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Abstract In the one-dimensional space, traveling wave solutions of parabolic differential equations have been
widely studied and well characterized. Recently, the mathematical study on higher-dimensional traveling fronts
has attracted a lot of attention and many new types of nonplanar traveling waves have been observed for scalar
reaction-diffusion equations with various nonlinearities. In this paper, by using the comparison argument and
constructing appropriate super- and subsolutions, we study the existence, uniqueness and stability of three-
dimensional traveling fronts of pyramidal shape for monotone bistable systems of reaction-diffusion equations
in R3. The pyramidal traveling fronts are characterized as either a combination of planar traveling fronts on the
lateral surfaces or a combination of two-dimensional V-form waves on the edges of the pyramid. In particular,
our results are applicable to some important models in biology, such as Lotka-Volterra competition-diffusion
systems with or without spatio-temporal delays, and reaction-diffusion systems of multiple obligate mutualists.
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1 Introduction

In the one-dimensional space, traveling wave solutions of parabolic differential equations have been widely
studied and well characterized, see for example, Conley and Gardner [7], Fife and McLeod [13,14],
Gardner [16], Liang and Zhao [36], Mischaikow and Hutson [39], Tsai [51], and Volpert et al. [52]. In
high-dimensional spaces, however, because propagating wave fronts may change shape and evolve to
new nonplanar traveling waves, it is still interesting but extremely difficult and challenging to find and
characterize possible nonplanar traveling waves. From the dynamical point of view, the characterization
of nonplanar traveling waves is essential for a complete understanding of the structure of global attrac-
tors, which usually determine the long-time behavior of solutions of reaction-diffusion equations under
consideration.

Recently, the mathematical study of higher-dimensional traveling fronts has attracted a lot of attention
and many new types of nonplanar traveling waves have been observed for the following scalar reaction-
diffusion equation with various nonlinearities:

0
atu(a:,t) =dAu(zx,t) + f(u(x,t)), xeR™, ¢>0. (1.1)
*Corresponding author

(© Science China Press and Springer-Verlag Berlin Heidelberg 2016 math.scichina.com  link.springer.com



1870 Wang Z C et al. Sci China Math October 2016 Vol. 59 No. 10

For the combustion nonlinearity, Bonnet and Hamel [2], Hamel et al. [23] and Wang and Bu [55] have
studied V-form curved fronts of (1.1) with m = 2. For the Fisher-KPP case, nonplanar traveling wave
solutions of (1.1) with m > 2 have been studied by Brazhnik and Tyson [3], Hamel and Roquejoffre [27]
and Huang [31]. For the unbalanced bistable case (specially for Allen-Cahn equation), V-form front
solutions of (1.1) with m = 2 have been studied by Hamel et al. [24,25], Ninomiya and Taniguchi [42,43]
and Gui [19], cylindrically symmetric traveling fronts of (1.1) with m > 3 have been studied by Hamel
et al. [24,25], and traveling fronts with pyramidal shapes of (1.1) with m > 3 have been studied by
Taniguchi [47-50] and Kurokawa and Taniguchi [34]. Wang and Wu [57] and Sheng et al. [45] extended
the arguments of Ninomiya and Taniguchi [42,43] and Taniguchi [47,48] and established two-dimensional
V-shaped traveling fronts and pyramidal traveling wave fronts, respectively, for bistable reaction-diffusion
equations with time-periodic nonlinearity (see [8]); namely, (1.1) with a nonlinearity f(u,t) such that
fG,)y = f(-,-+T) for some T" > 0. In particular, Sheng et al. [46] have studied the multidimensional
stability of V-form traveling fronts in the Allen-Cahn equation. Multidimensional stability of planar
traveling waves in reaction-diffusion equations has been studied by Xin [58], Levermore and Xin [35],
Kapitula [33], and Zeng [59, 60].

Note that the nonplanar traveling waves obtained in the above mentioned studies are connected and
convex. It needs to be pointed out that the balanced bistable case (specially f(u) = u(1 — u?)), which
is more interesting and complex, has been studied by Chen et al. [6] and del Pino et al. [9,10]. Chen
et al. [6] have studied the existence and qualitative properties of cylindrically symmetric traveling waves
with paraboloid like interfaces of (1.1), which are also connected and convex. In [9], del Pino et al.
have showed a new stationary wave when dimension m > 9, which is a counterexample to De Giorgi’s
conjecture. In [10], del Pino et al. have proved that there exist traveling wave solutions whose traveling
fronts are non-connected, multi-component surfaces, and that there are solutions whose fronts are non-
convex when m > 3. Other related studies can be found by Bu and Wang [4], Chapuisat [5], El Smaily
et al. [11], Fife [12], Hamel [22], Hamel and Nadirashvili [26], Hamel and Roquejoffre [27], Morita and
Ninomiya [40] and Wang [54].

In contrast to the scalar equations, the study on nonplanar traveling waves of systems of reaction-
diffusion equations mainly focuses on two-dimensional V-form curved fronts. Haragus and Scheel [28-30)]
have studied almost planar waves (V-form waves) in reaction-diffusion systems by using bifurcation
theory. Here “almost planar” means that the interface region is close to the hyperplanes (the angle of the
interface is close to 7). By developing the arguments of Ninomiya and Taniguchi [42,43], Wang [53] has
established the existence and stability of two-dimensional V-form curved fronts for the following systems
with m = 2,

?; = DAu + F(u(z,t)), zcR™, t>0, u(x,t)ecRY, N>I, (1.2)

under the following hypotheses:

(H1) D = diag(D1, Ds, ..., Dy) is a diagonal matrix of order N with D; > 0.

(H2) F has two stable equilibrium points E~ < E™, i.e., F(E*) = 0, where 0 = {0,...,0}, and all
eigenvalues of F'(E") have negative real parts.

(H3) There exist two vectors R* = (r, ..., %) with 7f > 0 (i = 1,..., N) and two positive numbers
A* such that F/(EY)RT < —A\*R* and F/(E")R™ < -\ R™.

(H4) The reaction term F(u) = (F*(u),..., FY(u)) is defined on an open domain Q C R is of class
C' in u, and satisfies the following conditions:

OF!

P (u) =0 forall ue[E",ET]CQ andforall 1<i#j<N.
Uj

Furthermore, there exist non-negative constants L;; and L;rj such that

OF"

ou; (W il = BOY + LGB —wi} ™ 20, 4
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for u € [E‘*,E*] C Q, where E- < E- < E* < E* and for any a € R,

_ 0, if a>0,
{a} —{

—a, if a<O0.
(H5) System (1.2) admits a planar traveling wave front
Ul -z+ct)=(U(e-x+ct),....,Un(e-x+ct))
satisfying the following ordinary differential equations:

D;U!" — cU! + F{(U) = 0,
U(+co) := lim U(¢) = EF,

E—+oo

U/>0 on R for i=1,...,N

) )

where £ = e x + ct with e € R™ and |e| = 1, ¢ > 0 is the wave speed.

Here the real vector-valued function w(x,t) = (u1(x,t),...,un(x,t)) is unknown and F’(FE) denotes
the Jacobian matrix of F at E € RY. For two vectors ¢ = (c1,...,cy) and d = (dy, ..., dy), the symbol
¢ < d means ¢; < d; for each i € {1,...,N} and ¢ < d means ¢; < d; for each i € {1,...,N}. The
interval [e,d] denotes the set of q € RY with ¢ < g < d. For some comments on the assumptions
(H1)—(H5) we refer to Wang [53]. In general, the assumptions (H1)—(H4) do not ensure that System (1.2)
admits a traveling planar wave front connecting the equilibria E~ and E*. Therefore, the assumption
on the existence of planar traveling wave solutions in (H5) is standard. A further assumption is that the
wave speed ¢ > 0. It should be pointed out that to determine the sign of the wave speed ¢ for a given
reaction-diffusion system is a very difficult job. Nevertheless, some sufficient conditions can be given for
the positivity of the wave speed ¢ for some particular cases (sce Wang [53] and Alcahrani et al. [1] for
some examples).

It follows from Volpert et al. [52, Chapter 3] that there exist positive constants C; and (1 such that

Ui (£€) — EE| + U] + U/ (£6)| < Cre ™l for €>0 and i=1,...,N. (1.3)

Contrasting to the results of Haragus and Scheel [28-30], which are valid only for sufficiently small s—¢ > 0
(namely, when the curved wave speed s is sufficiently close to the planar wave speed c¢), the results of
Wang [53] hold for any s > ¢ > 0. In particular, the results are applicable to some important biological
models with m = 2 (see [53, Section 5] for details), such as Lotka-Volterra competition-diffusion systems
with or without spatio-temporal delays, and reaction-diffusion systems of multiple obligate mutualists.
Recently, Ni and Taniguchi [41] have established the existence of pyramidal traveling wave solutions
for competition-diffusion systems in R™ (m > 3), which covers the classical Lotka-Volterra competition-
diffusion system with two components. Note that such pyramidal traveling wave solutions in R? are
indeed three-dimensional traveling wave solutions with pyramidal structures and are neither cylindrically
symmetric nor reducible to two-dimensional traveling wave solutions. Also notice that traveling wave
solutions with pyramidal shape for the Allen-Cahn equation (a single equation) are first constructed by
Taniguchi [47] in « € R3. His method is to use the super- and subsolutions technique and the comparison
principle, which is similar to that of Ninomiya and Taniguchi [42]. To construct a suitable supersolution,
a key technique is to construct an appropriate mollified pyramid above a pyramid in R?. Kurokawa and
Taniguchi [34] have extended the argument of Taniguchi [47] and established pyramidal traveling fronts
for the Allen-Cahn equation in R™ (m > 4). Taniguchi [48] has studied the uniqueness and asymptotic
stability of pyramidal traveling fronts established in Taniguchi [47]. For a given admissible pyramid it
has been proved that a pyramidal traveling front is uniquely determined and that it is asymptotically
stable under the condition that given perturbations decay at infinity. Furthermore, the pyramidal trav-
eling front is characterized as a combination of planar traveling fronts on the lateral surfaces and as a
combination of two-dimensional V-form traveling fronts on the edges, respectively. Recently, Sheng et
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al. [45] have developed the arguments of Taniguchi [47,48] and studied periodic pyramidal traveling fronts
for bistable reaction-diffusion equations with time-periodic nonlinearity. More recently, Taniguchi [49,50]
has constructed generalized pyramidal traveling fronts with convex polyhedral shapes.

Though the existence of pyramidal traveling fronts for competition-diffusion systems has been estab-
lished by Ni and Taniguchi [41], the uniqueness and stability of pyramidal traveling fronts still remain
open. The purpose of this paper is to extend the arguments of Taniguchi [47,48] for a scalar equation
to study the existence, uniqueness and stability of traveling waves of pyramidal shapes for the reaction-
diffusion system (1.2) in R? under the assumptions (H1)—(H5). The main method is also to use the
super- and subsolutions technique and the comparison principle. We would like to point out that even
though the main strategy of the current paper is similar to that in [47, 48], it needs new techniques
and many modifications to obtain the expected results due to the presence of nonlinear coupling in the
system which is a nontrivial work. First, because we are treating a coupled system of reaction-diffusion
equations (not a single equation), we have to use the planar traveling wave fronts of the system to modify
the super- and subsolutions of Taniguchi [47,48] so that they can be applied to the system. To reach
this aim, we define two monotone vector-valued functions P(-) and Q(-) and incorporate them into the
resulting super- and subsolutions. Of course, the functions P(-) and Q(:) have been used by the first
author in [53]. Second, as seen in the following, the super- and subsolutions constructed later cannot
be bounded from above by ET and from below by E~, which results in the comparison principle on
[E~, ET] (see the first part of the condition (H4)) being invalid for the supersolutions and subsolutions.
This is very different from the case for a single equation. Therefore, we construct an auxiliary system (2.1)
to help our analysis for the below (1.4), which is the traveling wave system corresponding to the original
reaction-diffusion system (1.2). The auxiliary system (2.1) with nonlinearity G(u), which has been con-
structed by Wang [53], admits the comparison principle on an interval [E~, E*] larger than [E—, E*].
In particular, G(u) = F(u) for w € [E~, E1], and a solution of System (2.1) with nonlinearity G(u)
bounded in [E~, E™] is also a solution of System (1.2) with nonlinearity F(u). Third, we prove the
asymptotic stability of the pyramidal traveling front established in Section 3 by considering two cases,
u® > v~ and u® < v, respectively. See below for the definitions of u® and v~. Note that we prove for
the later case by using an argument similar to that in [43,53], which is different from that in [48], where
an estimate from below for the solutions of the initial value problem is required.

In the following we state our main result in this paper. Throughout this paper, we always assume that
the assumptions (H1)—(H5) hold and let m = 3 and ¢ > 0. For any ej, e, ..., ex € RY, define

k
e; = min e;1,..., min e and e‘:(maxe ., max e )
/7\1 J <1<j<k I Gk ]N) \/ 7 1<k G r N
where k € N. For ¢ = (cy,...,cn), denote |¢| = \/Zz L 2. For any bounded u € C(R3,RY), define

ullcms) = sup [u(z)].
zER3
Fix s > ¢. We assume that solutions travel towards the —z3 direction without loss of generality. Take
u(z,t) =v(x' z3 +st,t), = = (v1,72), x= (2 ,23).

