

‖∇hu∇2
hψ‖2 � ‖‖∇hu‖L4

xh
‖∇2

hψ‖L4
xh
‖L2

x3

� ‖‖∇3
hu‖

2s+3
2(s+3)

L2
xh

‖Λ−s
h u‖

3
2(s+3)

L2
xh

‖∇4
hψ‖

2s+3
2(s+3)

L2
xh

‖Λ−s
h ∇hψ‖

3
2(s+3)

L2
xh

‖L2
x3

� (‖∇ψ‖H4 + ‖u‖H−s,1 + ‖∇ψ‖H−s,1)(‖∇∇2
hu‖2 + ‖∇∇3

hψ‖2).
The estimate for K2

1 is more subtle. By using u ·∇ = uh ·∇h+u3∂3 and the divergence free of u, we have

K2
1 = −

∫
∂3∇2

hψ(∂3∇2
huh · ∇hψ +∇2

huh · ∇h∂3ψ + 2∂3∇huh · ∇h∇hψ + 2∇huh · ∇h∇h∂3ψ

+ ∂3uh · ∇h∇2
hψ) +

∫
∂3∇2

hψ(∇2
h(∇h · uh)∂3ψ −∇2

hu3∂
2
3ψ + 2∇h(∇h · uh)∂3∇hψ

− 2∇hu3 · ∇h∂
2
3ψ + (∇h · uh)∂3∇2

hψ).

It then follows from Sobolev’s embedding that

K2
1 � ‖∇∇2

hu‖2‖∇∇2
hψ∇hψ‖2 + ‖∇2

hu‖6‖∇∇2
hψ‖ 12

5
‖∇∇hψ‖ 12

5
+ ‖∇∇3

hψ‖2‖∇∇hu∇hψ‖2
+ ‖∇hu‖6‖∇∇2

hψ‖212
5
+ ‖∇3

hψ‖6‖∇∇2
hψ‖ 12

5
‖∇u‖ 12

5
+ ‖∇∇3

hψ‖2‖∇2
hu‖6‖∇ψ‖3

+ ‖∇∇3
hψ‖2‖∇hu3∇2ψ‖2 + ‖∇hu3‖6‖∇∇2

hψ‖ 12
5
‖∇2∇hψ‖ 12

5

=: R1 +R2 + · · ·+R8. (2.18)

We estimate the terms on the right-hand side of (2.18) one by one. Let s = 1 − δ with δ > 0 suitably

small. Since

‖∇∇2
hψ∇hψ‖2 � ‖‖∇∇2

hψ‖L4
xh
‖∇hψ‖L4

xh
‖L2

x3
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� ‖‖∇∇3
hψ‖

2s+3
s+3

L2
xh

‖Λ−s
h ∇ψ‖

3
s+3

L2
xh

‖L2
x3

� ‖∇∇3
hψ‖2‖∇∇3

hψ‖
s

s+3

L∞
x3

L2
xh

‖Λ−s
h ∇ψ‖

3
s+3

L∞
x3

L2
xh

, (2.19)

we have

R1 � (‖∇ψ‖H4 + ‖∇ψ‖H−s,1)‖∇∇2
hu‖2‖∇∇3

hψ‖2 � Cc0H2(t).

Similarly, we have

R3 � ‖∇∇3
hψ‖2‖‖∇∇hu‖L4

xh
‖∇hψ‖L4

xh
‖L2

x3

� ‖∇∇3
hψ‖2‖‖∇∇2

hu‖
2s+3

2(s+2)

L2
xh

‖Λ−s
h ∇u‖

1
2(s+2)

L2
xh

‖∇∇3
hψ‖

2s+1
2(s+3)

L2
xh

‖Λ−s
h ∇ψ‖

5
2(s+3)

L2
xh

‖L2
x3

� (‖∇ψ‖H4 + ‖u‖H−s,2 + ‖∇ψ‖H−s,1)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

To estimate R2, we use Sobolev’s embedding and the interpolation to obtain

‖∇∇2
hψ‖ 12

5
� ‖‖∇∇3

hψ‖
6s+13
6(s+3)

L2
xh

‖Λ−s
h ∇ψ‖

5
6(s+3)

L2
xh

‖
L

12
5

x3

� ‖∇∇3
hψ‖

6s+13
6(s+3)

2 ‖‖Λ−s
h ∇ψ‖L2

xh
‖

5
6(s+3)

L
10

2−s
x3

� ‖∇∇3
hψ‖

6s+13
6(s+3)

2 ‖∇ψ‖
5

6(s+3)

H−s,1 (2.20)

and

‖∇∇hψ‖ 12
5
� ‖‖∇∇3

hψ‖
6s+7

6(s+3)

L2
xh

‖Λ−s
h ∇ψ‖

11
6(s+3)

L2
xh

‖
L

12
5

x3

� ‖∇∇3
hψ‖

6s+7
6(s+3)

2 ‖‖Λ−s
h ∇ψ‖L2

xh
‖

11
6(s+3)

L
22

8−s
x3

� ‖∇∇3
hψ‖

6s+7
6(s+3)

2 ‖∇ψ‖
11

6(s+3)

H−s,1 . (2.21)

Thus we have

R2 � (‖∇ψ‖H3 + ‖∇ψ‖H−s,1)‖∇∇2
hu‖2‖∇∇3

hψ‖2 � Cc0H2(t).

Similarly, it is easy to see that

‖∇hu‖6 � ‖∇∇hu‖2 � ‖∇∇2
hu‖

s+1
s+2

2 ‖Λ−s
h ∇u‖

1
s+2

2 � ‖∇∇2
hu‖

s+1
s+2

2 ‖u‖
1

s+2

H−s,1, (2.22)

which together with (2.20) yields that

R4 � ‖∇∇2
hu‖

s+1
s+2

2 ‖u‖
1

s+2

H−s,1‖∇∇3
hψ‖

6s+13
3(s+3)

2 ‖∇ψ‖
5

3(s+3)

H−s,1

� (‖∇ψ‖H3 + ‖∇ψ‖H−s,1 + ‖u‖H−s,1)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

For R5, it follows from Sobolev’s embedding and the interpolation that

‖∇u‖ 12
5
� ‖‖∇∇3

hu‖
6s+1

6(s+3)

L2
xh

‖Λ−s
h ∇u‖

17
6(s+3)

L2
xh

‖
L

12
5

x3

� ‖∇∇3
hu‖

6s+1
6(s+3)

2 ‖‖Λ−s
h ∇u‖L2

xh
‖

17
6(s+3)

L
34

14−s
x3

� ‖∇2∇2
hu‖

6s+1
6(s+3)

2 ‖u‖
17

6(s+3)

H−s,2 .
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Then by (2.20), we have

R5 � ‖∇∇3
hψ‖

1+ 6s+13
6(s+3)

2 ‖∇ψ‖
5

6(s+3)

H−s,1 ‖∇2∇2
hu‖

6s+1
6(s+3)

2 ‖u‖
17

6(s+3)

H−s,2

� (‖u‖H4 + ‖∇ψ‖H−s,1 + ‖u‖H−s,2)(‖∇2∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

It is clear that

R6 � ‖∇∇3
hψ‖2‖∇∇2

hu‖2‖∇ψ‖H1 � ‖∇ψ‖H1(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22) � Cc0H2(t).

To estimate R7, we first deduce that

‖∇2
hu‖2 � ‖‖∇3

hu‖
s+2
s+3

L2
xh

‖Λ−s
h u‖

1
s+3

L2
xh

‖L2
x3

� ‖∇∇2
hu‖

s+2
s+3

2 ‖Λ−s
h u‖

1
s+3

2 = ‖∇∇2
hu‖

s+2
s+3

2 ‖u‖
1

s+3

H−s,0. (2.23)

Then by Lemma 2.1 we obtain

‖∇hu3‖∞ � ‖∇∇hu3‖
1
2
2 ‖∇∇2

hu3‖
1
2
2 � ‖∇2

hu‖
1
2
2 ‖∇∇2

hu‖
1
2
2 � ‖∇∇2

hu‖
1
2+

s+2
2(s+3)

2 ‖u‖
1

2(s+3)

H−s,0 .

