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1 Introduction

Let AX (n > k+1) be the subcategories of the stable homotopy category consisting of (n — 1)-connected
polyhedra with dimension at most n + k. It is a fully additive category if we consider the wedge of two
polyhedra as the coproduct of two objects in the category A¥. The classification problem of A* (n > k+1)
is to find a complete list of indecomposable isomorphic classes, i.e., the indecomposable homotopy types
in A¥ (n > k+1). For k < 3, all indecomposable stable homotopy types have been described in [3].
For k > 4, Drozd shows the classification problem is wild (in the sense similar to that in representation
of finite dimensional algebras) in [8] by finding a wild subcategory of A% (n > 5) whose objects are
polyhedra with 2-torsion homologies.

In another direction, Baues and Drozd [1,2] also considered full subcategory F¥ of AX (n > k + 1)
consisting of polyhedra with torsion free homology groups. For k < 5, such polyhedra have been classified
to have finite indecomposable homotopy types in [1,2] or [6,8]. For k = 6, Drozd [7] got tame type
classification of congruence classes of homotopy types, and proved that, for £ > 6, this problem is wild
in [7].

This is the second of a series of papers devoted to the homotopy theory of AX-polyhedra. In [9], Pan
and Zhu noticed that, for (n — 1)-connected and at most (n + k)-dimensional (k < 7) spaces with 2-
and 3-torsion free homologies, the classification of indecomposable stable homotopy types essentially is
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reduced to that of spaces with torsion free homologies. When homologies of the spaces involved have 3-
torsion, the reduction process does not lead to the matrix problem for spaces with torsion free homologies
but to a matrix problem which can be solved. By this we are able to classify homotopy types of the full
subcategory F:(Q) of A% (n > 5) consisting of polyhedra with 2-torsion free homology groups. We will
discuss the splitting of smash product of A¥-polyhedra in a latter publication.

The paper is organized as follows. Section 2 contains some basic notation and facts about stable
homotopy category and classification problem. Our main theorem is given at the end of this section. In
Section 3, Theorem 3.2 and Corollary 3.3 establish a connection between bimodule categories and stable
homotopy categories. In Section 4, we use the known results of indecomposable homotopy types of Fi
in [1] to classify the indecomposable isomorphic classes of another matrix problem (7%, G°) corresponding
to F. In Section 5, the matrix problem («7’,G’) used to classify the indecomposable homotopy types
of F;:‘(Q) is given. In Section 6, we solve the matrix problem (&/’,G") by the results of indecomposable
isomorphic classes of matrix problem (7%, G%). Section 7 presents the concluding remarks.

2 Preliminaries

In this paper, “polyhedron” is used as “finite CW-complex” and “space” means a based space. We denote
by *x (or by * if there is no ambiguity) the based point of the space X. Denote by Hot(X,Y") the set
of homotopy classes of continuous maps X — Y and by CW the homotopy category of polyhedra. The
suspension functor ¥ : X — X[1] (X[n] = ¥"X) defines a natural map Hot(X,Y) — Hot(X[n],Y[n]).
Set Hos(X,Y) = limy, 0o Hot(X[n],Y[n]). If a € Hot(X|[n],Yn]), 8 € Hot(Y[m], Z[m]), the class
BIn] - alm] € Hot(X [m + n], Z[m + n]) after stabilization is, by definition, the product S« of the classes
of & and f in Hos(X, Z). Thus we obtain the stable homotopy category of polyhedra CWS. Extending
CWS by adding formal negative shifts X[—n](n € N) of polyhedra and setting Hos(X[—n],Y[-m]) :=
Hos(X[m],Y[n]), one gets the category S of [5], which is a fully additive category, and we denote it by
CWS too.

We will say a polyhedron X is p-torsion free if all homology groups of X are p-torsion free, where
p is a prime. Denote by AF the full subcategory of CW consisting of (n — 1)-connected and at most
(n + k)-dimensional polyhedra, and denote by E¥ (resp. Fff@)) the full subcategory of A consisting
of torsion free (resp. 2-torsion free) polyhedra. The suspension gives a functor ¥ : F¥ — F¥ | (resp.
DI Fy’f@) — Fr]f+1(2))' By the Freudenthal Theorem (see [11, Theorem 6.26]), one has the following
proposition.
Proposition 2.1. IfdimX < d and Y is (n — 1)-connected, where d < 2n — 1, then the map
Hot(X,Y) — Hot(X[1],Y[1]) is bijective. If d = 2n — 1, this map is surjective. In particular, the
map Hot(X[m],Y[m]) — Hos(X,Y) is bijective if m > d —2n+ 1 and surjective if m =d —2n + 1.

From Proposition 2.1, we get the following proposition.

Proposition 2.2.  The suspension functor induces equivalences A =+ AL ., for all n > k + 1.
Moreover, if n =k + 1, the suspension functor Ak — A’fL_H 1s a full representation equivalence, i.e., it is
full, dense and reflects isomorphisms.

Remark 2.3. If an additive functor F' : C — D is a full representation equivalence, denoted by

Frye - . . . .
C ®s D, then it induces a 1-1 correspondence of indecomposable isomorphic classes of objects of
these two additive categories.

Corollary 2.4.  Functors ¥ : Ff — F¥ | and ¥ : Fr]f(Q)

n =k + 2 and full representation equivalences for n =k + 1.

Therefore F* .= F,’f and F(’“Q) = Fy’f@) with n > k + 2 do not depend on n.

Let C be an additive category with zero object * and biproducts A@® B for any objects A, B € C, where
X € C means that X is an object of C. X € C is decomposable if there is an isomorphism X = A ® B
where A and B are not isomorphic to *, otherwise X is indecomposable. For example, X € CW (resp.
CWS) is indecomposable if we always get one of X; and Xs is contractible whenever X is homotopy

— Fk

nt1(2) are equivalences of categories for
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equivalent (resp. stable homotopy equivalent) to X7 V Xs5. A decomposition of X € C is an isomorphism
XA P -@A,, n < oo, where 4; is indecomposable for ¢ € {1,2,...,n}. The classification problem of
category C is to find a complete list of indecomposable isomorphism types in C and describe the possible
decompositions of objects in C.

Theorem 2.5 (Main theorem).  All indecomposable (stable) homotopy types in F:(Q) (n > 5) are as
follows:

(i) The polyhedra given in Theorem 6.3;

(ii) the Moore spaces M(Z/p",n), M(Z/p",n+ 1), M(Z/p",n + 2) and M(Z/p",n + 3), where the
prime p # 2, r € N ;

(iii) o™, gntL, gnt2 gnt3 gntd gnd C, = S" U, e" 2, where 1 is the Hopf map.

3 Techniques

Definition 3.1. Let A and B be additive categories. U is an A-B-bimodule, i.e., a biadditive functor
A°P x B — Ab, the category of abelian groups. We define the bimodule category El(Uf) as follows:

e the set of objects is the disjoint union UAEA,BEBM(A7 B).

e A morphism o — 3, where a € U(A, B), f € U(A’, B'), is a pair of morphisms f : A - A, g: B — B’
such that ga = Sf € U(A, B") (We write ga instead of U(1, g)a and B f instead of U(f,1)5).

Obviously El(lf) is a (full) additive category if so are A and B.

