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1 Introduction and notation

Non-additive probabilities and non-additive expectations are useful tools for studying uncertainties in
statistics, measures of risk, superhedging in finance and non-linear stochastic calculus, see [2,5,7,10-13],
etc. This paper considers the general sub-linear expectations and related non-additive probabilities gen-
erated by them. The notion of independent and identically distributed (i.i.d. for short) random variables
under the sub-linear expectations was introduced by Peng [12,14,15] and the weak convergences such as
central limit theorems and weak laws of large numbers has been studied. Because the proofs of classical
Kolmogorov’s inequalities and Rosenthal’s inequalities for the maximum partial sums of random vari-
ables depend basically on the additivity of the probabilities and the expectations, such inequalities have
not been established under the sub-linear expectations. As a result, very few results on strong laws of
large numbers can be found under the sub-linear expectations. Recently, Chen [1] obtained Kolmogorov’s
strong law of large numbers for i.i.d. random variables under the condition of finite (1 4 ¢)-moments by
establishing an inequality of an exponential moment of partial sums of truncated independent random
variables. The moment condition is much stronger than the one for the classical Kolmogorov strong
law of large numbers. Also, Gao and Xu [3,4] studied the large deviations and moderate deviations
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for quasi-continuous random variables in a complete separable metric space under the Choquet capacity
generalized by a regular sub-linear expectation. The main purpose of this paper is to establish basic
inequalities for the maximum partial sums of independent random variables in the general sub-linear
expectation spaces. These inequalities are basic tools to study the strong limit theorems. They are also
essential tools to prove the functional central limit theorem (see [23]). In the remainder of this section,
we give some notation under the sub-linear expectations. For explaining our main idea, we prove Kol-
mogorov’s inequality as our first result. Then, we introduce the concept of negative dependence under
the sub-linear expectation which is an extension of independence as well as the classical negative depen-
dence. In Section 2, we establish Rosenthal’s inequalities for this kind of negatively dependent random
variables. In Section 3, as applications of these inequalities, we establish the Kolmogorov type strong laws
of large numbers under the weakest moment conditions. In particular, we show that Kolmogorov’s type
strong law of large numbers holds for independent and identically distributed random variables under a
continuous sub-linear expectation if and only if the the corresponding Choquet integral is finite.

We use notation of Peng [14]. Let (2, F) be a given measurable space and let % be a linear space
of real functions defined on (€2, F) such that if Xq,...,X,, € 4 then o(Xi,...,X,) € S for each
¢ € Ciip(Ry,), where Cp 1ip(Ry,) denotes the linear space of (local Lipschitz) functions ¢ satisfying

lp(x) —o(y)l < CA+ |2|™ + [y[™)|e —y|, Vao,yeRy,
for some C' >0, m € N depending on .

S is considered as a space of “random variables”. In this case we denote X € 7.

Remark 1.1. It is easily seen that if 1, ¢2 € C) 1ip(Ry,), then o1 V g2, 01 A @a € Cp 1ip(R,,) because
P1Vp2 = 5(p1+ 92+ lo1 = @2)), o1 Apa = 5 (1 + 92 — |1 — 2.
Definition 1.2. A sub-linear expectation E on . is a functional E : # — R := [—o00, 0c] satisfying
the following properties: For all XY € 7, we have

(a) Monotonicity: If X > Y then IE[X] E[Y]

(b) Constant preserving: Eld =c.

(¢c) Sub-additivity: E[X + Y] < E[X] + IE[Y] whenever IE[X] + [E[Y] is not of the form 400 — 00 or
—00 + o0.

(d) Positive homogeneity: E[AX] = AE[X], A > 0.
The triple (2, 2 IE) is called a sub- hnear expectation space. Give a sub-linear expectation IE, let us
denote the conjugate expectation EofE by

E[X] = -E[-X], VX e

Obviously, for all X € J#, [X] < E[X ]. We also call IE[X | and & [X] the upper-expectation and lower-
expectation of X, respectively.

Definition 1.3 (See [12,14]). (i) (Identical distribution) Let X; and X2 be two n-dimensional random
vectors defined, respectively in sub-linear expectation spaces (21,41, E1) and (Qg,.94,Es). They are

called identically distributed, denoted by X3 4 X, if
Erfp(X1)] = B2lp(X2)], V¢ € Cliip(Rn),

whenever the sub-expectations are finite.

(ii) (Independence) In a sub-linear expectation space (€2, %”,IAE), a random vector Y = (Y1,...,Y,),
Y; € S is said to be independent to another random vector X = (Xi,...,X,,), X; € S under E
it for each test function ¢ € Cjrip(Ry X R,) we have IE[@(X,Y)] = IE[E[QO(CE,Y)”mzx], whenever
o(x) :=E[|p(x,Y)|] < oo for all 2 and E [|o(X)]|] < .

(iii) (IID random variables) A sequence of random variables {X,,;n > 1} is said to be mdependent if
Xit1 is independent to (X1,...,X;) for each @ > 1. Tt is said to be identically distributed, if X; 4 X,
for each i >1
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As shown by Peng [14], it is important to note that under sub-linear expectations the condition that
“Y is independent to X” does not imply automatically that “X is independent to Y.