Thus we have

R7 � ‖∇∇3
hψ‖2‖∇∇2

hu‖
1
2+

s+2
2(s+3)

2 ‖u‖
1

2(s+3)

H−s,0 ‖∇ψ‖
1
2s
2 ‖∇ 2s

2s−1∇ψ‖1− 1
2s

2

� ‖∇∇3
hψ‖2‖∇∇2

hu‖
1
2+

s+2
2(s+3)

2 ‖u‖
1

2(s+3)

H−s,0 ‖∇∇3
hψ‖

1
2(s+3)

2 ‖∇ψ‖
3

2s(s+3)

H−s,0 ‖∇ψ‖1− 1
2s

H4

� (‖∇ψ‖H4 + ‖∇ψ‖H−s,0 + ‖u‖H−s,0)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

Here we used the fact that

‖∇ψ‖2 � ‖‖∇∇3
hψ‖

s
s+3

L2
xh

‖Λ−s
h ∇ψ‖

3
s+3

L2
xh

‖L2
x3

� ‖∇∇3
hψ‖

s
s+3

2 ‖Λ−s
h ∇ψ‖

3
s+3

2 . (2.24)

Finally, we estimate R8. Indeed, we have

‖∇2∇hψ‖ 12
5
� ‖∇∇hψ‖

11
6s+7
12
5

‖∇ 6s+7
6s−4∇∇hψ‖

6s−4
6s+7
12
5

� ‖∇∇hψ‖
11

6s+7
12
5

‖∇ψ‖
6s−4
6s+7

H9 ,

which together with (2.23), (2.20) and (2.21) gives that

R8 � ‖∇2
hu‖2‖∇∇2

hψ‖ 12
5
‖∇∇hψ‖

11
6s+7
12
5

‖∇ψ‖
6s−4
6s+7

H9

� ‖∇∇2
hu‖

s+2
s+3

2 ‖u‖
1

s+3

H−s,0‖∇∇3
hψ‖

6s+13
6(s+3)

2 ‖∇ψ‖
5

6(s+3)

H−s,1 ‖∇∇3
hψ‖

11
6(s+3)

2 ‖∇ψ‖
121

6(s+3)(6s+7)

H−s,1 ‖∇ψ‖
6s−4
6s+7

H9

� (‖∇ψ‖H9 + ‖∇ψ‖H−s,1 + ‖u‖H−s,0)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

Substituting the estimates of R1, . . . , R8 into (2.18) and using (2.17), we deduce that

K1 � K1
1 +K2

1 � Cc0H2(t).

For K2, it follows from the integration by parts and the divergence free of u that

K2 = −
∫

∇2
hu · (∇2

hu · ∇u+ 2∇hu · ∇∇hu) =

∫
∇2

h∂kuj∇2
hukuj + 2

∫
∇2

h∂kuj∇huk · ∇huj .

Then we deduce that

K2 � ‖∇∇2
hu‖2(‖∇2

hu‖6‖u‖3 + ‖∇hu‖24) � (‖u‖H4 + ‖u‖H−s,1)‖∇∇2
hu‖22 � Cc0H2(t).
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Here we used the fact that

‖∇hu‖24 � ‖‖∇3
hu‖

2s+3
s+3

L2
xh

‖Λ−s
h u‖

3
s+3

L2
xh

‖L2
x3

� ‖∇3
hu‖2‖∇3

hu‖
s

s+3

L∞
x3

L2
xh

‖Λ−s
h u‖

3
s+3

L∞
x3

L2
xh

� (‖u‖H4 + ‖u‖H−s,1)‖∇∇2
hu‖2. (2.25)

For K3, we have

K3 = −
∫
(∇3

h · uh)∂i∂j
Δ

∇2
h(uiuj) +

∫
∇2

huh · ∂i∂j
Δ

∇3
h(∂iψ∂jψ) +

∫
∂j∇2

huh · ∇2
h(∇hψ∂jψ)

� ‖∇3
hu‖2‖∇2

h(u⊗ u)‖2 + ‖∇2
hu‖6‖∇3

h(∇ψ ⊗∇ψ)‖ 6
5
+ ‖∇∇2

hu‖2‖∇2
h(∇hψ ⊗∇ψ)‖2

� ‖∇∇2
hu‖2(‖u‖3‖∇2

hu‖6 + ‖∇hu‖24 + ‖∇∇3
hψ‖2‖∇ψ‖3 + ‖∇∇2

hψ‖ 12
5
‖∇∇hψ‖ 12

5

+ ‖∇3
hψ‖6‖∇ψ‖3 + ‖∇2

hψ∇∇hψ‖2 + ‖∇hψ∇∇2
hψ‖2).

Similar to (2.19), we have

‖∇2
hψ∇∇hψ‖2 � ‖‖∇∇3

hψ‖
2s+3
s+3

L2
xh

‖Λ−s
h ∇ψ‖

3
s+3

L2
xh

‖L2
x3

� ‖∇∇3
hψ‖2‖∇∇3

hψ‖
s

s+3

L∞
x3

L2
xh

‖Λ−s
h ∇ψ‖

3
s+3

L∞
x3

L2
xh

,

which together with (2.25), (2.19), (2.20) and (2.21) yields that

K3 � (‖u‖H4 + ‖∇ψ‖H4 + ‖u‖H−s,1 + ‖∇ψ‖H−s,1)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22) � Cc0H2(t).

The estimate for K4 can be similarly obtained. Precisely, we have

K4 = −
∫

∇2
h∂3u3

∂i∂j
Δ

∇2
h(uiuj) +

∫
∇2

hu3∇2
h

(
∂i∂3
Δ

∂j(∂iψ∂jψ)− ∂j(∂3ψ∂jψ)

)
= −

∫
∇2

h∂3u3
∂i∂j
Δ

∇2
h(uiuj) +

∫
∇2

hu3∇2
h

(
∂3∂j
Δ

∇h · (∇hψ∂jψ)− ∂j
Δ

∇2
h(∂3ψ∂jψ)

)
� ‖∇3

hu‖2‖∇2
h(u ⊗ u)‖2 + ‖∇2

hu‖6‖∇3
h(∇ψ ⊗∇ψ)‖ 6

5

� Cc0H2(t).

For the term K5, we need the more subtle estimates. We first rewrite it as

K5 = −
∫
(∇2

h∇2
hψ∇2

h∇2
h(u · ∇ψ) + 2∇2

h∇2
hψ∂

2
3∇2

h(u · ∇ψ))−
∫
∂23∇2

hψ∂
2
3∇2

h(u · ∇ψ)

=: K1
5 +K2

5 .

Then for K1
5 , we have

K1
5 = −

∫
(∇2

h∇2
hψ∇2

h∇2
h(u · ∇ψ)− 2∂3∇3

hψ · ∂3∇3
h(u · ∇ψ))

� ‖∇∇3
hψ‖2‖∇∇3

h(u · ∇ψ)− u · ∇∇∇3
hψ‖2

� ‖∇∇3
hψ‖2(‖∇∇3

hu‖2‖∇ψ‖∞ + ‖∇3
hu‖6‖∇2ψ‖3 + ‖∇∇2

hu‖2‖∇∇hψ‖∞
+ ‖∇2

hu‖6‖∇2∇hψ‖3 + ‖∇∇hu∇∇2
hψ‖2 + ‖∇hu‖6‖∇2∇2

hψ‖3 + ‖∇u‖∞‖∇∇3
hψ‖2). (2.26)

By the interpolation, we obtain

‖∇∇hu∇∇2
hψ‖2 � ‖‖∇∇2

hu‖
2s+3

2(s+2)

L2
xh

‖Λ−s
h ∇u‖

1
2(s+2)

L2
xh

‖∇∇3
hψ‖

2s+5
2(s+3)

L2
xh

‖Λ−s
h ∇ψ‖

1
2(s+3)

L2
xh

‖L2
x3

� (‖∇∇2
hu‖2 + ‖∇∇3

hψ‖2)(‖∇ψ‖H4 + ‖u‖H−s,2 + ‖∇ψ‖H−s,1).