Then we have

ov ov
= DAv — F R3 1.4
o v 583+ (v), zeR’ >0, (1.4)
v(x,0) =v%(x), xR (1.5)
We seek for V(x) with
L[V]:= —DAV + S&‘V —F(V)=0, xcR> (1.6)

8])3
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Let n > 3 be a given integer and m, = \/326_02. Let {A; = (Aj, Bj)}7_; be a set of unit vectors in R?
such that
Aij+1—Aj+1Bj >0, 7=1,2,...,n—1, A,By — A1B,, > 0.

Now (m.A;,1) € R? is the normal vector of {z € R® | —z5 = m.(A;,z’)}. Set

3 AN . ! AN . AN . /
hj(a') =m.(A;,2) and  h(z') = max h;(z’) =m. max (A;,z’)

for ' € R?. We can obtain that h(z’) > 0 for ' € R? and limp_, infjp > g h(2') = co. We call
{z = (2/,23) € R® | —x3 = h(x')} a three-dimensional pyramid in R3. Letting

Qj = {2’ e R* | h(x') = h;(=")}

for j =1,...,n, we have R? = Uj=1 ©;. Denote the boundary of Q; by 9Q;. Let

E = O 09;.
j=1

Now we set
S; ={x € R?| — a3 = h;(z') for ' € Q;}

for j=1,...,n, and call U;.lzl S; C R® the lateral surface of a pyramid. Denote
ry=5n84, I'n=5.n8, j=1,...,n—1.

Then I" := U?Zl I'; represents the set of all edges of a pyramid. Define

v (z) = U(;(xg + h(w’))) — max U(z(xg + hj(x'))>

1<gsn

and N
D(vy) = {x € R? | dist <:1:, U Fj> > 7}
j=1

for v > 0. We note that the above setting on a pyramid comes from [47]. The following theorem is the
main result of this paper.

Theorem 1.1.  Assume that (H1)-(H5) hold. Then for each s > ¢ > 0, there exists a solution
u(x,t) = V(a',x3 + st) of (1.2) satisfying (1.6), V() > v~ (x) and

lim sup |V(z)—v (x)|=0. (1.7)
T e D(y)

Furthermore, for any u® € C(R3,RY) with u®(z) € [E~, E] for x € R® and

lim sup |u’(z) - V(x)| =0, (1.8)
T xeD(v)

the solution w(x,t;u®) of (1.2) with the initial value u® satisfies

tlirgoﬂu(-,-,t;uo) _V('7'+St)||C(]R3) =0. (19)

Following Theorem 1.1, we can see that the function V satisfying (1.6) and (1.7) is unique. Following
(1.7), we know that the nonplanar traveling wave V' has pyramidal structures and is characterized as a
combination of planar traveling fronts on the lateral surface. In the following, we call V(a’, 23 + st) a
pyramidal traveling front of (1.2). In the end of Section 4 (see Corollary 4.18), we further characterize
the pyramidal traveling fronts as a combination of two-dimensional V-form waves on the edges of the
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pyramid. Note that when N = 1, namely, when System (1.2) reduces to a scalar equation, the result of
Theorem 1.1 has been obtained by Taniguchi [47,48].

The rest of this paper is organized as follows. In Section 2, we give some preliminaries which are needed
in the following sections. Theorem 1.1 will be proved in Sections 3 and 4. More specifically, we show the
existence of a pyramidal traveling front V' of (1.2) in Section 3 and prove the asymptotic stability of the
front V' in Section 4. In Section 5, we apply Theorem 1.1 to three important models in biology, namely,
a two-species Lotka-Volterra reaction-diffusion competition system, a two-species competition system
with spatio-temporal delays, and a reaction-diffusion systems of multiple obligate mutualists. Finally in
Section 6, we present some discussions of this work.

2 Preliminaries

Associated with System (1.4)—(1.5), consider the following initial value problem:

ou ou 3
o = DAu saﬂ33 +G(u(z,t)), xR, t>0, (2.1)
u(0) = u® € C(R®,RY) N L>®°(R3,RY), (2.2)

where G(u) = (G'(u),...,GN(u)) with G*(u) = F'(u) + H (u) + H. (u) and
Hi(u)= > Lij{ui—E 7} (- E}),

1<GN, j#i
H (u) = Z L;’;{Ej —u; b (uy; — E;')
1N, j#i
fori=1,...,N. It is obvious that G(u) = F(u) for u € [E~,E™"].
In this section, we establish a comparison theorem for the auxiliary system (2.1) and give the relation-
ship between solutions of (1.4)—(1.5) and solutions of (2.1)-(2.2). Then we obtain a mollified pyramid
which was constructed by Taniguchi [47].

Definition 2.1. A continuous vector-valued function w is called a supersolution (subsolution) of (2.1)
on R? x Ry if u;(-,t) € C*(R?) for t € (0,00), u;(zx,-) € C(0,+00) for & € R?, and u satisfies that
0

Nu] := (,;; —DAu—i—sg;; —-G(u) =20 (£0)

for all z € R3 and ¢ € (0, 0).
Following Wang [53], we have the following theorem and corollaries.
Theorem 2.2.  Assume that (H1)—(H4) hold. Suppose that u™ and w™ are supersolution and subsolu-
tion of (2.1) on R3 x Ry, respectively, and satisfy u*(z,t) € [E~, E*] and u™ (z,0) < ut(x,0) for any
x €R3 and t > 0. Then one has u™ (x,t) < ut(x,t) for any ¢ € R and t > 0.
Corollary 2.3.  Assume that (H1)—(H4) hold. Suppose that u™ and u™ are supersolution and subso-
lution of (2.1) on R3 x Ry, respectively, and satisfy u¥(x,t) € [E~,EY], u=(z,t) € [E~,E"] and
u (z,0) < ut(x,0) for any * € R and t > 0. Then for any v° € X with v%(z) € [E~, E7|
and u=(z,0) < v0(z) < u'(x,0) for any = € R3, the solution v(x,t;v°) of (1.4)—~(1.5) satisfies
u (z,t) < v(z, t;0°) <ut(x,t) and E- < v(z,t;v°) < EY for any ¢ € R3 and t > 0.
Corollary 2.4.  Assume that (H1)—(H4) hold. If vi and vy are a pair of supersolution and subsolution
of (1.4) on R3 x Ry with E* > v1(+,0) > va(+,0) = E~ on R3, then vi(x,t) > va(x,t) on R3 x RT.
The following lemma can be proved as in [53, Theorem 2.2] via using the results of Martin and
Smith [38].
Lemma 2.5.  Assume that u* € C(R? x [0,00),RY) solve the following linear system:

9 + _ + _ 9 + + +
P = DAu saxgu + H* (z, t)u™(x,t),
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u®(0) = w0 € O(R3 RY) N L= (R3, RY),
where H* (x,t) = (hf;(w,t))NxN, in which hf;(w,t) € C(R® x Ry,R) N L=®(R3 x Ry, R) are matriz-
valued functions and satisfy hfj(w,t) >0onR*x Ry fori#j. If HY (z,t) > H (x,t) and ut°(x)
>u"%x) >0 for any x € R® and t > 0, then ut(z,t) > u (x,t) forx € R3 and t > 0.

Let p(r) € C*°[0,00) be a function with the following properties:

p(r) >0, pr(r)<0 forr >0,
p(r) =1,

p(ry=e"", if r > 0 is large enough, say r > Ry,

/ Al )dz’ = 1.
R2

if 7 > 0 is small enough,

Assume Ry > 1 without loss of generality. We have [, p(|'|)da’ = 27 [;° rp(r)dr.
Put p(x’) = p(|2']). Then p : R* — R belongs to C>(R?) and satisfies [o, p(x')dz’ = 1 and (p *
hj)(x') = h;(z') for ' € R? and j = 1,...,n. Here the convolution p * h; of p and h; is defined by

(p*hj)(a') = /2 p(y)hi(x' —y')dy'.
R
For all non-negative integers j; and js with 0 < j1 + j2 < 3, we have
|DIr D2 p(x')| < Mip(x') forall ' € R?
97

5..0%
ox;

Define ¢ = p * h, namely,

where DJi = , M7 > 0 is a constant.

o) = [ ota =y i)ty = [ oy e’ ~ )y (23)
for ' € R%2. We call —z3 = ¢(2’) a mollified pyramid for a pyramid —z3 = h(z'). Set

S(x')

~ 1+ |Ve(@)?

where Vp(z') = ( gafl , 88;2 ). The following lemmas come from [47,48].

Lemma 2.6. Let ¢ and S be given by (2.3) and (2.4), respectively. For any pair of fixed integers
J1 20 and ja >0, one has sup,cge | DIt D32 p(x')| < co. In addition, one has

—c, (2.4)

x

W) < p(a') < h@') + 27m. / 2 5(r)r,
[Vo(z')] <ms., 0<S(@) < so— c, Va' €R?
and
Jim sup{S(x’) | ' € R? dist(z’, E) > \} = 0,
)\lijgo sup{p(z’) — h(z') | ' € R? dist(z', E) = A} = 0.

Lemma 2.7. There exist positive constants v, and vo such that

A h / y h /
@)—h@) _ o e@)—hE)
x’ €R2 S(w,) x/ CR2 S(:B’)

In addition, for every pair of integers j1 = 0 and jo > 0 with 2 < j1 + j2 < 3, one has

sup PE DR
x’ €R2 S(.CI:’)
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3 Existence of pyramidal traveling fronts

In this section, we establish the existence of pyramidal traveling fronts for System (1.2) in R®. The main
method is to construct a suitable supersolution v* of (2.1) with v™ > v~ and then take a limit for the
solution v(z, t;v~) of (1.4)-(1.5) with v® = v~ ast — +o0o. The limit function is just the desired front V.
By Corollary 2.3, we have v~ (z) < V(x) < v (x) on R3. The construction of the supersolution v is
a combination of the arguments in [47,53]. In addition, we construct a subsolution v(z) of (2.1), which
will be used to establish the stability of the pyramidal traveling front V' in the next section.

For a € (0,1), set (lyh(ax’) = k(). Define z3 = axs, 2’ = ax’, z = ax, and

T V14 Va2 a1+ V()]

Bk Hazzs = 0, and

() :

Then we have fi,, = \/1+|V1go(z’)

fa, = (V1+|V(2)2) oo — apXi(2),  pas, = aYi(2) — o?pZi(2)),

where

X&) = VLHIVRER ) (V14T
Xi(z’)

T 1+ V(a2

V) = ) (V1 Ve )

0X;
Zi(z) = ' = X2
()=, = XI(=),
and i = 1,2. Set

o(x') =eS(ax'),
where € and « are positive constants, which will be determined later. Then we have
0z, () = aeS.,(2') and 04,4, (x') =a’eS.,., (7)), j=1,2.

Take n* > 0 small enough so that " R~ < RT and T RT < R~. Let P~ :=n"R~, PT := R,
Q™ =R and Q' :=nTR". The assumptions (H2) and (H3) imply that there exist constant matrixes
A* = (i75) such that g;j; (BY) <y foralli,j=1,...,N, APt < —JATPT, ATQT < — A TQ7,
A P < -IA\"P A Q < —-1)\"Q . Define
¢

w(C) = ! (1 + tanh N

ivamS). cen

Let P+ = (pli, e ,pﬁ) and Q* = (qf[, cey qﬁ) Define positive vector-valued functions

P(¢) == (A1), -, Pn(Q)) and  Q(() := (Q1(C); - -, QN (C))

by P;(¢) = w(O)pf + (1 —w(¢))p; and Q;(¢) = w(¢)g; + (1 —w(¢))q;, where i = 1,..., N. It is easy to
see that P(¢) and Q(() satisfy the following:
- (. + /(. 0.— + ‘= min p;
p; <P()<p] and P/(-)>0 onR, p’: 11;1%)3\[])2 >0, po: 12%1%le1 >0,

|P(£¢) — PE| + [P/ (£0)| + |P"(£¢)| < K1e ¢ for ¢>0 and some K; >0,
and

T < 0:()< a” . 0._ - ‘— mi +
¢ <Qi(-)<q; and Qi()<0 onR, ¢ : DX g; >0, qo:  min g >0,

1Q(£0) — QF |+ |Q'(£0)| + Q" (£0)| < Kze™¢ for (>0 and some Ko > 0.

Recall that v~ () is a subsolution of (1.4). In particular, 823”‘ (x) >0foranyz € R3,i=1,...,N.

