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1 Introduction

If f is a function defined in R™ satisfying an exponential growth condition in a cone and vanishing outside
this cone, then its Fourier transform can be extended to a holomorphic function in a certain domain in C™.
This is the first consideration in this paper.

Next, if p and f are given functions, we look for solutions u to the convolution equation p*xu = f. If
we take the Fourier transforms of the functions involved, we obtain fiti = f with pointwise multiplication
in the left-hand side. So if i and @ are holomorphic in a domain, then f is holomorphic in the same
domain.

We also see that @ is a solution to a division problem: @ = f /. So if f and fi are both holomorphic
in an open set €, then @ will be holomorphic in the set Q\Z(j2), where Z(fi) is the set of zeros of fi.
Such division problems have been studied a long time in the framework of partial differential equations,
going back to at least Leon Ehrenpreis’s paper [4]. We investigate possible holomorphic extensions of the
Fourier transform of w in terms of properties of .

The results of this paper were presented at a conference in Liverpool on December 16, 2013. Those of
them that do not use the Fourier transformation were published in [6]; now the Fourier transformation
will come in as an essential tool.

The plan of the paper is as follows. Sections 2-4 set the stage by recalling notions about discrete
convolution, the Fourier transformation, and tropicalization. Section 5 introduces measures of growth
at infinity of functions. Then extensions into the complex domain of Fourier transforms of solutions to
convolution equations are studied, first when the functions have support in Z™ (see Section 6), then for
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more general supports (see Section 7). Results on the growth of solutions are given in Section 8. Section 9
includes some examples. Finally, Section 10 presents the conclusion and hints for further work.

Notation.  The letters N, Z, R and C have their usual meaning according to Bourbaki [2]; thus for
instance N = {0, 1,2, ...} is the set of natural numbers. We shall use R to denote the set of all positive
real numbers and

Ry = [—00,4+00] = RU {—00, +00}

to denote the set of extended real numbers, adding two infinities.
The ceiling function R 3 t — [t] € Z and the floor function R > t — |t] € Z are defined by the
inequalities
t<[t]<t+1 and t—1<[t] <t

For brevity we shall write ¢ < 0 when a condition holds for all real numbers ¢ which are negative and
for which |¢| is sufficiently large.

Addition R? 3 (z,y) — x +y € R can be extended in two different ways to operations (R;)? — R:
the upper sum x + y is defined as +oo if one of the terms is equal to +oo, and the lower sum x + y is
defined as —oo if one of the terms is equal to —oo. We use x A y for the minimum of « and y; = V y for
the maximum. Under these operations Z and R are lattices, and Z, and R, are complete lattices.

The indicator function ind4 = —log x 4, where x 4 is the characteristic function, takes the value 0 in A
and 400 in its complement. We shall write card(A) for the cardinality of a set A. Thus card()) = 0,
card(N) = Xy and card(R) = 2.

We shall use the {P-norm ||z, = (3_; |2 ")/, 1 < p < 400, and the I®-norm ||z = sup; |z;| for
x € R™. We use these norms also for functions. When any norm can serve, we write just ||z||. The inner
product is written € - = {11 + -+ - + Epxy, (€,2) € R™ x R™.

In a metric space X with metric d we shall denote by B<(c,r) and Bg(c,r) the strict ball and the
non-strict ball with center at ¢ € X and radius r € R, respectively, thus

Bo(e,r)={zr € X;d(c,z) <r} and Bgl(e,r)={zre X;d(c,z) <r}.

The closure and interior of a subset A of a topological space will be denoted by A and A°, respectively.

Thus in R", B.(c,r) = B¢(c,r) if r is positive, and B¢ (¢, r)° = B<(c,r) for all real r.

2 Convolution

Let G be an abelian group—most of the time we shall take G = Z™ or G = R™. We define the convolution
product h = f x g of two functions f,g: G — C by

h(z)=(f*g)(x)= > fe(z), z€G, (2.1)

ytz=x

provided the sum is convergent in a suitable sense. An obvious such condition is that the support of f,
by which we mean just the set suppf = {x € G; f(x) # 0}, is finite. If G is the space R", we can
assume that the functions tend to zero sufficiently rapidly at infinity. See [6] for several kinds of algebras
satisfying this provision, and also for other situations when the convolution can be defined.

