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1 Introduction

Our concern in this paper is with the numerical solution of highly oscillatory ordinary differential equations
of the form

M
Y(t)=Ffly) + D amt)e“t, t>0, y(0)=yyeC, (1.1)
m=1
where f : C? — C? and ay,...,ay : Ry — C? are analytic and wy,ws,...,wy € R\ {0} are given

frequencies. We assume that at least some of these frequencies are large, thereby causing the solution
to oscillate and rendering numerical discretization of (1.1) by classical methods expensive and inefficient.
Many phenomena in engineering and physics are described by the oscillatory differential equations (see,
e.g., [5,8,13] and so on).

A special case of (1.1) with way,—1 = mw, wam = —mw, m =0,1,...,|M/2|, where w > 1, is a special
case of
oo
Y (1) = fy®) +Gly) Y bi()e™, >0, y(0)=yoeC (1.2)
k=—o0
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where G : C? x C? — C? is smooth, which has been already analyzed at some length in [6]. It has been

proved that the solution of (1.2) can be expanded asymptotically in w1,

y(t) ~ poo(t +Z Z Prom ()™ 1 >0, (1.3)

m=—0o0

where the functions p, ,,, which are independent of w, can be derived recursively: p,o by solving a
non-oscillatory ODE and p,. ,,,, m # 0, by recursion.

An alternative approach, based upon the Heterogeneous Multiscale Method [7], is due to Sanz-Serna
[12]. Although the theory in [12] is presented for a specific equation, it can be extended in a fairly
transparent manner to (1.2) and, indeed, to (1.1). It produces the solution in the form

oo

y(t) ~ Y Km(t)e™, (1.4)

m=—0o0

where i, (t) = O(w™'), m € Z.Y) Formally, (1.3) and (1.4) are linked by

m =0,

>
K (t) = ;
Z . Pr, m( m # 0.
We adopt here the approach of [6], because it allows us to derive the expansion in a more explicit form.

The highly oscillatory term in (1.2) is periodic in tw: the main difference with our model (1.1) is that
we allow the more general setting of almost periodic terms [2]. It is justified by important applications,
not least in the modelling of nonlinear circuits [9, 11].

Another difference is that we allow in (1.1) only a finite number of distinct frequencies in the forcing
term. This is intended to prevent the occurrence of small denominators, familiar from asymptotic theory
[14]. Note that Chartier et al. [4] (see also [3]) employed similar formalism—a finite number of multiple,
non-commensurate frequencies—except that it does so within the “body” of the differential operator,
rather than in the forcing term.

We commence our analysis by letting Uy = {1,2,..., M} and w; = kjw, j = 1,..., M, where w is a
large number which will serve as our asymptotic parameter. Consequently, we can rewrite (1.1) in a form
that emphasizes the similarities and identifies the differences with (1.2),

y'(6) = Fy®) + D am()e™", t>0, y(0)=yoecC” (1.5)

meUy

Section 2 is devoted to the study of an asymptotic expansion of a linear version of (1.5), namely,

Y (t) = Ay(t) + Y am(t)e™", >0, y(0)=yoeC’ (1.6)

meUy

where A is a d x d matrix. Of course, the solution of (1.5) can be written explicitly, but this provides
little insight into the real size of different components. The asymptotic expansion is considerably more
illuminating, as well as hinting at the general pattern which we might expect once we turn our gaze to
the nonlinear equation (1.5).

For the ODE with the highly oscillatory forcing terms with multiple frequencies, the asymptotic method
is superior to the standard numerical methods. With less computational expense, this asymptotic method
can obtain the higher accuracy. Especially, the asymptotic expansion with a fixed number of terms
becomes more accurate when increasing the oscillator parameter w.

1) In the special case considered in [12] it is true that mm, (t) = O(w™!™!), m € Z, but this does not generalize to (1.2).



Condon M et al. Sci China Math November 2015 Vol. 58 No.11 2281

In Section 3 we will demonstrate the existence of the sets
Uy CUL CU C
and of a mapping .
o: U U, - R

r=0

such that the solution of (1.5) can be written in the form

y(t) ~ poo(t +Z 7 prm(t)e et > 0. (1.7)
meU,

As can be expected, the original parameters {k1, K2, ...,k } form a subset of U,.. However, we will see
in the sequel that the set o(l,) is substantially larger for » > 3. In the sequel we refer to the elements
of o(Uy) as {opm : m € U, }.