Similarly, we also have

‖∇2∇2
hψ‖3 � ‖∇∇2

hψ‖
2
3
12
5

‖∇5∇2
hψ‖

1
3
2 .
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Thus by (2.22), (2.20) and (2.26), we deduce that

K1
5 � (‖u‖H3 + ‖∇ψ‖H6 + ‖u‖H−s,1 + ‖∇ψ‖H−s,1)(‖∇∇2

hu‖22 + ‖∇2∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

For K2
5 , we further rewrite it as

K2
5 = −

∫
∂3∇3

hψ · (∂33∇huh · ∇hψ + 3∂23∇huh · ∇h∂3ψ + 3∂3∇huh · ∇h∂
2
3ψ +∇huh · ∇h∂

3
3ψ

+ ∂33uh · ∇h∇hψ + 3∂23uh · ∇h∇h∂3ψ + 3∂3uh · ∇h∇h∂
2
3ψ + uh · ∇h∇h∂

3
3ψ + ∂33∇hu3∂3ψ

+ 3∂23∇hu3∂
2
3ψ + 3∂3∇hu3∂

3
3ψ +∇hu3∂

4
3ψ + ∂33u3∇h∂3ψ + 3∂23u3∇h∂

2
3ψ

+ 3∂3u3∇h∂
3
3ψ + u3∇h∂

4
3ψ).

It then follows from Hölder’s inequality that

K2
5 � C‖∇∇3

hψ‖2(‖∇3∇hu∇hψ‖2 + ‖∇2∇hu∇∇hψ‖2 + ‖∇∇hu∇2∇hψ‖2 + ‖∇hu∇3∇hψ‖2
+ ‖∇3u∇2

hψ‖2 + ‖∇2u∇∇2
hψ‖2 + ‖∇u∇2∇2

hψ‖2 + ‖u∇3∇2
hψ‖2 + ‖∇3∇hu3∇ψ‖2

+ ‖∇2∇hu3∇2ψ‖2 + ‖∇∇hu3∇3ψ‖2 + ‖∇hu3∇4ψ‖2 + ‖∇3u3∇∇hψ‖2
+ ‖∇2u3∇2∇hψ‖2 + ‖∇u3∇3∇hψ‖2 + ‖u3∇4∇hψ‖2)

=: C‖∇∇3
hψ‖2(S1 + S2 + · · ·+ S16). (2.27)

We now estimate S1, . . . , S16 one by one. The following estimates will be frequently used

‖∇2∇hu‖2 � ‖‖∇2∇2
hu‖

s+1
s+2

L2
xh

‖Λ−s
h ∇2u‖

1
s+2

L2
xh

‖L2
x3

� ‖∇2∇2
hu‖

s+1
s+2

2 ‖u‖
1

s+2

H−s,2

� ‖u‖
1

s+2

H−s,2‖∇2∇2
hu‖

s+1
s+2

2 (2.28)

and

‖∇∇2
hψ‖2 � ‖‖∇∇3

hψ‖
s+2
s+3

L2
xh

‖Λ−s
h ∇ψ‖

1
s+3

L2
xh

‖L2
x3

� ‖∇∇3
hψ‖

s+2
s+3

2 ‖Λ−s
h ∇ψ‖

1
s+3

2 (2.29)

as well as

‖∇∇hψ‖2 � ‖‖∇∇3
hψ‖

s+1
s+3

L2
xh

‖Λ−s
h ∇ψ‖

2
s+3

L2
xh

‖L2
x3

� ‖∇∇3
hψ‖

s+1
s+3

2 ‖Λ−s
h ∇ψ‖

2
s+3

2 . (2.30)

For S1, we use the interpolation and Sobolev’s embedding to obtain

S1 � ‖∇3∇hu‖2‖∇hψ‖∞ � ‖∇2∇hu‖
3(s+2)

2(s+1)(s+3)

2 ‖∇
6(s2+3s+1)

2s2+5s ∇hu‖
2s2+5s

2(s+1)(s+3)

2 ‖∇∇hψ‖
1
2
2 ‖∇∇2

hψ‖
1
2
2 ,

which together with (2.28)–(2.30) gives that

S1 � (‖u‖H6 + ‖∇ψ‖H3 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇2∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.31)

Similarly, for S2, we have

S2 � ‖‖∇2∇2
hu‖

2s+3
2(s+2)

L2
xh

‖Λ−s
h ∇2u‖

1
2(s+2)

L2
xh

‖∇∇3
hψ‖

2s+3
2(s+3)

L2
xh

‖Λ−s
h ∇ψ‖

3
2(s+3)

L2
xh

‖L2
x3

� (‖∇ψ‖H4 + ‖u‖H−s,3 + ‖∇ψ‖H−s,1)(‖∇2∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.32)

Noticing that

S3 � ‖∇∇hu‖∞‖∇2∇hψ‖2 � ‖∇2∇hu‖
1
2
2 ‖∇2∇2

hu‖
1
2
2 ‖∇∇hψ‖

s+3
2(s+2)

2 ‖∇ 3s+5
s+1 ∇hψ‖

s+1
2(s+2)

2 ,

we can use (2.28) and (2.30) to obtain

S3 � (‖∇ψ‖H5 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇2∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.33)
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Similarly, we have

S4 � ‖∇hu‖∞‖∇3∇hψ‖2 � C‖∇∇hu‖
1
2
2 ‖∇∇2

hu‖
1
2
2 ‖∇∇hψ‖

s+3
2(s+2)

2 ‖∇ 5s+9
s+1 ∇hψ‖

s+1
2(s+2)

2 .

Thus by (2.22) and (2.30), we obtain

S4 � C(‖∇ψ‖H8 + ‖u‖H−s,1 + ‖∇ψ‖H−s,0)(‖∇∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.34)

To estimate S5, S6 and S7, we will use the following inequality:

‖∇2u‖2 � ‖‖∇2∇2
hu‖

s
s+2

L2
xh

‖Λ−s
h ∇2u‖

2
s+2

L2
xh

‖L2
x3

� ‖∇2∇2
hu‖

s
s+2

2 ‖Λ−s
h ∇2u‖

2
s+2

2

� ‖∇2∇2
hu‖

s
s+2

2 ‖u‖
2

s+2

H−s,2 . (2.35)

Then for S5, we have

S5 � ‖∇3u‖2‖∇2
hψ‖∞

� ‖∇2u‖
s+2

2s(s+3)

2 ‖∇
2(3s2+8s−2)

2s2+5s−2 u‖
2s2+5s−2
2s(s+3)

2 ‖∇∇2
hψ‖

1
2
2 ‖∇∇3

hψ‖
1
2
2

� (‖u‖H4 + ‖∇ψ‖H−s,0)(‖∇2∇2
hu‖2 + ‖∇∇3

hψ‖2) (2.36)

by (2.29). Similarly, for S6 and S7, we can use (2.35), (2.28), (2.29) and the interpolation to deduce that

S6 � ‖∇2u‖∞‖∇∇2
hψ‖2 � ‖∇3u‖ 1

2
2 ‖∇3∇hu‖

1
2
2 ‖∇∇2

hψ‖2
� (‖u‖H6 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇2∇2

hu‖2 + ‖∇∇3
hψ‖2) (2.37)

and

S7 � ‖∇2u‖ 1
2
2 ‖∇2∇hu‖

1
2
2 ‖∇∇2

hψ‖
3(s+3)

2(s+2)2

2 ‖∇ 4s2+13s+7

2s2+5s−1 ∇2
hψ‖

2s2+5s−1

2(s+2)2

2

� (‖∇ψ‖H6 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇2∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.38)