The Kronecker delta d,, defined by d,(a) =1 and d,(x) = 0 for = # a, satisfies d, * dp = Jo4s. Taking
a = 0, we see that dg is a neutral element for convolution: f *dy = f for all functions f.

3 The Fourier transformation

We define the Fourier transform f of a function f: R™ — C by

fQO = f@er, ¢ceqccr, (3.1)

rER™
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for those ( € C™ for which the sum has a good sense. We may take f with support in Z", but allow also
functions defined in R™ with more general support.

A Fourier transform is actually a convolution product, f(&) = (f  ¢)(0), where g(z) = e~¢7,

The Fourier transform of a convolution product is given by (f * g)" = f ¢ under suitable conditions
on f and g.

We have adapted the signs in (3.1) to the usual conventions concerning Fourier series. For functions with
support in Z™, the Fourier inversion formula therefore becomes the formula for retrieving the coefficients
of the Fourier series, i.e., when suppf C Z",

27 27rA .
fla) = (2m)™" / o f©e " dey - de,, xeR™ (3.2)

Here, £ = (&1,...,&,) are n real variables.

4 Tropicalization: Infimal convolution and the Fenchel transformation

Tropicalization means, roughly speaking, to replace a sum or integral by a supremum. A simple example
is the {P-norm,

n 1/p
xup:(Zm-w)  2ER" 1<p< 4,
j=1

which becomes

1/p
lallee = ( sup laj?) "= sup |z

j=1,....,n j=1,...,n

when the sum is replaced by the supremum.

4.1 Infimal convolution

Let us consider a convolution product
o h(@) _ / @ De=9W gy 5 e BT,

which is well defined if f and g tend to infinity fast enough, e.g., if they satisfy f(z),g(z) > ¢||z|| — C
for some £ > 0 and some constant C'. If we replace the integral by the supremum, we obtain

e~ (=) — sup e—f(w—y)e—y(y)’ r € R",
yeR”

more conveniently written as

h(z) = yienﬂgn(f(x —y)+g(y), zeR™

We define generally the infimal convolution of f and g as h = f Mg, where

h) = (FMg)@) = inf (fo =)+ 9(w)), @R,

Here, the upper addition allows us to admit functions with infinite values.

4.2 The Fenchel transformation

The Fenchel transform f of a function f: R™ — R, is defined as

f(€)=sup (& -z~ f(z), {eR™

TER™
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Clearly, € - x — f(z) < f(€), which can be written as
£ o< fla)+ f(€), (6) eR" xR™,

called Fenchel’s inequality. Tt follows that the second transform f satisfies f < f. We have equality here
if and only if f is convex, lower semicontinuous, and takes the value —oo only if it is —oo everywhere.
A Fenchel transform is actually an infimal convolution, f(&) = —(f g¢)(0), where g(z) = & - z.
The Fenchel transformation f +— f , named for Werner Fenchel (1905-1988), is a tropical counterpart
of the Fourier transformation. To avoid complex numbers, it is more convenient to look at the Laplace
transform of a function g, i.e.,

(29O = | gl d, ger.

0

When we replace the integral by a supremum and take the logarithm, we get
10g(ZLtrop 9)(€) = sup(logg(z) — &) = f(=¢), (€R, f=—logg.

A special case of the Fenchel transform is obtained when the function is the indicator function of some
set, f =ind 4. Then f is the supporting function H, of A,

Hy(€) =sup&-z, &eR".
zeA
We have
(g =Ff+a<f+s
in analogy with the formula ( f*g) = fi. If  and v are convex, then ¢+ 9 is convex, but not always

¢+ 1. However, when ¢ = f and ¢ = g, this is true: f + ¢ is always convex, and is often equal to f + 3.
In fact, equality holds except for a few special cases.

5 Measuring the growth: The radial indicators

Definition 5.1.  Given any subset A of R™ we define its asymptotic cone, to be denoted by A, as
the union of {0} and the set of all z € R™\ {0} such that there exists a sequence (a(/)); of points in A
with [|a")|| tending to +oo and a)/||aP || — z/||z|.

The asymptotic cone of Z" is equal to all of R™.