Suppose A and B are two full subcategories of CW (or CWS). Then we denote by AfB the full
subcategory of CW (or CWS) consisting of cofibers of maps f : A — B, where A € A, B € B. We also
denote by Af,,B the full subcategory of AfB consisting of cofibers of f : A — B such that H,,(f) =0
and denote by I'(A4, B) the subgroup of Hos(A, B) consisting of maps f : A — B such that H,,(f) = 0,
where A € A, B € B.

Theorem 3.2.  Let A and B be two full subcategories of CWS. Suppose that Hos(B, A[l1]) = 0 for all
A€ A BeB. Consider H: A°? x B— Ab, i.e., (A, B) — Hos(A4, B), as an A-B-bimodule. Denote by
T the ideal of category AtB consisting of morphisms which factor both through B and A[l], and by J the
ideal of the category EI(H) consisting of morphisms (a, 8) : f — [’ such that B factors through ' and «
factors through f. Then

(1) the functor C : E(H) — AtB (f — Cy) induces an equivalence EI(H)/J ~ A{B/T.

(2) Moreover, I*> = 0, hence the projection AtB — AtB/T is a representation equivalence.

(3) In particular, let n < m < n+ k and denote by B the full subcategory of Fr]f(Q) (n>k+1)
consisting of all (n — 1)-connected polyhedra of dimension at most m and by A the full subcategory of
Fy’f@) (n > k+ 1) consisting of all (m — 1)-connected polyhedra of dimension at most n+k — 1. Then

Pxyep

El(H)/J <= AtB)T +—2 AtB

gives a natural one-to-one correspondence between isomorphic classes of objects of EN(H)/J and .ZTE
Fff@) is the full subcategory of AtB consisting of 2-torsion free polyhedra.

Proof. (1) and (2) of Theorem 3.2 follow directly from [8, Theorem 1.1]. It remains to show that Fy’f@)

is a full subcategory of fTTg For any X € Fy’f@), let B = X"*2 be the (n + 2)-skeleton of X. We get a
cofiber sequence B — X — X/B. Since X/B ~ A[l] for some A by Proposition 2.2, there is a cofiber

sequence A LBoaxox /B, i.e., X ~ C}. By the homology exact sequence of cofiber sequence, it is
easy to know that A € A, B € B.
The following corollary follows from [8, Corollary 1.2].

Corollary 3.3. Under conditions of Theorem 3.2, let Hy be an A-B-subbimodule of H such that
Jiafa = 0 whenever a € El(Hy), f; € Hos(B;, A;) (i = 1,2). Denote by Aty B the full subcategory of
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AtB consisting of cofibers of a € El(Ho). Zg, = Mor(Afy B)NZT and Ju, = Mor(El(Ho)) N J. Then
we have
(1) Ti, = Ti, = 0;
P~yep

(2) C : Bl(Ho) —=% Bl(Hy) /Ty <> At g, B/ Ty <2 Aty B.

If Hy=T": A°® x B — Ab, then Aty B = Af,,B.

Matrix problem. Let ./ be a set of matrices which is closed under finite direct sums of matrices and
let G denote the set of admissible transformations on 7. We say A = B in .« if A can be transformed to
B by admissible transformations, and we say A is decomposable if A 2= A; @ A, for nontrivial Ay, As € 7.
The block matrices (‘') and (4; 0) are also thought to be decomposable. The matrix problem (7, G),
or simply &7, means to classify the indecomposable isomorphic classes of &7 (denoted by ind.</) under
admissible transformations G. Matrix problem (7, G) is said to be equivalent to matrix problem (&', G’)
if there is a bijective map ¢ : & — &' such that A = A’ in & if and only if ¢(A) = p(A’) in &’ and
V(A1 @ Az) = (A1) ® p(A2). It is clear that if two matrix problems are equivalent, then there is a
one-to-one correspondence between their indecomposable isomorphic classes.

Definition 3.4. Let & be a set of some matrices and “-” be a “product” of two matrices defined in
</ (“” may not be the usual matrix product). We say that M € &7 is invertible in < if there is a matrix
N € o such that M - N =N -M =1 € o/, where [ is the identity matrix.

In the following context, for a matrix problem (7, G), saying a matrix M € &/ is invertible always
means that M is invertible in 7.

4 The solution of a new matrix problem of the category F% (n > 5)

In the following context, the tabulations

represent the matrices or block matrices. For any category C, denote by indC the set of indecomposable
isomorphic classes of C.

indF? is known in [1] and Drozd [8] got a matrix problem corresponding to F.+. Here we need a new
matrix problem (7%, G%) for the classification problem of F3.

When n > 5, denote by By the full subcategory of F (n > 5) consisting of all (n — 1)-connected
polyhedra of dimension at most n + 2 and by A the full subcategory of Fif (n > 5) consisting of all
(n + 1)-connected polyhedra of dimension at most n + 2. Then F;; = Aot oBo. From [4] we know

indAy = {S"2, 8"}, indB, = {S”, gl gnt2 o = §n Ue”+2}.

n

Now taking m = n + 2, we obtain the Ag-By subbimodule T" of H:
I': AP x By — Ab(A, B) — T'(A, B),

where I'(A, B) is the subgroup of Hos(A, B) defined in Section 3. Take Hy = I' in Corollary 3.3. Then
fiafa = 0 whenever f; € Hos(B;, A;) (i = 1,2), a € T'(As,B1), A; € Ag and B; € By. Hence by
Corollary 3.3, we have

Pxpep

C: E|(T) EI(D)/Jr <=5 Aoty 0Bo/Tr 2 Aot 4o Bo.

Objects of E(T") can be represented by 5 x 2 block matrices (v;5), where block «;; has entries from
the (ij)-th cell of Table 1. Morphisms v — «' are given by block matrices o = (j)2x2, 8 = (8ij)5x5,
«;; has entries from the (i7)-th cell of Table 2 and j;; has entries from the (ij)-th cell of Table 3. Their



Pan J Z et al.

Table 1 T'(Ao, Bo)

Ao

Sn+2
Bo
S™ Z]2
gntl 7)2
Sn+2
Cp:n
n+2 0
Table 2 Hos(Ao, . Ao)
'AO Sn+2
Ao
gnt2 Z
gnt3 0
Table 3 Hos(Bo, Bo)
B
5 0 Sn Sn+1 Sn+2 Cn
0
S™ Z 72 72 27,
gntl 0 Z 7)2 0
gnt2 0 0 Z 0
Cp:n Z 0 Z/2= 7=
n+ 2 0 0 27= 0

Sn+3

7.)24
72
7)2
7/12

Sn+3

z/2

Sci China Math June 2016 Vol. 59 No.6

m n+2

o N © ©o

N
Il

1145

sizes are compatible with those of ~;; and 7£j and 8y = 7’«. Such a morphism is invertible if and only
if @ and 8 are invertible in Hos(Ag, .Ao) and Hos(By, By), respectively. It is equivalent to say that all
diagonal blocks of o and f are square, and both det(a) and det(3) equal +1. Since only entries from
Z and 27 give nonzero input to the determinants, they belong indeed to Z. We get the corresponding
matrix problem of EI(T') which is denoted by (27°,GY).
In Table 3, Hos(C,,, C,) is identified with the ring

( =

=)0

Hos(S"*2,C,,) is identified with the subgroup (22/22: ) of

(

=)

which is the image of the following injective map

Hos(S™*2,C,) EiN < Z/? > ,

27

a = b (mod 2)};

eeZ/z,an},

€
|_>
<2a

) |

For any f € Hos(S"*2,C,), let S"*1 2 g7 AN C, L 572 be the cofiber sequence and S"*3

Sn+2

be the suspension of 7. Then qf = 2at, 1o € Hos(S"*+2,5"+2) = Z for some a € Z, where 1,12 : S"? —
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S7*2 is the identity map. Let
c— 17 if f77n+2 7é 0)
0) if f77n+2 = 0)

and F be defined by mapping f to ().