From the definition of independence, it is easily seen that, if Y is independent to X and X > 0,E[Y] > 0,
then

~ ~

E[XY] = E[X]E[Y]. (1.1)
Furthermore, if Y is independent to X and X > 0,Y > 0, then
E[XY] =E[X]E]Y], E[XY]=_E[X|E[Y]. (1.2)

If{X,;n>1}isa sequence of independent random variables with both the upper-expectations IE[X ]
and lower-expectations & [X;] being zeros, then it is easily checked that

n
[Zxk +ZXX} =Y E[x7],
i#] k=1

because E[Xin] = g[Xin] =0 for i # j by the definition of the independence, where S, = >"}'_, Xj.
However, when the popular truncation method is used for studying the limit theorems, the truncated
random variables usually no longer have zero sub-linear expectations. It is hard to centralize a random
variable such that its upper-expectation and lower-expectation are both zeros. But it is easy to centralize
a random variable X such that one of E[X] and £[X] is zero. For example, the random variable X — E[X]
has zero upper-expectation. So, the moments of S,, with the condition E[Xi] =0(=1,...,n) are
much useful than those with the condition E[X,] = 5[ i/ =0 (i =1,...,n). Unfortunately, by noting
that the independence of X and Y does not imply E[(X - IE[X])(Y - IE[Y])] = 0 (or < 0), even to
get a good estimate of the second order moment E[(37_, (X; — E[X,]))?] is not a trivial work. As for
the probability inequalities or moment inequalities for the maximum partial sums maxjcy, Sk, in the
classical probability space, the proof depends basically on the additivity of the probabilities and the
expectations. For example, the integral on the event {max;<, S; > =} is usually split to integrals on
{max;< S; < z,S5; > z}, k = 1,...,n. The methods based on the additivity cannot be used under
the framework of sub-linear expectations. Other popular techniques such as the symmetrization, the
martingale method and the stopping time method are also not available under the sub-linear expectations
because they are essentially based on the additivity property. The main purpose of this paper is to
establish the moment inequalities for maxy<, S which can be applied to truncated random variables
freely. To explain our main idea, we first give the following result on Kolmogorov’s inequality.

Theorem 1.4 (Kolmogorov’s inequality).  Let {Xi,...,X,} be a sequence of random wvariables in
(Q,,E) with E[X;] =0, k = 1,...,n. Suppose that X, is independent to (Xpy1,...,Xn) for each
k=1,....n—1. Denote S, = X1+ -+ Xg, So =0. Then

~ 2 LY
< 2. .

Bl (o) | < B 1)
In particular, IE[(S,J{)Q] <D hg IAE[X,f]
Proof. Set Ty = max(Xp, Xp+ X1, -, X+ -+X,). Then Ty, T}F € A, and T}, = Xk+Tk+1, T? =
X2 +2X, T + (T, )2 Tt follows that IE[TQ] IE[XQ] +2E[ X}, k+1] +E[( T;f.1)?]. Note E[X} k+1] 0
by (1.1). We conclude that IE[T,?] E[XQ] —|—E[( k+1) ] < E[X,f] +E[Tk2+1]. Hence, E[T?] < S E E[X 2.
The proof is completed.

In the above proof, the independence is utilized to get IE[X kT,:' +1] < 0 and so can be weakened. Recall
that in the probability (2, F, P), two random vectors Y = (Y7,...,Y,,) and X = (X1,...,X,,) are
said to be negatively dependent if for each pair of coordinatewise nondecreasing (resp. non-increasing)
functions o1 (x) and 2 (y) we have Ep[p1(X)p2(Y)] < Eplp1(X)|Ep[p2(Y )] whenever the expectations
considered exist.

We introduce the concept of negative dependence under the sub-linear expectation.
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Definition 1.5 (Negative dependence).  In a sub-linear expectation space (2, 5 ,IAE), a random vec-
tor Y = (Y1,...,Y,), Vi € S is said to be negatively dependent to another random vector X =
(X1,...,Xm), Xi € 2 under E if for each pair of test functions ¢1 € Cy Lip(Ry,) and @2 € C) 1ip(Ry,) we
have Elp1(X)p2(Y)] < Elp1 (X)]E[p2(Y)] whenever ¢1(X) > 0, E[pa(Y)] > 0, E[j1 (X)p2(Y)]] < o0,
E[lp1(X)]] < o0, E[|¢2(Y)|] < 0o, and either ¢ and ¢y are coordinatewise nondecreasing or ¢ and ¢
are coordinatewise non-increasing.

By the definition, it is easily seen that, if Y = (Y7, ...,Y,,) is negatively dependent to X = (X1,..., Xmn),
1 € CpLip(Ry,) and @2 € C ip(R,,) are coordinatewise nondecreasing (resp. non-increasing) functions,
then @9 (Y) is negatively dependent to ¢1(X). Furthermore, if Y € 5 is negatively dependent to X € 52
and X >0, E[X] < oo, E[|Y]] < oo, E[Y] <0, then

~

E[YX] < E[(Y — E[Y))X] +E[E[Y]X] <E[Y — E[Y]JE[X] < 0.

It is obvious that, if Y is independent to X, then Y is negatively dependent to X. The following is
the classical example introduced by Huber and Strassen [6].

Example 1.6.  Let P be a family of probability measures defined on (2, F). For any random variable &,
we denote the upper expectation by E[(] = supgep Eq[¢]. Then E[] is a sub-linear expectation. Moreover,

if X and Y are independent under each @ € P, then Y is negatively dependent to X under E. In fact,

~

E[p1(X)p2(Y)] = Sup Eq[p1(X)p2(Y)] = Sup Eqlp1(X)]Eqlp2(Y)]

< sup Eqlp1(X)] sup Eqlp2(Y)] = Elp1(X)|Elp2(Y)]
QeP QEP

whenever ¢1(X) > 0 and E[QDQ(Y)] > 0.

However, Y may be not independent to X.

With the similar argument, we can show that Y is negatively dependent to X under Eif X and Y
are negatively dependent under each @ € P.