Definition 5.2.  Given a function f: A — C we define its upper radial indicator as

pf(x) = limsup |||| ||| log|f(a)], z€ Ax\{0},

where the limit superior is taken over all a € A such that ||a|]| — 400 and a/||a|| = «/||z||. Similarly, we
define its lower radial indicator as

¢ (x ) = liminf ||| ” log|f(a)], z€ Ax\{0}.

Finally, we define p;(0) = ¢/ (0) = 0.

Proposition 5.3. If f: R® — C has finite support, then for a dense open set M in R™, which depends
only on suppf, we have

pf(C):qf(C):Hsuppf(_ImC)v CE(C”, _ImCGMa
the supporting function of the support of f evaluated at —Im (. In particular,
pi(=in) =q (_177) Houpps(n), n€M CR™

Thus both radial indicators are equal and depend only on the convexr hull of the support of the function
except for a small closed set.
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Proof.  We have

FOI< Y If@)le ™% <m - sup |f(z)le” ™", geCm,

xEesuppf

where m is the cardinality of suppf. From this we get

Il sog 170 < 1 ogm+ sup 19 o p(a) |~ 1m0, e

16]] 11l v suppf |19

As ||0|| — +o0 and 6/||0|| — ¢/|I<||, the right-hand side converges to

sup (—Im(-x) = Heupps(—Im().

x € suppf

Thus we have p ;(—in) = qf(—in) < Hguppy(n) everywhere.
To prove equality we consider a vector ¢ # 0 such that there is a point b in suppf satisfying

—Im¢-2 —Im(-b
S

Then for all vectors 6 # 0 such that 6/||6] is sufficiently close to ¢/||¢||, there is a positive number & such

for all points « € suppf different from b.

that we have

—Imé -z —Imé6-b
<
6]l [16]]

—e¢ for all points =z € suppf different from b.

We get

@)1= 1£@)le™ ™" = 3 (@)l ™.
r#b

For ||0]| large enough, the latter sum is at most half of the first term. Indeed,

—Imé6-z —Im@-b—e 1 — Ime.
> If@)le™ 0 < 3 e mOEN < S pp)fe e,
r#b z#b

if
S 1)l 1l < 21w,

r#b
which is true for ||| large enough. This implies that

g F0)] > 1m0 b+ 1og (510

Thus,

Il 16 i i
ng'f(e)l > w”(—lme-lﬂ—log <2|f(b))> — —Im( - b= Hypps(—Im()

as ||0]] — +oo and 6/||0]| converges to (/||C||. Therefore, equality holds for all directions —n such that
the supporting hyperplane {x; —n-x = —n-b} at a point b intersects suppf only in this point. This is a
dense open set of vectors. O

6 Domains of holomorphy for transforms of functions with support in Z"

For functions with support contained in Z", we can profit from the arithmetic of integers to get easy
estimates.
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If f has its support in N™ and is of exponential growth, say |f(z)] < Ce”®, z € N", for some
real vector o, then f and |f|" are well defined and holomorphic in the domain defined by Im¢; > oy,
7 =1,...,n, and can be estimated by

n

FIIESIFIN(S H e%,lmg ¢eC", Tm¢ >oy (6.1)

If all the o; are negative, the Fourier transform is defined in R", but otherwise we have to go out into
complex space.

If f has its support in N™ and grows exponentially, we cannot apply the inversion formula (3.2) to f ,
but to fg, the Fourier transform of fp(z) = f(z)e?*, for a real vector § satisfying 0; +o0; < 0, where
the o; are chosen so that |f(z)| < Ce”*. We obtain

27 2
fo(z) = f(z)e?* = (2m)™" / | fe(©)eTTdgy - dE,, xe 2,
0 0

where fy ) = f(( — i), which means that for f, the integral goes over a cube in R” translated in C" by
the imaginary vector —if).
We can generalize (6.1) to the following.