For S8, it follows from (2.35), (2.22) and (2.29) that

S8 � ‖∇u‖ 1
2
2 ‖∇∇hu‖

1
2
2 ‖∇3∇2

hψ‖2

� ‖∇2u‖ 1
2
2 ‖∇2∇hu‖

1
2
2 ‖∇∇2

hψ‖
9−s2

2(s+2)2

2 ‖∇
4(s+2)2

3s2+8s−1∇2
hψ‖

3s2+8s−1

2(s+2)2

2

� (‖∇ψ‖H10 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇∇2
hu‖2 + ‖∇2∇2

hu‖2 + ‖∇∇3
hψ‖2). (2.39)

For S9, S10 and S11, it is easy to see that

S9 + S10 + S11 � ‖∇3∇hu3‖2‖∇ψ‖∞ + ‖∇2∇hu3‖6‖∇2ψ‖3 + ‖∇∇hu3‖6‖∇3ψ‖2
� ‖∇ψ‖H2(‖∇2∇2

hu‖2 + ‖∇∇2
hu‖2) (2.40)

by ∂3u3 = −∇h · uh and Sobolev’s embedding. Similarly, for S12, we first notice that

S12 � ‖∇∇hu3‖
1
2
2 ‖∇∇2

hu3‖
1
2
2 ‖∇ψ‖

1
2s
2 ‖∇ 6s

2s−1∇ψ‖1− 1
2s

2 � ‖∇2
hu‖

1
2
2 ‖∇∇2

hu‖
1
2
2 ‖∇ψ‖

1
2s
2 ‖∇ψ‖1− 1

2s

H7

and then use (2.23) and (2.24) to obtain

S12 � (‖∇ψ‖H7 + ‖u‖H−s,0 + ‖∇ψ‖H−s,0)(‖∇∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.41)

The estimates for S13, S14 and S15 are exactly similar to those of S2, S3 and S4 by ∂3u3 = −∇h · uh.
Finally, since

‖∇u3‖2 � ‖∇hu‖2 � ‖∇3
hu‖

s+1
s+3

2 ‖Λ−s
h u‖

2
s+3

2 ,
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we can use the interpolation, (2.23) and (2.30) to obtain

S16 � ‖∇u3‖
1
2
2 ‖∇∇hu3‖

1
2
2 ‖∇∇3

hψ‖
3

2(s+1)

2 ‖∇ 8s+5
2s−1∇hψ‖

2s−1
2(s+1)

2

� (‖∇ψ‖H14 + ‖u‖H−s,0 + ‖∇ψ‖H−s,0)(‖∇∇2
hu‖2 + ‖∇∇3

hψ‖2). (2.42)

Substituting the estimates of S1, S2, . . . , S16 into (2.27), we deduce that K5 � K1
5 +K2

5 � Cc0H2(t).

For K6, we have

K6 =

∫
∇2∇2

hu · (∇2
hu · ∇u+ 2∇hu · ∇∇hu+ u · ∇∇2

hu)

� ‖∇2∇2
hu‖2(‖∇2

hu‖6‖∇u‖3 + ‖∇∇hu‖
1
2
2 ‖∇∇2

hu‖
1
2
2 ‖∇∇hu‖2 + ‖u‖∞‖∇∇2

hu‖2)
� (‖u‖H2 + ‖u‖H−s,2)(‖∇∇2

hu‖22 + ‖∇2∇2
hu‖22)

� Cc0H2(t)

by (2.22) and (2.28).

To estimate K7, we first notice that ‖∇2∇hψ‖2 � ‖∇∇hψ‖
3
4
2 ‖∇5∇hψ‖

1
4
2 and ‖∇2∇2

hψ‖2 � ‖∇∇2
hψ‖

3
4
2

‖∇5∇2
hψ‖

1
4
2 . Then by (2.29) and (2.30), we obtain

K7 = −
∫

∇2∇2
huh ·

(
∂i∂j
Δ

∇3
h(uiuj + ∂iψ∂jψ) +∇2

h∂j(∇hψ∂jψ)

)
� ‖∇2∇2

hu‖2(‖∇3
h(u ⊗ u)‖2 + ‖∇3

h(∇ψ ⊗∇ψ)‖2 + ‖∇∇2
h(∇hψ ⊗∇ψ)‖2)

� ‖∇2∇2
hu‖2(‖∇3

hu‖2‖u‖∞ + ‖∇2
hu‖6‖∇hu‖3 + ‖∇∇3

hψ‖2‖∇ψ‖∞
+ ‖∇∇2

hψ‖2‖∇2∇hψ‖
1
2
2 ‖∇2∇2

hψ‖
1
2
2 + ‖∇3

hψ‖6‖∇2ψ‖3 + ‖∇∇2
hψ‖

1
2
2 ‖∇∇3

hψ‖
1
2
2 ‖∇2∇hψ‖2

+ ‖∇∇hψ‖
1
2
2 ‖∇∇2

hψ‖
1
2
2 ‖∇2∇2

hψ‖2)
� (‖u‖H2 + ‖∇ψ‖H6 + ‖u‖H−s,2 + ‖∇ψ‖H−s,0)(‖∇∇2

hu‖22 + ‖∇2∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

Similarly, for K8, we have

K8 = −
∫
∂i∂j∇h∂3u3 · ∇3

h(uiuj)−
∫
∂3∂j∇2

hu3∇3
h · (∇hψ∂jψ) +

∫
∂j∇3

hu3 · ∇3
h(∂3ψ∂jψ)

� ‖∇2∇2
hu‖2(‖∇3

h(u ⊗ u)‖2 + ‖∇3
h(∇ψ ⊗∇ψ)‖2)

� Cc0H2(t).

For K9, it is easy to see that

K9 = −ε1
∫

∇∇3
hψ · ∇∇h(uh · ∇hu3 + u3∂3u3) = −ε1

∫
∇∇3

hψ · ∇∇h(uh · ∇hu3 − u3∇h · uh)

� ‖∇∇3
hψ‖2(‖∇∇hu‖2‖∇∇hu‖

1
2
2 ‖∇∇2

hu‖
1
2
2 + ‖∇u‖3‖∇2

hu‖6 + ‖u‖∞‖∇∇2
hu‖2)

� (‖u‖H2 + ‖u‖H−s,1)(‖∇∇2
hu‖22 + ‖∇2∇2

hu‖22 + ‖∇∇3
hψ‖22)

� Cc0H2(t).

Similar to K6 and K7, we also have

K10 = ε1

∫
∂3∇3

hψ · ∇h∂i∂j(uiuj) + ε1

∫
∂j∇3

hψ · ∂3∇h∇h · (∇hψ∂jψ)− ε1

∫
∂j∇3

hψ · ∇3
h(∂3ψ∂jψ)

� ‖∇∇3
hψ‖2(‖∇∇2

h(uu)‖2 + ‖∇∇h(u∇hu)‖2 + ‖∇∇2
h(∇hψ ⊗∇ψ)‖2 + ‖∇3

h(∇ψ ⊗∇ψ)‖2)
� Cc0H2(t).
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Finally, for K11, we have

K11 = ε1

∫
∇2∇hu3 · ∇3

h(u · ∇ψ)

� ‖∇∇2
hu‖2(‖∇3

hu‖2‖∇ψ‖∞ + ‖∇2
hu‖6‖∇∇hψ‖3 + ‖∇hu‖∞‖∇∇2

hψ‖2 + ‖u‖∞‖∇∇3
hψ‖2)

� ‖∇∇2
hu‖2(‖∇∇2

hu‖2‖∇ψ‖H2 + ‖∇∇hu‖
1
2
2 ‖∇∇2

hu‖
1
2
2 ‖∇∇2

hψ‖2 + ‖u‖H2‖∇∇3
hψ‖2)

� (‖u‖H2 + ‖∇ψ‖H2 + ‖∇ψ‖H−s,0)(‖∇∇2
hu‖22 + ‖∇∇3

hψ‖22)
� Cc0H2(t).