According to its proof, the conclusion of Theorem 1.4 remains true under the concept of negative
dependence.

Corollary 1.7.  Let {X1,..., X} be a sequence of random variables in (Q,%”,IE) with E[Xk] <0,
k=1,...,n. Suppose that X}, is negatively dependent to (Xj41,...,Xn) for each k =1,...,n—1. Then
(1.3) holds.

Our basic idea for obtaining Theorem 1.4 comes from Newman and Wright [9] and Matula [8] where
Kolmogorov’s inequality is estiblished for the classical positively and negatively dependent random vari-
ables, respectively.

2 Rosenthal’s inequalities

In this section, we extend Kolmogorov’s inequality to Rosenthal’s inequalities. For moment inequalities
of partial sums of the classical negatively dependent random variables and related strong limit theorems,
one can refer to Shao [17], Su et al. [18], Yuan and An [19], Zhang [20-22], Zhang and Wen [24], etc.
Some techniques from these papers will be used in the lines of our proofs. We let {Xi,...,X,} be a
sequence of random variables in (Q, 57, I/[*i)7 and denote S = X1+ ---+ X, So = 0.

Theorem 2.1 (Rosnethal’s inequality).  (a) Suppose that X}, is negatively dependent to (Xp41,...,Xn)
foreachk=1,...,n—1, and E[X;] <0, k=1,...,n. Then

~ P n ~
< 22P P <p<
E[ r]?gsk‘ ] <2 ;EHXH ], for 1<p<2 (2.1)
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and

~ P n ~
B[] paxsi|'] < Cpnp/QflkZﬂEnme], for p > 2. (2.2)
(b) Suppose that Xy is independent to (Xgi1,...,Xp) for each k = 1,...,n — 1, and IE[Xk] < 0,
=1,.

k ,n. Then

P n p/2
IE[ rl?aXSk‘ } SCI,{Z [ X%|7] + (ZE|Xk| ) }, for p>=2. (2.3)

<n
= k=1

(¢) In general, suppose that X} is negatively dependent to (Xpy1,...,Xn) for each k =1,...,n —1,
or Xpi1 is negatively dependent to (X1,...,Xx) for each k=1,...,n—1. Then

[ max|sil’] < {me (meu) (Z &%) 1)} (2.9

k=1
Here C), is a positive constant depending only on p.

If we consider the sequence {Xi, Xo,..., X, } in the reverse order as {X,, X,_1,..., X1}, by Theo-
rems 2.1(a) and 2.1(b) we have the following corollary.

Corollary 2.2.  Let {X;,...,X,} be a sequence of random variables in (Q,%,I@) with IE[Xk] <0,
k=1,....,n
(a) Suppose that X1 is negatively dependent to (Xq,...,Xy) for each k =1,...,n— 1. Then

~ D n .
E[| max($, — 51| | < 22"’;1E[|Xkl”]7 for 1<p<2 (2.5)
and
~ P . n
In particular,
2277 N E[| X[, for 1<p<2,
E[(S5)"] < = (2.7)
Cyn?/2E N B[ Xk[?], for p > 2.
k=1
(b) Suppose that Xy is independent to (X1,...,Xy) for each k =1,...,n—1. Then

n

p/2
B[Xl”] + (ZEM) b oz (28)

~ p
2l axcsn - suf] <

k=1
In particular,

n n p/2
Cp{z [| Xk P+ (Z |Xk|> }, for p > 2.

k=1 k=1

E[(S})] <

For the moments under € , we have the following estimates.

Theorem 2.3.  Let {X1,...,X,} be a sequence of random variables in (2, H, IE) with 5[Xk] < 0,
k=1,...,n, and 1 < p < 2. If X, is independent to (Xgy1,...,Xn) for each k =1,...,n—1, then

5[ max skﬂ < 22—piﬁ[|xk|p] for 1<p<2 (2.9)

k< X 5 X X 4 .
k=1

If X1 is independent to (X1,...,Xk) for each k=1,...,n— 1, then

o~ P n N
5[ ?22‘(5" - Sk)‘ } S 227kaﬂE[|Xk|p], for 1< p<2. (2.10)
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To prove Theorems 2.1-2.3, we need Holder’s inequality under the sub-linear expectation which can
be proved by the same way under the linear expectation due to the properties of the monotonicity and
sub-additivity (see [16, Proposition 1.16]).
Lemma 2.4 (Holder’s inequality).  Let p,q > 1 be two real numbers satisfying 11) + ; = 1. Then for
two random variables X,Y in (Q,%”,IAE) we have IEHXYH < (IE[|X|”])11’ (E[|Y|p])é
Proof of Theorem 2.1. Let T} be defined as in the proof of Theorem 1.4.

(a) We first prove (2.1). Substituting z = X, and y = T}/, to the following elementary inequality:

|z +y[P < 227P|zfP + [y[P + pzly[P 'sgn(y), 1<p<2 (2.11)
yields
E[|Tx "] < 2> PE[| X&[?] + E[(T},)?] + pE[X5k (T}, )P
< 227 PE[| X4 |P] + E[|Tht1 7]

by the definition of negative dependence and the facts that IAE[Xk] <0, Tk+1 > 0, and T K1 is a coordi-
natewise nondecreasing function of Xy 1, ..., X,. Hence, E[|Ty|?] < 227 Sy E[|Xk[?] + E[| X,|?). S
(2.1) is proved.