The functions p, ,,, which are all independent of w, are constructed explicitly in a recursive manner.
We will demonstrate that the sets U, are composed of n-tuples of non-negative integers.

In Section 4 we accompany our narrative by a number of computational results. Setting the error
functions as

€s(t,w) =y(t) — pool(t Z Z Prom (1),

mel,

we plot the error functions in the figures to illustrate the theoretical analysis. The expansion solvers are
convergent asymptotically, i.e., for every ¢ > 0 and fixed s, which is the bounded interval for ¢, there
exists wp > 0 such that for w > wy, the error function |e,(t,w)| < . However, for increasing s, fixed ¢
and w, we will come to the convergence of the expansion in our future work.

Finally in Section 5, we make some conclusions.

2 The linear case

Our concern in this section is with the linear highly oscillatory ODE (1.6), which we recall for convenience,

Y =Ay+ Y apn(t)e ™ >0, y(0)=yeC (2.1)
meUy

Its closed-form solution can be derived at once from standard variation of constants,

y(t) = ety + !4 Z / Yelfm @y, (2.2)

meUy

However, the finer structure of the solution is not apparent from (2.2) without some extra work. Each
of the integrals hides an entire hierarchy of scales, and this becomes apparent once we expand them
asymptotically.

The asymptotic expansion of integrals with simple exponential operators is well known: given g €
C*[0,t) and |n| > 1,

t o)
[ a@eran~ =3 00 - o0 0)
0 p— n)
(see [10]). For any m € Uy we thus take g(r) = e~ *4a,,(z) and 7 = Kk,,w (recall that k,, # 0), therefore

r—1
. T =1\ ,_i_
TURTETED S5 S [ » il Gl Ml

meUy r= 1 £=0
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r—1 r—1
—olA Z(_l)r—l—é( . )Ar—l—éa%)(o)}
mmwt r—1 Y
ey 3 [ e (7 ar e

mely fim) =0
_ otA r—1—,(6)
A
e Z (7 aratio).
We deduce the expansion (1.7), with U, = {0} Uly = {0,1,..., M}, m € N, and the coefficients

Po.0(t) = e yo,

(5)
otA r—1—¢ an/(
A reN,
z ( ) PO
7"—1

7“—1 L

We thus recover an expansion of the form (1.7), where o9 = 0 and 0y, = K, m € Uy. Note that
linearity “locks” frequencies: each p,,, depends just on a,,, m € Uy. This is no longer true in a
nonlinear setting.

3 The asymptotic expansion

3.1 The recurrence relations

We are concerned with expanding asymptotically the solution of
Y =F)+ D ant)e™™ ', >0, y(0)=y,eC” (3.1)
meUo

The function f is analytic, thus for every n € N there exists the n-th differential of f, a function

n times
A

~ ~
fn:Clx ... x C? — C¢ such that for every sufficiently small |¢| > 0,

Flyo+19) = Flyo) + 3 Falwo)ler- el

Note that f,, is linear in all its arguments in the square brackets.
We substitute (1.7) in both sides of (3.1) and expand about pg o(t),

00
. : 1 : . .
y/ :p(/),0+ Z lo_mmeewmwt_’_Zwr{ Z p;’melamwt_'_w_m Z pr+1,mGWMWt]

mel r=1 meU, meU, 41
- f(PO o+ E E Dr, mewmwt> + § amemmwt
mEI/{ meUo
t t
F(poo) + E fn Po,0 { E E Doy gy €71 E we E De,, k, "”“"w]
6= 1 k1€M11 ln=1 kn €Us,,

+ § ameinmwt

meUy

= f(poo) + 12 Z wel+22+ ey oo DL Faloolpe

n=1 l1=1 =1 k1€U, kn €Uy,
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Dok ]ei(o'k1 +-top, Jwt + E an eiKmUJt
meUoy

po 0 + Z nl Z o Z Z Z fn Po, 0 péhku . ,p%?kn]ei(akl+...+akn)wt

r=n el | k1 €Uy, kn €Uy,

+ § ameinmwt

meUy

o0
f(po,o) z_: ; Z Z Z Fn(P0.0)[Per ks - - > Pty JH T T )

n=1 L€l . ki€Uy, kn €Uy,

n,r
iKmwt
+ Z am/e " ’

meUoy

n,r

where
,er{EEN”'ETl—r}, 1<n<r

There is a measure of redundancy in the last expression: for example there are two terms in I3 s,
namely, (1,2) and (2,1), but they produce identical expressions. Consequently, we may lump them
together, paying careful attention to their multiplicity. More formally, we let

nrf{EEN”'ETl—r Uy < Uy <ly}, 1<n<r

the set of ordered partitions of r into n natural numbers and allow 6 to stand for the multiplicity of £,
i.e., the number of terms in I} , that can be brought to it by permutations. For example, 61 2 = 2, while
for » = 4 there are five terms,