In order to make the product of matrices in Table 3 compatible with the composition of the corre-
sponding maps, special rules for the matrix product in Table 3 is needed:

(1) For (2a 0) and (4, ) respectively in

Cyp:in,n+2
Sn 27 0

and
Sn+2
Cp:n Z/2=
n+2 27.=
n+2
(2a 0)())=ain o SZ/Q , where a is the image of a under the quotient map Z — Z/2.

(2) For (§) and (e), respectively in

Sn

Cyp:n Z

n+2 0

Snt2 a /0
wd T ()@ = ()i

gnt2

Cp:n  Z/27

n 4+ 2 27~

(3) Keep elements in zero blocks being zero. For example, for any (a) and (0 b), respectively in

§nt2 and Cyp:n,n+2
sm o 7)2 snt2 g z
(@)(0 b)=(0 0)in
Cp:in,n+2
AR/ o

where the second element is not ab but 0.

Denote by W, (respectively W¥) the z- horizontal (respectively y-vertical) stripe, where z € {S™, S?*1
Snt2 Cpim, Cpin+ 2}, y € {S™"T2, 8713} and denote by WY the block corresponding to x-horizontal
stripe and y-vertical stripe. Let dimWW, = the number of rows in W, dim W¥ = the number of columns in
W?Y. Table 1 represents the matrix set .27°. By right multiplication with invertible matrices in Table 2 and
left multiplication with invertible matrices in Table 3, Tables 2 and 3 provide admissible transformations
GY (see [6]) for matrices in Table 1, i.e.,

(a) “elementary-row transformations” of W, consisting of following three types:

o (j + ai)-type: The replacement of the j-th row a; of W, by a; + ac;, where «; is the i-th row of
Ws, a € Z.

o (ai)-type: The multiplication of the i-th row «; of W, by a € {£1}.

e (i,j)-type: The transposition of the i-th and j-th row.

(b) “Elementary-column transformations” of W¥ which also have three types as for elementary-row
transformations.
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o (Restriction on (a) and (b)) If one performs a (j + ai)-type (respectively (ai)-type and (i, j)-type)
elementary-row transformation of We¢, .., then one has to perform (j + a’i)-type (respectively (a'i)-type
and (4, j)-type) elementary-row transformation of W¢, .42 simultaneously where a = a’ (mod 2) and vice
versa.

(¢) Adding k times of a column of W5 to a column of W™
(d) Adding & times of a row of Wgn+1 or Wgn+2 to a row of Wgn.
(e) Adding k times of a row of Wgn+2 to a row of Wgn+1.

(f) (i) Adding k times of a row of Ws» to a row of We, ..
(ii) Adding 2k times of a row of W, ., to a row of Wgn.
(g) Adding 6k times of a row of Wgn+2 to a row of W, .p,

where k is an integer.

Remark 4.1.  When admissible transformations above are performed on block matrix v = (v;;), where
block 7;; has entries from (ij)-cell of Table 1, we should note that

(1) If (j)-cell of Table 1 is zero, then +;; keeps being zero after admissible transformations.

(2) Adding 1 € Z/2 to an element a € Z/24 gives a+12 in Z /24, since 5> is 12 in Z/24 = Hos(S" 3, S™).

(3) The reason for (g) is as follow: In the definition of the injective map F above, for any f €
Hos(S"*2,C,), fn = iz for some z € Hos(S"™3,S") = Z/24. If qf = 2up42 € Hos(S™+2,5™F2) then
x =6 (see [12, Proposition 6(iii)]).

From the known fact that
ind(«°) 2 indEl(I") = ind(Aot,oBo) = indF},,

we have the following results.

List (x) (1) X (o) = ™V S§"*2, "> e"*4 corresponds to

i1v+127m
gn+3
Snt2 1
Cy:n v ,
n+2 0

where v € {1,2,3} C Z/12.
(T0) (1) X (mpomn) = S™V S™ U, 0 €72 Uy pigny €1 corresponds to
gnt2  gn+3
s 1 v
Sntt 0 1
(2) X(mmvn) = S™V S" 2 U, 0 €2 Ui giny € corresponds to
gtz g3
S 1 v
Snt2 0 1

(3) X (nunn) = S™ v SnHt Uiy ent? Uiyotion e"t corresponds to

Ssn+3
gntt 1
Cy:n v
n+2 0

(4) X (o) = 5", e"? U, e"™* corresponds to

Sn+2 Sn+3
S™ 1 v
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(5) X (vmn) = S™V S™ U, 4y igny €T corresponds to
Sn+3
sm v
gntl 1
(6) X (nv) = S"U, e"** U, "™ corresponds to
Sn+3
Cy:n v
n+2 0
(7) X(vn) = 8™V 8" 2, s,y €T corresponds to
Sn+3
S v y
gnt2 1

where v € {1,2,3,4,5,6} C Z/24 in the cases (1), (2), (4), (5), (7) of (II), and v € {1,2,3,4,5,6}CZ/12
in the cases (3), (6) of (II).
(IT1) X (v) = S™J, e"™ corresponds to

Sn+3
sm v ’
where v € {1,2,...,12} C Z/24.
(IV) (1) X(m) = S"*F' U, e"** corresponds to
Sn+2
Sntt 1
(2) X(n2) = 8™, e"** corresponds to
Sn+3
gnt2 1
(3) X(mm)o = S"U,, e™*3 corresponds to
Sn+2
sn 1
(4) X ()1 = 8", "™ corresponds to
Sn+3
gntd 1

For a wedge of spaces X VY, i3 : X — X VY and i3 : X — X VY above are the canonical inclusions.

Remark 4.2. Indecomposable homotopy types in {A[1] | A € indAp} and indBy of F are not
contained in List (*). An element A[1] of {A[1] | A € ind Ay} (resp. B of indBy) can be considered as a
mapping cone of map A — x (resp. * — B) in Agt, B which corresponds to 0 x 1 matrix (resp. 1 x 0
matrix) in 7. For a general matrix problem (<,G), these 0 x 1 and 1 x 0 matrices are regarded as
elements in ind.«/, but will not be listed to simplify notation.

5 The reduction of the classification problem of Fi(z) (n 25)

Let M} be the Moore space M(Z/t, k), t,k € N. = {1,2,...}.
Take m = n + 2 and two full subcategories A and B of Fﬁ(2) as in Theorem 3.2(3). By the results of
the indecomposable homotopy types of A2 (n > 3) in [4], we have

indA = {gn+2 gnts, M;’,” | prime p # 2,r € N4 },



Pan J Z et al. Sci China Math June 2016 Vol. 59 No.6 1149

indB = {S”, R N Ue”+2, M;Z,M;Lfl prime p # 2, s € N+}.
n
Lemma 5.1. e Hos(M;f"Q, B)=0 forany B € indg, where prime p # 2,3;r € Ny.
e Hos(A, M.) =0 for any A € ind A, where prime p # 2,3;s € N,
e Hos(A4, M;,’fl) =0 forany A€ ind A, where prime p #2;se N,

Proof. It follows from the triviality of p-primary component of relevant homotopy groups of spheres
and the universal coeflicients theorem for homotopy groups with coeflicients.