For (2.2), by the following elementary inequality:

=+ y|P < 27p%[xfP + |yl + paly[P " sen(y) + 22 |y|P T, p>2,
we have

|Tel” < 2PP?| Xi|P + | Tiga [P + pXa( k+1)p b2 X3 ( k+1)p72'
It follows that

n—1

ITifP < 27 2Z|Xk|p+pZXk Fr 2 S XA(T )P (2.12)
k=1

Hence by the definition of the negative dependence and Holder’s inequality,
n—1 n—1 .
WW<WH%ZWWYW2FXﬂmm1Hﬂﬁimﬁﬁmmﬂ
k=i k=i k=i
<waqzmm%wzz (1X17)) 7 (B Tia 7))

~ —~ ~ _2
Let A, = maxp<, E[|Tk|P]. Then A4, < 2Pp?>°;_, E[| X [P] + 27p? ZZ;%(IEHXHP])IQ’Ai . From the
above inequalities, it can be shown that

n n—1 12’ n N
<Q{ZEWWH<Z@MWW)}<%W“1 E[| Xk 7).
k=1 k=1 k=1

(2.2) is proved.
(b) Note the independence. From (2.12) it follows that

- n n—1 n—1
E[|Ti|P) < 2°p°E ZIXkI” +p Y E[X(T) ]+ 2007 Y BT )P
- k=1 k=1 k=1
r.n n—1 n—1
= 2Pp’E ZIXkI” +p ) EXE(T )P + 2007 Y BIXRIE(TL, )
- k=1 k=1 k=1
" . nflA N
<S2P°E| Y IXl| + 20" ) EIXR)E( T [P]) '

k=1
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Let A, = maxkgnf[-fHTkP]. Then

. n n—l/\ o
A < 2pp2E[Z |Xk|P} + 27> ST E[XP) A, 7
k=1 k=1

From the above inequality, it can be shown that

[Vhs]

n

<ol e (Eom)'}

(2.2) is proved.
(c) We first show the Marcinkiewicz-Zygmund inequality:

. no _ P> 2
B [maxisil] < o (@D + Exin)) +B( X x) | (213)
k=1 k=1
Without loss of generality, we assume that X is negatively dependent to (Xj41,...,X,) for all k& =
1,2,...,n— 1. If X4 is negatively dependent to (X1,...,X) for all k = 1,2,...,n — 1, then (2.13)
will hold with maxy<y |Sk| being replaced by maxo<i<n |[Sn — Sk|- By noting the fact maxy<, |Skl
< maxo<k<n [Sn — Skl + [Sn| < 2maxocign [Sn — Sk, (2.13) also is true.

Write T} = maxg<n, |Sk|. It is easily seen that Sy + T,:Zrl = max (Sk,S;H_l, ...ySn) < Ty. So, Tktrl
< 2T%. Note (2.12). By the the definition of the negative dependence,

E[X:E[(T )P Y, if E[Xx] >0
0, if E[X;] <0
< 2P Y EXG)TETY Y < 22 Y ELX) T (BT

E[Xk( k+1)p71] <

by Holder’s inequality. By (2.12) and Holder’s inequality again, it follows that

n—1

E[|Ty|"] < 2° QE{ZW@ +pZIEXk (T )P +2%p QE[ZXk kH)p—Q]
= k=1 k=1
< 2pp2f[§{2|xk|p} 4 op-1 Z Tp])
k=1 k=1
+2Pp?or- QE{ZX,CT” 2}
n—1 » L
< QE[DW} 2 Y B ) BT
k=1 k=1
n—1 g i -
+ 222 2{ (Zxk> } (E[TF))'~
Similarly,
. p . n n—1 N o L
B[|max(-su)|'] < 2pp2E{Z|Xk|p} +2plp(Z(E[—Xk]V)(E[Tf])Ip
= k=1 k=1
N n—1 5 12) o ,
+ 22722 [E(ZX,?) } (E[TP))'~».
k=1
Hence,

n

E[T7] < 2p+1p2ﬁ[2 |Xk|"] + 2p-1p(

k=1
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P

+ 2%t 2[ (ZX,J ]’2’1@~])

which implies

R77] < c,,{fa[kz; |Xk|p} + (znj(a@[ka + (E[Xm‘))p + E(gxg) }

k=1
Note
2 2
n » n ) v P n ) 2
(Z|5Ek|p> = <Z|xk|2> <Zxk for < 1.
k=1 k=1 k=1 p
So

The Marcinkiewicz-Zygmund inequality (2.13) is proved.

Now, for 2 < p < 4, applying (2.1) to the sequences {(X;)?,..., (X;5)?} yields
n +\ 5
E [(XH)? = E[(X)°]
(3gor -2} ) }
<275 YTR(OG? ~EIGNE < O Y E[XPL
k=1 k=1

It follows that

&=
N
[]=
»
&4
e
N—
bS]
—N
N
-
=
»
+
N—
_|_
3
E)
s
=
——

k=1 k=1
Similarly
ﬁ(é()@;)?) < o (kilﬁux,;ﬂ) g Z 1)
Hence,

p

E(kgx) <cp{(éﬁ[xz1)g +éﬁuxk|p1}.

Substituting the above estimate to (2.13) yield (2.3).

Suppose (2.3) is proved for 2! < p < 2!+, Then applying it to the sequences {(X;")?,.