Oy=1, 613=2, boo=1 0112=3, 01111=1
We introduce the multiplicity and obtain a more compact form for the equation

/ 3 i wt
Poo + Z 10mP1,me

mely
+ 1amwt+ 1amwt
(JJT p'rm 10mpr+1
meU, meUr 41
21 K1
:f(Po,0)+Zwr l D0 D> D FaPoo)Pekis Pk,
r=1 n=1"" L€, ki€lUy, kn€Uy,
x i@k HoFor, Jwt 4 Z a,,elrmet (3.2)
meUy

We separate different powers of w in (3.2). The outcome is

/ : i mwt _ iKmwt
Po,o + Z iomP1,me’” F(po,o) Z ape (3.3)
mely meUoy

for r =0 and

/ iomwt . iomwt
g Prome ™ + g 10mPr+1,m€ "

meU, meUr41
_Z DoOe Y Y FaP00) [Peikis s Pe g, ] €T TR (3.4)
n= 1 ZE]I,L r k1 Eugl k?-,LEU/,n

for r € N.
Before we embark on detailed examination of the cases r = 0,1, 2, followed by the general case, we
must impose an additional set of conditions on the coefficients p, ,,. Similarly to the expansion of (1.2)
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in [6], we obtain non-oscillatory differential equations for the coefficients p,o, 7 € Z, which require
initial conditions. We do so by imposing the original initial condition from (3.1) on pgo and requiring
that the terms at the origin sum to zero at every w scale. In other words,

Poo(0) =yo, Pro(0)=— > prm(0), reN. (3.5)
meU,\{0}
3.2 The first few values of r
The expansion (1.7) exhibits two distinct hierarchies of scales: both amplitudes w™" for r € Z, and,
for each r € N, frequencies €“m“!. In (3.3) and (3.4) we have already separated amplitudes. Next, we
separate frequencies.
For r =0 (3.3) and (3.5) yield the original ODE (3.1) without a forcing term,
Poo = f(Poo), t=0, poo(0)=yo,

as well as the recursions

a
Pi,m = . "om=1,...,.M
iKm
(recall that k,, # 0). Therefore o, = ki, m = 1,..., M. We set, for reasons that will become apparent

in the sequel,
U ={0}udy = {0,1,..., M},

with o9 = 0.
For r =1 we have I y = {1}, 61 =1, and (3.4) yields

Z Pl m 7 o+ Z 10 P2, me Tt = Z F1(P0.0) [P1,m] €7,
meUy meUs melly
We set
Uy =Uy ={0,1,..., M}
and (recalling that p; ,, is already known for m # 0)

Pio=filpoo)lprol, =0, pio0)=— > p1m(0),
meU1\{0}

P2,m = ml {fi(po.o)[P1,m] = PL .}, m €U\ {0}

An explanation is in order with regard to our imposition of 0 € U;. We could have accounted for all
the r = 1 terms in (3.4) without any need of the pq o term. However, in that case the outcome would
not have been consistent with the initial condition (3.5) and this is the rationale for the addition of this
term.

Our next case is r = 2. The case is not so straightforward to deduce. Since I;» = {2} and o =
{(1,1)}, we have from (3.4)

/ iomwt : iomwt
E P2 € + § 10mP3,m¢e
mels meUs

. 1 .
= Z F1(po.0) [P2,m] €77 + 5 Z Z £2(P0.0) [P1,my s P1my Je! 7 T Tma) et (3.6)

meUs m1 €U maEUL

We need to choose Us to match frequencies in the above formula. The set Us accounts for the frequencies
0, K1, K2, ..., Ky but we must also account for s; 4+ r; for 4,5 = 1,2,..., M. Therefore we let