For Cy € AtB, where f : A — B, A=VA;, A; € indA, B =VB;, B; € indB. If A; = MJx" (p # 2,3)
for some 4, then A;[1] splits out of Cy. Similarly if B; = M. (p # 2,3) or M;fl (p # 2) for some j, then
this B; also splits out of Cr. So we get the following lemma.

Lemma 5.2.  Let A and B be the full subcategories of.Z and E} respectively, such that

CES N+}

ind(.ﬁTg) = ind(AtB) U {M:f?’, MIZ,M;JH | primes p # 2,3,q # 2;r € N, }.

indA = {S"F2,5"F3 M2 | r e N, Y,

indB = {S”, S SR ¢y = 87| et My
n
Then

By Theorem 3.2(3), we have the following corollary.

Corollary 5.3. indFﬁ(Q) = {X € ind(AtB) | X is 2-torsion free} U {M;ﬁ-*‘g,MZ?T, M;,-“ | prime
p#2,3, prime ¢ #2 and r € N_}.

In order to get indFﬁ(Q), it suffices to compute {X € ind(A{B) | X is 2-torsion free}.
Let T' : A" x B — Ab, I'(A,B) = {g € Hos(A,B) | Hp1+2(g) = 0}, defined in Section 3, be a
sub-bimodule of A-B-bimodule H : A°? x B — Ab, H(A, B) = Hos(A, B).

Lemma 5.4.

{X € ind(AfB) | X is 2-torsion free}
= {M;’TJr2 | prime p # 2,7 € NL YU {C(f) is indecomposable | f € EI(T)}.

Proof.  For integers k.l t, u,v,w > 0, let

A(k,1) = \/ 5" v \/ 571 € A,
k l

B(t,u,v,w) == \/§"2v\/C,v\/§" v\ St € By

t

For any 2-torsion free polyhedra X = Cy € AfB, f € Hos(A, B), where A € A, B € B. Suppose that
A= A(k, 1)V My, B=DB(t,u,v,w)V Mp,

where M, (resp. Mp) is a wedge of Moore spaces { M52 | € N} (resp. { M3

s € NL}). Let

Ak, DS 74, B " = B(t,u,v,w)
be the canonical inclusion and projection of the summands, respectively. For

h:=ppfja € Hos(A(k, 1), B(t,u,v,w)),
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by the proof of [9, Theorem 5.5, we have the commutable top square in the following diagram,

n+42 ’ hivh' n42 ’
Vi, S"THVAKD > (Vi S"PHVB(H ju,0,w)
~ B~
A(k,1) o = Ak "> Btuvw) > B(tu,v,w)
m m
. , A A
JA JA PB PB
\ aVvVlpyg, \ f BVIpr, =~
> A > B > B
n+2 ’ havf’ n+2 ’
(\/k1 STHE2VYW(A(K D)V IM A ) <o > (\/k1 S"TAH)\WV(B(t yuv,w)VME),

where k1 + k' = k,ky +¢ = t, @ and 3 are self-homotopy equivalences of A(k,l) and B(t,u,v,w),
respectively and the maps

\/ 572 LN/ 52 A1) LS B w0, w)
k1 k1

satisfy that
(i) the mapping cone Cj, =/, ng‘Q, where «; € N is odd for each i;
(ii) the composition of maps

\/ 5™ <L Ak 1) L5 B(t v, w) 25 \/ 572 v/ €,
k' t’ u

is zero, where j and p are canonical inclusion and projection of the summands, respectively. This is
equivalent to the statement that H, 2(h') = 0.
Note that Hos(S™"*2, Mp) = 0 and Hos(Ma, S"*2) = 0. Hence

(/BV 1MB)f(av 1MA) =h \/f/
such that A(K',1) vV M4 i B(t',u,v,w) V Mp satisfies H,12(f") = 0. It implies that

X =Cr~Cy VCp=\/M?VCp, [ €ED)

Since for any f € El(T"), C(f) = Cy is 2-torsion free. By the above analysis, we complete the proof of
Lemma 5.4.

Take Hy = T in Corollary 3.3, then fiafo = 0 whenever f; € Hos(B;, A;) (i = 1,2), a € T'(A4z, By),
A; € A and B; € B. Hence, by Corollary 3.3, we have

Pxyep

O BID) 2222 B/ Jr S5 Af,, B/ T 222 Af, B,

which implies the following result.

Corollary 5.5. In Lemma 5.4,
{C(f) is indecomposable | f € EI(I')} = ind(Af,, ;,B) = indEL(T").

In the remainder of this section, we will find the matrix problem corresponding to E1(T").
Compute I'(4, B) for A € indA, B € indB; Hos(A, A’) for A, A’ € indA and Hos(B, B’) for B, B’ €
indB as in [7]. For example,
o ['(S+2, Gnt2) =T (S T2 C,) = 0.
M;,,.'"Q ‘n+2 n+3
o Hos(M3 2, ML) = iz on 0 /3
n+1 0 0
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M;,T*'Q:n—l—Q n+3

e Hos(M32,0) = ¢, :n 0 7/3
n+1 0 0
M§T+2 n+2 n+3
° I’IOS(]\%S;HTJFQ7 MZ?SJFQ) = M;fz n+2 7./35= 0 s
n+3 0 7/37=
where

e ()
TG
)

Now we get the matrix problem (%_C’;) corresponding to EI(I") as follows. The objects of EI(I") can
be represented by block matrices v = (7ij) with finite order in Table 4 which provides the matrix set
of , where block v;; has entries from the (ij)-th cell of Table 4. Morphisms v — «' are given by block

a€7Z/3°,beZ/3" and 3"a = 3°b in Z}

o Ql
l

o

a€7/3% 3 %€ Z/?)’“}7 r>s,

35-rh € 7/3%,b € Z/?f} , r<s.

matrices o = (ev;) and 8 = (8;;) from Tables 5 and 6, respectively with proper order, which provide the
admissible transformations G.

It is well known that ind.e/ = indEL(T).

We eliminate the zero stripes M2 : n + 2 and M3 : n+ 1 of matrices in o to simplify the matrix
problem (JZZ é) to the following equivalent matrix problem (</’,G’), i.e., Tables 7-9.

In Tables 7-9, M3 represents the M2 : n + 3-vertical stripe and M. represents the Mj. : n-
horizontal stripe. Table 7 provides the matrix set «/’. Tables 8 and 9 provide the (non-trivial) admissible
transformations G’:

G.: “elementary-row (column)” transformations of each horizontal (vertical) stripe.

Gl: () WS <ws"

(ii) WS < WM?:L"H; WM < WM for any r € N .
géol (1) Weni2 < Wgnt1 < Wgn.
(i) Wsn < We,m < Wy, ; WM;ZH < Whrp ;s 2We, i < Wgn for any s € N4
(iii) 6W5n+2 < WCH:”.