(3



Wang Z C et al. Sct China Math October 2016 Vol. 59 No. 10 1877

Lemma 3.1.  Assume that (H1)—(H5) hold. There exist a positive constant et < 1 and a positive

function ot (€) such that for 0 <e <et and 0 < a < a™(g),
H(@se,a) = U(p(x)) + P(u(z))o(z')

v

is a supersolution of (1.6). Furthermore,

lim sup |[vT(z;e,0) —v ()] < ple, (3.2)
Y7 zeD(y)
v (x) <vh(mie,a) for xR, (3.3)
0
P vi(x;e,0) >0 for ze€R® i=1,2,...,N. (3.4)
3

Proof.  Firstly, we show that vt is a supersolution of (1.6). Note that v (z';e,a) = U(u(x))
+ P(u(x))o(z') > E~ and {v;” — E; }~ = 0. Therefore, H* (v") = 0. Consequently, we have

Ni[vT] = —D;Av + 88(?5 v — F'(v") — H' (vh)
3

Z Mgc] xj +(p ;(M)ija(xl) +pi(:u)0xj (xl))$7]
(

(1) +pi (wo(@)) | s(Ui(u) + pi(p)o(@'))
L+ [Vip(az')]? V1+lp(az)?
— F'(U(p) + P(p)o(z') = HL (U (p) + P(p)o(z"))

-n,(1- St o ) W 1) + P! (o (a))
2
—DiZﬂszJ(Uz‘,( +p¢( ) —2D; sz ,LLEJUIJ )
- D; sz )0z z;(x") — Dip (p)o (')

5 —c|U! s (o (x
+<\/1+|s0(aw’)l2 ) T plaznp P )

+F(U(w) = FY(U(p) + P(po(a') = Hy (U(p) + P(p)o(z’)).

Let
2 2 1
I’L'l - D7,<1 _/j/xl _/j/xg - 1+ |vg0

oy ) 00+ 1))

2
Lip = —Di(U} (1) + pl (. Zuzm 2D (1) Y 00, (@

2 2
— —aDy(UL() + P (o () [Z Yi(2) —any Z](z')]
j=1 j=1

2

/ Qozj —a e,
— 20eD;p; (1) ; <\/1 + |[Ve(2))? uX;(z )> S,
Lo = ~Diplwo) + ) ppsen+ SPESE)

V1+ V(o) V1+IVe(z)?
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2
Iy = —D; Zpi(/ﬁ)o'xjxj (w/) = —0425Dipi(M) Z Szj'zﬁ
j=1

Jj=1

o= ( S e e)Uil) = S0,

Lig = F'(U(n) — F'(U () + P(p)o(x')),
and
Iy = HL(U(p) + P(p)o(z")).
By Lemmas 2.5 and 2.6 and direct calculations, we have
Iin(2) Iix(2)
S(ax’) S(ox’)

Lia(2')
S(az’)

< Cpa and  sup < Cpa?

x’' €R2

< Cia, sup
x’ €R2

sup
z’ €R2

for 0 < o < 1and 0 < e < 1, where C;1, C;o and Cj4 are positive constants independent of o and &,
i=1,...,N.
For v € RY and r > 0, we define B,(v) := {u € RV : [u —v| < r}. Now by the definition of ufj, there
exist a sufficiently small positive constant
. Po qo 1 . + _
€ < mln{ 4404 1gg1N(Ei - E; )}

and a positive constant k such that

OF" o~
9 (u) < ufj forall we€ B460(Ei) C|E ,E"] andforall i,j=1,...,N,
L]
a 3.5
Zuf;rjé—m*i for r:(rl,...,rN)ERfﬂBQEO(Pi) (3.5)
Jj=1
or r = (7"1,.. .,TN) S Rf ﬂBQEO(Qi).
Take D = maxigicn Dy, L™ = maxigj<n Ly; and LT = maxigi j<n L;; Using the fact that

U(xr) — E* as x — +o0 and the properties of P(z) and Q(x), there exists a sufficiently large constant
M > 0 such that

U(@x) - E"|<¢ and |U(z)—ET|< Sp’(j](\?(()L_Jref)i—)l) for x> M,

[U(z)—E | <e¢ and |[U(x)—E"|< SQIZJ(\(/%(()L_?-)U for < —-M,

|P(z) — P*| < e and |P(z)— P*|< 8p§](5(()L_fi)l) for x> M,

|P(x) - P |<e¢ for 2<—-M, |Q(x)-Q"|<e for z> M, (3.6)
Q) - Q1< o = and QW) - @ <a for a< -,

|P!(z)| < 8185(])0 —¢) and |P(z)] < 81D/f(p0 —¢€) for |x|> M,

|Qi(z)| < 8185(% —¢) and |Qf(z)| < SDK(QO —€) for |z|> M.

For € € (0,¢0/(Np°s)), we have vt (x;¢, ) € [E—, E*] for & € R®. Furthermore, take

. 1 . + "@(pO - 60)
€ < min { 2pOsN 1£I<HN{Ei Ui(M)}, SsN(L++1)(p)2 [ (3.7)

For |u(x)| > M and 2’ € R?, we have

! / 1
[Tis| < eDilp] ()]S(Z') + eslpi()IS(2) < erlpo — €0)S (2').
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Since
Noo
== (( X2 g PO + 0PGS0 ) 5(2)
"
> (X w0 (=) > w)eS (=)
j=1
> k(pf — 0)eS(2)
and
L= S LEE - Usw) - eps(n)S())(Us () + eps()S(') — BF)
=1, Niji
< YL ELpi(wp(w)SP(E)
=1, Niji
< ;ﬁ(po —€0)eS(2")

for p > M and 2’ € R? due to (3.5)—(3.7), we have
Nilvt] =TI + Lig + Lis + Liu + Lis + Lig — Iiz

1
2 S(Z/) |: — Cﬂa — 07;20[ —

45(2?0 —€0)e

1
- Cuaa 4 klp} — eo)e — rlon — ol
1
> [ —(Ci1 + Ciz + aCis)a + 2/<;(p:r - 60)5] S(z') >0
for u(z) > M and 2’ € R? provided that

o < min w(pi <o) £
1<isN | 2(Cit + Cia + Cia) |

By (3.7), we have that I;7(x) = 0 when p(z) < M. Then using an argument similar to that for p(z) > M,
we have N;[vt] > 0 for u(x) < —M and 2’ € R? provided that

o < min ~pi =€) €
1<isN | 2(Cit + Cia + Cia) |
Let o
Mij = sup Fl(u)‘ (38)
ue[E_7E+] 8uj

and Cig = Z;vzl Mijp;r, i,j=1,...,N. Then |I;s] < CigeS(2’) for all 2z’ € R%. Take a constant C;3 > 0
such that |I;3| < Ci3eS(2’) for all 2/ € R?, i =1,..., N. Let

p = min Ul(x) > 0.
o | <M, 1SN

For |u(z)] < M and 2’ € R?, we have

Nilvt] =L + Lo + Lis + Lia + Iis + Lis
> S(z')[—Cﬂa — 07;20[ — Ci3€ — Ci40¢2 +p* - Cw&] > 0.

Up to now, we have showed that v™ is a supersolution of (1.6) provided that

*

o B
€ < min b and « < min min{p*, £(po — €0)e}

1<i<N 2(Cyz + Cig) 1SN 2(Cyp + Cia + Cig)
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Now we prove the inequality (3.3). It suffices to prove

Ui<c(x3+hj(w’))><vi+(a:;z-:,a) forall i=1,....N and j=1,...
s

When p(x) > (23 + hj(x')), it is easy to get

U; (z(xg + hj(a:’))) < Ui(p(x)) < ’U;_(il:; £, ).

Assume that .
pl) < (e + ().

By the definition of u, we have

(s + by (@) >

V1+[Velaz)? V14 [Ve(aa!)?
It follows that hj(z") ()
(! 5 —c o E) el
(xg—l-hj(fli ))<\/l+|vsﬁ(zl)|2 ) < a\/1+|V<p( )|
namely,
y. s 1 hj(z") — @(z').

T3 + hj(w ) < o \/1 n |V<p(z’)|2 S(z/)

By the definition of v, we have

S L e e
" hia) = hil2) < W) < ol
we have
o wse,a) = U SGoa + hy(o)
~0( 3 ettene) T (1 ) S
-U; ( z3 + hj(x')) )
>0y gmeans) * (s |vii )3
v, < 2+ Iy )
Since
v (JlxiTVhw az')| > Ui< 7 ¥ o >
= (3 + hy(@ ))SS(aac
« /01 U{((asg + hj(:zz'))(\/l N |V9<p(oza:’)|2 +90- 0)>)d9,
we have

v (e, a) — U (Z(xg + m(:ﬂ)))

w3+ yelax’) asthi(al) + Je(ox’) — (')
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> epoS(aw’) + (s + hy(a')) | S(oa')

« /01 U;<(a:3 + hj(:zz'))(\/l N |V9<p(aw’)|2 +0- 0)>)d9.

Note that
c 0 c

< +
s V/1+[Velaz)? s

Consequently, we have

(1-60)<1 and z3+h;(z') <O.

ot @ieoe) = U Sl 4 1))

> epoSlaa!) + (s + hy(@) | S(o)

x/ol U{<(x3+hj(a:’))(\/1+|v‘9¢(aw,)|2 +§(1—9))>d9

S(az’ s o
2 (a ) [(1‘3 + hj (m’))Cle_ o lesthg ()] + Sﬁpo]
s
S(ax! C
s Sla@) [ _sCy sup  ze-17l +S€p0]
§ L cb E>C2’{1f*1
! [ 2 621/
> S(az') [ sCicrip o sapo]
s | b sa
S ol C c2vB
_ Slax') [ an -t sepo]
S L a
>0

provided that v < a*(e), where 0 < a*(e) < 7 5 satisfies

Cl/lCl _ 2181
e s

SEpy — a >0 for a<a’(e).

Now we prove (3.2). Tt is sufficient to show that

lim sup
17 zeD(y)

Uiu(a) - Uy SGaa + i@ )| =0

forall j =1,...,N. Assume the contrary for somel € {1,..., N}. Then there exist a positive constant €’
and sequences {Vx}ren C R and {zy }ren C R? such that

leIEO Ve =00, @ € D(v) (3.9)
and
Up(s)) — U (jm,g i h(w;»)\ >, (3.10)

where @), = (2,1, 2k,2). It follows that

1 zka+e(z)  _ wns+ @)+, (0(2) — h(2}))
@ y/1+[Ve(z)? V1t Ve(z)P
If limy, o0 dist(x},, E) = 0o, by Lemma 2.6 we have limy_,« [¢(x},) — h(x},)| = 0 and limy_,o S(x}) = 0.

If further xy 3 + h(x),) — *oo as k — oo, then u(xr) — £oo, which again contradicts (3.10). If
zp,3 + h(x)) are bounded for k € N, we have

w(xy) =

lim |p(xy) — z(ﬂTk,B + h(z},))| = 0.

k—o0
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This contradicts (3.10) once more. If dist(x}, E) keeps finite uniformly in &, then (3.9) implies that
limy o0 (1,3 + h(2},)) = oo and limy_,o p(x) = £00, respectively. This contradicts (3.10). Thus, we
have proved (3.2).

Finally, we take

et =min<1 €0 min P min E;r — Ui(M) k(po — €0)
" NpOs 1SSV 2(Cis + Cig) 1<iSN 2Np0s T 8sN(LF +1)(p0)2

and

YN min{p*, k(po — €0)e} .
at(e) = mln{l ir%l<nN 2Cir + Cip + Ciy) ,a(g) .

This completes the proof.

Take ¥ (0) := _m*162 In(1 + exp(—pB2v%)). There exist some constants C} > 0 (i = 2, 3,4) such that

max{‘w(ﬁ‘) — T:f*
max{|y(9)], [¢'(9)|} < Cjsech(B20), for & >0
max{|y" (9)|, [¥" (9)|} < C5sech(B20), for ¥ € R,
o sP(d)
V1+4(9)?

1

m*

)

} < Chsech(B20), for 9 <0

(3.11)
> C4min{l,exp(B29)}, for ¥ € R,

's Vi+w@r < Cymin{l, exp(fad)},  for J € R.

We notice that (3.11) follows directly from [43] (see also [53]).
To establish the existence of pyramidal traveling fronts for System (1.2), we still need the following
lemma which was proved in [53].

Lemma 3.2.  Assume that (H1)-(H5) hold. There exist a positive constant €~ and a positive function
a~(g) so that, for0 <e<e™ and 0 < a < a™ (e),

_ . o x—l—w(az)/oz) B (x—l—w(ozz)/a) b
v(z,zye,a) == U( \/1  (az)? eQ \/1 () sech(fBaaez)
is a subsolution to the following system:

ou 02 9? 0
o = D<8x2u + 822u> — 55U + G(u(z, 2, 1)),

where x,z € R. In addition, we have 51@ >0,i=1,...,N.
We note that

e 1 k@ —e) ot min{Lexp()}
c mm{qO’zqo AU = EXd gn- 1)@ 158y agcr, + o) 8 seen)

and
N Clp . . min{1,exp(9)} . k(g0 — €0)e
a” (¢) = min {1 B ocn + C;Q) B sech() BN o0 + ) f

where €9, q°, go and M are defined as before, Cl;, Cly, Cls, Cls and C} are positive constants. Thus, it is

obvious that
ni(e) | wlass) hi@) | b(aws)
v (xse,0) = U( T ) — EQ( M o ) sech(Baax3)
| V1t axa) V1+ ¢ (axs)? (

is a subsolution of (2.1) on ¢t > 0 and & € R?. Consequently, we have that

] (z;e,0) h(w/)/m*+¢(ax3)/a
- U( V1+ 9 (axs)? )

a:sa =

<:

J=1
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0 (h(w’) Jms + (axs)/ a>sech(ﬁ2a$3)

V1 + ¢ (axs)?
is a subsolution of (2.1) on ¢ > 0.