Us =Us U {(m1,ma) : 0 < mq <me < M}

We note two important points. Firstly, for ¢ # j, k; + £; can be obtained for (j,7), as well as for (4, j).
Secondly, it might well happen that there exist 7,7,k € {1,..., M}, i < j, such that k; + k; = ki, in
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which case we do not include (4, 7) in Us. This motivates the definition of the multiplicity of m € Us \ Us
(which we will generalize in the sequel to all sets U,.). Thus, for every 0 < ¢ < o < M we let pg’f,b
equal the number of cases when k(s + Kr(e,) = Km, Where 7(£€) is a permutation of £. Likewise, we
let ijé;m, where 0 < 41 < Vo < M and 1 < m; < mo < M, be the number of permutations such that
Ex(ey) + Er(ty) = Bmy + Ems-

We can now separate frequencies. Firstly, the non-oscillatory term corresponds to og = 0. It yields
the non-oscillatory ODE

1
Pho=Filpoo)lp2ol+ 5 Y ph e Fa(Po0)Pre.pie),
Koy Tre,=0
£1< Lo
whose initial condition, according to (3.5), is
p20(0) == > pom(0).
meUz\{0}
Secondly, we match all the terms in U \ {0}, and this results in the recurrence
. 1
kmP3,m = F1(P0,0) [P2,m] — Pb m + 5 S ol F2(Poo) P L.
Koy FReg=Km

£1<lo

Finally, we match the terms in U3 \ Uz. Recall that these are pairs (mq,ms) such that m; < mg and

Km, + Kmy 7 0j for j =0,1,..., M. We obtain the recurrence
. 1
1(’i'rru + ﬂmz)pB,(m1,m2) = ) Z ijé:lzfQ(p0,0)[pl,&7p1,42]'
Koy FReg=Kmy +Emg
£1< L2

(There is no danger of dividing by zero since we have ensured that x,,, + Km, # 0o = 0.) This accounts
for all the terms in (3.6).

3.3 The general case r > 1

We consider the “level r” equations (3.4). Note that, by induction, the sets Uy are known for £ = 1,2,...,r
and 0 € U,. Moreover, we have already constructed all the functions pe ,’s form € U, \{0}, ¢ =1,2,...,r,
and all the p; o for £ =0,1,...,7 —1. The current task is to construct the set U4, the functions p, 1
for m € Uy41 \ {0} and the function p,. .
It will follow soon that all the terms in U, y1 are of the form rj;, + Kj, + -+ + Kj,, where ¢ < r
1,M2,...,Myg

and j; < j2 < -+ < jg,. We commence by setting pZ loyty 88 the number of distinct p-tuples
(l1,02,...,¢p), where

615627"'7€p7m1;m27"'amq € {0517"'7M}; mp < mg < <m(p
such that

p q
E Ry, = E Rm;-
i=1 =1

Examining the formula (3.4) we observe that the terms on the right-hand side have exponents of the

form e, where

N=0k + 0k, + -+ 0k, UkiEUgi, 1=1,...,n, ﬁEHnn

for some n € {1,2,...,r}. It follows at once by induction on r that there exist ¢ € {1,2,...,7} and
0<my <mg < --- <my < M such that

q
n = E Rm;-
i=1
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It might well be that such n can be already accounted by U,., in other words that there exists m € U,
such that n = o,,,. Otherwise we add to U, the ordered g-tuple (my, ma,...,mg). This process, applied
to all the terms on the right of (3.4), produces the index set U1,

ur+1:uru{(m1;~~-;mq):O<m1<m2<"'<mq<M7q6172a"'ﬂr}'

We impose natural partial ordering on U,.: first the singletons in lexicographic ordering, then the pairs
in lexicographic ordering, then the triplets, etc. This defines a relation my < mo for all mi, ms € U,.. We
let

n q
Wﬁm = {(ﬁak) : kz €Ugi,€€ Hn,razaki = Zam”kl j j kn7m1 < < mq}7
i=1 i=1

where m € U, and n € {1,2,...,7}.
Let us commence our construction of recurrence relations by considering m € U, \ {0}. In that case
we have

T
- 1
10mPr+1,m = _p;’,m + Z n! Z Oe Z p;cnfn (p0,0) [pﬁhku s 7p£n7kn:| : (37)
n=1""Lel,, (Lk)EW?,,

Next, we consider m € U1 \ U,. Now the first sum on the left of (3.4) disappears and the outcome is
"1
10mPry1,m = Z l Z Oe Z P Frn(P0,0) [Pesgers - s Pl k] - (3.8)
n=1 Lel, - (L,k)ewy,,
Finally, we cater for the case m = 0: now the recurrence is a non-oscillatory ODE,