{(X7)%,...,(X,)?}, respectively with 2! < p/2 < 2!*! yields

n 4 n

E[(kiluﬁ )’ ] {ZE 0c 2 + (B 2+(ZI@[[(XJ)2]2]>§}

k=1 k=1
{ZE|Xk|P (ZEXk> +<§:1E[X,3])Z}
and
E[(émﬁ) } <6 knlﬁnXm " <k2"11@[x,3]>g ¥ (éﬁ[x
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Hence,
E[(égxg)g}gcp{g (1 X6l?] + (z:: ) (iﬁ{x;‘]) } (2.14)

By applying Holder’s inequality, it follows that
~ ~ p—4 2 -~ p—4 2
E[X}}] = B[(X?) 7= (IXx[P) »=2] < (BIXZ]) 72 (E[| Xx[”]) -2,

which implies

(;@[Xﬁ]y/‘l {Zn: (1 X5 [P + (;llﬁ[leIQ])p/Q} (2.15)

1

k=
by some elementary calculation. Substituting (2.14) and (2.15) to (2.13), we conclude that (2.3) is also
valid for 211 < p < 242, By the induction, (2.3) proved.

Proof of Theorem 2.3.  Suppose that X} is independent to (Xky1,...,X,) for each k =1,...,n — 1.
Due to (2.11), we have |Tk|p < 227P| X P + (T3 )P + pXk (T} )P~ " By the independence and the fact
that £[X + Y] < E[X] + E[Y], it follows that

[22 PIXk|P + ( k+1) +pXk(Tk++1)p o k+1]
< 22 PE(|X5 ] + (T )P + pEIXR) (T )P~ < 227 PE[| X5 P) + (T )P
So
ENTlP] < E[22PIXklP + (TiE)P + pXa(T )P Y] < 227 PE[| Xkl?) + E[|Thesr 7).

It follows that g[|T1|p] <27 Py IE[|Xk|p]. Now, (2.9) is proved. (2.10) follows from (2.9) by consid-
ering the sequence {X1, Xs,..., X,,} in the reverse order as {X,,, X,,—1,..., X1}

3 Strong laws of large numbers under capacities
Let G C F. A function V : G — [0, 1] is called a capacity if
V(@) =0, V(Q) =1 and V(A)<V(B), YVACB, ABEG.

It is called to be sub-additive if V(AU B) < V(A) + V(B) for all A, B € G with AUB € G.

Here we only consider the capacities generated by a sub-linear expectation. Let (2,9, E) be a sub-
linear space, and & be the conjugate expectation of E. Furthermore, let us denote a pair (V,V) of
capacities by

V(4) := mf{E[ |:Ia<& ey, V(A =1-V(A%), VAeF,

where A€ is the complement set of A. Then

V(A) :=E[14], V(A):=E[Li], if I, A,

Elf] <V(A) <Elg, Ef)<V(A) <&l i f<Ia<g fger.
The corresponding Choquet integrals/expecations (Cy, Cy) are defined by

0 0
Oy [X] = / V(X > t)dt +/ V(X >8) — 1] dt
0 —0o0

with V being replaced by V and V), respectively.
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Definition 3.1.  (I) A sub-linear expectation E: . # — Ris called to be countably sub-additive if it
satisfies

(e) Countable sub-additivity: E[X] < Y.°°, E[X,], whenever X < 32| X,,, X, X,, € /# and X > 0,
X,>0,n=12,...

It is called continuous if it satisfies

(f) Continuity from below: E[X,] 1 IE[X] it 0< X, TX, where X,,, X € J7.

(g) Continuity from above: IE[Xn] 1 IE[X] if 0< X, | X, where X,,, X € J7.

(IT) A function V' : F — [0, 1] is called to be countably sub-additive if

V( An) <> V(An), VA, €F.
n=1 n=1

(IIT) A capacity V : F — [0,1] is called a continuous capacity if it satisfies:
(II11) Continuity from below: V(A,) 1+ V(A) if A, 1 A, where A,,, A € F.
(I112) Continuity from above: V(A,) | V(A) if A, | A, where A,,, A € F.

Example 1.6 (Continued). The sub-linear expectation E defined in Example 1.6 is continuous from
below, and so is countably sub-additive. If J# is the set of all random variables and P is a weakly
compact set of probability measures defined on (2, F), then (V,V) is a pair of continuous capacities.

Definition 3.2. Let {X,;n > 1} be a sequence of random variables in the sub-linear expectation
space (9, 7, IE) X1, X, ... are said to be independent if X;;, is independent to (X7,...,X;) for each
1 > 1, they are said to be negatively dependent if X;; is negatively dependent to (X1,...,X;) for each
i > 1, and they are said to be identically distributed if X; 4 X, for each i > 1.

It is obvious that, if {X,;n > 1} is a sequence of independent random variables and fi(z), f2(z),
... € CrLip(R), then {f,(X,);n > 1} is also a sequence of independent random variables; if {X,;n > 1}
is a sequence of negatively dependent random variables and f1(z), f2(z), ... € Cj Lip(R) are non-decreasing
(resp. non-increasing) functions, then { f, (X, );n > 1} is also a sequence of negatively dependent random
variables.

For a sequence {X,;n > 1} of random variables in the sub-linear expectation space (2, 5 ,I/[-f), we
denote S, = >, _; Xk, So = 0. The main purpose of this section is to establish the following Kolmogorov
type strong laws of large numbers.

Theorem 3.3. (a) Let {X,;n > 1} be a sequence of negatively dependent and identically distributed
random variables. Suppose that V is countably sub-additive, Cy[|X1|] < 0o and lim.—, E[(|X1|—c)T] = 0.
Then

V({ lim inf > < §[X1]} U {hmsup ‘i” > E[Xl]}) = 0. (3.2)

n—oo N n—00
(b) Suppose that {X,;n = 1} is a sequence of independent and identically distributed random variables,
and V is continuous. If
S,
V(limsup' nl _ +oo> <1, (3.3)
n

n—oo

then Cy[|X1]] < oo.
(c) Suppose that {X,;n > 1} is a sequence of independent and identically distributed random variables
with Cy[|X1]] < 0o and lime oo E[(|X1| — ¢)T] = 0. If V is continuous, then

V(liminf Sn = E[Xl] and limsup S = IE[Xﬂ) =1 (3.4)
n—oo 1 n—oo n
and g

v(e{ %} e Exan) -1, (35)

where C({x,}) denotes the cluster set of a sequence of {xy} in R.