In the following, we show the existence of pyramidal traveling fronts of (1.2). By the parabolic estimate,
we know that there exists K > 0 such that solutions v(zx,#;v°) of (1.4)—(1.5) with v%(z) € [E~, E™]
satisfy ||v(-,t;0°)|cars) < K for any t > 1. Since v~ is a subsolution of (1.6), we have v(w,ty;v7)
< v(x,to;v7) for all @ € R? and 0 < t; < to. Consequently, define

V(x):= tlgrolo v(x, t;v7) (3.12)
for all z € R3. Tt follows that v(-,¢ ;v~) converges monotonically to V() under the norm || - || oz (R3) S

t — oo. Since V(z) < v (x;¢,a) for any & € R3, by the arbitrariness of ¢ and a, we have

lim sup |V(z)—v (x)]=0. (3.13)
T xeD(v)
Furthermore, following an argument in [44] we know that V() defined by (3.12) satisfies (1.6).
We thus have proved the following theorem on the existence of pyramidal traveling fronts for Sys-
tem (1.2).
Theorem 3.3.  Assume that (H1)-(H5) hold. For any s > ¢, (1.2) admits a pyramidal traveling
front V' satisfying (1.6), (3.13) and v’( ) < V(z) <vt(z;e,a) for any © € R, where 0 < e < et and
0 <a<at(e). Moreover, onehasa Vi(x) >0 forx eR3, i=1,...,N.

In view of the monotonicity of v~ (z) in the variable x3, we conclude that 8(23 Vi(z) > 0 for all z € R3.
Then the strong maximum principle implies the strict inequality.

4 Stability and uniqueness of traveling curved fronts

In this section we develop the arguments of Taniguchi [48] and Wang [53] to establish the stability and

uniqueness of the pyramidal traveling front V' obtained in Section 3. We first prove that (1.9) holds for

ug > v~ and ug < v, respectively. See Theorems 4.13 and 4.17. We then characterize the pyramidal

traveling front as a combination of two-dimensional V-form fronts on the edges of the pyramid.
Consider the following Cauchy problem:

~ 2 0% _ 0 .
w(€777)t) - Dagg“’(fﬂ?aﬂ - Dangw(§5n7t) + ganw(€7nat) - F(w) = 0;

w(E,n,0) = w’(€,n),

where (&,7) € R% ¢ >0,i=1,...,N; w(&n,t) = (wi(&,n,1),...,wNn(En,t)). The following theorem
was established by Wang [53].

Theorem 4.1.  Assume that (H1)-(H5) hold. Then for each s > ¢, there ezists a steady state ®(&,n; 5)
of (4.1) satisfying ®(&,n;5) > v~ (§,7n) and

lim sup | (fa 77) - 57(5777” = 07

R~>oof2+n >R2
_ 2

e =0(irs
Moreover, for any w° € C(R?,RY) with w®(&,n) € [E~ E+] for (&,m) € R? and

P}lm sup |w (&mn) —v (&n)] =0,
00 £24 p2S R2

(4.1)

where

\-/CmQ

the solution w(&,n,t;w°) of (4.1) with the initial value w° satisfies

. ~ . ~0 —
lim (| @(,18°) — 2()l|oE2) = 0.
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For any subset D C R? we denote the characteristic function of D by xp, namely, xp(x) = 1 for & € D
and yp(z) = 0 for & ¢ D. Let h;j(x,t) € C(R®> x Ry) (4,5 = 1,...,N) be given continuous functions
satisfying

0 < hij(a:,t) g Mij, 7 7é j, sup |h7;j($,t)| g Mij, 7= j, (42)
@ER3,t>0

where M;; is defined by (3.8). Consider the following linear system:

3 N
0 .
Z; wi—i—saxgwi—Z:hij(w,t)wj:O, xR t>0,

w;(x,0) = wl(z) € OR®RY)NL2R3RY), xR i=1,...,N.

’L

(4.3)

Lemma 4.2.  Let w(x,t) := (w1 (x,t),...,wn(x,t)) be a solution of (4.3). Then there exist positive
constants A, B and \g such that

max_ sup w;(x,t) < e’ max {0, max  sup w?(w)}, Vit >0,
1<i<N pep3 1SN gep3

ehot min{O min inf wo(:l:)} < min  inf w;(x,t), Vt>0,
1<i<N zER3 1<i<N xzeR3
max_sup |w;(x,t)| < et

i : Vi
1<Z<NEE]R‘3 12’1‘&)( Hwt ||L°°(R‘3)7 > 0

and for any v > 0,

3mA (e -
sup  sup |wi(x,t)| < et S / exp(—Br?)dr max sup |w)(z)|

1<i<N zeD(2) B Jyve ISISN zeD(v)e
A
ﬂ\/ﬂ Mt sup  sup |w?(x)|, Vt>0, (4.4)

T ave” 188
where D(v)¢ = {x | x € R®,x & D(v)}. In particular, one has

3mA [t
sup |w;(zxg,t)| < et S / exp(—Br?)dr max sup |wl(z)|, Yt>0 (4.5)
1<i<N B ﬁt 1IN geR3

for any o € R and R > 0, provided that wl(x) =0 for anyi=1,...,N and x € B(xo,V3R) := {x €
R3 | |x — x| < V3R}.

Proof.  Define @(x,t) = (1 (2, 1), ..., On (2, 1)) by wi(x, t) = 0!, (x, t), where N} := Eivzl Z;\;l M;;
and M;; is defined by (3.8). Then we have

3
0? 0
DiY ), Wits, @+ (M — hi(e, 1)D Z hij(x, t)D
P 8% Oxs Pleyr P (4.6)
w; (@, 0) = wf (z),
where x € R3¢t > 0,7 = 1,...,N. It is easy to show that the constant-valued function w(xz,t) =

(wi(x,t),...,wy(x,t)) defined by

wi(a:,t)zmax{(),lrgliz%vsuﬂ&w?(w)}, xeR3 t>0
XY e

is a supersolution of (4.6). Similarly, the function w(x,t) = (w,(x,1), ..., wy(z,t)) defined by

w; (x,t) Emin{() min _ inf w; (w)}, zeR} t>0
1<i<N zeR3

is a subsolution of (4.6). By Lemma 2.5, we have

min{O min  inf w; (m)} < Wiz, t) < maX{O max _ sup wo(w)}
1<i<N zeR3 1<’L<NwE]R3
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forx € R®, ¢t >0andi=1,...,N. Therefore, for any = € R? and ¢ > 0 we have

’ ’
e min {O min_ inf w!(z )} < wi(zx,t) < e’ max {0 max_ sup wo(az)},
1<i<N xeR3 1<’L<NmeR3

where i = 1,..., N. We have proved the first three inequalities in the lemma for any Ao > \{. We will
determine an exact A\g > 0 below.
Now we prove inequality (4.4). Consider the initial-value problems

d 292 ) N
i
ot DI gl 8 g v+ O ha@ )ul = 3 bl =0,

k=1 Jj=1,7#1

and

0 D282 450 w; + (A — hii(z, 1)) Zh (z, t)w
ot 023" 5 g, Wi T (o~ hul K

Jj=1,j#i

w7 (@.0) = min{o,u%(@)}.

where £ € R®, ¢t > 0 and i = 1,...,N. Tt is easy to show that w} (x,t) > 0, w; (x,t) < 0 and
w; (x,t) < Wi(z,t) < w)(z,t) forz € R® ¢ >0andi=1,...,N. Consider
w; — D; Wi + 5w + Ny — Mi)w; — M;jw; =0, xR >0
7 7 o Wy 7 0 i1 ) Wi ij Wy ) ; )
ot = Ox; Jrs Py ® (4.7)
wi(x,0) = |w](z)|, xR’

By Virtue of w;(x,0) > w (z,0), it follows from Lemma 2.5 that w;(z,t) > w; (x,t) for € R®, ¢ > 0
and 1 < i < N. Similarly, we have w;(x,t) > —w; (z,t) for x € R ¢ > 0 and 1 <i < N. Consequently,
we obtam

| (x, )| < wi(x,t), YecR3 t>0 1<i<N.

Following [15, Chapter 9, Theorems 2 and 3|, we know that there exists a smooth N x N matrix-valued
function ¥ (zx,y,t,s) for ¢,y € R? and 0 < s < t < 2 such that

w(z,t) = » ¥ (x,y,t,0)w(y,0)dy.

Since the coefficients in (4.7) are constants, the matrix-valued function ¥(x, y,t, s) can be rewritten into
Y (x —y,t —s), see [15, Subsection 9.2]. It follows that

’lﬁ((l?,t) = RS ‘I’(CB - yat)ﬁ(y70)dy

for & € R? and 0 < t < 2. Consequently, by the uniqueness of solutions we have

Bz, t)= [ By 1)dy / Ty — o, 1)dys
R3 R3

. / Tyt — g 1)y / Ty — y.t — k)d(y, 0)dy
R3 R3

for any ¢t > 0, where k¥ = max{[t — 1],0} and [s] = max{n : n € Z,n < s} for any s € R. Therefore, we
have

T@t)= [ W@y iy [ W -y Dy [ Wl - Vi
R R R

< W= et = D)ooy W)(0.0) + X (). 0))y
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for any t > 0 and ¢ € {1,2,..., N}. Consequently, we have

N
wi<x,t></ﬂ§32|w Dl [ s - Dl

l,j=1

/ Z Wi (Yk—1 — Y, 1)|dys

l,j=1

W1 (ye — Y, t — k)| XD(y)(y)dy max  sup |w)(y)|
/ng:l ' o LISV yen(y)

N
+/3 Z|\I/ij(w_y1a1)|dy1 /3 > Wy — ya, 1)dy:
RS S

R =1
/ Z Wi (Ye—1 — Y, 1)|dys
B3y =1
Uii(ye —y,t X dy max sup |w’(y)|. 4.8
< Z| ; o Wy s, s (o) (48)

By [15, Chapter 9], there exist positive numbers A >1and B <1 such that

It - _ 2
> |‘1’1j(w—y7t—8)|<A(t—s)éexp(_Blw yl)

- t—s
1<Lj<N
for any 0 < s < 2. Since v < |dist(x, ') — dist(y, )| < | — y| for any & € D(2v) and y € D(v)°, we
have that
/ Z|‘I’” T -y, 1 |dy1/ Z (W15 (y1 — y2, 1) |dy2
lj=1
/ Z U1 (Yr—1 — Yr, 1 |dyk/ Z [W1i(Yr — Yt — k)| XD(y)- (y)dy
l,j=1 l,j=1

< AHl/ exp(—Blz — y1|2)dy1/ exp(—Blyy — yo|*)dy>
R3 R

2
~ s =y —y
/ eXp(_B|yk71_yk|2)dyk/ (t— k)% exp —B| b=yl XD(v)(¥)dy
R3 R3 t—k

) B B
:AHI/ exp | — & -y dyl/ oxp | = lyr — ol ) dye
RS 2 R3 2
B B
I e e R G R
R3 2 R ’

2
1Yk —Y
.-e){p(—B| ];—kl )XD(V)u(y)dy

. .
. t \2 B|z|? § 5l —yl?
< AR / exp | — =] dz / t2exp( - B ==l XD ()< (Y)dy
t—Fk R3 2 R3 t
_ B|z|? i =z —yl?
< AR (1 4 1) (/ exp <— =1 )dz) / 7% exp <— B|w vl )XD(W)“(y)dy
R3 2 R3 t
k 2
. 22 S
< thAk“( \{ W\{ﬂ) / £ 2 exp (— Bl )dy
BVB / Je\B@m t

k a2
< 302t Akt <2\{27r\~/7r> / =% exp (_ B|y| )dy
BVB /) Jyers iz t
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%Aw<2¢mmmA> /jwemx_éﬂyh

BV B Yo

for & € D(2v), where we have used the facts that & = 0 for ¢t € (0,2), t —k < 2, and k < t and
(1+1)% < e for t > 0. In addition, we have

N
/MZI\I/U( -y, 1 Idy1/ ZI% — y2,1)|dys
j=1

l,j=1

N
/ Z Wi (Yk—1 — Yk, 1)|dys /3 > WYk — .t — k) XD (w)dy
R?

lj=1 R% =1

~ . BN\ [t (57 oP
gAk-'rl(l_’_t)g(/ eXp(— 2|Z|2>dZ) / t_gexp<—B|w ty| )XD("/)(y)dy
R3 R3

k a2
< e AR (2\{27T\~/7T) / 7% exp ( - B ==yl )dy
B\/B R3 t
< 2tA7r\/7r<2\/27r\/7rA>
BVB\ BVB

Thus, letting Ao := A\j +2 + 1n(2\/2”\/”i) yields the inequality (4.4). Note that the constants A and B

BVB
are independent of ~.
To prove the inequality (4.5), we need only to replace & and D(v) with o and B(xg, v3R) in (4.8).
This completes the proof.

Remark 4.3. The positive constants A, B and Ao in Lemma 4.2 are independent of the functions
hij(x,t) € C(R®* x Ry) (4,5 =1,..., N) satisfying (4.2).