Theorem 6.1.  Let f: Z™ — C have support in a cone K and satisfy an estimate |f(x)] < Ce”* for
x € K. Then the Fourier transform f(() is holomorphic for Im( in the interior of o + K where
Kl s the dual of K, defined as

Kl — e R™ n-2 >0 for all z € K}. (6.2)

Proof. By considering f(x)e™7*/C we are reduced to the case 0 = 0, C' = 1. We shall thus prove
that, if ||f||ec < 1, then f is well defined and holomorphic in R™ x iA, where A is the interior of K41,
We have

1£(Q)l < Z e (eC", n=Img,
reKNZ"
for certain values of ¢ to be determined now. Define cones

={neR%n-z=7|n|lz| for allz € K}, 7 >0. (6.3)
The union of all the A\ B.(0,p), 7 > 0, p > 0, is equal to A. Fix 7 and p. Then, for In¢ =n € A,,

we obtain .
|f(<)‘ < Z e~ Tlnlllzl < Z e~ Tlnllllzll — Z He—THnHlx;‘\. (6.4)

z € KNZn z €L z€ZM j=1

When 7,p > 0 and [|n|| = p, the last expression is equal to
" 14 e 7l 14 e-7lnll\™ 14+e 7P\"
= < —_— .
Ill_gwmn 1o ) S\1=e=rp) <1
=

Thus f is bounded in R™ + i(A; \ B<(0,p)) for every positive 7 and p, and holomorphic in the interior,

hence also holomorphic in the union R™ + iA as claimed. O

Remark 6.2.  Any norm can be used for ||n|| in the definition of A. We have used the same norm to
define B.(0, p) in the calculation, but actually also here any norm can be used. On the other hand, the
use of the I! norm ||z||; in (6.4) is essential for the precise result in the calculation.

Theorem 6.3.  Given a strict closed convex cone K, assume that a function f: Z" — C with support
in K satisfies a family of estimates

|f(2)| < Coe”?, z€K, o€¥,

for some subset 3 of R™. Then the Fourier transform of f is holomorphic in the union of all the sets
R” +i(o 4 (K)o ¢ ¥,
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Proof.  For any two elements p and o of ¥, there is a point 7 in R™ such that
Te(p+A)N(c+A),

where again A stands for (K9"#)°. To see this, pick a point 7 in the open cone A, which is nonempty by
assumption. Then for large positive ¢ we have

1
Multiplying by ¢t we get
p+tneoc+tA=0c+A,
so that 7 = p + tn belongs to both p + A and o + A. Moreover, 7 4+ A is contained in (p + A) N (o + A).
We thus have a holomorphic function in each of the convex open sets R” +i(c + A), o € . These open

sets all intersect, and in all intersections they agree. So in the union we have a well-defined holomorphic
function. O

If f has finite support, or more generally bounded support and if || f||; is finite, its Fourier transform
is an entire function. When studying holomorphy of a transform, such functions do not influence the
domain. This fact we now use to improve the result in Theorem 6.1.

Theorem 6.4. Let f: Z" — C be given and define K, as the smallest closed convex cone containing
{a € suppf;|lal]| = r}, r =2 0, and K as the intersection of all the K, 0 < r < +o00. Given a vector o
such that, for some cone L such that L° D Ky, \ {0}, the estimate |f(x)| < Ce?® holds for all x € L, the
Fourier transform f of f is holomorphic in Q = R™ +i(co + (Kdual)°),

Proof.  Define f, as f in K, and zero elsewhere. The transforms f, and f are holomorphic in the same
open set. So applying Theorem 6.1 to f,., we see that its transform is holomorphic in

Q. =R" +i(0 4 (Kdualy°),

The union of all the €, is equal to the set 2 defined in the statement of the theorem. In fact, given any
compact subset I' of (K3"#)°_ there exists a number 7 such that K, is contained in L. So f,, hence f as
well, is holomorphic in R™ +i(c + I'°), therefore in all of . O

Theorem 6.5. Given a function f: Z" — C, define K., 0 < r < 00, as in Theorem 6.4 and assume
that f satisfies a family of estimates

|f(z)] < Cpe”®, x €L, o€,

for some subset ¥ of R™, where, for each 0 € ¥, L, is a cone such that LS D Ko, \{0}. Then the Fourier
transform of f is holomorphic in the union of all the sets

R™ +i(o + (Kdwah©) o e ¥,

Proof. ~ We just combine the proofs of Theorems 6.3 and 6.4. O

7 Domains of holomorphy for transforms of functions with more general
support

By moving points in the support of a function to an integer point nearby with larger norm we can get a
result for functions with arbitrary (not necessarily discrete support).