T
1
pflr,O = Z TL' Z 9@ Z p%fn(po,o)[péhku .. 7p€n7kn]7 t 2 0)

n=1""" £€l, , (L,k)yew?,
pr,O(O) = - Z pr,m(o)'
meU,\{0}

For example, in the case r = 3 we have
Lis={3}, Lz={(12)}, Ls={11L1}, O3=0i11=1 ~02=2,

while
Us ={0,1,...,. M} U{(m1,m2) : m1 < M2, Em, + Kmy 7# Em, Vm =0,..., M}.

We thus deduce from (3.7) that

1KmPam = _p/3,m +h (Po,o)[p?,,m] + Z p;‘ij@ J2 (p0,0)[pl,jl 7p2,j2]

Kjy thRjp=Km

J1<J2
1 m
+ 4 > P o ia F3(P0.0) [P P11
fjy iy tRig=Rm
J1<J2<J3

for all m € Us \ {0} and

i(Fm, + Hmz)p4,(m17m2) = —p/37(m17m2) + fi (po}o)[p&(mhm”]
+ Z P £2(Po,0) [P1,jy P2,

Kjy THjp =Kmy TKmy
J1<J2
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1 m
11,7112 . . .
+ E pjl,jz,jgfiﬁ’(poﬁ)[ph]lap17J2ap1713]
Kjy FRjgthjg=Kmy +Emg
J1<J2<73

for (mqy,ma) € Us \ Uz. Next, we use (3.8):
: _ 1 mi,m2,ms3
1(/fm1 + Kmy + Hm3)p4,(m17m27m3) 6 Z Py 52,53 Is (pO,O)[pl,ji7p1,j27p1,j3]

Kji1+tHKjg +l’€‘7'3 =Kmq tHhmy +,~gm3
J1<J2<73

for all 1 < my < mg < m3 < M such that Km, + Kmy + Kms # om for m € Us.
Finally, we invoke (3.9) to derive a non-oscillatory ODE for ps o, namely,

Pho = Fi(poo)psol+ Y. 0 5 F2(P00)[P1jis 1)

iy Hhjo =0

1
0
+ 6 Z pj17j2;j3'f3(p070)[p17j1ap17j27p17j3]’
Kjy Hhjg+rj3=0
J1<J2<73

p3,0(0) = — Z P3,m(0).

mEUg\{O}

3.4 A worked-out example

Let M = 3 and
ki =1, Ke=V2, ky3=—-1-—V2

Therefore Uy = Uy = {0,1,2,3},
o0=0, o1=1, 09=V2, o3=-1-—+2
and
pZL :5k,m7 k7m:051a273'

Consequently, pj o = f(Po,o); Po,o(0) = y(0) and
_a a2 _ as
P11 = i P1,2 \/21, P1,3 (1+\/2)i'

We commence with r = 1. The ODE is now
Pio= Filpoo)lpiol, t=0, p10(0)=—p1,1(0) —p12(0) — p13(0),

while the recurrences are

P21 = i{fl(Po,o)[pl,l] - Pib P22 = \/12i{f1(p0,0)[]31,2] —Piaks
1

D23 = — (1+ \/Z)i{fl(po,o)[Pl,B] —p'173}.

Note that the first two “levels” of the expansion are

1 | . y
y(t) ~ po,o + " [p1.0+ p11e™" + p172€"/2m + pi3e (1+\/2)wt]-

For the sum

. iomwt
E 10mP3,me€ )
meUs

we calculate that Us = {0,1,2,3,(1,1),(1,2),(1,3),(2,2),(2,3),(3,3)}, with 011 = 2, 012 = 1 + /2,
01,3 = —\/2, 022 = 2\/2, 023 = —1 and 03,3 = -2 — 2\/2
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The only way to obtain g =

0
Piy e,

Sci China Math November 2015 Vol. 58 No.11

0 using two terms from U; is 0 + 0, therefore p8,0 = 1, otherwise
= 0. However, to obtain o, for m = 1,2,3 we have two options- 0+m and m + 0. Therefore