As in [48], in the following we show that the pyramidal traveling front V' converges to two-dimensional
V-form fronts on edges of the pyramid at infinity. For each j (1 < j < n) we consider a plane perpendicular
to an edge I'; = S; N Sj41. Then the cross section of —z3 = max{h;(x’), hj41(x’)} in this plane has a
V-form front. Let V7 be the two-dimensional V-form front as in Theorem 4.1 corresponding to the cross
section —xg = max{h;(z’), hj11(z')}. We first determine the exact formulation of V7.

Let Ap41:= A; and B, 41 := By. Define

pj = AiBj1 — Aj1B; >0, ;= \/(Aj+1 —4;)?+ (Bjy1 — Bj)* >0, 1<j<n
Take

vj = {m*Aj,m*Bj,l}, j=1,...,n+1.

\/1+

The direction of I'; is given by

Bj+1— B,
Aj—Ajp )

Vitl X Vj =
2
\/m*p] TG ma(Aja By — A;Bja)

and the traveling direction of the two-dimensional V-form wave V7 is given by

m«(Bj+1 — Bj)p;

ma(Aj — Aji1)p;

Vit = vl q]\/m*pj+qj2- 2
J

(i1 X vy) x Y

Let s; be the speed of V7 and 26; (0 < 6; < m/2) be the angle between S; and S;i1. Then we get

sjsinf; =¢, sin6; = \/mip? +q]2»(qj\/1 +m2)7t s = sq4( \/m*pj + qj )7L
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The speed of V7 toward the x3-axis equals

Sj\/mzp?'f'qu/%’ =cyl+m?=s,

which coincides with the speed of V. Let

x1 f f Z1
o | =R | n |, n | =R | = |,
T3 ¢ ¢ x3

where R;r is the transposed matrix of R;. Here we take

Ajpri—A;  me(Bjr1—Bj)p; Bjy1—B;
6 oymiitd e
R — Bjy1=Bj  m.(Aj—Aj+1)p; Aj—=Aja
J 4 aj\/m2pi+q? /m3p?+q?
O q;j _ MPj
Vmipi+a; Vmipi+d;

Define V7 as VI (x) := ®(&,n; s;). Direct calculations show that

0? 0? 0 i 2
—Dia£2c1)i—Dian2¢i+8jan¢)i—F(‘P):O, V(f,?’])ER, i=1,...,N.
Hence, for each j (1 < j < n), VI (z) satisfies (1.6). We call V7 a planar V -form front corresponding to
an edge T';.
Set

Qj = {x € R? | dist(z,T) = dist(x,T;)}, 1<j<n.

Then we have R? = Uj=1 Q. Define

Viz)=\/ V/(a)

1<<n

We have that V(m is strictly monotone increasing in z3 due to the strict monotonicity of VJ(x) in z3.
In addition, V() has the following properties.

)
Lemma 4.4. () satisfies v (x) < V(z) < V() for x € R and

lim sup |V (z)—v (z)| =0. (4.9)

TP geD(y)

Proof. By Theorem 4.1 we have
U(z(xg + hj(m'))) v U<§(x3 + hjﬂ(m’))) <Vi(z), xcR5
It follows that v~ (z) = U(¢(z3 + h(z'))) < V(z) for z € R®. In addition, by
0 (St (@) ) VU (St 1@ < V(e

we get VI(z) < V() for & € R3. Therefore, we have V(x) < V(x) for € R®. Finally, (4.9) follows
from (3.13). This completes the proof.

Assume that v° € [E~, ET] satisfies (1.8). Let

v(w,t;vo) = (Ul(mvt; ,UO)’ cee ,’UN(iB,t; UO))
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be the solution of (1.4) and (1.5). By Lemma 4.2, we have

. t: 0 —V
B 20, (@500~ Vi)
e’\°t37T~A
B

+oo -
< / exp(—Br?)dr max sup |v)(x) - Vi(z)|

;/\3}': 1<1<NwED(’)’)U

A
+7r~\/7r~ et sup  sup |v?(m) — Vi(x)| (4.10)
B\/B 1<i<N xeD(v)

for any v > 0 and ¢ > 0. It follows that

lim max sup |v;(z,t;v°) — Vi(x)| =0 for any fixed t >0,
y—00 1<igNmeD(7)

which implies

lim sup |v(x,t;v°) —v (x)] =0 for any fixed t >0, (4.11)
17 zeD(y)
lim max sup |v(z,t;v°) — VI(x)| =0 for any fixed >0 (4.12)

TTRISISM 2eD () w€Q;

and

lim sup |v(z,t;0°) — V(x)| =0 for any fixed ¢ > 0. (4.13)
T weD(y)

Now we state a proposition which plays a key role in the following estimates.
Proposition 4.5.  Assume that v° € [E~, E*] satisfies (1.8). For any given £1 > 0, one can choose
T* > 0 large enough such that

lim max sup  |v(z, ;%) — VI(z)| < &1 for any fired t>T*. (4.14)
R—o0 1<j<n |w\2R,w€Q‘7‘

Proof.  Set

Aj+ A
Ij;—QijjH—{r( it j+1>}r20}, 1<j<n—1,
Bj+ Bj1

A, + A
In::Qnﬁﬂlz r 7“20 .
B, + B
Then I; is the projection of I'; onto the x;-z5 plane and U?Zl 1I; is the projection of I' onto the z1-z»
plane.
Fix j € {1,...,n}. Without loss of generality, we assume that € Q; as |z| — oco. Since (9/9xz1)?

+ (0/0z2)? is invariant under rotations on the x1-z2 plane, we assume Q; N Q11 = {(0,22,0) | 22 > 0},
(4;,B;) = (A, B) and (Aj41,Bj41) = (—A,B), where A > 0, B > 0 and A% + B? = 1. Two planes
S;jt1 and S; are —xg = m.(—Ax; + Bxy) and —z3 = m.(Ary + Bzs), respectively. The common
line I'; of them is 1 = 0, —xz3 = m,Bxy. The projection of @); onto the zi-z5 plane is given by
{z2 > alz1|,21 = 0} U {xe = blz1],21 < 0} for some a > 0 and b > 0.

By the assumption on v°, we have

lim sup
Y7 zeD(y),2€Q;

’UO(CB) - U(j(xg + myBxo + m*A|x1|)> ‘ =0.

The unit normal vector of the common line I'; directing downwards and lying on the plane {z; = 0} is
given by

0
m.B

-1

1
V/1+m2B2
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Since 26; is the angle between S; and S;11 (0 < 6; < 7/2), we have that sin6; = \/1 +m2B2/,/1 +m2.
In this case, we make a change of variables as follows:

-1 0 0 T
myB 1
L/ V1+m2B2  \/14m2B? Z2
C 1 _ m, B T3
\/1+m332 \/1+m332

Then we have

s2 — ¢2
U(;. (77+ \/ ]C |€|>> = U(g(ﬂ?B + m. Bz +m*A|x1|)>,

J

S

\/1+;n$B2' It is obvious that

where s; =

x3 + my By )

Vj(x):¢(€7n78]):¢<_xla \/1+m23278j

is a solution of (1.6). Let W (£,n,t) = (W1(€,n,t; WO), Wi (€,m,t; WO)) be the solution of

0 - 0% - 0% 0 = =
W-D__W-D_ W . W —-F(W)=0, .n) eR? t>0,
ot o~ Do oy W)=0, &n) (4.15)
W(&,n,0) =W (&m), (§n) € R
Taking WO(x) = WO(—xl, f}fﬁmfgj), we have that W (x, t; W°) = W (&, t; WO) satisfies
0 0 3
W — DAW + s W—-FW)=0, zcR’, >0,
ot Ox3 (4.16)
W(z,0) = Wo%x), xR
Utilizing (4.9) and the assumption on v°, we have
lim  sup [v%(x) — Vi(x)| =0.
Yoo mED('y)ﬂQ]
Choose functions ¢;(-) € C(R) N L*(R) (: =1,...,N) with
g = sw |(@)-V/(2)| for y>1,
z€D()NQ;
sup  |v)(x) — VZ](.’I:)| <g(V)<EM-E +1+ |09 — E ||pemsy for 0<vy<1,
z€D(v)NQ;
gi(v) <0 for 0<vy<l1,
9:i(v) = gi(=7) for yeR,
It is obvious that g;(v) is monotone nonincreasing in v > 0 and satisfies lim_, o g;(y) = 0. Since
1 2 B2 2 *B 2
dist(z,T") = dist(x,T';) = \/( +miB2)er + (73 + m.Brs) for x e @y,
V/1+m2B2
we have, for € ();, that
i 1 2 B2 2 *B 2
|v?(x) _ sz(w” < gi(dist(w,F)) _ gi(\/( + mg )$1 + (x?, +m $2) ) (4.17)
\/1 + m2 B2

We study (4.15) for WH0(&, ) = (W0 (&, ), ..., Wi *(¢,m)) with

W, 0(¢,m) == min{®,(&,n; 5) + 9:(\/€2 + 12), B} }
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and
W, (&, m) = max{®;(&,m;8) — 9:(VE2 +n?), B} },
which is equivalent to studying (4.16) for W*:0(x) = (Wli’o(a:), ce Wio(w)) with

. i 1
WH0(x) ;= min {Vi] () + g <\/m% + |4 m2B? (x3 + m*Bx2)2> , E:r}

and

respectively. Then we have

lim  sup  [W0(&m) — ®i(&mssy)| =0, i=1,...,N.
R—00 g2 pas go

For s; = applying Theorem 4.1 we have

S
V1+m2B2’

; 1 T/ E0y ce. _
tli}’goHW(gan7t7W ) @(577’]7 S])||C(]R2) 0,

which implies that limy o |W (z,t; W) — Vi(z)||cgs) = 0. Take T; > 0 large enough such that

, €
sup | W (-, t; WH0) — VI0)lems) < !

4.18
Sup 5 (4.18)

Put vt (z,t) = v(zx, t;v°) — W(x,t; W), Then vt satisfy

0 0? 9? 0? 0\ +
(8t _Diﬁx% a Di@x% _Di(‘)a:% * s(‘)a:g)vi (@.1)

N
+ kz: </ 8uk Ov(x,t) + (1 — O)W (x, t; Wi’o))dﬁ) v,:f(w,t) =0, =R t>0,

=1
v (®,0) = v (@) = W (x), @R

respectively. In particular, from (4.17) we have v*(z,0) < 0 and v~ (z,0) > 0 for € Q;. Let 9% (x,t)
be defined by

o o o2 2 9N\
(8t _Diﬁx% B Di@x% _Di(‘)a:% + s(‘)a:g)vi (1)

+ </ 5 Fi(fv(z,t) + (1 — O)W (x,t; Wi’o))da) o (z,t) =0, =R >0,
up,
k=1
of (2,0) = max{v; (x,0),0} and 9; (x,0) = max{—v; (x,0),0}, =R

It is easy to see that ©F(z,0) > v'(x,0) and -0~ (x,0) < v~ (x,0) for x € R3. By the comparison
principle we obtain

v (z,t) <ot (z,t), —0 (x,t) <v (x,t), VxR ¢>0. (4.19)

Notice that |95 (,0)| < 2(E;” — E;) + 1 for & € R? and ¢ (z,0) = 0 for « € Q;, where i = 1,..., N.
Applying the inequality (4.5) to ©*(x,t), one has

+oo

A _
0< i (x,t) < (2 max (B — E) + 1)e)‘°t 37[ / exp(—Br?)dr, Yt >0,
1<i<N B )
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if z € Q; and V3R < dist(z,0Q;) for i = 1,..., N. It follows that

lim sup 0?(:1:,0:0, i=1,...,N
R=o02eq; dist(2,0Q,) >R

for any fixed ¢ > 0. Applying this equality, (4.18) and (4.19) to v(z,t;v°) = v*(x,t) + W (x,t; WO), for

given t > T; we can take a constant R; > 0 large enough such that

i [v(@ ") = V(@) << (4.20)
zeQ;, dist(x,0Q;)=R;

Thus we have obtained the estimates on @); for given j.
Set

T* .= max{Ty,...,T,}.
Fix t > T*. Let R := max{R1, Ro, ..., R,}. From the definitions of ' and @); we get

lim inf dist(z,I') =00 forall 1<j<n.
R—00 |z|> R, dist(x,0Q;)< R

Using (4.12), we have

lim max sup lv(,t;v°) = V7 (z)| = 0.
R=00 ISIS™ 3| > R ze @, dist(2,0Q,) <R

By this estimate and (4.20), we obtain (4.14). The proof is completed.

Lemma 4.6.  Assume that v° € [E~, E™] satisfies (1.8). Let V be as in Theorem 3.3. For any given
€1 > 0, one can choose T* > 0 large enough such that

lim sup |v(zx,t;v°) — V(x)| <e1  for any fivzed t>T*. (4.21)
In particular, one has
lim sup |V(x)—V(z)| =0. (4.22)

Proof. By taking v = V in Proposition 4.5, for any €; > 0 we have

lim max sup |V(x)—VI(z)| <er.
R—oo 1<j<n |w\2R,w€Q‘7‘

Due to the arbitrariness of €1 > 0, we obtain the equalities (4.22) and

lim max sup |V(z) - Vi(z)| =0.