Substituting the estimates for K1,K2, . . . ,K11 into (2.16), we conclude that

d

dt
D2(t) +H2(t) � Cc0H2(t).

This completes the proof of Proposition 2.4 by taking c0 small suitably.

Now we are in position to complete the decay estimates of the solution.

Proposition 2.5. Assume that the solution (ψ, u) of (1.5) satisfies

‖∇ψ(t)‖2H14(R3) + ‖u(t)‖2H14(R3) + ‖∇ψ(t)‖2H−s,4(R3) + ‖u(t)‖2H−s,3(R3) � 4C2
0ε

2

for any t ∈ [0, T ]. If ε is suitably small, then it holds that

‖∇�
hu‖2 + ‖∇∇�

hψ‖2 + ‖∇∇�
hu‖2 + ‖∇2∇�

hψ‖2 � Cε(1 + t)−
s+�
2 ,∫ t

0

(‖∇∇�
hu‖22 + ‖∇2∇�

hu‖22 + ‖∇∇�+1
h ψ‖22)dτ � Cε2,

(2.43)

for any t ∈ [0, T ] and � = 0, 1, 2, where C is a constant independent of ε, t.

Proof. We first choose ε small enough such that 4C2
0ε

2 � c20. Then the estimates (2.43)2 can be

obtained by using a direct integral in Propositions 2.2–2.4.

To establish the decay estimates (2.43)1, we first use the interpolation to obtain

‖∇�
hu‖22 � ‖Λ−s

h u‖
2

s+�+1

2 ‖∇�+1
h u‖

2(s+�)
s+�+1

2 � Cε
2

s+�+1H�(t)
s+�

s+�+1 .

Similarly, we have

‖∇∇�
hu‖22 � ‖Λ−s

h ∇u‖
2

s+�+1

2 ‖∇∇�+1
h u‖

2(s+�)
s+�+1

2 � Cε
2

s+�+1H�(t)
s+�

s+�+1

and

‖∇∇�
hψ‖22 � ‖Λ−s

h ∇ψ‖
2

s+�+1

2 ‖∇�+1
h ∇ψ‖

2(s+�)
s+�+1

2 � Cε
2

s+�+1H�(t)
s+�

s+�+1 .

Also, we can use the Littlewood-Paley decomposition to deduce that

‖∇2∇�
hψ‖22 � ‖Λ−s

h ∇s+�+2ψ‖
2

s+�+1

L2 ‖∇�+1
h ∇ψ‖

2(s+�)
s+�+1

L2

� ‖∇ψ‖
2

s+�+1

H−s,s+�+1‖∇�+1
h ∇ψ‖

2(s+�)
s+�+1

L2

� Cε
2

s+�+1H�(t)
s+�

s+�+1 .

Then we have

D�(t) � Cε
2

s+�+1H�(t)
s+�

s+�+1 ,

which along with Propositions 2.2–2.4 gives

d

dt
D�(t) + cε−

2
s+�D�(t)

1+ 1
s+� � 0.

This implies the desired decay estimates (2.43)1 by (2.1).
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3 Proof of global existence

In this section, we will establish the global existence by using the decay estimates (2.43) obtained in last

section, which in turn closes the decay estimates (2.43) by using a continuous argument.

Proposition 3.1. Let s = 1− δ. Assume that the solution (ψ, u) of Equations (1.5) satisfies

Es(t) := ‖∇ψ(t)‖2H14 + ‖u(t)‖2H14 + ‖∇ψ(t)‖2H−s,4 + ‖u(t)‖2H−s,4 � 4C2
0ε

2

for any t ∈ [0, T ]. If ε and δ are suitably small, then there exists a positive constant κ0 > 1 such that

d

dt
Es(t) � Ĉ0εEs(t)(1 + t)−κ0 (3.1)

for any t ∈ [0, T ], where Ĉ0 is a constant independent of ε and t.

Proof. The following energy conservation has been established in the proof of Proposition 2.2:

1

2

d

dt
(‖∇ψ(t)‖22 + ‖u(t)‖22) + ‖∇u(t)‖22 = 0.

We now establish the energy estimates related to the higher order or negative derivatives. It is con-

venient to use the vorticity equation when we consider the higher derivatives of u. For this purpose, we

apply ∇2 to (1.4)1 and take the curl of (1.4)2–(1.4)3 to obtain{
∂t∇2ψ +∇2u3 = −∇2(u · ∇ψ),
∂tω + u · ∇ω −Δω +W = ω · ∇u− curl(Δψ∇ψ), (3.2)

where ω = curlu andW = (Δ∂2ψ,−Δ∂1ψ, 0)
T
. Since the lower order energy estimates are easier than the

higher order ones, we only pay our attention to the highest order energy estimates. For this purpose, we

apply ∇13 to (3.2), multiply the resulting equations by ∇15ψ and ∇13ω, respectively, and then integrate

over R3 to obtain

1

2

d

dt
(‖∇15ψ(t)‖22 + ‖∇13ω(t)‖22) + ‖∇14ω‖22 +

∫
∇15ψ · ∇15u3 +

∫
∇14ωh · ∇14∇⊥

h ψ

= −
∫

∇15ψ · ∇15(u · ∇ψ)−
∫

∇14ω · ∇12(ω · ∇u) +
∫

∇14ω · ∇12(u · ∇ω)

+

∫
∇14ω · ∇12curl(Δψ∇ψ)

=: L1 + L2 + L3 + L4, (3.3)

where ∇⊥
h = (−∂2, ∂1)T and ωh = (ω1, ω2). For L1, we use u · ∇ = uh · ∇h + u3∂3 and Leibniz’s formula

to obtain

L1 = −
∫ (

∇̃15
h ψ · ∇̃15

h (u · ∇ψ) +
14∑
j=0

Cj
15∂

15
3 ψ∂15−j

3 uh · ∇h∂
j
3ψ

)
−

14∑
j=0

Cj
15

∫
∂153 ψ∂15−j

3 u3∂
j+1
3 ψ

=: L1
1 + L2

1,

where ∇̃15
h denotes ∇15 containing ∂1 or ∂2. It then follows from Hölder’s inequality and Sobolev’s

embedding that

L1
1 � ‖∇14∇hψ‖2

(
‖∇15u‖2‖∇ψ‖∞ +

13∑
j=1

‖∇15−ju‖6‖∇j+1ψ‖3 + ‖∇u‖∞‖∇15ψ‖2
)

+ ‖∇15ψ‖2
(
‖∇15u‖2‖∇hψ‖∞ +

13∑
j=1

‖∇15−ju‖6‖∇j∇hψ‖3 + ‖∇u‖∞‖∇14∇hψ‖2
)
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� ‖∇ψ‖H14(‖∇∇hψ‖2H13 + ‖∇u‖2H14), (3.4)

where we used Lemma 2.1 to deal with the term ‖∇hψ‖∞ in the last inequality. By the divergence free

condition of u and integration by parts, we also have

L2
1 =

13∑
j=0

Cj
15

∫
∂153 ψ∂14−j

3 (∇h · uh)∂j+1
3 ψ − C14

15

∫
∂153 ψ∂3u3∂

15
3 ψ

=

13∑
j=0

Cj
15

∫
∂143 ∇hψ · (∂15−j

3 uh∂
j+1
3 ψ + ∂14−j

3 uh∂
j+2
3 ψ)−

13∑
j=0

Cj
15

∫
∂153 ψ∂14−j

3 uh · ∂j+1
3 ∇hψ

− C14
15

∫
∂153 ψ∂3u3∂

15
3 ψ.