Table 4 T'(A,B)

A
N gnt2  gnt3 M§‘+2:n+2 n+3 M§2+2:n+2 n+3 M;’L;r21”+2 n+3

Sm z/)2  7/24 0 7/3 0 7/3 0 7/3
gt 7/2 7/2 0 0 0 0 0 0
Snt2 0 7.)2 0 0 0 0 0 0
Cy:n 0 7/12 0 7/3 0 7/3 0 7/3
n+2 0 0 0 0 0 0 0 0
M3 :n 0 7/3 0 7/3 0 7/3 0 Z/3
n+1 0 0 0 0 0 0 0 0
M2, :in 0 7/3 0 7/3 0 7/3 0 7/3
n+1 0 0 0 0 0 0 0 0
Mz :n 0 7/3 0 7/3 0 Z/3 0 7/3
n+1 0 0 0 0 0 0 0 0
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Table 5 Hos(A, A)

A
X stz gnts M§L+2:n+2 n+3 M§2+2:n+2 n+3 .- M§T+2:n+2 n+3

snt2 7 7./2 0 0 0 0 - 0 0
gnts 0 Z 0 7./3 0 7./32 . 0 7./3"
MItT2in+2  7/3 0 7/3= 0 7/3= 0 S Z)3= 0
n+3 0 0 0 7,)3= 0 7,/32= .y 0 7)37=
M in+2  7/3? 0 7)32= 0 7.)32= 0 cee 7)3%= 0
n+3 0 0 0 7,)3= 0 7,/3%= iy 0 7)37=
MEP2in 42 7/37 0 7/37= 0 7/37= 0 S 23 0
n+3 0 0 0 7,)3= 0 7,/32= .y 0 7)37=

Table 6 Hos(B, B)

B
sm gntl gt Cpin n4+2 MP:in n+l M3 in n+1 M3 :n n+1
B

sn Z Z)2 Z/2 27, 0 0 0 0 0 0 0
gntl 0 V/ 7.)2 0 0 0 0 0 0 0 0
gnt2 0 0 V/ 0 Z 0 0 0 0 0 0
Cp:in Z 0 Z)2= 7= 0 0 0 0 0 0 0
n+2 0 0 27~ 0 7= 0 0 0 0 0 0
Mp:n  Z/3 0 0 7/3 0 7/3= 0 Z/3= 0 e ZJ3= 0
n+1 0 0 0 0 0 0 7./3= 0 7)3%°= ... 0 7./37=
Ml :in  Z/3 0 0 7./32 0 7./3%= 0 7.)3%= 0 S 7)3%= 0
n+1 0 0 0 0 0 0 7/3= 0 Z/3*= ... 0 Z/3"=
M3 :n  Z/3" 0 0 7/3" 0 7/3"= 0 Z/3= 0 e Z/3T= 0
n+1 0 0 0 0 0 0 7/3= 0 z/3*>= ... 0 7/3"=

Remark 5.6. (1) W, < W, means that adding k times of a row of W, to a row of W, is admissible
and aW, < W, (a € N} ) means adding ak times of a row of W, to a row of W, is admissible where k is
an any nonzero integer. W% < W¥ has the similar meaning for corresponding vertical stripes.

(2) Similarly, zero blocks in Table 7 should keep being zero after admissible transformations. Adding
1 €Z/2 to an element a € Z/24 gives a + 12 in Z/24.

(3) Special rules of matrix product in Table 3 are also needed for matrix product in Table 9.

6 Computation of ind.«”’ for matrix problem (%7’,G’)
In this section we solve the matrix problem (&’,G’) to get inde/’. Then we get the indF:f(Q) by ind.<’.

6.1 p-primary component of matrix problem (&’,G’), p = 2,3

Let I"(A, B)(2) be the 2-primary component of I"(A, B), which means we replace Z/24 by Z/8, 7./12
by Z/4 and Z/3 by 0 in Table 7 to get Table 10. Similarly, I'"(A, B)(g) is the 3-primary component of
I"(A, B), which means we replace Z/24 by Z/3, Z/12 by Z/3 and Z/2 by 0 in Table 7 to get Table 11.
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A Sn+2 Sn+3 Mn+2 Mn+2 Mn+2
B 3 32 33
S™ /2 724 7/3 7/3 7/3
gntt 7/2 7/2 0 0 0
Snt2 0 7.)2 0 0 0
Cy:n 0 7/12 Z/3 Z/3 Z/3
n+2 0 0 0 0 0
My 0 7/3 7/3 7/3 7/3
M, 0 Z/3 Z/3 Z/3 Z/3
M, 0 Z/3 Z/3 Z/3 Z/3
Table 8 Hos' (A, .A)
A 2 2 2
Sn+2 Sn+3 Mn+ Mn+ Mn+
A 3 32 3"
Snt2 Z 7/2 0 0 e 0
gnt3 0 Z 7/3 7/32 e 7/3"
MyT? 0 z/3 0 e 0
M 0 7/3 7./32 e 0
M2 0 0 Z/3 7,/32 e 7/3"
Table 9 Hos'(B, B)
B
s gntl o gnt2 Cpinon+2 MP ML o . ME
B
Sm Z 7/2 7/2 27, 0 0 0 e 0
Sntl 0 Z 7.)2 0 0 0 0 - 0
gnt2 0 0 Z 0 Z 0 0 e 0
Cy:n y/ 0 z/2= 7™ 0 0 0 0
n+2 0 0 27= 0 7= 0 0 e 0
Mz 7/3 0 0 7/3 0 7/3 7/)3 - 7/3
M, 7./3% 0 0 7.)32 0 0 7)3% ... 7/3?
M3, 7)3" 0 0 z/3" 0 0 0 e ZJ3T

Then we get the following two matrix problems (#/,,G') and (), G') with admissible transformations
also provided by Tables 8 and 9.

The list of non-trivial admissible transformations on I'(A, B) ) is:

el: “elementary-row (column)” transformations of each horizontal (vertical) stripe.

co: WS < WSt

ro: Wgen < WC,,:n? ZWC,,:n < Wan; 2Wagni2 < ch;n.

The list of non-trivial admissible transformations on I''(A, B) ) is:

el: “elementary-row (column)” transformations of each horizontal (vertical) stripe.

n+3 n+42 n+2 n+2
co: W < WMs, WMerr <« WM™ for any r € N,.
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Table 10 TV(A, B)(2)

N Sn+2 Sn+3 M§L+2 M§2+2

Sn 7/2 7/8 0 0
gntt 7/2 7/2 0 0
Snt2 0 7.)2 0 0
Cp:n 0 Z/4 0 0
n+2 0 0 0 0
My 0 0 0 0
M, 0 0 0 0

Table 11 TV(A, B)3)

A
x Sn+2 Sn+3 M§t+2 M§2+2 M§3+2

Sm 0 7/3 7/3 7/3 7./3
gntl 0 0 0 0 0
Snt2 0 0 0 0 0
Cpn 0 7/3 7/3 7/3 7/3
n+2 0 0 0 0 0
M3 0 7./3 7/3 7/3 7/3
Mz, 0 7./3 7/3 7/3 7/3
Mz 0 7/3 7/3 7/3 73

ro: Wen < We, 0 < W, n WM;L.;H < W 3 2We,.n < Wen for any s € Ny
Let A(gy(3) be the subset of I'V(A, B)2) x I''(A, B)(3) which consists of (M2, M3) such that for every
z € ind A, y € indB, the two blocks WY, respectively in matrices Ms and M3 have the same order. Define
L=(Ls,L
the map I (A, B) == 22500 A )5 € T(A, B)(2) % I'(A, B) 3.
L is given by the following ring isomorphisms

7)24 25 7/8 x 2/3, 1+ (1,1),
7/12 22, 7/4 x 2/3, 1+ (1,1).