The following corollary follows from Theorem 3.3 immediately.
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Corollary 3.4.  Suppose that 7 is a monotone class in the sense that X € 7 whenever 7€ > X,, |
X > 0. Assume that E is continuous. Let {X,;n > 1} be a sequence of independent and identically
distributed random variables in (2, 7, E). Then (3.3) = Cy[|X1]] < 0o = (3.2).

Because V may be not countably sub-additive in general, we define an outer capacity V* by
:inf{ZV(A CAC UA}, (A) =1-V*(A°), AecF.
n=1

Then it can be shown that V*(A) is a countably sub-additive capacity with V*(A4) < V(A) and the
following properties:

(a*) If V is countably sub-additive, then V* = V.

(b*)If Iy < g, g € 7, then V*(A) < IE[ ]. Furthermore, if E is countably sub-additive, then

E[f] S V'(A) S V(A) <Blgl, Vf<Ia<g, fige. (3.6)
(c*) V* is the largest countably sub-additive capacity satisfying the property that V*(A) < I/[-f[g]
whenever Iy < g € J, ie., if V is also a countably sub-additive capacity satisfying V(A) < E[g]

whenever Iy < g € A, then V(A4) < V*(A).

In fact, it is obvious that (c*) implies (a*). For (b*) and (c*), suppose A C J.2 | A, >o0o V(4,) <
V*(A) + €/2 with Ia, < f, € A and E[f,,] < V(A,) +¢/27F2 1t 5 3 f < Ia, then f < Y00 Ia, <
>0 fn, which implies

B/l < ORI < 3 V(A + 30 e/ <V (A) e

n=1 n=1

by the countable sub-additivity of E. While, if V' is countably sub-additive, then

n=1 n=1 n=1 n=1

Theorem 3.5.  Let {Xy;n > 1} be a sequence identically distributed random variables in (2, A, IE)
(a) Suppose that X1, Xs,... are negatively dependent with Cy[|X1]] < co and lim._,~ [(|X1| — )7

= 0. Then g g
V*({ liminf =" < E‘[Xl]} U {limsup S IE[Xﬂ}) =0. (3.7)
n—oo M n—oo N
(b) Suppose that X1, Xs, ... are independent, V* is continuous and E is countably sub-additive. If

S
A (Hmsup | :' = —l—oo) <1, (3.8)

n—oo

then Cy[|X1]] < oo

For proving the theorems, we need some properties of the sub-linear expectations and capacities. We
define an extension of E on the space of all random variables by E*[X] = inf{E[Y] : X < Y)Y € J7}.
Then E* is a sub-linear expectation on the space of all random variables, and

E*[X]=E[X], VX e, V(A) =E 4, VAeF.

We have the following properties.

Lemma 3.6. (P1) IfIE is continuous from below, then it is countably sub-additive. Similarly, if V is
continuous from below, then it is countably sub-additive.

(P2) IfV s continuous from above, then V and V are continuous.

(P3) If E is continuous from above, then B is continuous from below controlled, i.c., E[X,] 1 E[X] if
0< X, T X, where X,,, X € 7 and EX < .
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(P4) Suppose that E s countably sub-additive. If X < > 00 X,, X, X,, > 0 and X € A, then

E[X] < 3ol B [X]. .
(P5) Set H = {A : Iy € S}, then V is a countably sub-additive capacity in H if E is countably
sub-additive in J, and (V,V) is a pair of continuous capacities in H if E is continuous in I .

Proof.  For (P1),if 0< X <> 2 X, 0< X, X,, € .5, then
E[X] —EKE Xk> /\X] = lim E[<§ Xk) /\X]
n (o]
k=1 k=1

< . s . ey s
< nlgrgoE[ZXk] < nlgr;OZE[Xk] <) E[X].
k=1 k=1 k=1
(P1) is proved.
For (P2), it is sufficient to note that, if A,, T A, then A\A, | 0 and 0 < V(A) — V(A,) < V(4\A4,,).
Similarly, for (P3), it is sufficient to note that X — X,, | 0 and 0 < E[X] — E[X,,] < E[X — X,,].
For (P4), choose 0 < Y,, € J# such that Y,, > X,,, E[Y;,] < E*[X,,] + ,.%,. Then X < En 1 Y,. By
the countable sub-additivity of E,
MBI (B, ) < S
n=1 n=1 n=1
(P4) is proved. (P5) is obvious.
The following is the “the convergence part” of the Borel-Cantelli lemma for a countably sub-additive
capacity.
Lemma 3.7 (Borel-Cantelli’s lemma).  Let {A,,n > 1} be a sequence of events in F. Suppose that V
is a countably sub-additive capacity. If > 2 |V (A,) < oo, then

V(4, i.0) =0, where {A,i0.}= ﬂ U A;.

n=11i=n

Proof. By the monotonicity and countable sub-additivity, it follows that

<V<ﬁDAi><V(igAi) ZV ) =0 as n— oo.

n=11i=n

Remark 3.8. It is important to note that the condition that“X is independent to Y under E” does not
imply that “X is independent to Y under V” because the indicator functions I{X € A} and I{X € A}
are not in C 1;p(R), and also, “X is independent to Y under V” does not imply that “X is independent
to Y under E” because E is not an integral with respect to V. So, we do not have “the divergence part”
of the Borel-Cantelli lemma.