R—o0 1<]<n ‘w|>R’mer
Furthermore, using the last equality and Proposition 4.5, we can obtain (4.21). This completes the
proof.

The equality (4.22) shows that the pyramidal traveling front V' converges to two-dimensional V-form
fronts ® near the edges.

Lemma 4.7. Let V be as in Theorem 3.3. Then it satisfies

0
lim sup V(z)| =0.
R0 |4 4 h(a')|2R | OT3
In addition, for any § € (0, ¢e) we have
min inf 0 V;j(a:)>0, 1<j<n,
1SN B 45<V) (2)<E;F -5 O3
and 9
min inf Vi(x) > 0. (4.23)

1SN B 46<V; (w)<E —5 073
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Proof.  Note that
0 0

Vi) = , ¥ (&, m; 55),
Oz \/ m2p? + q; on
where § = ((Aj4+1 — Aj)z1 + (Bj+1 — Bj)z2)/q; and

0= (ma(Bjs1 = Bypjo + ma(A; — Aji)pioe + @3ws)/ (a5 m203 + a2).

It follows from Wang [53, Lemma 4.2] that mini i<y ming- s i) <pt s 8‘23 VI (z) > 0.

Now we show that (4.23) holds. Since 8‘23 Vi > 0in R?, 8‘23 V; has a positive minimum on any compact

subset of R?. Thus we need only to study 8‘23% as x| — oo. Fixi e {1,...,N}. Let

Qi ={xeR’ | E] +6 < Vi(z) < Ef —6}.

(2

By (4.22) and (3.13) we have

lim sup |V (z) - Vi(z)| =0,
R=+00 2eB(Q;,2),|z|>R

where B(Q;,2) := {x € R® | dist(z,Q;) <2}, j € {1,...,n}. Then there exists R; > 0 such that

) 1)
sup V() - V(z)| <
z€B(Q;,2),|z|>R; 2

Consequently, we have E; + g <V(x) < Ef - g for x € B(Q;,2) N, with |x| > R;. For any ° € Q;,
we have
lim sup (V) = F'(VI())llo(Bao,2)) = O,
Rotoog0eq; a0k
where p > 3, B(z%,r) := {x € R® | |z — 2°| < r}. Applying the interior Schauder estimate of [17,
Theorem 9.11] to

0

—DiA(V; =V
(Vi ‘/;)—i—s&m

(Vi = V) =F(V) - F(V7) in B(z2), vz'ecQ,
we obtain

li Vi() = VI lwew =0.
RHHJIrloo mOeQSjﬁI;O‘gR” () ! ()”W2 (B(=1))

Therefore, we have
. 0 0
lim sup Vi(x) — f
R—400 zeQ;,|z|>R 8]}3 81‘3

Thus, by virtue of the estimate on V7 there exists R; > R; such that

) 0
_ min } V;(:B) > 0.
z€QNQ,,|x|>R; O3

Applying the above arguments to all j = 1,...,nand i =1,..., N, we obtain (4.23).
Obviously, the assumption |x3 + h(x’)| — oo implies dist(x,I') — oco. It follows that

lim sup |V(z)—ET|—0 and lim sup |V(z)-E|—0,
R—too za3+h(x’) >R R—+o0 z3th(z’)<—R

which yields limg, o SUP|,, 1 (zy =1 |[F'(V(2))| = 0. Applying the interior Schauder estimate to

—D;AV; + s g V;=FY V) in B(z,2), V&cR>,
€3

0
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we have

lim sup sup{||V||W2p(B(m1))|w€R,|x3+h( ) >R} =0
R—o0 00 1<i<N

for p > 3. Therefore, we have

lim sup
R—=00 |pa4n(z))| =R

(9153

This completes the proof.

Lemma 4.8.  Assume that § € (0,¢0). For any = € R? with

E; 40 < Vi(x) = max Vj(m)gE*—é,

1<j<n
we have
. Vi(x!, x5+ 0) — Vi(z o
inf (@, 3+ 0) = Vi(x) > min min inf V(x) >0,
0<0<0o 0 ISGSn IGSN BT 4 3V (2)<BF -3 Oxs

where oo 1s a positive constant depending on § and is independent of x.

Proof. Fixi € {1,...,N}. By the uniform continuity of V, there exists og > 0 such that

5 . 5
E;+2<%(w’,x3+g)<Ej—2 for o€ (0, 00),

if x satisfies B, + 6 < Vi(x) < E;” — 8. For any x¥ = (29,29, 29) € R® with E;” +6 < Vi(2°) < Ef -4,
there exists jo € {1,...,n} such that V;(«°) = V/°(z°). Then we have

V(xlvx%x?,"_g) V;jo(wO)
V (x17x27x3 +9) V;Ljo(wo)
0

V(x(l)vxgax?,"_g) V( )

=0 min Vj0 (x)
E] +g§vj0(m)<E+ s 8$3
. . . 9
>0 min min inf V().

1< 1SN B 43 v (a)<Bf - § O3

Finally, the arbitrariness of o and x° yields the expected result. This completes the proof.
For M > 0 defined in Lemma 3.1, it is not difficult to show that

Ef > E = sup Vi(z) = U;(M)
¢ (zath(z')<M
and
E- < Ui<— M + Cm()) < Ez_ = inf Vi(x)
s S(zzt+h(z')=2—M
fori=1,...,N, where mg = 2wm, fooo r2p(r)dr. In particular, Ezi are independent of ¢ > 0 and a > 0.

By Lemmas 4.7 and 4.8, there exists $3 > 0 so that

0 0
inf f v .
121<DN| (a:3+hr(lm NIKM 8x3V( ®) > fs and 121<nN |u(;n\<M 0xs vi' () > fs

Lemma 4.9.  There exist a positive constant p sufficiently large and a positive constant B small enough
such that, for any 6 > 0 with

. s €0 . + _ ot (po = €o)
d <6 = mm{NpO’lglgnN{on( . — E; )}’ 8N(L++1)(p0)2}5
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W defined by
WH(x,t;0) = V(2,25 + pd(1 — e PY)) + §P(¢H)e P

is a supersolution of (2.1), and for any 6 > 0 with

: €0 . L 7 r(qo — €o)
(S < mm{NqO’lénilgnN { 2q0 (U’L( M) E’i )}) SN(L_ + 1)(q0)2 }7
W~ defined by
W (x,t;0) = V(2,23 — pd(1 — e P1)) — Q(¢ ™ )e P
is a subsolution of (2.1), where
a0~ o) 4 o(a)
V1+|Vo(a)?

Proof. Tt follows from Lemma 2.5 that h(z’) < p(x') < mo + h(z') for all ' € R2. Tt is easy to verify
that there exist constants C;” > 0 such that

1
p 2 2 P - - p < C.Jr, 4.24
FUD, + 1) + P s+ trasea) T Py g | <6 .
" 2 2 ’ " 1 +
) 3 T1T1 ToTo i < C 425
‘Qz (), + 122) + Qi) vy b)) + Q) 10| SO (4.25)

for any a € (0,1] and = € R?, where p is defined by (3.1) and i = 1,..., N. In addition, we can take
M > 0 large enough in Lemma 3.1 so that

PY(1) 1
171 2 2 / i o
Pi (:u‘)(:u‘zl + :u‘zz) + Pi (:u‘)(:u‘ﬂhl’l + Mﬂb’zl’z) + 1 4 |Vg0(04:13/)|2 < 4Dﬁ(p0 60); (426)
" 2 2 / Q;/(M) 1
3 P r1T1 ToT2 - 4.2
‘Q’L (M)(Mxl + ng) + Qz(:u’)(:u‘ 1 + H ) + 1+ |Vgo(ax’)|2 4Dﬁ(q0 60) ( 7)

for any oo € (0,1] and > M or a € (0,1] and pp < =M + $mo <0,i=1,...,N.
We omit the rest of the proof, which is similar to that of [53, Lemma 4.2]. This completes the proof.

Lemma 4.10.  There exists a positive constant p sufficiently large and a positive constant 5 small
enough such that, for any § > 0 with

. . €0 . 1 I K(po — €0)
< +_ 17
<o <mind o min, {o (B G0N (0L
w™ defined by
wh(z,t;0) = vt (x' x5+ pd(1 — e P);e,0) + 6P(1)e P!
is a supersolution of (2.1), where
w3+ pd(1—e P + plax’)/a
V14 [Ve(aa)? .

The proof of the lemma is similar to that of Lemma 4.9. Following [53, Lemma 4.4], we obtain the
following lemma.

Lemma 4.11.  There exists a positive constant p sufficiently large and a positive constant 5 small
enough such that, for any § > 0 with

. e . L 7 r(qo — €o)
1) < min { qO 3 lénilgnN { 2q0 (U’L( M) E’i )}) SN(QO)Q(L_ + 1) }7
w;’s defined by
W;(x,t;6) = U(0) — eQ(0)sech(axs) — 6Q(0)e
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are subsolutions of (2.1), j =1,...,n, where

hy(@') e — po(1 = =) + Y(azg) /.

e= \/1+1p’2(ax3)

Following this lemma, we know that

=

I
-

w(x,1;0) == \/ w;(@,1;6) = U(2) — eQ(g)sech(axs) — 6Q(g)e™""

J

is also a subsolution of (2.1), where

G h(x')/my. — pd(1 — e Bt) + w(amg)/a.
V1 + 92 (axs)

0

In the following we prove (1.9) for the case u’ = v° with v > v~. We further restrict that e <
S

min{e™, 4(;5;’13790} in Lemma 3.1. Then for ¢ € (0,e]) and « 0,a™(e)), let v (x;e,) be as in
Lemma 3.1. Define

V*(z) := lim v(x,t;v)), VaeR3,

t—o00

where v (z;e,a) = v (x;6,0) A ET. Since vt (z; ¢, «) is a supersolution of (2.1), v (z) is a supersolu-
tion of (1.4). Consequently, we have that v(x,t;v]) < v} (z) for any € R3 and ¢ > 0. Then proceeding
the similar argument as to V (), we have that V*(x) is C? in & and satisfies (1.6). Clearly,

V(z) < V*(z), =cR>

Lemma 4.12. Forxz € R®, V*(z) = V(z) holds.

Proof.  Assume the contrary. Namely, V*(z) # V(x). Take § € (°,,0*). By the definition of V*(z),
there exists a sufficiently large A > 0 such that

z3+ A+ p(x)
V1+|Vo(x)[?

Due to Lemma 4.9, we know that the function W (a2, z3 + A, ;) is a supersolution of (2.1) on ¢t > 0.
Thus by Corollary 2.3 we have

vi(x) <V(z 23+ )+ (5P< >, Va € R3. (4.28)

v(z, ;o)) KW (2 23 + A\, t;6) (4.29)

for £ € R? and ¢t > 0. Letting ¢t — oo we get

V*(x) < V(2,23 + A+ pd) for xR (4.30)
Here we first show that
Rli_r}n sup |V*(x) — V(x)| = 0. (4.31)
° |z|>R

It follows from (4.30) that limr— 00 SUP| 4y 4 n(a) > R |V*(x)—V ()] = 0. For x € R?® with |z5+h(z')| < R*
for some sufficiently large R* > 0, there must be dist(z’, F) — oo if dist(z,T') — co. Then by V* < v™
and Lemmas 2.6 and 2.7 we have

lim sup |[V*(x) —v ()] =0.
V7 es+h(a)|<R* @eD(y)
Combining the above arguments, we obtain lim,_ 4~ SUPge D (v) |V*—v~| = 0. Applying Proposition 4.5
to V*, we obtain (4.31).
Define

A:=inf{AeR|V*(x) <V(z,z3+\),Vx c R*}.
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Then A > 0 and V*(z) < V(2,23 + A) for € R3. The assumption V*(z) # V (z) yields A > 0. By
the strong maximum principle of elliptic equations we have that either V;*(x) = V;(a’, x5 + A) for all
z € R® and somei € {1,..., N} or V*(z) < V (', 23+ A) for any z € R?. We conclude that the former
is impossible. In fact, take a sequence {zx! € R?},¢cn satisfying h(z),) — +oco and dist(z,, E) — +o0.
Then by v~ <V < V* < vt we have

m——+oo m——+oo

lim V*(zl,,—h(x,)) =U(0) and liminf V(z), h(:z:’m)+A)>U<§A>,

which contradicts V;*(z) = Vi(z/, x5 + A).
Now we assume that
V* (2, x3) < V(x' 23 +A), VxR

By Lemma 4.7, we can take R, > 0 sufficiently large satisfying

0
2p sup V(x' 23+ A)| < po.
|zs+h(2')|>R.—ps* | OT3

Define
D:={x € R®||z3 + h(z')| < R.}.

We choose a constant €; > 0 sufficiently small satisfying 0 < ¢; < mln{ 5 4p } Utilizing Lemma 4.8, for

x € D we have
. A . A
‘/i<58/,$3+ 2) —V;;(SC/,J)g—l- 4)
0

. A . . . j
> min < og, min  min inf V2 (x) >0,
4 [ 1<i<n 1<i<N B 420 <V (@) < BF - %0 Oxs

where

1<iKN 1<J<n gep 1<j<nxzeD

do = min min{(;,Ej— max supVJ(w x3+g>, min inf V]( ) — E;},

and g is defined in Lemma 4.10 associated with dg. Thus, it follows that
inf (V;(z, 25 + A — 2pe;) — Vi(z))

xzeD

. A . . ) 0
> min < Qo, min min inf V (w) > 0.
4 ) 1< 1IN gy %0 <y ()< - %0 O3 !