The inverse map T of L A(2y(3) N (A, B) is given by the following two ring isomorphisms

7)8 x 7)3 2% 7,/24,  (a,b) — 9a + 16b,
Z/Ax Z)3 25 712, (a,b) — 9a + 4b,

which are the inverse of Loy and L1, respectively.

It is easy to know that if M = N in matrix problem (7, G’) then Lo(M) = Lo(N) and L3(M) = L3(N)
in matrix problem (,Q%(’Q), G’) and (e%%), G"), respectively. We do not know whether the inverse is true.
However, in the following we will show that the inverse will be true if we take some restrictions to the
admissible transformations on .;zf(’Q) and ;2%@

We give some notation as follows:

(1) Let Hos'(A, A)(y1,Y2; - --,Yn) (resp. Hos'(B,B)(x1,z2,...,2m)) be the set of all square matrices
in the Hos'(A, A) (resp. Hos'(B,B)) with only y1, s, ..., yn-stripes (resp. x1, T2, ..., Ty,-stripes).
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Especially, we denote V = Hos'(B, B)(S™, S"*1, 52 C,, : n) (note that there is no C,, : n + 2-stripe).
We call the sub-matrix which contains entries in S™, S"*1, S"2 C, : n-stripes of M € Hos'(B,B)
“V-part of M”.

(2) Let I be the identity matrix and E;; be the matrix whose unique nonzero entry has index (i, 7)
and equals 1. Then (i + aj)-type of elementary row (column) transformations corresponds to left (right)
multiplication by an elementary matrix I + aF;; (I + aFEj;), and (—1i)-type of elementary row (column)
transformations corresponds to left (right) multiplication by an elementary matrix I — 2F;;. Note that
(i, j)-type of transformations can be obtained by composition of (i+aj)-type and (—1i)-type of elementary
transformations.

Let AT be the subset consisting of invertible matrices o = U01 ZQ in Hos'(A, A), where U; €
4
Hos'(A, A)(S"*2,873) is a product of elementary matrices I + aE;j, i # j.
Let BT be the subset consisting of invertible matrices § = Zl v in Hos'(B, B), where
3 4
Vii. Viz Viz  2Viy 0
0 Voo Va3 0 0
Vi= o0 0 Vas 0 0
Vi 0 Viz  Vau 0
0 0 0 0 Vss
which is an element in
Z 7)2 7)2 22 0
0o Z Z/2 0 0
Hos'(B,B)(S™, 8"+, 8"t C, :n,Cpin+2)= 0 o Z 0 7z
Z 0 7/~ 7= 0
0 0 27~ 0 7=

such that the V-part

Vit Viz Vig 2Viy

0 Vag  Vas 0

0 0 V33 0
Vai 0 Vaz Vaa
of V1 is a product of elementary matrices I 4+ aF;;, i # j.

Denoting by G'* the admissible transformations provided by A* and Bt on I(A, B)(2) and I (A, B) 3,

we get two new matrix problems (@5, G'") and (&), G"").

The differences between (& 22), G'") and (& 22), G’). The list of non-trivial admissible transforma-
tions of matrix problem (.;zf(’Q), G'") is the same as that of matrix problem (42%(’2), G’) except that (—1¢)-type
of elementary transformations is not allowed, and (¢, j)-type should be replaced by (i, —j)-type or (—i,j)-
type, which means when we transport two rows (columns) of a stripe, one row (column) « of them is

replaced by —a.

The differences between (4&7’(3),9'4') and (42?'(3),9'). The list of non-trivial admissible trans-

formations of matrix problem (&), ¢’ T) is the same as that of matrix problem (), G") except that

Sn+3

(—1i)-type of elementary transformations on the W , Wsn and We, ., is not allowed; (7, 7)-type ele-

mentary transformations on WS"H, Wen and W, ., should be replaced by (i, —j)-type or (—i, j)-type.
Theorem 6.1.  If M) = N(oy in matriz problem (42%@,@”‘) and M3y = N3y in matriz problem
(6527(’3),9"") , then T'(May, M(3)) = T(N(ay, N(3)) in matriz problem (', G').

Proof. By the condition of this Theorem, we get that SaMyaa = Nig), B3M3ya3 = N3y, where
g, 03 € AT and B2, B3 € Bt. Let

Uy Us U{ Ué
Qg = , Q3= ’
0 Uy 0 U;
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where Uy, U] € Hos'(A, A)(S"12,57+3).

Vi 0 %4 0
ﬁQ = ' ) ﬂ?) = '

Vi Vi Vi v

Y

where V4, V/ € Hos'(B, B)(S™, S"*1, 52 C, : n,C, : n+2). V-parts of Vi and V/ are denoted by W;
and W/, respectively.

Lemma 6.2.  For any

A

Uy, U; € Hos'(A, A)(S"T2, §7+3) = .

and

Z Z/)2 7/)2 2L
0 Z Z/2 0
0 0 Z 0
zZ 0 772 Z

Wi, W eV =

Y

where Uy, Uy, Wi and W/ are products of elementary matrices I+aFE;; (i # j, a € Z) and orders of Uy, U]
(respectively orders of W1, W) are the same, there exist invertible matrices U € Hos'(A, A)(S™ 2, S7F3),
W €V such that

U =U; (mod 8), p W =W (mod 8),

an

U =Uj (mod 3), W =W/ (mod 3).
Note that for any abelian group A, a,b € A, and positive integer k, a = b (mod k) means that the images
of a and b are equal under the quotient homomorphism A — A/kA.

We give some remarks before the proof of this lemma.
By W and U given in Lemma 6.2, let

Cp:n+2
V= w 0 ;
Cp:in+2 0 Vss

where Vs5 is an invertible matrix that makes V be an element in Hos'(B, B)(S", S"t1, S" T2 C, :n,C), :
n+2). Let

we U U and = ¥ ©

0 U V3/ %
Then a and 8 are invertible and M@y = BaMgyaa = Nig), BM iz = BzMzyaz = Nz). Since
,BT(M(Q), M(3))O{ = T(,BM(Q)O{,,@M(:),)O{) = T(N(Q), N(3)), T(M(Q), M(3)) = T(N(Q), N(3)) in matrix pI"Ob—
lem (&', G").
Proof of Lemma 6.2.  Statement (1): For any A, B € SL,(Z), there is a C' € SL,(Z), such that
C = A (mod 8) and C = B (mod 3).
Statement (1) follows from the following two conclusions in [10]:

SL,(Z) % SL,(Z/24) is surjective, SL,(Z/24) lanaz), SL,(Z/8) x SLy(Z/3) is isomorphic,

where ¢, g1, g2 are quotient maps.
Statement (2): Suppose that

1 1

A=T+aky = , B=I+bEy= <



Pan J Z et al. Sci China Math June 2016 Vol. 59 No.6 1157

are any two elementary matrices in V' (resp. Hos'(A,.A)(S"2, S""3)) of the same order, then there is an
invertible block matrix C'in V (resp. Hos'(A,.A)(S"*2, S"+3)) such that C = A (mod 8),C = B (mod 3).

Proof of Statement (2).  We only prove the case for A, B € V since the remaining case is much easier.