Similarly, the conditions that “X and Y are identically distributed under E” and that “X and Y are
identically distributed under V” do not imply each other.

Lemma 3.9.  Suppose that X € A and Cy(|X|) < o0.
(a) Then

o
E[(|X]| A
3 ||j < 0. (3.9)

Jj=1
(b) Furthermore, if limg_,oo E[|X| A ¢] = IAE[|X|], then
E[1 X[} < Cv(1X]). (3.10)
(c) IfIE is countably sub-additive, then

E[lY| <Cu(lY]), VY en (3.11)
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and
lim E[(|X|—¢)f] =0, lim E[X]|Ad=E[X] (3.12)
cC— 00

c—00

whenever Cy (| X|) < co.
Proof.  (a) Note
J
(IXI A3 =D IXPI{E —1 < [X] < i} +j1{|X] > j}

i=1

<

< Qi -1 <|X[ <a} +5IH{|X] > j}
1

1=

=

<.

(i + 12 I{|X] > i} - ZZQI{IXI > i} + {1 X[ > j}

i=0 =1
j—1
<1+ 2+ DI{|X] > i} + jI{|X]| > j}
=1

J
<143 iI{|X] > i}.
i=1
So, IE[(|X| AP =E (XA <1+3 25:1 iV(]X| > ©), by the (finite) sub-additivity of E*. It follows
that

i@ |X|/\j Zl+SZjle(|X|>z)

2

j=1 j=1 J
o0 o0 1 o0
<243 V(X >i0) Y PR 243> V(X|>i)<2+3Cy(X]).
i=1 =i+l i=1

(3.9) is proved.
(b) For n > 2, note

|X|An = Z | X|I{i — 1< |X| <i}+nl{|X]|>n}
=1
n

< Zi(1{|x| >i—1} = I{|X| >i})+nI{|X|>n} <1+ ZI{|X| > i}.

It follows that E[|X| An] = E*[|X|An] <1+ Y7, V(X|>i) <1+ Jo V(IX| > x)dz. Taking n — oo
yields E[| X|] = lim,_00 E[| X| An] < 14 Cy(|X]). By considerlng | X |/e instead of | X|, we have

~1 X X 1
B <1 e (M) =14 levin,
€ € €
i.e., B[|X[] < €+ Cy(|X|). Taking € — 0 yields (3.10).

( ) Now, from the fact that |Y] < 1+ Y .2, I{|Y| > i}, by the countable sub-additivity of E and
Property (P4) in Lemma 3.6, it follows that

E[Y]] € 1+Z]E* H{Y] =i} =1+ V(Y|>i) <1+ Cy(Y]).

Then (3.11) is proved by the same argument in (b) above.
Letting Y = (| X| — ¢)* in (3.11) yields

[(|X|—c) | <Cyv((|IX]—o)t) = /OOV(|X|>x)dx—>O as ¢ — o0.
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So

E[X|] - E[|X|Ad <E[(|X]|-c)*] =50 as c— oo.
(3.12) is proved.

Proof of Theorems 3.3 and 3.5. We first prove Theorem 3.5(a). Theorem 3.3(a) follows from Theo-
rem 3.5(a) because V* =V when V is countably sub-additive.
Without loss of generality, we assume E[X1] = 0. Define

fo(z) = (=) V(x Ac), folz)=a— fu(z) (3.13)
and

X; = £i(X;) - E[f;(X;)], Sj:ZXiv j=12...

Then fc(),fc() € CiLip(R), and X, j = 1,2,... are negatively dependent. Let 6 > 1, n,, = [¢*]. For
ng <n < ngy1, we have

Sn N1 NE+41
{5 e+ 2 B +ij -3 5

j=n+1

. s . 2;1? ELf;(X0)]] iy 155(X;)]
ng ng ngk
X () - E[f (X))} L Xy () - Elf; (X))
Nk Nk
. (i1 — ni)E[ X4 |

ng
= D+ U+ I+ V) + (V)i + (V).

It is obvious that limy_, oo (V) = (0 — 1)E[|X1|] < (0 — 1)Cy(|X1]) by Lemma 3.9(b).
For (I)j, applying (2.7) yields

z?z"[ ?J 4 B

V(Snk+1 = enk) < €2n2 n2 ean
ngyr | A5 EN(IX] A 5)?)
S 22 T 20,2 :
e2ny e2n;
It is obvious that ), """ < oc. Also,
k
X T E(X A0 S , 1
T El(xlnd?l Y
k=1 k j:1 kingi1>j P
- 1
CZ [(|X1|A5)?) . < o0
i—1 J
j
by Lemma 3.9(a). Hence,
SV >0 < SOV 3 6) < oo
k=1 k=1

By the Borel-Cantelli’s lemma and the countable sub-additivity of V*, it follows that

V*(limsup(l)k > 6) =0, Ve>D0.

k—o0
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Similarly,
V*(limsup(IV)k > e) =0, V* (hmsup(V)k > e) =0, Ve>o.

k—o0 k— o0

For (IT)j, note that by the (finite) sub-additivity,
B (X)) = [E[f;(X1)] - EX1| < B[ f5(X0)[] = E[(1X:] - 5)T] = 0.
It follows that

e S EL(X))

(1), = = 0.

ng Nk+1
At last, we consider (III);. By the Borel-Cantelli’s lemma, we will have

v (limsup(III)k > 0) <V({|Xj] > j}i0)=0

k—o0

if we have shown that

[ee] oo
D OVHIXG > 5) < V(X > ) < (3.14)
a <

Let g be a function satisfying that its derivatives of each order are bounded, g.(z) = 1ifz > 1, gc(z) =0
ife<1—¢ and 0 < gc(z) <1 forall z, where 0 < e < 1. Then

ge(+) € Crrip(R) and I{z > 1} < ge(z) < I{x > 1—¢}.

