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1 Introduction

Human behavior is dynamic, and cooperation runs through human behavior. It often happens that
players agree to cooperate over a certain period. It also happens often that some cooperative agreements
are abandoned before reaching the maturity. Therefore, it is important that cooperation remains stable
on a time interval.

When we analyze the problem of stability of long-range cooperative agreements, there are three im-
portant aspects which must be taken into account, including time consistency, strategic stability and the
irrational-behavior-proof condition.

Time consistency involves the property that as the cooperation develops, partners are guided by the
same optimal principle at each instant of time and hence do not possess incentives to deviate from the
previous cooperative behavior. The concept of time consistency and its implementation was initially
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proposed in [18,21-23] and was developed in [19,20,26]. Some new results about time consistency could
be found in [8,17,25,30].

Strategic stability means that the outcome of cooperative agreements must be attained in some Nash
equilibrium, which will guarantee the strategic support of the cooperation. The agreement will be de-
veloped in such a manner that at least individual deviations from the cooperation will not give any
advantage to the deviator. Some results about strategic stability could be found in [3,5,6,9-11,15,27].

The irrational-behavior-proof condition means that the partners involved in the cooperation must be
sure that even in the worst scenario they will not lose compared with the noncooperative behavior. Since
one cannot be sure that the partners will behave rationally on a long time interval, this aspect must be
also taken into account. The concept of the irrational-behavior-proof condition was initially proposed
in [29]. A further investigation could be found in [7].

Some results of dynamic games with coalition structures are given in [1,2,12,13,16,24]. In [27],
the existence of e-Nash equilibrium in the regularized differential game without coalition structures was
firstly proved. In this paper, we focus on the problem of strategic stability in dynamic games with
coalition structures. We consider the general coalition setting, when not only the grand coalition, but
also a coalition partition of players can be formed.

We build a general theoretical framework of the differential game with a coalition structure based
on imputation distribution procedures (IDP). The notion of IDP is the basic ingredient in our theory.
This notion may be interpreted as the instantaneous payoff of an individual at some moment, which
prescribes the distribution of the total gain among the members of a group and yields the existence of
Nash equilibrium.

To construct e-Nash or strong e-Nash equilibria in such games a few assumptions about the deviation
instant for a coalition concerning the behavior of a group of many individuals in certain dynamic envi-
ronments are made. It turns out that e-Nash or strong e-Nash equilibria exist in the differential game
with a coalition structure, which guarantees the strategic support of cooperation.

We also consider the problem in games in the extensive form with perfect information, in which it is
somewhat surprising that without the assumptions of deviation instant for a coalition, Nash or strong
Nash equilibria can be constructed.

The paper is organized as follows. In Section 2, we define the basic concepts and set up standard
terminologies and notation about the differential game with a coalition structure. In Section 3, we prove
the existence of e-Nash equilibrium in a regularized differential game with a coalition structure and the
existence of strong e-Nash equilibrium in a strictly regularized differential game with a coalition structure.
In Section 4, we consider the problem in a discrete time case with perfect information.

2 Formal definitions and terminologies

In this section, we define the basic concepts of the differential game with a coalition structure and set up
standard terminologies and notation.

Differential game, I'(zo, T — to):

We consider an n-person differential game T'(xg, T — to) with independent motions on the time interval
[to, T] (see [4]). Motion equations have the form

inzfi(l‘i,ui), w €eU; CRP, z; € XCRY i=1,2,...,n. (2.1)

It is assumed that the system of differential equations (2.1) satisfies all conditions necessary for the exis-
tence, sustainability and uniqueness of the solution for any n-tuple of measurable controls uy (), ..., un(t).
Let N ={1,2,...,n} be the set of players. The payofl of player i is given by

T
Hi(xo,T—to;U1(~),...,un(')):/ hi(x(T))dT,

to
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where h;(x) is a continuous function and (1) = (21(7), ...,z (7)) is the solution of (2.1) when open-loop
controls uq(7),...,u,(7) are used and x(t9) = (z1(to0), ..., zn(to)) = 0.

Optimal cooperative trajectory, z(t):

Suppose that there exist an n-tuple of open-loop controls @(t) = (@ (t),...,u,(t)) and a trajectory

Z(t),t € [to,T], such that

Hi(zo, T — to; ui(t), . .., un(t
ul(t?f’.‘ﬁnm; (20, T = tosur (t), - un(t))

n n T
= > il T~ o1 (0) () = 3 / hi(a(r))dr. (2.2)

i=1
We shall call a trajectory z(t) = (Z1(t),...,Tn(t)) satisfying (2.2) an optimal cooperative trajectory.