Theorem 7.1.  Given f: R® — C, define

fol@)= > If(a)l, zez"

acC(x)
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where C(x), x € Z", is the set of all a € R™ such that [|a;|] = |z;], j = 1,...,n. If fz satisfies an
estimate |fz(z)| < Ce”® for x € K NZ", where K is the smallest closed convex cone which contains all
points x € Z™ such that C(x) is nonempty, then the Fourier transform f(() is holomorphic for Im( in
the interior of o + Kaual,

So C(x) is a cube with a vertex at € Z™ and such that
[#]loo =1 < lafloo < ll2[loo

for all @ € C(z). The function f7 is obtained by balayage of f from R™ to Z™.

Proof. ~ We apply Theorem 6.4 to f7 and observe that all estimates for f7 are valid also for f, as is the
conclusion about holomorphy. O

The cone L spanned by the cubes C(z) can be large, since when ||z|| is small, the cube subtends a
big angle as viewed from the origin. But by removing points near the origin we can again get a larger
domain of holomorphy:

Theorem 7.2.  Given a function f: R™ — C such that

Y 1f(a)

aeR"
llall <r

is finite for every r with 0 < r < 400, define K, and K, as in Theorem 6.4 and

fra@)= > |f(a)l, zezm
acCyr(x)
where for ||z|| = r, C.(z) is defined as C(z) in Theorem 7.1, while Cy.(x) = 0 when ||z|| < r. If, for
some r, fz, satisfies an estimate |fz . (z)| < Ce”?® for x € LNZ™, where L is a closed convex cone such

that L° contains Ko \ {0}, then the Fourier transform f({) is holomorphic for Im( in the interior of
o+ (Koo)dual-

Proof.  Given a cone L the interior of which contains K \ {0}, we can take r so large that the points z
for which Cy(x) is nonempty is contained in L. Then Theorem 6.4 will yield the result. O

We can also use an estimate for f itself if its support is sufficiently sparse, and we here can also remove
points near the origin.

Theorem 7.3.  Assume that the support A of a function f: R™ — C is sparse in the sense that C(x),
x € Z", as defined in Theorem 7.1, contains a number of points in A which grows slower than every
exponential function e<1%1 & > 0. Define K,, 0 < r < 0o, as in Theorem 6.4. If f satisfies an estimate
|f(2)| < Ce” for x € L, where the interior of L contains Ko \ {0}, then the Fourier transform f(C) is
holomorphic for Im ¢ in the interior of o + K3ual,

Proof. It is clear that the series

I el < 37 card(C(a))e Il el

acK,NA TEZL™

converges for 7 > 0, ||n]| = p > 0 (see (6.4)). In the estimate card(C(z)) < elI*l we take ¢ < 7p. O

8 Estimates for solutions to convolution equations

The study of solutions w to a convolution equation v x w = f = Y g, f(a)d, can be reduced to the
special equation (dp — u) * u = g as explained in [6, Lemma 4.3] . In the sequel, we consider only this
equation; all results can then be translated to the equation v x w = f.
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8.1 Sufficient conditions for the growth of solutions

Theorem 8.1.  Let p: R®™ — C be a nonzero function with finite support and 0 # 0 a given vector
in R™. Define
r=inf(0-y;y € suppp), R =sup(f-y; y € supppu).
v Yy

Assume that r is positive. Let a real vector o = (01,...,0,) be given and define a real number v by

|| (o) Z\u o7 =e, (8.1)

Then the unique function u: R™ — R which solves (8o — p) * u = 0o and is zero when 0 -z < 0 can be
estimated as

lu(z)] < e@t9/me g e R if v >0 (8.2)
and

lu(z)| < et/ B= g e R if 4 <O0. (8.3)
The same conclusions hold if j is nonnegative, if we have u(xz) = 0 when 0 - < 0 and u satisfies only
the inequality u < g + u * p.
Remark 8.2. For 0 = s, s € R, the estimates take the form

lu(z)] < eGH/mMee g e R™if 4 =log || (is6) > 0; (8.4)
in particular for s = 0,
0-x/r n .
fu(@)] <l @ e R if fuli =" 21
and
u(z)] < CTROT g e R, if = log |u|(is6) < 0; (8.5)

in particular for s = 0,

@) < lly ™", @ € Rl =" < 1.
This shows that u tends to zero as 6 -z tends to +oo if ||u|l1 < 1; that w is bounded if ||u||; = 1; and
that w grows at most exponentially if ||u|1 > 1. O

Corollary 8.3.  With i, u and o as in Theorem 8.1, the estimate || (i0) < 1 implies that |u(z)| < e”*,
x € R™.