Note if a;; (resp. bg) is from Z or 2Z block, then a;; = a (resp. bsy = b); if a;; (vesp. bg) is from Z/2
block, then a;; (resp. bs;) is the image of a (resp. b) under the quotient map Z — Z/2.

o If by is from Z/2 block, then by = 0 (mod 3). For a,; from Z/2 block, take C' = A. For a;; from Z
or 27Z block, there is a ¢ € Z, such that ¢ = a (mod 8) and ¢ =0 (mod 3). Take C' = I + cE;;.

e If by, is from Z or 27 block,

(i) i #t or j #s. There is a d € Z such that d = 0 (mod 8) and d = b (mod 3).

If a;; is from Z/2 block, take integer ¢ such that ¢ = a (mod 2).

If a;; is from Z or 2Z block, take integer ¢ such that ¢ = a (mod 8) and ¢ = 0 (mod 3). Then take
C=1I1+cE;j+dEs = (I + cE;;)(I 4+ dEg) which is invertible in V.

(ii) i = ¢t and j = s. In this case a;; must come from Z or 2Z block. Suppose ¢ > j. By Statement (1),

X = < e ) € SLy(Z)

T21 T22

10 (1
(a 1) (mod 8) and X:<O 1) (mod 3).

Take C =1 — (1 —z11)Ej; — (1 — x22)Ey; + x12Ej; + 21 Eyj. Note that z12 € 2Z and if a € 2Z then
x91 € 2Z, so C' is an element in V. Tt is easy to check that C' is invertible in V and C = A (mod 8),
C' = B (mod 3). The proof of the case i < j is similar.

there is a matrix

such that

X

Now the proof of Lemma 6.2 is easily obtained by Statement (2).

6.2 The indecomposable isomorphic classes of (&5, G'") and (A (3)5 g'h)

Note that the matrix problem (&7@, G') is essentially the same as the 2-primary component of the matrix
problem (7%, G). Thus we can get the list (denoted by List(xx)) of the indecomposable isomorphic classes
of (;2%{2), G’) from List(x) by taking v to its image of the quotient map Z/24 — Z/8 or Z/12 — Z/4. Tt
means List(#x) is just the same as List() except that the ranges of v are different, i.e.,

e v e {1} C Z/4 for case (I);

e v e {1,2} CZ/8 for cases (1), (2), (4), (5), (7) of (II);

e v € {1,2} CZ/4 for cases (3), (6) of (II);

o v e {l,2,3,4} C Z/8 for case (III).

From the differences between (sz(g),g’ﬂ and (,52%('2),5’), we know that M € I"(A,B)) is indecom-
posable in (42%{2), G't) if and only if it is indecomposable in (42{(’2), G’). But non-isomorphic matrices of
(5, G'") may be isomorphic in (3, G").

Sn+3 Sn+3

For example, and (where 1,—1 € Z/8), which are isomorphic under G,
S 1 S -1

are not isomorphic under G'*.
Here is the list of the indecomposable isomorphic classes of (.52/(,2), gt

Sn+3
n+2
List (1) (1) ° '
Cyp:n 1
n+ 2 0
Sn+2 Sn+3 Sn+2 Sn+3
Sn+2 Sn+3
D (1) s» 1 v (2 sm 1 v (4) ;
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Sn+3 Sn+3 5’”+3 Sn+3
Snt2 1
(5) sm v (7)) sm v 3 (3) . 1 (6) Cpin v
n v
gntt 1 gnt2 1 "+2 . n+2 0
n

where v € {1,2,3} C Z/8 for the cases (1), (2), (4), (5), (7) and where v € {1,2,3} C Z/4 for the cases
(3) and (6).

Sn+3
(I11) , where v € {1,2,...,7} C Z/8.

Sn+2 Sn+3 Sn+2 Sn+3

; (2) ; (3) ; (4)

Sntl 1 Snt2 1 ik 1 Sntl 1

(Iv) (1)

For the matrix problem (%%), G'"), the indecomposable isomorphic classes are given by

+3 +3
. Sn+3 Sn+3 ST sm
List (2) gn ) ; gn . ;0 Cyin 1 i Chin -1
n+2 0 n+ 2 0
n+2
gt M M Mar
) ; ;0 Cpin 1 ;
My 1 M3 1 S™ 1
n+ 2 0

where 1, —1€Z/3 and s,neN,.
6.3 The indecomposable isomorphic classes of (&/’,G’) and Fs(z) (n2>25)

By Theorem 6.1, for any M € I"(A, B), we have M = T(N2, N3) in matrix problem (&/’,G’) for some
Ny € T"(A,B)(2) and N3 € I"(A, B)(3), where

Ny = @ N @ O,, N is an indecomposable matrix listed in List (1) for every i,
i

_ j G . oo S .

N3 = @ Nj @ O3, N3 is an indecomposable matrix listed in List (2) for every j.
J

05 and Os are direct products of some zero matrices.

Since N3 is a matrix of which every row and every column have at most one nonzero entry, it enables us
to select from T'(Na, N3) a set of indecomposable matrices as follows which covers all the indecomposable
isomorphic classes of matrix problem (&’ G’).

gt Sns Mgt
(1) gnt2 1 gnt2 1 0
Cp:n  Tu(a,b) , Cp:n  Ty(1,0) 1 ,
n+2 0 n+ 2 0 0
gt Sns Mgt
§nt2 1 Snt2 1 0
Cp:in  Ty(1,0) , Cymn Tx(1,0) 1 ;
n+ 2 0 n+ 2 0 0
Mz 1 M3 1 0
where (a,b) € Z/4 x Z/3 such that a € {0,1} and (a,b) # (0,0) and s,r € N;.
Sn+2 Sn+3 Sn+2 Sn+3 Mglr+2
(I1) (1) s 1 Ts(ab) , S” 1 Tx(a,0) T,
Snl 0 1 gntl 0 1 0
Sn+2 Sn+3 Sn+2 Sn+3 M;,+2
S 1 Tz(a,0) S 1 Tz(a,0) 1 .
sl 1 Togntl 1 o

M3 0 1 M3 0 1 0
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2
Sn+2 Sn+3 Sn+2 Sn+3 M;,+
(2) sn 1 Ts(a,b) s 1 Ts(a,0) 1,
Snt2 0 1 Snt2 0 1 0
Sgn+2 gn+3 Sn+2 gn+3 M;—FQ
s 1 T3(a, 0) Sm 1 Tg(a,0) 1 .
gnt2 0 1 Togn2? 0 1 0o
M3, 0 1 M3, 0 1 0
3 3 +2
gn+3 gn+3 M2 s s Mgr
3 Sn+2 1 Snt2 1 0
3) gntl 1 Sntl 1 0
Cp:n  Ty(a,0 Cp:n  Ty(a,0 1 ;
Cp:n  Ty(a,b) Cp:n  Ty(a,0) 1 ’ K (@.0) K (a.0) 7
n+2 0 n+2 0 0
n+2 0 n+2 0 0
M3 1 Mz 1 0
( ) qn+2 Sn+3 on+2 gn+3 Mg}+2
4 :
sn 1 Ts(a,b) sn 1 Tx(a,0) 1
Sn+2 Sn+3 Sn+2 Sn+3 M;,+2
S 1 Ty (a, 0) 5 S 1 Ty (a, 0) 1 y
M0 1 M0 1 0
3 3 +2
Sn+3 Sn+3 Mn+2 s smr Mgr
s Sn Ty(a,b) sn Tx(a,0) 1
(5) s Ts(a,b) S™ Ty(a,0) 1, , ;
gntl 1 gntl 1 0
sntl 1 gntl 1 0
M 1 M3 1 0
3 3 +2
gnt3 Snts 2 snt snt Mg
Cp:n  Ty(a,0 Cp:n  Ty(a,0 1
(6) Cp:n  Ty(a,b) , Cyp:n  Tu(a,0) 1 , K 4(a,0) , K 4(a,0) ;
n+42 0 n+42 0 0
n+2 0 n+2 0 0
M 1 M 1 0
3 3 +2
Sn+3 Sn+3 M;+2 Sn+ Sn+ MZ;LT
s Tz(a,0) Sm Ts(a,0) 1 )
(1) s*  Ts(ab) , S Ts(a,0) L e ) " g2 ) 0
Snt2 1 Snt2 1 0
M3, 1 M, 1 0

where (a,b) € Z/8 x 7Z/3 such that a € {0,1,2,3} C Z/8 and (a,b) # (0,0) for Tz, (a,b) € Z/4 x Z/3
such that a € {0,1,2,3} C Z/4 and (a,b) # (0,0) for Ty, and s,r € N;.