It follows from Hölder’s inequality and Sobolev’s embedding that

L2
1 � ‖∇14∇hψ‖2

(
‖∇15u‖2‖∇ψ‖∞ +

12∑
j=0

‖∇14−ju‖6‖∇j+2ψ‖3 + ‖∇u‖∞‖∇15ψ‖2
)

+ ‖∇15ψ‖2
( 12∑

j=0

‖∇14−ju‖6‖∇j+1∇hψ‖3 + ‖∇u‖∞‖∇14∇hψ‖2
)
+ ‖∂3u3‖∞‖∇15ψ‖22

� ‖∇ψ‖H14(‖∇∇hψ‖2H13 + ‖∇u‖2H14) + ‖∇ψ‖2H14‖∂3u3‖∞. (3.5)

For the terms L2 and L3, it is easy to see that

L2 = −
12∑
j=0

Cj
12

∫
∇14ω · (∇12−jω · ∇∇ju) �

12∑
j=0

‖∇14ω‖2‖∇12−jω‖6‖∇∇ju‖3 � ‖u‖H14‖∇u‖2H14 (3.6)

and

L3 =

12∑
j=0

Cj
12

∫
∇14ω · ∇12−ju · ∇∇jω �

12∑
j=0

‖∇14ω‖2‖∇12−ju‖3‖∇∇jω‖6 � ‖u‖H14‖∇u‖2H14 . (3.7)

For the term L4, we first rewrite it as

L4 =

∫
∇14ω1∇12(∂3ψΔ∂2ψ − ∂2ψΔ∂3ψ) +

∫
∇14ω2∇12(∂1ψΔ∂3ψ − ∂3ψΔ∂1ψ)

+

∫
∇14ω3∇12(∂2ψΔ∂1ψ − ∂1ψΔ∂2ψ)

=: L1
4 + L2

4 + L3
4. (3.8)

It then follows from Hölder’s inequality, Sobolev’s embedding and Lemma 2.1 that

L1
4 =

12∑
j=0

Cj
12

∫
∇14ω1(∇12−j∂3ψ∇j+2∂2ψ −∇12−j∂2ψ∇j+2∂3ψ)

� ‖∇14ω‖2
( 11∑

j=0

‖∇12−j∂3ψ‖3‖∇j+2∂2ψ‖6 + ‖∂3ψ‖∞‖∇14∂2ψ‖2

+

11∑
j=0

‖∇12−j∂2ψ‖6‖∇j+2∂3ψ‖3 + ‖∂2ψ‖∞‖∇14∂3ψ‖2
)

� ‖∇ψ‖H14(‖∇∇hψ‖2H13 + ‖∇u‖2H14). (3.9)

The terms L2
4 and L3

4 can be similarly dealt with. Summing up (3.3)–(3.9), we deduce that

1

2

d

dt
(‖∇15ψ(t)‖22 + ‖∇14u(t)‖22) + ‖∇15u‖22
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� C(‖∇ψ‖H14 + ‖u‖H14)(‖∇∇hψ‖2H13 + ‖∇u‖2H14) + C‖∇ψ‖2H14‖∂3u3‖∞. (3.10)

Here we used the fact that
∫ ∇15ψ ·∇15u3+

∫ ∇14ωh ·∇14∇⊥
h ψ = 0. Then (3.10) together with the lower

order energy estimates yields that

1

2

d

dt
(‖∇ψ(t)‖2H14 + ‖u(t)‖2H14) + ‖∇u‖2H14

� C(‖∇ψ‖H14 + ‖u‖H14)(‖∇∇hψ‖2H13 + ‖∇u‖2H14) + C‖∇ψ‖2H14‖∂3u3‖∞. (3.11)

To close this estimate, we need to investigate the dissipation of ∇∇hψ. In this case, it is convenient

to consider the equation of the horizontal direction component of the vorticity. For this purpose, we

use (1.5)1 and (3.2)2 to deduce that{
∂t∇⊥

h ψ +∇⊥
h u3 = −∇⊥

h (u · ∇ψ),
∂tωh −Δωh −∇⊥

hΔψ = −u · ∇ωh + ω · ∇uh −R, (3.12)

where R = (∂3ψΔ∂2ψ − ∂2ψΔ∂3ψ, ∂1ψΔ∂3ψ − ∂3ψΔ∂1ψ)
T
. Similar to the estimate for u, we only

investigate the highest order derivative case. Applying ∇13 to (3.12), and multiplying the resulting

equations by ∇13ωh and ∇13∇⊥
h ψ respectively, we have

d

dt

∫
∇13ωh · ∇13∇⊥

h ψ + ‖∇14∇hψ‖22 +
∫

∇14ωh · ∇14∇⊥
h ψ +

∫
∇13ωh · ∇13∇⊥

h u3

=

∫
∇14ωh · ∇12∇⊥

h (u · ∇ψ) +
∫

∇14∇⊥
h ψ · ∇12(u · ∇ωh)

−
∫

∇14∇⊥
h ψ · ∇12(ω · ∇uh) +

∫
∇14∇⊥

h ψ · ∇12R

=:M1 +M2 +M3 +M4. (3.13)

We shall estimate each term on the right-hand side of (3.13). For the first term M1, we use Hölder’s

inequality and Sobolev’s embedding to obtain

M1 =

12∑
j=0

Cj
12

∫
∇14ωh · (∇12−j∇⊥

h u · ∇∇jψ +∇12−ju · ∇∇j∇⊥
h ψ)

� ‖∇14ω‖2
12∑
j=0

(‖∇13−ju‖6‖∇j+1ψ‖3 + ‖∇12−ju‖3‖∇j+1∇hψ‖6)

� (‖∇ψ‖H13 + ‖u‖H13)(‖∇∇hψ‖2H13 + ‖∇u‖2H14). (3.14)

Similarly, for the terms M2 and M3, we have

M2 =
12∑
j=0

Cj
12

∫
∇14∇⊥

h ψ · (∇12−ju · ∇∇jωh)

� ‖∇14∇hψ‖2
12∑
j=0

‖∇12−ju‖3‖∇j+1ω‖6

� ‖u‖H13(‖∇∇hψ‖2H13 + ‖∇u‖2H13) (3.15)

and

M3 = −
12∑
j=0

Cj
12

∫
∇14∇⊥

h ψ · (∇12−jω · ∇∇juh)

� ‖∇14∇hψ‖2
12∑
j=0

‖∇12−jω‖6‖∇j+1u‖3
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� ‖u‖H14(‖∇∇hψ‖2H13 + ‖∇u‖2H13). (3.16)

Finally, for the last term M4, we use the expression of R to rewrite it as

M4 = −
∫

∇14∂2ψ∇12(∂3ψΔ∂2ψ − ∂2ψΔ∂3ψ) +

∫
∇14∂1ψ∇12(∂1ψΔ∂3ψ − ∂3ψΔ∂1ψ)

=:M1
4 +M2

4 .

It then follows from Hölder’s inequality, Sobolev’s embedding and Lemma 2.1 that

M1
4 = −

12∑
j=0

Cj
12

∫
∇14∂2ψ(∇12−j∂3ψ∇j+2∂2ψ −∇12−j∂2ψ∇j+2∂3ψ)

� ‖∇14∂2ψ‖2
( 11∑

j=0

(‖∇12−j∂3ψ‖3‖∇j+2∇hψ‖6 + ‖∇12−j∂2ψ‖6‖∇j+2∂3ψ‖3)

+ ‖∂3ψ‖∞‖∇14∇hψ‖2 + ‖∂2ψ‖∞‖∇14∂3ψ‖2
)

� ‖∇ψ‖H14‖∇∇hψ‖2H13 . (3.17)

Similarly, we can obtain the same estimate for M2
4 . Thus, summing up the estimates (3.13)–(3.17), we

obtain

d

dt

∫
∇13ωh · ∇13∇⊥

h ψ + ‖∇14∇hψ‖22 +
∫

∇14ωh · ∇14∇⊥
h ψ +

∫
∇13ωh · ∇13∇⊥

h u3

� C(‖∇ψ‖H14 + ‖u‖H14)(‖∇∇hψ‖2H13 + ‖∇u‖2H14),

which together with the lower estimates gives that

d

dt
〈ωh,∇⊥

h ψ〉H13 + ‖∇∇hψ‖2H13 + 〈∇ωh,∇∇⊥
h ψ〉H13 + 〈ωh,∇⊥

h u3〉H13

� C(‖∇ψ‖H14 + ‖u‖H14)(‖∇∇hψ‖2H13 + ‖∇u‖2H14). (3.18)

Combining (3.11) with (3.18), we can take ε small enough and use Lemma 2.1 to deduce that

d

dt
(‖∇ψ‖2H14 + ‖u‖2H14) + c(‖∇∇hψ‖2H13 + ‖∇u‖2H14) � C‖∇ψ‖2H14‖∇∇hu‖

1
2
2 ‖∇∇2

hu‖
1
2
2 .