Characteristic function:
The characteristic function in T'(zg, T — tg) is defined in a classical way:

no T
V(2o,T — to; N) :Z/ ha(z(7))dr,
i=1"to

V(anT - t07®) =0,
V(Z‘Q,T—tQ;S) :VaH‘S’N\S(J?(),T—to), (23)

where Vall'g n\ g(z0, T — to) is the value of the zero-sum game between coalition S acting as player 1 and
coalition N\ S acting as player 2 where the payoff of S equals ), ¢ Hi(wo, T — to;ui(t),...,un(t)). In
the special case when S = {i}, V(z,T — to; {i}) is the value of the zero-sum game between player i and
coalition N\{i}.

Imputation set, L(xzg, T — to):

Define L(xo, T — to) as the imputation set of T'(zo, T — to) (see [28]):

L(xo, T —to) = {a = (a1, am) ta; = Vo, T —to: {i}), Y oy = V(wo, T — to;N)}. (2.4)
iEN
Core, C(xo, T — to):
Define C'(zo,T — to) as the core of T'(z, T — tp):

C(i[,’o, T — to)

= {a = (a1, an) Y i =2 V(wg, T —t6:5),YSCN, > ;= V(w,T - to;N)}. (2.5)
€S iEN

Imputation distribution procedure, 3(7):

Let o € L(xg,T — to). Define the imputation distribution procedure (IDP) (see [19]) as a function

ﬁ(T) = (BI(T)a'Hvﬂn(T))v TE [thT]v

such that

T
o = ﬂz (T)dT. (26)
to

Regularized game, T, (20, T — to):

For every a € L(xo,T — to), we define the noncooperative game Iy (xg, T — to) which differs from game
I'(zo,T — to) only by payoffs defined along the optimal cooperative trajectory z(7), 7 € [to, T].

Denote the payoff function in 'y (zo, T — to) by H (0, T —to;ui(t),. .., un(t)) and the corresponding
trajectory by x(7). Then

H{l(xo,T — to;ul(t), . ,un(t)) = Hi({Eo,T — to;ul(t), . ,un(t)),
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if there does not exist 7 € (t9,T] such that z(r) = (7).
Let ¢t = inf{t' : (1) # z(7),7 € (¢, T]}. Then

H{l(mo,T — to;ul(t), . ,un(t))

= t Bi(T)dr + Hi(z(t), T — t;us(t),. .., un(t))

= t ﬂi(T)dT-i-/t hi(z(7))dT,

where h;(z(7)) is the instantaneous payoff of player i from the state Z(t).
In a special case, when x(7) = Z(7), T € (to,T], we have

T
HE (o0, T~ s (0) . 10 (0) = [ Bi(r)ir = a.

Consider the current subgames I'(Z(t), T — t), imputation sets L(Z(t),T — t) and cores C(Z(t), T — t).
Let «(t) € L(Z(t),T —t). Suppose that a(t) can be selected as a differentiable function of ¢,t € [to, T
Game Ty (xo, T — tp) is called a regularized game of T'(xg, T — to) (a-reqularization) if IDP 3 is defined
in such a way that

a(t) = / " By,

Bi(t) = —ai(t). (2.7)

In particular, if a(t) € C(z(t),T —t), To(x0, T — to) is called a strictly reqularized game of T'(xo, T — to).
Time consistency:
From (2.7), we get

;= t Bi(r)dr + o (t). (2.8)

Now suppose that M (xo, T — to) C L(xo, T — to) is some optimality principle in the cooperative version
of game I'(zo, T — to), and M (z(t),T —t) C L(z(t), T — t) is the same optimality principle defined in the
subgame L(Z(t),T — t) with initial conditions on the optimal trajectory. M can be the core, the stable
set, the Shapley value, the nucleolus etc. If o € M (o, T — to) and «(t) € M(Z(t),T — t) condition (2.8)
gives us the time consistency of the chosen imputation « or the chosen optimality principle in game
P(i[,’o, T— to).

Differential game with a coalition structure, I'” (zg, T — to):

Let P = {Si,...,Sn} be a partition of the player set N such that S; N S; = 0,i # j, U, S =
]\f7 |SIL| = ’I’Li,zzzl n; =mn.

Suppose that each player ¢ from N is playing in the interests of coalition Sy € P which he belongs to,
trying to maximize the sum of payoffs of coalition members, i.e.,

max Hi(xo, T —to;ur(t), ..., un(t)). (2.9)
u;, i€S}
1E€Sk

Define ug, = {u;,7 € Si} as the strategy of coalition Sy and zg, = {z;,7 € Si} as the trajectory of

coalition Sj. Write

Hg, (z0,T —to;us, (t),...,us,,(t) = Z Hi(xo, T —to;ua(t),...,un(t))
1€Sk

as the payoff of coalition S.
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Suppose that coalitions in P are playing cooperatively with objective (2.2) and state dynamics (2.1). We
call the above game the cooperative differential game with a coalition structure denoted by I'F (xq, T — t).