Applying Lemma 4.7 and (4.31), we have that there exists Ry > 0 such that

Vi(x) < V(w',xg + A) SV(z',z3+A—2pe) for €D with [|z]> Ro.

2

Since D N B(0; Ry) is compact, we have V*(x) < V(x',23 + A — 2pey) in D N B(0; Ry) for sufficiently
small ;. Thus,

V¥(x) <V(z',z3+ A —2pe;) in D.
In R?\ D, we have

Vi(x' o3+ A) — Vi(x' 25 + A — 2pey) = 2,061/ D4 Vi(z', 23 + A + 20pe1)df < e1po

for i = 1,...,N. Combining both cases, we have V*(x) < V(x',23 + A — 2pe;) + eg P~ in R?. By
Lemma 4.11 we know that W (z', 23 + A — 2pe1,t;€1) is a supersolution of (2.1). Thus V*(z) <
WH(z' x5+ A —2pey, t;eq) for z € R® and t > 0. Letting t — oo yields V*(x) < V(x', 23 + A — pey) for
x € R3. This contradicts the definition of A. Thus A = 0 follows and we have proved that V*(z) = V (z).
The proof is completed.
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Theorem 4.13.  Assume that (H1)-(H5) hold. Let V (', x3+st) be a pyramidal traveling front of (1.2)
with speed s > c established in Section 3. Assume that v° € C(R*,RYN) satisfying v°(z) € [E~, E*] for
z € R3 v0(z) > v (x) for x € R? and

lim sup [v°(z) - V(z)| =0. (4.32)
17 zeD(v)

Then the solution v(zx,t;v°) of (1.4) with the initial value v° satisfies

Jin o t0°) = V()llcms = 0. (4.33)

Proof.  Let 6 € (0, 52*) be given arbitrarily. Take e € (0, min{e{, is}) Utilizing (4.21), we take
a € (0,a™(g)) such that

v(x, 1;v") < vl (x;e,a) +0pol for =€ R3,

where I is the N x N identical matrix. By using an argument similar to that in Taniguchi [48], we
have that

Jim [fo, t07) = V)o@ =0 and lim o, t07) - V(e = 0.
Take ¢ > 0 large enough such that
vz, tv7) <v(x,t;vf) < V(x)+6pol for x€R® and t >4 (4.34)

Let p and 3 be as in Lemma 4.12 and note that p and 8 are independent of §. We have that w™(z, t;d)
is a supersolution of (1.3). Then there exists £ > 0 large enough so that

v(@,t + 1;0°) < vt (2!, 25 + pd) + de ipI
for any ¢ > 1. Let vy °(x) = vt (', 23+ pd) A E*. Then
v(z,t+1;0°) < v (x) + e MoipoI.

Lemma 4.2 implies that v(z,t + ¢ + 1;v%) < v(=,; v;""s) + 6pol for @ € R3. Using (4.34), we have
v(x, t+1+1;0°) < V(x', 23+ pd) +26pol for € R3. By Lemma 4.9, it follows that v(x, ¢t +1++1;2°)
< Wt (!, x5 + pd, t;26) for t > 0. Therefore, we have

V(z) < vz, t;v°) < V(x', 23+ pd + 2p6) 4+ 20p° < V() + M*6T

for t > t5 :=t+1t+1, where M* > 0 is a constant and is independent of §. Due to the arbitrariness of 4,
we have completed the proof.

0

Now we consider the case that the initial value u® = v° satisfies v° < v~. Define

o €0 I - K(qo — €o)
6, = min { N0 128y 40 G = B) g = 1y (g0)2 }
Take 0 < ¢ < min{e,, éé*, 2?33‘;2 }. Define
v(x) =V (z',z3 — M) and v_(z):=v(z;6,) Vv(2),

where M’ > 0 is a constant specified later. Recall that w is defined in Lemma 4.11. Set

w(x,t;0) =W (2,23 — M',t;0) and w_(x,t;0) := w(x,t;0) Vw(x,t;d).
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Lemma 4.14.  For any positive constant § and any initial function v° satisfying

lim sup [v°—v7|=0 and ’(z)c[E",E"] for xcR?
Y7 xeD(y)

there exist positive constants e < min{e~, 411(5*, 2?33‘;2 b, a<a (e), T" and M' such that

v (x) —0Q" <v(x,T';v°) for = cR3.

Proof.  Clearly, E- < v(zx,t;v°) < E*. Applying Proposition 4.5 with ¢; = 530 and Lemma 4.7,
we have

lim sup |v(x, T* + 1;0%) — V(x)| < %40

: 4.35

where T* is determined in Proposition 4.5. Fix 7/ = T*+1. By (4.35) we can choose a large constant M’
such that
v(x) —6QT =V(x' 23 — M') —6Q" < wv(x,T;v°) for x € R3.

From (4.35) there exists a positive constant Ry such that

0
V(x)— 4QJr <v(x, T;v% for |z| > Ry

Note that h(a
v(x;e, ) < U< (w\)//lﬁ;—,(ﬁfi;)/a> — Q" sech(Baazs).
3
Since w(o(;“) = _m*}lﬁz In(1 + exp(—f2ax3)) < %, we have
_ 25+ h(a') > .
v(x;e,a) <U —€ h .
( ) (m* V1 + 1 (axs)? Q" sech(fams)

It is not difficult to show that there exists R} > 0 such that

x3 + h(z') _5 TR
U<m*\/1+1/1’(04$3)2) 9 SV (@)

3 3 ! / : 1 c _ :
for x € R® with |z3 + h(2’)| > R}. Since a1 () — ¢ as axg — —o0, there exists Ry > 0
such that

3+ h(x’ )

U( T3 + (517) )_ Q+<1}7(£13)
may/1+ ¢ (ax3)? 2

for z € R3 with |z3 + h(2')] < R} and azz < —Rs. Note that Ry is independent of o € (0,1). For

—Ro/a < x5 < R} and |z3 + h(x')| < R, it follows from the definition of ¢ that there exists a small
positive constant « such that

1

vty (avtea)+ h<w’>)

_ In(1 afars
am*ﬂz (L+e )+m*

\/1 + w axs)? h(x'))

In(1 +e/3232))

(o
S 14 w ag)? < - Oém*52
)

U7 <E+qz

Take R} and Ry large enough so that

{xeR® ||| <R} C{x R | —Ry/a < x3 < R, |z3 + h(z')| < R}}.
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Therefore,
v(x;ie,a) — 0Qt <wv(x,T';v°) for x €R3,

Finally, it is clear that
v (@)~ 0Q" = (B(@ie,a) — 3Q) V (v(x) — 5Q™).

This completes the proof.
Take 0 < § < 6,. For € R3, define

v (x) = (x) Vv, x5 — m.pod),
where v° (x) = U(p(x)) — eQ(0(x))sech(axs) with

h(@')/m. — pd +lazs)/a
\/1 + ¢’ (aws)?

In view of w_(x,t; ) < v(x,t + T’;v°), taking t — co we have

o(x) =

v’ (x) < ltlinﬁgv(w,t,v ). (4.36)
Lemma 4.15.  We have
lim inf (v°(z)— v (2,25 — m.pd)) > 0. 4.
RgmlmlgR(v_(x) v (2,23 —mupd)) =0 (4.37)

Proof. Tt is clear that |[v° (z) — V(a', 23 —m.pd)| — 0 as x3 — +o0o uniformly for 2’ € R2. In addition,
one can show that

lim sup [0 (x) — V (&, 25 — m.pd)| = 0.
R—09 |4 ()| >R

It remains to consider |z5 + h(z')| < X3 for some X5 > 0 sufficiently large and 23 < X;. To ensure that

|| — o0, there must be x3 — —oo. By the definition of ¥’ (x) we have

lim sup |9 (x) — v~ (2, 23 — m.pd)| = 0.
R=00 454 h(z/)|<Xz,23<—R

Since v~ (2,23 — mu.pd) < V(x', 23 — m.pd), it follows that (4.37) holds. The proof is completed.

Lemma 4.16.  The limit of v(x,t;v%) as t — co exists and the limit function

Vi(x) = Jim v(z, t;v°)

satisfies L[V =0, v® < VI <V and V2 (x) > V(x', 23 — m.pd) on R>.
Proof. Take v*(x) = v (x) Vv (x). Then v’ < v*. By the comparison principle, we have
t;v*

v(z,t;v’) < w(x,t;v*). It follows from Theorem 4.13 that

lim sup |v(-,t;v") — V()| =0.

t—o0 zcR3

5

Since v’ is a subsolution of (1.4), the solution v(x,#;v°) is increasing in ¢ and the limiting function V;?

exists with

LIV =0 and v’ <VI<V.

*

By (4.36), we get limp_oo inf‘w|>R('v5_(w) — v (2',x3 — m«pd)) = 0. Applying Proposition 4.5 we
further have
lim inf (VP (x) — V(2,25 — m.pd)) > 0. (4.38)

R—oo |z|>R
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We prove V2 (x) > V(2,13 — m.pd) for all z € R3 by contradiction. Take
A* = min{\ > 0| V(x) > V(z/, 23 — \) for z € R®}

and assume A* > m.pd. By (4.38), we have V;(-,- — A*) # V*‘SJ-(', ) forall i =1,..., N. Furthermore, the

strong maximum principle implies that

V(z',x3 — A") < V2(xz) for xR (4.39)
Note that imp—oc SUP|4, 4 n(a/) >R |823 V(x)| = 0. Take R, > 0 large enough so that

9 ) N
2p sup V(z' x5 — A")| < qo.

25 +h(a')|>R.—ps. | O3
By v’ (x) < VZ(z) and V(' 23 — A*) < V(2,23 — m.pd) for x € R and (4.38), we can choose
0 < h* < min{ 52* A ;Z“p‘s} small enough such that

V(x' x5 — A" +2ph*) < Vi(x) in D, (4.40)
where
D' = {(x): |z + h(z')| < R.}.
In R*\D', we have
V(' 3 — A" +2ph*) — V(x' 23 — A¥)
1
0
= th*/ V(x',z3 — A* +20ph*)df < h*Q™,
0 813
which implies that
W (z', x5 — A" + 2ph*,0; h")
<Vi(x' 23 — A +2ph*) —h*QT < V(x/,23 — A*) in R\D. (4.41)
Combining (4.39)—(4.41), we have W~ (z/, 13 — A* + 2ph*,0; h*) < V2 (x) in R®. Since W~ (', 23 — A*
+ 2ph*, t; h*) is a subsolution of (2.1), Corollary 2.3 yields that
W (a', 25 — A* 4+ 2ph*, t;h*) < V2 (x) in R3x[0,00).

Letting ¢t — oo in the last inequality, we get V(2,23 — A* + ph*) < V2 (x) in R?, which contradicts the
definition of A*. This completes the proof.

Theorem 4.17.  Assume that (H1)—(H5) hold. If v°(zx) satisfies v°(z) < v~ (x) and v°(x) € [E~, ET]
for x € R® and

lim sup [v°(z) —v (z)| =0,
17 zeD(y)

then the solution 'U(:B,t;vo) of (1.4)7(1.5) satisfies
1 . . O R . f—
thm lo(-,t;v") — V( )||C(]R3) =0.

Proof.  Given any § < °;, by v’(z) < v~ (z) we have v(z,t;v°) < V(z) for any x € R® and

t > 0. Since lim;_s 4 o0 v(x, ;v%) = V2 () = V(x', 23 — m.pd), there exists ¢ > 0 such that v(zx,t;v%)
> V(' 23 — m.pd) — dqol for t > t. Tt follows from Lemma 4.14 that

v(x, T';v°) > v_(x) —6QT.
Then by (4.36) there exists ¢’ > 0 so that

v(@,t+ T';0°) > 00 (z) — Sgoe T for ¢>¢.
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By Lemma 4.2, we have v(x,f +t' +T";v°) > v(x,t;v°) — §qoI. Therefore, we have
v(x, 4+t +T;50°) > V(2,23 — m.pd) — 20qoT

for € R%. By Lemma 4.11, we have

v(x,t+i4+t +T;0%) > W (2, 23 — m.pd, t; 20)
for ¢t > 0. Then

V() >v(xt+i+t +T50°% > V(x' x5 — mapd —2p8) — 26¢°Te P, t>0.

It follows that for any ¢t > Ts ==t +t' + 1",

v(x, t;v°) > V(x) — 20¢°T — 2M" p6I — M"m.,pdI,

where M" = sup,cps |£3V(w)|. From the arbitrariness of § > 0, we have that v(-,¢;v°) converges to
V(:)ast— oo in | - |lcms). The proof is completed.