Thus the decay estimates (2.43)1 give that

d

dt
(‖∇ψ‖2H14 + ‖u‖2H14) + c(‖∇∇hψ‖2H13 + ‖∇u‖2H14) � CεEs(t)(1 + t)−

2s+3
4 . (3.19)

We now turn to deal with the energy estimates related to negative derivatives. We first apply Λ−s
h

to (1.5) and obtain ⎧⎪⎨⎪⎩
∂tΛ

−s
h ∇ψ + Λ−s

h ∇u3 = −Λ−s
h ∇(u · ∇ψ),

∂tΛ
−s
h uh − Λ−s

h Δuh − Λ−s
h ∂3∇hψ = −Λ−s

h (u · ∇uh) + Λ−s
h fh,

∂tΛ
−s
h u3 − Λ−s

h Δu3 + Λ−s
h Δhψ = −Λ−s

h (u · ∇u3) + Λ−s
h fv.

(3.20)

Similar to (3.11), we still focus on the highest order derivative case. For this purpose, we apply ∇4

to (3.20), multiply the resulted equations by Λ−s
h ∇5ψ, Λ−s

h ∇4uh and Λ−s
h ∇4u3 respectively, and then

integrate them on R
3 to deduce that

1

2

d

dt
(‖Λ−s

h ∇5ψ(t)‖22 + ‖Λ−s
h ∇4u(t)‖22) + ‖Λ−s

h ∇5u(t)‖22

= −
∫

Λ−s
h ∇5ψ · Λ−s

h ∇5(u · ∇ψ)−
∫

Λ−s
h ∇4u · Λ−s

h ∇4(u · ∇u)
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+

∫
Λ−s
h ∇4uh · Λ−s

h ∇4fh +

∫
Λ−s
h ∇4u3 · Λ−s

h ∇4fv

=: N1 +N2 +N3 +N4. (3.21)

We shall estimate each term on the right-hand side of (3.21). For the term N1, we have

N1 � ‖Λ−s
h ∇5ψ‖2‖‖∇5(uh · ∇hψ + u3∂3ψ)‖

L
2

s+1
xh

‖L2
x3

�
5∑

j=0

‖Λ−s
h ∇5ψ‖2(‖‖∇5−juh∇j∇hψ‖

L
2

s+1
xh

‖L2
x3

+ ‖‖∇5−ju3∇j∂3ψ‖
L

2
s+1
xh

‖L2
x3
). (3.22)

Here we used the Hardy-Littlewood-Sobolev inequality ‖Λ−s
h f‖L2

xh
� C‖f‖

L
2

s+1
xh

in the second inequality.

We only need to consider the cases j = 0 and j = 5, since the other cases can be similarly dealt with.

For the term related to uh with j = 0, it follows from Hölder’s inequality that

‖‖∇5uh∇hψ‖
L

2
s+1
xh

‖L2
x3

� ‖‖∇5uh‖L2
xh
‖∇hψ‖

L
2
s
xh

‖L2
x3

� ‖∇5u‖2‖‖∇hψ‖
L

2
s
xh

‖L∞
x3
.

Noticing that

‖∇5u‖2 � ‖∇u‖ 5
9
2 ‖∇10u‖ 4

9
2 � ‖‖Λ−s

h ∇u‖
2

s+2

L2
xh

‖∇∇2
hu‖

s
s+2

L2
xh

‖ 5
9

L2
x3

‖u‖ 4
9

H10 � ‖u‖
10

9(s+2)

H−s,1 ‖∇∇2
hu‖

5s
9(s+2)

2 ‖u‖ 4
9

H10

and

‖‖∇hψ‖
L

2
s
xh

‖L∞
x3

� ‖‖∇hψ‖
1
2

L2
x3

‖∂3∇hψ‖
1
2

L2
x3

‖
L

2
s
xh

� ‖‖∇hψ‖
L

2
s
xh

‖ 1
2

L2
x3

‖‖∇∇hψ‖
L

2
s
xh

‖ 1
2

L2
x3

� ‖Λ−s
h ∇hψ‖

s
2(s+1)

2 ‖∇2
hψ‖

1
2(s+1)

2 ‖Λ−s
h ∇ψ‖

s
2(s+2)

2 ‖∇∇2
hψ‖

1
s+2

2

� ‖∇ψ‖
2s2+3s

2(s+1)(s+2)

H−s,1 ‖∇∇hψ‖
1

2(s+1)

2 ‖∇∇2
hψ‖

1
s+2

2

by the interpolation and Sobolev’s embedding, we have

‖‖∇5uh∇hψ‖
L

2
s+1
xh

‖L2
x3

� C‖∇ψ‖
2s2+3s

2(s+1)(s+2)

H−s,1 ‖u‖
10

9(s+2)

H−s,1 ‖u‖
4
9

H10‖∇∇hψ‖
1

2(s+1)

2 ‖∇∇2
hψ‖

1
s+2

2 ‖∇∇2
hu‖

5s
9(s+2)

2 . (3.23)

Similarly, for the term related to uh with j = 5, since

‖‖u‖
L

2
s
xh

‖L∞
x3

� ‖‖u‖
L

2
s
xh

‖ 1
2

L2
x3

‖‖∇u‖
L

2
s
xh

‖ 1
2

L2
x3

� ‖Λ−s
h u‖

s
2(s+1)

2 ‖∇hu‖
1

2(s+1)

2 ‖Λ−s
h ∇u‖

s
2(s+1)

2 ‖∇∇hu‖
1

2(s+1)

2

� ‖u‖
s

s+1

H−s,1‖∇hu‖
1

(s+1)

H1

and

‖∇5∇hψ‖2 � ‖∇2∇hψ‖
4
7
2 ‖∇9∇hψ‖

3
7
2

� ‖‖Λ−s
h ∇2ψ‖

1
s+2

L2
xh

‖∇2∇2
hψ‖

s+1
s+2

L2
xh

‖ 4
7

L2
x3

‖∇ψ‖ 3
7

H9

� ‖∇ψ‖
4

7(s+2)

H−s,1 ‖∇2∇2
hψ‖

4(s+1)
7(s+2)

2 ‖∇ψ‖ 3
7

H9 ,

we have

‖‖uh∇5∇hψ‖
L

2
s+1
xh

‖L2
x3

� ‖‖uh‖
L

2
s
xh

‖∇5∇hψ‖L2
xh
‖L2

x3



1972 Ren X X et al. Sci China Math October 2016 Vol. 59 No. 10

� ‖‖u‖
L

2
s
xh

‖L∞
x3
‖∇5∇hψ‖2

� ‖u‖
s

s+1

H−s,1‖∇ψ‖
4

7(s+2)

H−s,1 ‖∇ψ‖
3
7

H9‖∇hu‖
1

s+1

H1 ‖∇2∇2
hψ‖

4(s+1)
7(s+2)

2 . (3.24)

For the terms related to u3, we take similar procedure and use the divergence free of u to obtain