Suppose that there exist an n-tuple of open-loop controls u(t) = (u1(t),...,u,(t)) and a trajectory
Z(t) = (Z1(t),...,Tn(t)),t € [to,T] satistying (2.2). Then the trajectory Z(¢) is an optimal cooperative
trajectory of I'(zo,T — to). We define Z(t) as an optimal cooperative trajectory of I'7(zo, T — to) at the
same time.

The characteristic function in T (zg, T — to) is defined by

n T

V(zo, T —to;P) =D | ha(x(r))dr,
i=1 7 to
V(Z‘Q, T— to; @) = O7
V(zo, T —t0;S) = Vall's p\s (w0, T — to), (2.10)

where Vall's p\s(z0,T — to) is the value of the zero-sum game played between coalition S acting as
player 1 and coalition P\S acting as player 2 where the payoff of coalition S equals

Z Hsg, (xO; T —to;us, (t)v ceeyuUs,, (t))
SLES

Define L7 (2o, T — to) as the imputation set in T'F (zg, T — to):
LP(xO,T —tp) = {a = (ag,,...,as,,):
as, = V(zo, T = to; {Sk}), D as, = V(wo, T - 750;77)}- (2.11)
SreP

Define C7 (29, T — to) as the core in I'P (zq, T — to):
C7(a0,T 1) = {a = (as,... a5,

> as, = V(zo.T—t:S),YSCP, Y as, = V(xo,T—to;P)}- (2.12)
SLeES SLEP

Let o € LP(xg,T —ty). Define the imputation distribution procedure (IDP) of I'7(zo,T —to) as a
function B(1) = (Bs, (1), - ., Bs,, (7)), T € [to, T], such that

T
as, = 6Sk (T)dTa Sk eP. (213)

to

Regularized game with a coalition structure, I'%, (xg, T — to):

For every a € L (zo,T —tp), we define the noncooperative game I'” (zo, T' — to) which differs from
game ['P (2o, T — to) only by payoffs defined along the optimal cooperative trajectory z(7),T € [to, T

Denote the payoff function in game I'Z (zo, T — to) by H (z0,T — to;us, (t), ..., us,, (t)) and the cor-
responding trajectory by z(7). Then

Hgk (SCO, T — to; us, (t)v sy US,, (t)) = Hsk (l’o,T —tojus, (t)a sy US,, (t))v

if there does not exist 7 € (to,T] such that () = z(r) for 7 € (to,T].
Let ¢t = inf{t' : (1) # z(7),7 € (¢, T]}. Then

Hg, (z0, T —to;us, (t),..-,us,, ()

t
= Bsk (T)dT + Hg, (E(t)a T —tus, (t)v s uUs,, (t))
to
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= [ Bs(ryar+ / hs, ((r)dr,

where hg, (z(7)) = ZiESk hi(z(T)).
In a special case, when x(7) = Z(7), 7 € (to,T], we have

T
HE (20, T — to;us, (), .. us,, (£)) = / B, ()dr = as, .
to

Consider subgames I'P(z(t), T — t), imputation sets L”(z(t),T —t) and cores CT(z(t),T —t). Let
a(t) € L7 (2(t),T —t). Suppose that a(t) can be selected as a differentiable function of ¢,t € [to, 1.
Game I'7 (29, T — to) is called the regularized game of T’ (zo, T — to) (a-regularization) if IDP 3 is defined
in such a way that

T
0, (t) = / Bs, (7)dr,

or

B, () = —als, (1) (2.14)

In particular, if a(t) € CF(z(t), T —t), TF(zo,T —to) is called the strictly regularized game of
Pp(xo,T—to).
From (2.14), we get

t
as, = Bs, (T)dT + ag, (t), SL e P. (2-15)
to

Now suppose that M7 (o, T —tq) C LP(zo,T —ty) is some optimality principle in the coopera-
tive version of game I'P(z¢,T —to), and M7 (%(t),T —t) C LP(x(t),T —t) is the same optimality
principle defined in the subgame L7 (Z(t),T —t) with initial conditions on the optimal trajectory. If
a € MP(zg,T —t9) and a(t) € M7 (Z(t),T —t), condition (2.15) gives us the time consistency of the
chosen imputation « or the chosen optimality principle in game I' (2, T — ).

e-Nash and strong e-Nash equilibria of I'” (2o, T — to):

In the differential game with a coalition structure, the deviation of strategies of different members in
a coalition happens possibly in different time. And the trajectory realized by the deviation of strategies
of some members possibly has no changing, which cannot be regarded as the actual deviation. To define
e-Nash and strong e-Nash equilibria of I'% (zg, T' — to), we shall define the deviation instant for a coalition.