n+3 n+3 n+2
gn+3 gn+3 M2 s s Mgr
(I1I) , 3 , 8" Tx(a,0) , S*  Ts(a,0) 1
S™  Tg(a,b) Ss™ Tg(a,0) 1
M2 1 My 1 0
where (a,b) € Z/8 x Z/3 such that (a,b) # (0,0) and s, € N_.
V) (1 S
o, T
n+3
Sn+3 s
n+2 .
@ s (N
Mz 1
gn+2 gnt2 2
(3) : oy
Sn 1 Sn 1 1
n+3
4 Sn+3 s
n+1 .
@ s 1
Mz 1

where 7,5 € N.

Through a detailed check by admissible transformations of matrix problem (27’ G), we get the following

results.



1160

Theorem 6.3.

Pan J Z et al.

Sn+3
5n+3 S+ M2
s Snt2 1
Snt2 1 Snt2 1 0
o o 3 1 Cyp:n 3
n v n
(I) ! K , n—4+2 0
n+2 0 n+2 0 0
MZ 1
X (nun) X(n3n)"
X (77377)s
where v € {1,2,3} C Z/12.
qn+2 Sn+3 gn+2 gn+3 M:;LT+2
Sn 1 v Sn 1 v1 1
(IT) (1) sn+t 0 1, §ntl 0 1 o,
X (momm) X (nmornm)”
Sn+2 Sn+3 Sn+2 Sn+3 M;;FQ
Sn 1 v1 Sn 1 v1 1
gntl 0 1 gntl 0 1 (.
Mz, 0 1 MR 0 1 o
X (nmuinm)s X (mmuinn)s
Sn+2 Sn+3 gn+2 gn+3 M;,T*'Q
sSn 1 v S 1 v1 1
(2) gnt2 0 1, St 0 1 0o,
X (nnvn) X (nmorn)”
Sn+2 Sn+3 Sn+2 Sn+3 Mglr+2
sn 1 1 s 1 V1 1
Sn+2 0 1 S’H’Q 1 0 .
Mz, 0 1 M 1 o
X (mmv1n)s X (mmoin)s
Sn+3
Sn+3 Sn+3 Mn,+2
s gnt2 1
Clan 1 Clan 1 0
o o 1 Cy:n v1
n v n v
3 ;! ' , nt2 0
n+2 0 n+2 0 0
M 1
X (nvmm) X (nuinm)”
X (nuimm)s
qn+2 qn+3 on+2 gn+3 M§r+2
Sm 1 v Sn 1 V1 1
(4) : :
X (mmu) X (qmu1)”
+2
Sn+2 Sn+3 Sn+2 Sn+3 M:;Lr
sSn 1 1 S 1 V1 1
M 0 1, Mg 0 1 0 ;
X (mmv1)s X (mmo1)s

)

Sci China Math June 2016 Vol. 59 No.6

All indecomposable isomorphic classes of (o/',G") are given by the following list:

Sn+3 MngJr?
Snt+2 1 0
Cp:n 3 1
n+2 0 0
M. 1 0
X (n3n)%

Sn+3 M§r+2
Snt2 1 0
Cy:n v1 1
n+2 0 0
M3 1 0
X (nuimm)s
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Sn+3
S v S
(5) gn+1 1 , gn+1
X (vnm)
Sn+3
Cy:n v Cp:n
(6) n+2 0, n+2
X (nv)
Sn+3
S v S
(1) s 1, s
X(vn)

Sn+3 Mglr+2

U1 1
1 0
X (vimm)”
+2

sns My
U1 1
0 0
X (nv1)”

X(vim)"

Sn+3
S™ v
Sntl 1
M3 1
X (vinn)s
Sn+3
Cp:n V1
n+ 2 0
M 1
X(nv1)s
Sn+3
S v1
Snt2 1
M 1
X (vin)s

Sci China Math June 2016 Vol. 59 No.6

Sn v1 1
gntl 1 0
M3 1 0

X (vimm)3

Sn+3 Mglr+2

Cp:n V1 1
n+2 0 0
M 1 0

X(nv1)s

3 n+2
LRI Vi

sn V1 1
Snt2 1 0
M, 1 0

X(vin)s

where v € {1,2,3,4,5,6} CZ/24 or Z/12 , vy € {3,6} C Z/24 or Z/12 and r,s € Ny.

st CLAEI Vi
sm sm 1
(IIT) c "
X(v) X(v1)"

where v € {1,2,...,12} C Z/24, v1 € {3,6,9} C Z/24 and r,s € N.

Sn+2
gntl 1
Iv) (1) ;
X(m)
n+3
Sn+3 S
gnt2 1
Snt2 1
(2) . MR 1
X(n2)
X(n2)s
Sn+2 Sn+2 M;,+2
S 1 S 1 1
(3) : ;
X (mm)o X(mm)y
n+3
Sn+3 S
gntl 1
Sntl 1
(4) ;MR 1 ;
X (mmh
X(mm)1s

where r,s € Ny.

Sn+3
v1 Sn
1, ML
X(v1)s

3 +2
st Mgy
U1 1
1 0 )

X(v1)§

S
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It is easy to recover the polyhedra from the matrices listed in Theorem 6.3. For example,

gnt2 1 0
Cy:n 3 1
n+2 0 0
MZ 1 0

X(n3n)s

represents the cone of the map S"13 v M;T“ — S"t2 v C, v ML corresponding to the matrix. Since
SNV Cy v Mg = (S"?V 8"V S U, T2 Uy, s €T, we get that the polyhedron corresponding
to this matrix is ("2 Vv §™ v "V S, e U e €T Uy piingrint €7 Uiy1a,sr €74, where
i Xy — \/j X is the canonical inclusion of the summand.

Finally, from Lemma 5.4, Corollaries 5.3 and 5.5, we obtain all the 2-torsion free indecomposable

homotopy types of A{B, which completes the proof of Theorem 2.5 (Main theorem).

7 Concluding remarks

In this paper, using the well-known results about homotopy classes of maps between Moore spaces and
suspended complex projective space and their compositions, we succeed in classifying indecomposable

Fﬁ@) polyhedra. However, the corresponding classification problems for the cases Fs oy and FS(Q) are

still open. We hope to return to this issue in the future publication. On the other hand, from the previous
remark, it is crucial to understand globally a collection of spaces as a subcategory of homotopy category
of spaces. We will focus on this point in the future works.
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