‖‖∇5u3∂3ψ‖
L

2
s+1
xh

‖L2
x3

� ‖∇4∇hu‖2‖‖∇ψ‖
L

2
s
xh

‖L∞
x3

� ‖Λ−s
h ∇4u‖

1
s+2

2 ‖∇4∇2
hu‖

s+1
s+2

2 ‖‖Λ−s
h ∇ψ‖

s
s+1

L2
xh

‖∇∇hψ‖
1

s+1

L2
xh

‖L∞
x3

� ‖u‖
1

s+2

H−s,4‖∇∇2
hu‖

4(s+1)
7(s+2)

2 ‖∇8∇2
hu‖

3(s+1)
7(s+2)

2 ‖∇ψ‖
s

s+1

H−s,1‖∇∇hψ‖
1

2(s+1)

2 ‖∇2∇hψ‖
1

2(s+1)

2

� ‖u‖
1

s+2

H−s,4‖u‖
3(s+1)
7(s+2)

H10 ‖∇ψ‖
s

s+1

H−s,1‖∇∇2
hu‖

4(s+1)
7(s+2)

2 ‖∇∇hψ‖
1

2(s+1)

2 ‖∇2∇hψ‖
1

2(s+1)

2 (3.25)

for j = 0, and

‖‖u3∇5∂3ψ‖
L

2
s+1
xh

‖L2
x3

� ‖‖u3‖
L

2
s
xh

‖L∞
x3
‖∇6ψ‖2

� ‖‖u3‖
1
2

L2
x3

‖∂3u3‖
1
2

L2
x3

‖
L

2
s
xh

‖∇2ψ‖ 5
9
2 ‖∇11ψ‖ 4

9
2

� ‖‖u3‖
L

2
s
xh

‖ 1
2

L2
x3

‖‖∂3u3‖
L

2
s
xh

‖ 1
2

L2
x3

‖Λ−s
h ∇2ψ‖

10
9(s+2)

2 ‖∇2∇2
hψ‖

5s
9(s+2)

2 ‖∇ψ‖ 4
9

H10

� ‖u‖
2s+1

2(s+2)

H−s,1 ‖∇ψ‖
10

9(s+2)

H−s,1 ‖∇ψ‖
4
9

H10‖∇2
hu‖

3
2(s+2)

2 ‖∇2∇2
hψ‖

5s
9(s+2)

2 (3.26)

for j = 5. In the last inequality, we have used the facts ‖u3‖
L

2
s
xh

� ‖Λ−s
h u‖

s+1
s+2

2 ‖∇2
hu‖

1
s+2

2 and ‖∂3u3‖
L

2
s
xh

� ‖Λ−s
h u‖

s
s+2

2 ‖∇2
hu‖

2
s+2

2 . Thus by (3.22)–(3.26) and the decay estimates (2.43)1, we can deduce that

N1 � CεEs(t)(1 + t)−κ (3.27)

for some κ > 1 and any t ∈ [0, T ], provided that the positive constant δ = 1− s is small enough. For the

terms N2 and N3, we have

N2 � ‖Λ−s
h ∇5u‖2‖Λ−s

h ∇3(u · ∇u)‖2

� ‖Λ−s
h ∇5u‖2

3∑
j=0

‖‖∇3−ju∇j+1u‖
L

2
s+1
xh

‖L2
x3

� ‖Λ−s
h ∇5u‖2

3∑
j=0

‖‖∇3−ju‖
L

2
s
xh

‖L∞
x3
‖∇j+1u‖2

� ‖u‖H5(‖Λ−s
h ∇5u‖22 + ‖∇u‖2H3), (3.28)

and

N3 � ‖Λ−s
h ∇5u‖2

∥∥∥∥Λ−s
h ∇3

(
∂i∂j
Δ

∇h(uiuj + ∂iψ∂jψ)− ∂j(∇hψ∂jψ)

)∥∥∥∥
2

� ‖Λ−s
h ∇5u‖2(‖Λ−s

h ∇3(u∇u)‖2 + ‖Λ−s
h ∇3(∇ψ∇∇hψ)‖2 + ‖Λ−s

h ∇4(∇hψ∇ψ)‖2), (3.29)

which can be estimated as N1 and N2. For the term N4, we have

N4 =

∫
Λ−s
h ∇5u3 · Λ−s

h ∇3

(
∂i∂j
Δ

∂3(uiuj) +
∂3∂j
Δ

∇h · (∂jψ∇hψ)− ∂j∇h

Δ
· ∇h(∂3ψ∂jψ)

)
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� ‖Λ−s
h ∇5u‖2(‖Λ−s

h ∇3(u∇u)‖2 + ‖Λ−s
h ∇3(∇ψ∇∇hψ)‖2), (3.30)

which can be estimated as N3. Substituting the estimates (3.27)–(3.30) into (3.21) and taking similar

procedure for the lower order derivatives, we can deduce that

1

2

d

dt
(‖∇ψ(t)‖2H−s,4 + ‖u(t)‖2H−s,4) + ‖∇u(t)‖2H−s,4

� C(‖u‖H5 + ‖∇ψ‖H5)(‖∇u‖2H−s,4 + ‖∇u‖2H3 + ‖∇∇hψ‖2H4) + CεEs(t)(1 + t)−κ

� 2CC0ε(‖∇u‖2H−s,4 + ‖∇u‖2H3 + ‖∇∇hψ‖2H4) + CεEs(t)(1 + t)−κ (3.31)

for some κ > 1 and any t ∈ [0, T ].

By taking ε suitably small such that 4CC0ε � min{c, 1} and then using (3.19) and (3.31), we can

obtain (3.1) for some Ĉ0 and κ0 > 1. This completes the proof of Proposition 3.1.

Proof of Theorem 1.1. By using the standard energy method, it can be proved that there exists T > 0

such that the system (1.5) admits a unique solution (ψ, u) on [0, T ] satisfying

(∇ψ, u) ∈ C([0, T ];H14(R3) ∩H−s,4(R3))

(we may refer to [5, 8, 21] for details). Let us further take ε > 0 small enough such that 2Ĉ0ε � κ0 − 1

and then define

T ∗ = sup
{
t | Es(t) � 4C2

0ε
2
}
.

If T ∗ < +∞, we can use Proposition 3.1 to deduce that

Es(t) � Es(0) + Ĉ0ε

∫ t

0

Es(τ)(1 + τ)−κ0dτ � Es(0) + Ĉ0ε

κ0 − 1
sup

τ∈[0,T∗)
Es(τ) � Es(0) + 1

2
sup

τ∈[0,T∗)
Es(τ)

for all t ∈ [0, T ∗). Then it holds that Es(t) � 2Es(0) � 2C2
0ε

2 for any t ∈ [0, T ∗), which contradicts

the definition of T ∗ and therefore T ∗ = +∞. Thus we have closed the a priori assumption used in

Proposition 2.5 and established the global existence and decay estimates. This completes the proof of

Theorem 1.1.

4 Several comments on the MHD equation without magnetic diffusion

In the 2-D case, as mentioned in the Introduction, the system (1.1) is exactly the same as the incom-

pressible zero-magnetic-diffusion MHD system (1.2). In this paper, we use the elementary energy method

and the interpolation to establish the time decay estimates for the 3-D MHD-type system (1.1). This

elementary energy-method technique is useful for various related problems (see [22]). Recently, for the

3-D incompressible MHD system without magnetic diffusion, Xu and Zhang [24] wrote the system in

the Lagrangian formulation and proved the global existence of smooth solution for the small initial data

around the trivial state (e1, 0) under the assumption of an admissible condition, which is removed by

Abidi and Zhang [1] by introducing a new Lagrangian formulation of the system.

Considering that the fluids and the magnetic fields are often posed in a perfectly conducting container

with boundary, Ren et al. [18] proved that the initial boundary value problem of the 2-D MHD system

without magnetic diffusion in a strip domain has a unique global strong solution around the equilibrium

state (b̄, ū) = (e1, 0) for both the non-slip boundary condition and Navier slip boundary condition on the

velocity. In the 3-D case, Tan and Wang [20] also established the global existence and convergence rate

of solutions for initial data around the steady state (b̄, ū) = (e3, 0).
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