In T'(zo, T — to), we say that for player i € N strategy u,(-) is essentially different from strategy u;(-)
under n-tuple @(-), if the trajectory z;(-) under n-tuple @(-) || u;(-) is different from the trajectory z;(-)
under (-), i.e., there is ¢ € (fo,T] such that x;(t) # Z;(t). If strategies u;(-) and @;(-) are essentially
different, we define ¢;(a(-) [ u;(-)) = inf{t' : z;(7) # z;(7), 7 € (', T} as the deviation instant between
strategies u;(+) and ;(+).

We say that coalition Sy € P has the same deviation instant under n-tuple @(-) if £;(a(-) || w;(+)) is the
same for every i € Si. We shall write £(u(-) || us, (+)) to denote #;(u(-) || us(-)) if Sk has the same deviation
instant. We say that S C P has the same deviation instant if t(a(-) || us, (-)) is the same for every Sy, € S.

Suppose that every Sy € P has the same deviation instant. An m-tuple u*(-) = (ug, (-),...,us () is
an e-Nash equilibrium of T% (xo, T — to) if and only if

Hg, (20, T — to;u”(-)) = Hg, (w0, T = to; u™ (") || us, () — &, (2.16)
for all S}, € P and all ug,.
Suppose that every S C P has the same deviation instant. An m-tuple u*(-) = (ug, (-),...,us (-)) is
a strong e-Nash equilibrium of T'Y (zo, T — to) if and only if
Z Hg, (w0, T —to;u”(-)) = Z Hg (v, T —to;u” () || us(-)) — ¢, (2.17)
SkLES SLES

for all S C P and all us = {us,, Sk € S}.
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3 Existence of e-Nash and strong e-Nash equilibria in differential games with
coalition structures

Theorem 3.1.  Suppose that every Sy € P has the same deviation instant. For every € > 0, the
regularized game TUF (xg, T — to) has an e-Nash equilibrium with payoff «.

Proof.  The proof is based on the construction of e-Nash equilibrium in piecewise open-loop (POL)
strategies with memory.

Remind the definition of POL strategies with memory in a differential game. Denote by &(t) any
admissible trajectory of the system (2.1) on the time interval [to,t],t € [to,T]. The strategy us, () of
player S; is called POL if it consists of the pair (a,o), where o is a partition of time interval [to, T:
to<t1 <---<tg=T,tkg1 —tp =0 >0,k=0,1,2,...,5s — 1, and a is a map which corresponds an
open-loop control ug; (t),t € [ti,tp4+1) for each point (Z(t), tx), tx € 0.

Consider POL strategies u(-) = (a, o), where @ maps each point (Z(tx),?;) on the optimal cooperative
trajectory to an open-loop control ug, (t),t € [tk, trt1) satisfying (2.2) and a is arbitrary at other points.

Consider a family of zero-sum games F?&:},P\ { Si}(x, T —t) from the initial position = and duration
T —t between coalition S consisting of a single player .S; and coalition P\{S;}. The payoff of coalition {.S;}
is equal to Hg, (z,T — t;us, (t),...,us,, (t)) and the payoff of coalition P\{S;} is equal to (—Hg,). Let
@(x,t;-) be the §-optimal POL strategy of player P\{S;} in F’{PSiL’P\{Si}(x’ T —t). Note that a(x,t;-) =
{us,. S, € P\(5,}).

Let 2(t) = {Zs,(t),...,&s,, (t)} be the segment of an admissible trajectory satisfying (2.1) on time
interval [to,t],t € [to,T]. For each S; € P define ¢(S;) = inf{t' : &g,(7) # zs,(7),7 € (¢',T]} and
t(S;) = ming, £(S;) = £(S;). £(S;) lies in one of the intervals [ty, tx41), k= 0,1,...,5—1, and £(S;) —to is
the length of the time interval starting from ¢y on which & (¢) coincides with the cooperative trajectory z(t).

Define the following strategies of coalition S; € P:

ug,(t), for (Z(tx), tx) on the optimal cooperative trajectory,

U5, (Z(tr41),ter1-),  Si-th component of the 5-optimal POL strategy of coalition
ug, () = P\{Sj}:in game I'Tg 4 oy 15,3 (E(th+1), T — tet),

if ¢, <E(S;) < thya,

arbitrary, for all the other positions.