Proof of Theorem 8.1.  If uw = 0¢ + u * u, we have u(0) = 1 and, for z # 0,
lu(@)] < |(u = p)( Z\M )| [u(z —y)I. (8.6)

If v is nonnegative and u satisfies the inequality u < dp + u * i, we have 4(0) < 1 and the same inequality
holds.
Let us try to prove that
lu(z)| < etz g e R", (8.7)

where t is a real number to be determined later. Now the values of y for which u(y) # 0 in (8.6) must
satisfy 0 -y > r, so that - (x —y) < 6 -2 —r. By induction on 6 -2 we may therefore assume that all the
values of u(z — y) that occur in (8.6) satisfy the estimate. We get

Z |,LL a+t9 (z—y) _ e(a+t0 Z |’u e —(o+t0)-y

< e (o+t0)-x Z |,U,(y)|eig'y supefw'y < e(a+t6)~xe~/ supefw'y.
Yy Yy

For t > 0 we have e”sup, e ¥ = e77'"; for t < 0 we have e7sup, e ¥ = 7. We now choose
t=xv/rify>0andt= ’y/R if v < 0. With these choices of ¢ in (8.7) we obtain the estimates (8.2)
and (8.3). O
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When o = s6, there is an inverse relation between s and ~, the larger s is, the smaller is . It is
therefore natural to ask which is the best estimate that can be obtained by this method. The answer is
an easy one.

Corollary 8.4. Let u, 0, 7 and R be as in the theorem, take o = s, and define sy as the unique
real number such that |u| (1sp8) = 1. Then the best estimate of the form (8.4) or (8.5) is obtained when
v =0, te.,

lu(z)| < e*?* e R™

Proof.  The function v: R — R defined by

e7(®) = || (ish) Z lu(y)le %Y, scR,

is strictly decreasing, tends to +0o when s — —oo, and tends to 0 when s — +o0. The existence and
uniqueness of sy such that e7(*0) =1 is therefore clear.

We obtain
1/r
es—i—'y(s T (ZM s(r 0y> . s < S0,

and
1/R
eSH1(8)/R _ (Zm s(R— 91/)) . 5> 5.

Since r < 0 -y < R for all y that occur, the first is decreasing and the second is increasing. Hence, both
expressions attain their minima at s = sg, which proves the corollary. O

Example 8.5.  For the array b of binomial coefficients (see Subsection 9.1), as well as for the array b,
of multinomial coefficients (see Subsection 9.2), we choose a 6 with all components 6; positive, and obtain
r=min,; 0;, R=max;60;. If6 = (1,1,...,1), then R =r =1, and in general we get R = r if the support
of pu is contained in a hyperplane {z; 6-x =r},r > 0. Wehavee? =} e %. Ifo = s(1,1,...,1), we get
so = logn, so that b, (z) < n® T T which is the best possible estimate of the form b, (z) < a® T,
Example 8.6. For the array of Delannoy numbers, we have |u|1 = 3; fi(ioc) = e 7t + e 72 477172
= ¢7. For a vector § with positive components, we have r = min(6,65), R = 01 + 05, thus R > 2r. We
may take 6 = (1,1), so that r = 1 and R = 2. Then ji(isf) = 2e~* + e~2%. Thus for o = s6, we have
v = 0 if and only if 2¢7% 4+ e72° > 1, and v < 0 if and only if 2e™* + e~2* < 1. The number s is equal
to log(v/2 + 1); thus d(x) < (V2 + 1)*17®2 which is the best possible estimate of the form d(z) < a® +*2
for the Delannoy numbers. O

8.2 Necessary conditions for the growth of solutions

Conversely we have, under the extra assumption that u is nonnegative.