Hence, by (3.

3.1)
V(X5 > ) <
j=1

'M8

G . d
Elg1/2(1X;1/7)] Z [91/2(1X11/)] (since X; = X4)

<
Il
—

<

X

WK

V(X1 >5/2) <14 Cv(2[X1]) < o0
1

<.
Il

(3.14) is proved. So, we conclude that

S,
V*(limsup ">e>=0, Ve>0,

n—oo N

by the arbitrariness of # > 1. Hence

\% (hmsup > O> <U {hmsup > k}) < kZ:lV (hmsup > k:) =0.

n—oo N el n—oo N n—soo N

Finally, R
N (=X, —E[-X
A <liminf Sn < €[X1]> =V (limsup L= (=X [=Xk]) > O> =0.

n—soo N n—o00 n

The proof of (3.2) is now completed.
For (b) of Theorems 3.3 and 3.5, suppose Cy(|X1]) = co. Then, by (3.1),

g}ﬁ[%/z('){l)] ZE|:9/2( )} (since X; £ X)
>§:V(|X1I>Mj)=oo, VM > 0. (3.15)

For any [ > 1

Y G <) (o {2 me()} )
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N n X
gel/%{exp{— g1 2<| ]>H

LEIPN 1 1 X
o G e

1l i

by (3.1) again and the independence because 0 < exp{— 3 g1 2( IxM;jl )} € Cirip(R). Applying the elementary
inequality

yields

el =g ) )] <12l ()| <o = 4%ne ()] )

It follows that

1 o~ X
<Zgl/2< ><l) <el/2exp{—4 E{91/2(|M;.|)]}—>0 as n — 00,
=1

by (3.15). So
\% En:gl/g %] >[l)—1 as n— oo.
j=1 Mj

If V is continuous as assumed in Theorem 3.3, then V = V*. If Eis countably sub-additive as assumed
in Theorem 3.5, then

V(IX] 2 ) S V(IX] > ¢) < E[ge(|X/0)] < V¥ (IX| 2 e(1 = ),

by (3.1) and (3.6). In either case, we have

H(En(3) )+ (Sn () ) 1w v

Now, by the continuity of V*,

e 515 ) (35 ) (Ee(() -
ZEIEOV*(Z%”('X') )

: I
= lim li : | =1.
fim T v (291/2<Mj> ~ 2)

On the other hand,

|5

< 2lim sup
n—00 n

X
lim sup | Xl < lim sup (

n—00 n n—00

|Sn| + |Sn—1|)
n n
It follows that s

V*(limsup [l > m) =1, VYm>0.

n—00 n

Hence,

V*(limsup [l = +oo) = lim V*(limsup |5;7| > m) =1,

n—oo 1N m—00 n—o00
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which contradicts (3.3) and (3.8). So, Cy(|X1]|) < o0
Finally, we consider Theorem 3.3(c). For (3.4), we first show that
Sn o
V(7T SEX))—c) 51, Ve>o. (3.16)

Let f.(z) and fc(x) be defined as in (3.13). Then

V<|221 f(xm . ) < Sk BRI _ BI(X] — )]

€n €

—0 as c¢— o0,
E[X1] — E[f.(X1)] — 0 as ¢ — oo, and by Theorem 2.3,

(24 ) < Bpg ) - ) =V DA - B A 2 ne)
k=1
EN (i (—fel(Xk) = E[= fo( X)) *P]
< n2e?
< o B0 € (X))
2(2¢)?

5 —0 as n— oo.

N

ne

Then (3.16) is proved. By considering {—X,,;n > 1} instead, from (3.16) we have

~

V(S" gs[x1]+e) 1, Ve>O0. (3.17)

n

Note the independence. We conclude that

(S < E[X1] + ¢ and Sn o >1E[X1]_e>
> Elo(( - e Jo(Bx = 750 )
> Elo((y - o) Elo(Ema- T )|
V<‘S7;” ;) .V(SZ;:? > E[Xy] - ;) 1, Ye>0,

where ¢(z) € Ci1ip(R) is a function such that I{z < ¢} > ¢(z) > I{z < ¢/2}. Now, by (3.2) and the
continuity of V|

V(liminf Sn g[Xl] + € and limsup Sn > IE[Xl] - e)
Sn

n—oo N n—oo N
= . Sn2 - Sn iy
> V( liminf ~ " < E[X1] + € and limsup ", > E[Xq] —¢
n—oo N n— 00 n®—mn

>V<S" < &[X1] + € and Sn;—Sn >E[X1]—e i.o.)
n n? —
i E[Xl]—l-eands = 5n >IE[X1]—€):1, Ve> 0.

> limsupV
-n

n—oo

By the continuity of V again,

V(liminf Sn < g[Xl] and lim sup Sn > E[Xl]) =1,

n—oo M n—oo T

which, together with (3.2) implies (3.4).
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Finally, note

Sn - Snfl o Xn - Snfl 1

= —0 as. V.
n n—1 n n—1n

It can be verified that (3.4) implies (3.5).

Proof of Corollary 3.4. Tt is sufficient to note the facts that V(A) = E[l4] is continuous in H = {4, I4
€ A} and all events we consider are in H because J# is monotone and I'{zx > 1} = lim._,¢ ge().

~
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