We shall show that w*(-) = (u§, (),...,u% () is an e-Nash equilibrium in I'7 (2o, T — to). We have
to show that

Hg, (2o, T = to;u(-)) = Hg, (x0, T —to;u™ () [ us, (1) — e, (3.1)

for all S; € P and all ug,.

It is easy to see that when the m-tuple u*(-) is played, the game develops along the optimal trajectory
Z(t). If under u*(+) || us,(:) the trajectory Z(t) is also realized then (3.1) will be true.

Now suppose that under u*(-) || us,(+) the trajectory x(¢) is different from Z(¢). Suppose #(S;) €
[tk,try1). Since the motion of coalitions are independent, we get g, (tx11) = s, (txy1) for S; €
P\{S;}. From the definition of uw*(-) it follows that the coalitions in P\{S;} will use their strategies
Us; (2(try1), thy1; ) and coalition S; starting from position (z(txy1),tr+1) will get no more than

g
V(@(tesr), T — trr1:{Si}) + o

where V(z(tg41), T — tit1; {S:}) is the value of game I‘?Si}m\{si}(x(tkﬂ),T — tkt1)-

By choosing 0 = tj1 —t, sufficiently small, one can achieve that integral ftt:“ hs, (z(7))dr will be small
(less than §). Then the total payoff Hg (xo,T — to;u*(-) || us,(-)) of coalition S; in game I'Y (zq, T — to)
when the m-tuple of strategies u*(-) || us; () is played cannot exceed the amount

tr tet1
Bs, (T)dT + / hs,(x(7))dT + V (x(tgs1), T — tr+1;{Si}) + ;

to tr
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tr
< Bs,(T)dr + V(@(tr+1), T — trg1; {Si}) + ?:f. (3.2)

to

When the m-tuple u*(-) is played, the payoff H§ (w0, T — to;u*(-)) of coalition S; is equal to

T tr
as; = 531' (T)dT = 531' (T)dT + asg, (tk)
to to

But ag, (ty) € L7 (z(ty), T — ti), then we get
as;(tk) = V(Z(tr), T — tr; {Si})-

From the continuity of function V and trajectory x(t) by appropriate choice of § = txy1 — i the
following inequality can be guaranteed:

V(@) T =t {S}) > V@ltisn). T = tipni {Si}) = .

So Hg (zo,T — to;u*(-)) will be no less than

| Bsr)dr Vel T =t S = 5. (33)

Combining (3.2) and (3.3), we finish the proof of Theorem 3.1.

This means that the cooperative solution (any imputation) can be strategically supported in a regu-
larized game I'” (zo, T — to) by a specially constructed e-Nash equilibrium.

Theorem 3.2.  Suppose that every S C P has the same deviation instant. For every e > 0, the strictly
regularized game U'F (zo, T — to) has a strong e-Nash equilibrium with payoff c.

Proof.  The proof is based on the construction of strong e-Nash equilibrium in piecewise open-loop
(POL) strategies with memory.

Consider POL strategies u(-) = (a, o), where @ maps each point (Z(tx),?;) on the optimal cooperative
trajectory to an open-loop control g, (t),t € [tg, tk+1), Si € P, satisfying (2.2) and @ is arbitrary at other
points.

Consider a family of zero-sum games I‘EJ,\ s(x, T —t) from the initial position x and duration T —
t between coalition S and coalition P\S where the payoff of coalition S equals ZS,- cs Hs,(x,T —t;
us, (t),...,us,, (t)). Let 4p\s(z,t;-) be the 5-optimal POL strategy of coalition P\S in FE’P\S (x, T —t).
Note that up\s(z,t;-) = {us,,S; € P\S}.

Let 2(t) = {Zs,(t),...,&s,, (t)} be the segment of an admissible trajectory satisfying (2.1) on time
interval [to,t],t € [to,T]. Since every & C P has the same deviation instant, for every S C P we can
define £(S) = (S;) = inf{t’ : &s,(7) # Zs, (1), 7 € (', T]},S; € S and #(S) = mings £(S). #(S) lies in one
of the intervals [tg,tx+1),k =0,1,2,...,s — 1. And 7?(8) — tg is the length of the time interval starting
from tyg on which Z(¢) coincides with the cooperative trajectory Z(t).

Define the following strategies of coalition S; € P:

ag,(t), for (Z(tr), tx) on the optimal cooperative trajectory,

g

s, (Z(te41), tey1;+),  Si-th component of the ;-optimal POL strategy of
ug, () = coalition P\S in game I‘ZP\S(ﬁ(tkH), T —trt1),

if ¢, < t_(S) < Tk+1,

arbitrary, for all the other positions.