Theorem 8.7.  Let u: R™ — [0, +o0o[ have finite support contained in a half space {x € R™; 0-x > r},
r >0, and let K be the smallest convex cone which contains suppu. Let u be defined as in Theorem 8.1.
If for any positive € an estimate

u() < Coelo ™0 ¢ K, (8.8)

holds for some constant C¢, then
(i) = ji(io)] = o) < 1.

Proof.  We note that u > 0 here since p is nonnegative.
It is enough to consider the case o = 0. Assume that ||ulj; > 1,

il = 2(0) = p(y) > 1
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Then A(itd) = >, p(y)e Y. t > 0, takes a value larger than 1 for ¢ = 0 and tends to zero when ¢
tends to +oo since 6 -y > r > 0 in the support of . We first determine a positive number ¢; such
that >, w(y)e=t?¥ = 1. Hence, jui(itf) is smaller than 1 for ¢ > ¢y and equal to 1 when t = to. This
implies that

a(ith) = t > to,

1
1 — j(ith)’
is finite for ¢t > tg and tends to 400 as t \ tg.

For a small enough positive 7, 6 belongs to the cone A, defined by (6.3). Fix such a 7. According
to the proof of Theorem 6.1, @(¢) is bounded for every positive ¢ when 7||Im(|| > &; in particular,
4(itf) is bounded when t7]|0]] > €. We can choose € = to7||0]|, so that (itf) is bounded for all ¢ > to,
contradicting the formula above which shows that 4(itf) tends to +o0o when ¢ tends to ty. Hence we
cannot have [1(0) > 1. O

By combining [6, Theorem 8.3] with Theorems 8.1 and 8.7, we obtain the following result.

Theorem 8.8.  Given a function p: R™ — [0, +oo] which is nonzero only at finitely many points in
a half space {x € R™; 6 -z > r}, r > 0, let u be the unique function u: R® — C which is zero where
0z < 0 and solves the equation (09 — p) *u = dg. Then, given an arbitrary vector o € R™, the following
four conditions are equivalent.

(A) For every positive € there exists a constant Ce such that

u(z) < Cge”'x"’s‘lx“, z € R".
(A”) The upper radial indicator of u satisfies
pu(z) <o -z, x€R™

(A") The Fenchel transform of —p,, satisfies (—py )~ (—0) < 0.

(A") —o € My, where My is the set such that (—py)” = inda, .

(B) u(z) <77 for all z € R™.

(C) filio) < 1.
Proof.  Here (A), (A'), (A”) and (A”) are the same as in [6, Theorem 8.3] and equivalent as already
proved there, whereas (B) and (C) are from the present section. We have (A) = (C) = (B) = (A), where
the first implication comes from Theorem 8.7, the second from Theorem 8.1, and the third is trivially
true. 0

We note in particular the implication (A) = (B), which is a kind of Liouville theorem.

Corollary 8.9.  Let u be as in Theorem 8.8. Then logu(x) — el|z|| is bounded from above for every
positive € if and only if u is bounded.

9 Examples

9.1 The binomial coefficients

Let

b(x,y) = (:c—al:—y) = (xx—"—;'/)', (z,y) € N?,

be the binomial coefficients. We define them also when x < —1 or y < —1 by taking them equal to zero
there. This array satisfies the equation (uy — do) * b = do, where (2, y) = 01,0y + d(0,1)-
Using Stirling’s formula in the simple form

logx! =xlogz —x + O(logzx), x — o0,



1016 Kiselman C O Sci China Math June 2017 Vol. 60 No.6

we see that the radial indicators are

po(x,y) = ¢"(x,y) = zlog(1 + y/z) + ylog(1+ z/y), (x,y) € R:. (9.1)

In particular, py(z,x) = 22log2 ~ 1.3863 .

The function py, is positively homogeneous of order 1 and concave. To prove concavity it is enough to
note that x — log(1 + ) is concave. This implies that the homogeneous function (z,y) — ylog(l + z/y)
is concave; by symmetry also (x,y) — zlog(1 + y/x) is concave.

The gradient of py is

gradpy(z,y) = (log(1 +y/x),log(1 +z/y)), =,y >0.