Proof of Theorem 1.1. Take v°(x) = u°(z). Let
0 () — ay— 0 0 (1) — 0
vi(r)=v (r)Vv' (r) and v (r)=v (x)ANv ().
ThenE’évggv’éviéE*,E*<v9<UO<v3<E+ and

lim sup |[v(z)—v ()| =0.
T weD(v)
Note that u(z,t;u’) = v(x’, 23 + st,t;v°). By the comparison principle and using Theorems 4.13
and 4.17, we complete the proof.
The following corollary shows that a three-dimensional pyramidal traveling front is uniquely determined
as a combination of two-dimensional V-form fronts.

Corollary 4.18.  Assume that (H1)—(H5) hold. Let V' be the three-dimensional pyramidal traveling
front associated with the pyramid —xs = h(z'). If (1.6) has a solution W with

lim sup |W(z)—V(x) =0,

Y7 xeD(y)

then W = V.

5 Applications
In this section, we apply the results of this paper to three important models in biology.

5.1 Two species Lotka-Volterra competition-diffusion systems

Consider a Lotka-Volterra competition-diffusion system with two components

atU1 = Auq +u1(:1:,t)[1 —ul(x,t) —kl’u,g(il},t)], 5

9 xeR’ t>0, (5.1)
52 = dAus + rug(x, t)[1 — us(x,t) — kouq (2, t)],

where k1, ko, 7 and d are positive constants. The variables uy (x,t) and us(x,t) stand for the population

densities of two competing species, respectively. Assume that k; > 1 and ks > 1. Note that (5.1)

is normalized so that it has the equilibrium solutions (ui,u2) = (1,0),(0,1), denoted by E, = (1,0)

and E, = (0,1). It is well known that (5.1) admits a planar traveling wave solution ®(x - e + ct) :=



Wang Z C et al. Sci China Math October 2016 Vol. 59 No. 10 1903

(¢1(x-e+ct), pa(x-e+ct)) with wave speed ¢ € R connecting E,, = (1,0) and E, = (0, 1) (see [20,21,32]
and the references therein), where e € R? and |e|] = 1. In particular, the traveling wave solution
®(&) = (1(8), p2(€)) is unique up to translation. It should be pointed out that to determine the sign of
the wave speed ¢ for (5.1) is a difficult job. Recently, some sufficient conditions have been obtained for
the positivity of the wave speed ¢ (see [1,20]).

Put u3 =1 — ug. Then (5.1) reduces to (for the sake of simplicity, we drop the symbol )

0
gul = Aug + up(z, t)[1 — k1 —ui (@, t) + krus(x, t)],
5 xeR3 t>0. (5.2)
atUQ = dAus + 7“(1 — ug(a:, t))[k‘gul(w, t) — uQ(:z:, t)],
Correspondingly, the equilibria E, = (1,0) and E, = (0,1) become E' = (1,1) and E° = (0,0),
respectively. In addition, (5.2) admits a unique traveling wave solution
U(x-e+ct) = (Wi(x-e+ct),vs(x- e+ ct))

connecting E° = (0,0) and E' = (1,1). It is easy to verify that (H1)-(H4) hold (see the arguments
of Example 1 in [53, Section 5]). Furthermore, we assume that the planar wave speed ¢ > 0. Then
(H5) holds.

Fix s > ¢ > 0. Let hj(z’) (j = 1,...,n), h(z’) and D(vy) be defined in Section 1. It follows from
Theorem 1.1 that there exists a solution u(x, t) = V (2, x3+st) = (Vi(a/, x3+st), Va(x', x5+ st)) of (5.2)
satisfying V(z) > ¥~ (z) for = € R? and

lim sup |V(z)— ¥ (x) =0,

17 zeD(y)
where
(@) = 0 (o 1) ) = (S @) ). (a4 00 ) )
Moreover, for any u’(z) € C(R?,[E°, E']) satisfying

lim sup |u’(z) - V(x)| =0,
T weD(y)

the solution u(z,t; u®) of (5.2) with the initial value u® satisfies
T () = V- st) o) = 0.
Returning to System (5.1), we know that there exists a solution
u(z,t) =U(x', x5 + st) = (U (2, x5 + st), Ua(x', 23 + st))
of (5.2) satisfying Uy (z) > ¢ (z) and Us(z) < ¢, () for = € R?, and

lim sup |U(z)— @ () =0,

17 zeD(y)
where
® (@) = (67 (@).65 ) = (n( S+ @) )6 (S @) ) ).
Furthermore, for any u’(z) € C(R3, [EY, E']) satisfying

lim sup |u’(z) —U(x)| =0,
T zeD(v)

the solution u(zx,t; u®) of (5.1) with the initial value u® satisfies

lim Hu(a 'at;uo) - U('a T+ St)”C(]sz]R) =0.

t—o0
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5.2 Lotka-Volterra competition-diffusion systems with spatio-temporal delays

Consider a Lotka-Volterra competition-diffusion system with spatio-temporal delays

gyt = Aur+ ur(z, t)[1 — ui(z,t) — ki(g1 * u2)(z,t)], s

0
52 = dAus + rug(z, t)[1 — ua(z,t) — ka(ga * u1)(z, t)],
where € R?, ¢t > 0, g1(x,t) = * e nt 1 e ‘ﬂf ga(z,t) = 1 et 1 e @2 7, > 0 and
’ ’ ’ 1 (4rdt) 2 ’ ’ 2 (4rt)2 ’

)@t = [ [ et = sy, s)dyds,
@ru)@t) = [ [ m@—yt- sy

which has been studied by Gourley and Ruan [18] and Lin and Li [37]. The coefficients &y, k2, r and d are
assumed to be the same as in Subsection 5.1. After changes of variables (see Example 2 in [53, Section 5]),
(5.3) reduces to the following system:

0 U
ot
0

at’&g = dAty + 7“(1 — ﬁg(%,t))[lﬂg’&4($,t) — ’&2(%, t)],
0 . . . .
g8 = dAdz + 1 (2 — 13),
0
ot

The equilibria of (5.4) corresponding to E, = (1,0) and E, = (0,1) of (5.3) are By = (1,1,1,1) and
Ey = (0,0,0,0). Tt is not difficult to show that (H1)—(H4) hold for (5.4) (see also [53]). Following Lin
and Li [37], we know that (5.4) admits a traveling wave front ¥(&) = (¢1(&),¥2(£), ¥3(€),v4(£)) with
&= e+ ct satisfying ¥.(§) > 0 for £ e R, ¥(§) — Ep as £ — —oo and ¥(§) — E; as £ — 400, where
e € R® and |e| = 1.

Assume ¢ > 0. Then (H5) holds. For any s > ¢ > 0, let h;(2’) (j = 1,...,n), h(z’) and D(y) be
defined in Subsection 5.1. Denote

T (z) = \p(z(m +h(w’))> - <1/)1<§(x3 +h(m’))>,...,w4(z(x3 +h(a:’))>>.

1= A’ELl + ﬁl(CB,t)[]. — kl — ﬁl(m,t) -+ k‘lﬁg(al,t)],

Gy = Aty + v2 (1 — G4).

By Theorem 1.1, for any s > ¢ System (5.4) admits a pyramidal traveling front

V(ZB/, T3+ St) = (‘/l(m/a T3 + St)a B V4(CB,,£L'3 + St))

o AVA(e) = s ) Vila) + Va(@)ll — ki — Vi(a) + laTa(a)] =
AAVa(e) = s ) Val@) +7(1 = Va (@)lkaVi(z) — Va(a)] =0,
IAVa(@) — s ) V() + Vi) — Valw)] =0,
AVi(a) =5, Vala) +lVi(@) - Vi(e)] =0

for any & € R? and lim, oo SUPgep(q) |V (Z) — ¥~ (x)| = 0. Moreover, for any

u’(x) = (4} (),. .., uj(x))
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with 49 € C(R3,[0,1]) and

lim sup |a’(x) — ¥ ()| =0,
T weD(v)

the solution @(x,t;4°) of (5.4) with the initial value 4 satisfies

lim ”ﬁ’(a 'at;ﬁo) - V('a g St)”C(R?x]R) =0.

t—o0

It is not difficult to find that ®(&) = (1(£), P2(&)) with ¢1(&) = ¥1(§) and ¢2(§) = 1 — 2(€) is a
planar traveling wave front of (5.3) (see [37,53]). In addition,

U(x',z3 + st) == (Ur(x', z3 + st), Us(x', 3 + st))

with Uy (a', xs + st) = Vi(a/, x5 + st) and Uz(x’, 23 + st) = 1 — V(' 23 + st) is a pyramidal traveling
front of (5.3) satisfying

AU (x) — 8833 Ui(z) + Ur(x)[1 — Ur(x) — k1(g1 © Ua)(x)] = 0,
dAUg(a:) — 5833 UQ(%) +1rUs (ar:)[l — UQ(%) - kg(gg © Ul)(:zz)] =0,

and limy .00 SUPgep(q) (U (x) — @7 (x)| = 0, where

# (@) = (o @) = (o1 Sto @)oo Sloa s nie) ).

_ $2+1/2+22

o 1 _ 1
(n ©Us)(x) = / / e s € aas  Up(xy — x, 20 — y,x3 — 2 — cs)dxdydz,
o Jr3 T (4mds)?

_ a2 4y? 422

> 1 _s 1
(g2 0 U1)(x) = / / e T s € 1 Up(wy — @, 0 —y, 23 — 2 — cs)dxdydz.
0o Jr2 T2 (4rs)

2
For (5.3), give an initial value u®(x, 0) = (u)(z, 0),ud(x, )) with

u?(w,@) € C’(R3 X (—00,0],[0,1]) and lim sup |u0(a:) —® ()] =0.

Y7 xeD(y)
Furthermore, let ul(z) = (g1 * u3)(z,0), ul(x) = (g2 * uf)(x,0) and
a’(z) = (uj(,0), uy(x, 0), ug(@), u(z)).
Let 4(x, t;u’) be the solution of (5.4) with the initial value @”. Then by Lin and Li [37, Theorem 3.3],
we have that u(z,t;u’) = (ui(z, t; u®), ua(x, t; u’)) defined by

up(x, t;u’) = 4y (x, t;0°),  wuo(x,t;u’) =1 — dg(x, t;0%) for ¢ >0,

and
ui(x, 0;u’) = ud(x,0) for <0, i=1,2

is a classical solution of (5.3) with the initial value u°. Following the previous arguments, we have

lim ||Ju(-, - t;u’) —U(, - + st)||lcrzxr) = 0.

t—o0

5.3 Reaction-diffusion systems with multiple obligate mutualists

Consider a system of m obligate mutualists

(5.5)

(I+(m—=1)8) > <icmjri “j)
ot ’

0
ui(x,y,t =D4Aul+u-<— m—2)—u; +
z( ) iU i ( ) i 1+521<‘j<m}j;&i u;
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where D; > 0, 5 > ﬁ:%, i =1,2,...,m and m > 3. This system has been studied by Mischaikow and

Hutson [39] (see also the references therein). The system exactly admits three equilibria Ey = (0, ...,0),
Ey = (:11:12)5 (1,...,1), By = (1,...,1). As showed by Wang [53], (5.5) satisfies (H1)—(H4) by replacing

E- and ET with Ey and E, respectively. It follows from [39] that (5.5) admits a traveling wave front
B(&) = (d1(E),- .., Pn(£)) connecting Ey and E1, where £ = ¢ - e + ct, e € R? and |e| = 1. In addition,
the traveling wave front is unique up to translation and satisfies ¢;(£) > 0 for £ € R. Assume that ¢ > 0
(in fact, when Dy = --- = D, and § + 216 — 2im-1) T p3(mo1)2 In(1+ S(m —1)) > 0, there holds ¢ > 0).
Then Theorem 1.1 is applicable to (5.5).

6 Discussion

In the recent years, great attention has been paid to the study of multidimensional traveling fronts for
scalar reaction-diffusion equations and various new types of nonplanar traveling waves have been observed,
such as V-formed curved fronts for two-dimensional spaces (see [2,19,23-25,42,43,46,55,57]), cylindrically
symmetric traveling fronts (see [24,25]) and traveling fronts with pyramidal shapes (see [34,45,47-50])
in higher-dimensional spaces.

For systems of reaction-diffusion equations, most results are on two-dimensional V-form curved fronts
(see [28-30,53]). For Lotka-Volterra competition-diffusion systems in higher-dimensional spaces, Ni and
Taniguchi [41] established the existence of pyramidal traveling wave solutions. In this article, by extending
the arguments of [47,48] for a scalar equation and using the approaches of [53] for a system, we studied the
existence, uniqueness and stability of traveling waves of pyramidal shapes for reaction-diffusion systems
in the three-dimensional space R? and applied the theoretical results to some biological models, such as
competition-diffusion systems with or without spatio-temporal delays and reaction-diffusion systems of
multiple obligate mutualists.

Recently, Wang et al. [56] have established the existence of axisymmetric traveling fronts in Lotka-
Volterra competition-diffusion systems in the three-dimensional space R3?, i.e., traveling fronts which are
axially symmetric with respect to the x3-axis. However, we were unable to prove the uniqueness and
stability of such axisymmetric traveling fronts. It will be interesting to study the existence, uniqueness
and stability of axisymmetric traveling fronts and other types of nonplanar traveling fronts for reaction-
diffusion systems in higher-dimensional spaces.
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