We shall show that u*(-) = (u%, (-),...,u% (-)) is a strong e-Nash equilibrium in I'7 (z0,T — to). We
have to show that

> HE (w0, T —to;u™(1) = Y HE, (20, T —to;u” (") | us(-) — ¢, (3.4)
S, eES S;eS
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for all S € P and all us = {ug,, S; € S}.

It is easy to see that when the m-tuple u*(-) is played, the game develops along the optimal trajectory
Z(t). If under u*(-) || us(-) the trajectory z(t) is also realized then (3.4) will be true.

Now suppose that under u*(-) || us(:) the trajectory z(¢) is different from Z(t). Suppose #(S) €
[tk,tk+1). Since the motion of coalitions are independent, we get xs; (tx+1) = Ts, (tx11) for S; € P\S.

From the definition of u*(-) it follows that coalitions in P\S will use their strategies ts; (2(txy1), tet1;-)
and coalition S starting from the position (z(tx+1),tx+1) will get no more than

€
V(@) T = tes1; S) + o
where V(z(tg41),T — tr+1;S) is the value of the game I‘E’P\S(x(tkﬂ),T —tpt1).

By choosing § = t;11 — ti sufficiently small, one can achieve that the integral ftt:“ Yos,es s (x(r))dr
will be small (less than ). Then the total payoff > g s HS (w0, T — to;u*() || us;(-)) of coalition S in
game I'? (2o, T — t9) when the m-tuple of strategies u*(+) || us(-) is played cannot exceed the amount

tk+1 e
Z 53 )dr + Z/ AT+ V(@(ts1), T = trs1: ) +
S;€S S;,eS
b 3e
Z/ B, (P)r 4V (@tis), T~ th258) + (3.5)
S;eS

When the m-tuple u*(-) is played the payoff ) ¢ g HS, (v0,T — to;u*(-)) of coalition S is equal to

Z as, = Z Bs,; (T)dr = Z ' Bs;(T)dT + Z ag, (tg)-

S;eS S;es o S;es o SieS

But ag, (tx) € CF (2(t), T — tx), then we get

Z ag, (tk) = V(Z(ty), T — ti; S).

S, eS

From the continuity of function V and trajectory x(t) by appropriate choice of § = txq1 — ti the
following inequality can be guaranteed:

V(Z(te), T —ti; S) =2 V(a(tps1), T — tiy1;S) —

So > s.es HS, (xo, T —to;u*()) will be no less than

T e
S| Bs(ndr + Via(ten) T — tiss:S) — - (3.6)
S;es/to 4

Combining (3.5) and (3.6), we finish the proof of Theorem 3.2.

4 Discrete time case with perfect information

In what follows we consider the problem of strategic stability in the game with a coalition structure in
the extensive form with perfect information. We need to set up standard terminology and notation. But
in this case, the assumptions of deviation instant for a coalition disappear.

A game tree is a finite oriented treelike graph K with the root . Let a be some vertex (position).
We denote by K(z) a subtree K with the root in . We denote by Z(z) the immediate successors of x.
A vertex y, directly following after z, is called an alternative in = (y € Z(z)). The player who makes a
decision in z will be denoted by i(z).

Let N ={1,2,...,n} be the set of all players in the game. A game in the extensive form with perfect
information (see [14]), G(xo) is a graph tree K (xo), with the following additional properties:
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e The set of vertices is split up into n+ 1 subsets Py, Ps, ..., P41, which form a partition of the set of
all vertices of the graph tree K. The vertices in P; are called personal positions of player i, i =1,2,...,n;
vertices in P,y are called terminal positions.

e In each vertex z the system of real numbers h(z) = (hi(x),...,h,(x)) is defined, where h;(z) is
interpreted as the stage payoff of player ¢ in the vertex z.

A strategy of player i is a mapping F;(-), which associates to each position x € P; a unique alternative
y € Z(x). Denote by H;(x,;u1(-),...,un(-)) the payoff function of player i € N in the subgame G(x)
starting from the position x. H;(z, ,ul('), cooun(s) = Dop_y hi(z},), where (2,25, ...,2],) is the path
realized in the subgame G(x), when the n-tuple of strategies (u1(-),...,un(-)) is played, 2} = =.