We note the following special case of Theorem 8.8.

Proposition 9.1.  The Fenchel transform (—py)~ of the function —py is equal to indyy,, where
M, ={neR? em +e" < 1}.

Since —py is conver, lower semicontinuous, and does not take the value —oo, we also get ¢® = p, =
—(=pp)”= —(indns, )"
9.2 The multinomial coefficients

We can generalize the array b as follows. Let x € N™. The number of ways of choosing n subsets with
x1,...,%, elements out of a set with )~ z; = 1 -2 elements is

(1-z)!
H?:l xj!’

Here we define 1 = (1,1,...,1). The radial indicators of b,, are

b (z) = x e N"

i 1-z
po(2) =" (2) =) jwjlog—=, xR},
j=1 J
generalizing (9.1), by = b. In the formula (69 — ps, ) * by, = o, we have

n
Hb,, = E Oeis
i=1

where e/ is the unit vector with 1 at the j-th place, j = 1,...,n. Its Fourier transform is
fin, (() = e, ¢eC™ (9-2)
j=1

9.3 The Delannoy numbers

The Delannoy numbers d(z,y), (z,y) € Z?, are defined as 0 when < —1 or when y < —1, as 1 when
(z,y) = (0,0), and for (z,y) € N2\ {(0,0)} by the recursion formula

dz,y) =d(xz—1,y)+d(x -1,y — 1) +d(z,y — 1). (9.3)

The array satisfies the equation (pg — do) * d = do, where p1qg = 61,0y + (1,1) + (0,1

This array is named for Henri-Auguste Delannoy (1833-1915) and was introduced in [3]. He investigated
the possible moves on a chessboard. The numbers under consideration here appear when one studies “la
marche de la Reine”. For biographies of Delannoy, see [1,9].

It follows from (9.2) that

f1a(Cry G2) = funy (C1 G2, G+ G2), (Gr,G2) € C2
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This means that information on d can be obtained from bs.

The Delannoy numbers appear in many problems in mathematics; see Sulanke [10], who lists 29 different
examples. To mention just one, d(n,r) = d(r,n) is the cardinality of the ball of radius r in Z™ equipped
with the I metric (also known as the hyperoctahedron),

{z € Z% llzly = |zaf + -+ |2al <7},

Vassilev and Atanasov [11], quoted here from Sulanke [10, Note 18]. The symmetry in (n,r) is by no
means obvious a priori.

To Sulanke’s examples the author added a thirtieth [5]: for (a,b) € Z? and a + b > 0, the number
of Khalimsky-continuous functions [0, a + b]z — Z satisfying f(0) = 0 and f(a + b) = a — b is equal to
d(a,b). For a detailed proof, see Samieinia [8, Theorem 2.2]. Then a thirty-first: a fundamental solution

E(z +1iy) =1'""d(z,y), z+1iy € Z[i],

for a discrete analogue of the Cauchy-Riemann operator [5]. Thus, we came to the Delannoy numbers
along two paths, digital geometry, where the Khalimsky topology is a useful structure; and discrete
complex analysis.

Again, we note a special case of Theorem 8.8.

Proposition 9.2.  The Fenchel transform (—pq)~ of the function —pg is equal to indys,, where
M, = {T’ c RQ; M 4 o2 4 gMmtm < 1} O

From this proposition, we deduce the following result for the array of Delannoy numbers.

Theorem 9.3.  The upper radial indicator pg of the array of Delannoy numbers is

r+ r+x
pa(r,y) = xlog Ty + ylog — (z,y) € RY,

where v = \/x2 + 2.

We have proved this using the methods developed here. It was proved earlier by Pemantle and Wil-
son [7] using other methods.

10 Conclusion and hints for further work

We have obtained results on holomorphic extensions of the Fourier transforms of functions defined on R”,
especially those that solve convolution equations.

The growth of a solution « to an equation (dp — p) * u = dp is related to the behavior of the Fourier
transform fi of pu. This relation is well understood when g > 0. It is not well understood when p takes
real values of both signs or non-real values. The growth of a solution u to an equation (g — ) * u = dg
can sometimes be roughly the same as that of the solution v to (dp — |u|) * v = do; sometimes v grows
much faster than wu.
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