Denote by u(-) = (a1(+), . .., un(-)) the n-tuple of strategies and the path & = (Zo, Z1,...,%1), T1 € Ppt1
such that

n

n l
I?a?fL?L()ZH zo; u (- un(-) =Y Hixo;ta (), ... =3 hi(w (4.1)

i=1 i=1 k=0

A path & = (Zo, Z1, ..., ;) satisfying (4.1) we shall call an optimal cooperative path.
Define the characteristic function in G(x¢) in a classical way:

n l
.T/'(), = Z hz
i=1 k=0
V(J?(), (Z)) = 0)
V(l’o; S) = ValG&N\S(xo), (42)

where ValG g y\g(0) is the value of the zero-sum game played between coalition S acting as player 1

ies Hi(zosur(s), .. un(e)).
In the special case when S = {i}, V(zo; {¢}) is the value of zero-sum game between player ¢ and coalition

N\{i}.

Define L(x) as the imputation set in game G(x):

and coalition N\ S acting as player 2 where the payoff of coalition S equals

L(xo)z{ozz(ozl,..., W) i 2 Vizos (i), S ai = Viao; )} (4.3)

i€EN

Define C(zg) as the core in game G(xp):

C(mo)—{a (1,...,« ZO‘Z/ (0;.9), VSCN,Zai—V(xO;N)}. (4.4)

€S i€EN

Let a € L(zp). Define the imputation distribution procedure (IDP) as a function (k) = (B1(k), ...,
Bn(k)),k=0,1,...,1, such that

l
= _Bilk). (4.5)
k=0

For every o € L(zg), we define the noncooperative game G, (xg), which differs from game G(x¢) only
by payoffs defined along the optimal cooperative path T = (Zo, Z1,...,Z;). Suppose under the strategy
profile (u1(+),...,un(+)), the path (xq,...,x;) is realized. Denote the payoff function in game G, (z¢) by

r—1 U
H(@o;ur()s- -y un()) = D Bilk) + Y halan),
k=0 k=r

where r = min{k : xy # T,k =0,1,...,'}.
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Consider subgames G(Z;) and imputation sets L(Zx). Let a(k) € L(Z). Game Gq(zg) is called a
regularized game of G(x¢) (a-regularization) if IDP S is defined in such a way that

61(1€) :ai(k)—ai(k:—l—l), k=0,1,...,1—1, 61(”:0@(”, Oéi(O) = Q. (46)

In particular, if a(k) € C(Zy), Ga(xo) is called a strictly regularized game of G(xo).
From (4.6), we get

k—1

a; =Y Bi(j) + (k). (4.7)

=0

Now suppose that M (zg) C L(xg) is some optimality principle in the cooperative version of game
G(z0), and M(Z) C L(Zy) is the same optimality principle defined in the subgame L(Zj) with initial
conditions on the optimal path. If @ € M (x¢) and a(k) € M(Zy), (4.7) gives us the time consistency of
the chosen imputation « or the chosen optimality principle in game G(zo).

Let P = {S1,...,Sm} be a partition of the player set N. Suppose that each player i € N is playing in
the interests of coalition Sy € P which he belongs to, trying to maximize the sum of payoffs of coalition
members, i.e.,

max Hi(xo;ui(s), ..., un(:)). (4.8)

ui,i€S
k 1E€Sk

Define ug, = {u;,i € Si} as the strategy of coalition Sy. Write

Hg, (zo;us, (), ... us,, (1) = Z H;(zosui(+), ... un("))
i€Sk

as the payoff of coalition Sj.

Suppose that coalitions in P are playing cooperatively with objective (4.1). We call the above game
as the cooperative game in the extensive form with a coalition structure, denoted by G ().

Suppose that there exist an n-tuple of strategies a(-) = (41(-),...,un(-)) and the path z = (Zo, 71,

., Z1),T; € P,y satisfying (4.1). Then the path Z is an optimal cooperative path of G(zg). We define Z
as an optimal cooperative path of G” (z¢) at the same time.

The characteristic function in GT (xg, T — to) is defined by:

n o1
V(zo; P) = Z > hi(zk),

V(zo;S) = ValG s p\s(x0), (4.9)

where ValG s p\s(0) is the value of the zero-sum game played between coalition S acting as player 1 and
coalition P\S acting as player 2 where the payoff of coalition S equals ) g s Hs, (vo;us, (), .., us,, (-))-
Define L7 (z¢) as the imputation set in game G (z¢):

L7 (z0) = {a = (ag,,-..,as,): as, = V(zg;{Sk}), Z as, = V(xo;P)}. (4.10)
SKEP
Define C” (z0) as the core in game G¥ (x0):

CP (x0) = {a = (agy,...,as,): Z as, = V(xg;S),VS C P, Z g, = V(xo;’P)}. (4.11)
SrES SLEP
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Let a € L7 (x0). Define the imputation distribution procedure (IDP) of G (xg) as a function B(j) =
(ﬂsl (])a yee 7ﬂsm(j))7j =0,1,...,1, such that

l
as, =Y Bs. (), SkeP. (4.12)
3=0

For every a € L(zg), we define the noncooperative game G” (), which differs from game G (z¢) only
by payoffs defined along the optimal cooperative path Z = (Zo, Z1, - . ., T1)-

Suppose under the strategy profile (ug, (+),...,us,,(-)) the path (zo,...,z) is realized. Denote the
payoff function in game G% (x¢) by

r—1 U
HE, (wo;us, (), - us, () = Y Bs, () + Y hs, (x5),
=0 j=r

where r = min{j : z; # 2,7 =0,1,...,I'} and hg, (z;) = > _;c g, hi(z)).
Consider subgames G (Z;) and imputation sets L7 (z). Let a(k) € L7 (z;). Game G (x) is called
a regularized game of G” (x¢) (a-regularization) if IDP 3 is defined in such a way that

or
Bsz(k) :asi(k) _aSi(k+1)a k=0,1,...,1 -1, 55’1(1) :O‘Si(l)v aSi(O) = ag;- (413)

In particular, if a(k) € C7 (zx), G% (z0) is called a strictly reqularized game of G* (xg).
From (4.13), we get

k—1
as, =Y Bs,(j) + as,(k), Si€P. (4.14)

Jj=0

Now suppose that MP (xq) C L7 (z0) is some optimality principle in the cooperative version of game
GP (z0), and MP(z) C L7 (Zx) is the same optimality principle defined in the subgame L”(z)) with
initial conditions on the optimal path. If & € M7 (z¢) and a(k) € M (z), (4.14) gives us the time
consistency of the chosen imputation a or the chosen optimality principle in game G¥ (o).

In the game in extensive form with a coalition structure, the deviation of strategies of different members
in a coalition can bring the changing of the path directly. To define Nash or strong Nash equilibria of
G” (x0), we do not need the assumptions of deviation instant for a coalition.

An m-tuple u*(-) = (u§, (-),...,u} () is a Nash equilibrium of G7, (x0) if and only if

Hg, (zo;u” (1)) = Hg, (zo;u” () || us, (), (4.15)
for all Si, € P and all ug,.
An m-tuple u*(-) = (uf, (-),...,uf () is a strong Nash equilibrium of G7, (x¢) if and only if
Y HE (woiu*()) = Y HE (wo;u” () || us(-)), (4.16)
SrES SLeES

for all S C P and all us = {us,, Sk € S}.
Theorem 4.1.  The reqularized game G (xq) has a Nash equilibrium with payoff «.

Proof.  Since a(k) € L¥ (Zy) in game GT (z},), along the optimal cooperative path we have

a57(k)>v(jk7{‘st})a SzE,P, k:O7177l
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At the same time ag, (k) = Zl:k Bs,(j), and we get

l

S 86, () > Vi(aws {5i)). (4.17)

Jj=k

But Zé‘:k Bs,(7) is the payoff of coalition S; in the subgame G (7)) along the optimal cooperative
path, and from (4.17) using the arguments similar to those in the proof of Theorem 3.1, one can construct
a Nash equilibrium with payoff a, which leads to the optimal cooperative path Z.

Theorem 4.2.  The strictly reqularized game G (xq) has a strong Nash equilibrium with payoff .

Proof.  Since a(k) € C¥(Zy) in game G* (z},), along the optimal cooperative path we have

> as (k) 2 V(@S), VSCP, k=0,1,...,1L
S;eS

At the same time » g s s, (k) = g cs Zé:k Bs;(7), and we get

l
S5 85 () 2 Vi@ S). (4.18)

S:€8 j=k

But } g cs Zé‘:k Bs,(j) is the payoff of coalition S in the subgame G7 (z) along the optimal cooper-
ative path, and from (4.18) using the arguments similar to those in the proof of Theorem 3.2, one can
construct a strong Nash equilibrium with payoff «, which leads to the optimal cooperative path Z.

It should be noticed that if every S C P has the same deviation instant, a strong e-Nash equilibrium
is also an e-Nash equilibrium in the strictly regularized game I'? (2o, T — to). So the existence of strong
e-Nash equilibrium implies the existence of e-Nash equilibrium in T'Z (zg, T — to). And if every S C N has
the same deviation instant, we can easily construct a strong e-Nash equilibrium in the strictly regularized
game I'7 (29, T — to) from a strong e-Nash equilibrium in the strictly regularized game T, (zo,T — to)
(see [27]). So the existence of strong e-Nash equilibrium in the strictly regularized game T'o (20, T — o)
implies the existence of strong e-Nash equilibrium in the strictly regularized game I'Z (zg, T — to). While
in the discrete time case with perfect information, without the assumptions of deviation instant for a
coalition we can get the similar conclusions.
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