Poim = 2, otherwise pj’ , = 0. For py';™* we note that prL = pas = pys =1, p15 = prs = pys =2,

otherwise the coefficient is zero. Therefore

Pho = f1(po,o)[P2,0] + ;fQ(Po,o)[pl,mpl,o],

P2,0(0) = —p2,1(0)

and the O(w™?2) terms are

1 .
w2 [p2,0 + P2,1€™" + P2 ge

Moreover,

1
P31 = i{fl(Po,o)[Pz,ﬂ
P32 =

1

P33 = (1 n \/2) {fl(po 0)[132 3]
P3,1,1) = 41]"2@0,0)[]31,17p1,1]7
P3,(1,3) =

1
P3,(2,3) = — i f2(P0,0)[p1,27p1,3]7

1
—\/ZifQ(Po,o)[Pm’pm]’ P3,(2,2) =

—p2,2(0) — p2,3(0),

iv2wt 7i(l+\/2)wt].

+ p2,3e

- p/2,1 + f2(po,o)[P1,0, P11},

\/12i{f1 (P0,0)[P2.2] — Ph o + fa(Po,0)[P1,0, P1.2]}

Db 3 + f2(po,0)[P1,0, P1.3]}

1
D3,(1,2) = +\/Z)ifQ(po,o)[PLl,Pl,zL

(1

4;21 f2(po,0)[P1,2, P12

D3,(3,3) = f2(poo)[P1,3, P1,3)-

1
41+ V2)

The number of terms in Uy is significantly larger: we need to add to Us further nine terms—altogether

we have 19 terms, which are displayed in Table 1. All the nonzero PUy 050, are displayed there as well.
Note that there is no (1,2, 3) term, because k1 + k2 + k3 = 0, hence it is counted together with zero.

Table 1 Ordered elements of Uy

m Om

0 oo =0

1 o1 =1

2 =2

3 o3 = —1—+/2
(1,1) o110 =2

(1,2) o120 =142
(1,3) o1,3 = —V2

(2,2) 02,2 =22

(2,3) 093 =—1

(3,3) 03,3 = —2—2/2
(1,1,1) o111 =3

(1,1,2) o112 =242
(1,1,3) o113 =1—+2
(1,2,2) o122 =1+2V2
(1,3,3) o133 =—1—2V2
(2,2,2) 0222 =3V2
(2,2,3) o223 =—-1++2
(2,3,3) o233 =-2-—12
(3,3,3) 0333 =—3—3V2

P

Pg,o,o =1, 9(1),2,3 =2, Pg,1,3 =2, Pg,1,2 =2
Pcl),o,l =3
9(2),0,2 =3
Pg 0,3 =3
/’(1),},1 =3
Po,l,z =6
p(l):?,s =6
9(2)33,2 =3
9(2):3,3 =6
szg,s =3
Py =1
Prs =3
PrLs =3
L3 =3
Py =3
o =1
Para3 =3
P =3

333 _
P313)3
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In particular,

1
Plg,o = f(po.0)[P3.0] + f2(Po.0)[P1,0, P2,0] + 6f3(P0,0)[P1,07p1,0,Pl,o],
3

3
P30(0) = = p35(0) = > > ps(0)(0).

= j=1t=j
We conclude that the O(w™2) terms in the asymptotic expansion of y are

—i(1+v/2)wt 2wt

1 . .
w3 (P30 + P3,1€Wt + 173,261\/2“”5 + p33e + P3,1,1)€

ei(1+\/2)wt —iv2wt i2v/2wt —i(2+2\/2)wt].

+P3,(1,2) +P3,1,3)¢€ +P3,(2,2)¢ + P30 " +P3 e

All this can, of course, be carried forward to larger values of r.

3.5 Two non-commensurate frequencies

An interesting special case is M = 2, where, without loss of generality, k1 # 0 is rational and ko is
irrational: this means that the only integer solution to mix1 +moke = 0 is my = mo = 0. This simplifies
the argument a great deal.

Simple calculation now confirms that

Poo = f(Poo), P0.0(0) = o,

am
Pim = . ) m = ]-7 27
1Km

Pio=Filpoo)lpiol, t20, p10(0)=—-p1,1(0) —p12(0),

1

DP2m = . {fl(p0,0)[pl,m] - pll,m}v m = 1; 27
1Km
1

Ph o = f1(Po,0)[P2.0] + 2f2(P0,0)[P1,07P1,0]7 P2,0(0) = —p2,1(0) — p2,2(0),

1
Psm = {f1(p0,0)[P2,m] — Db 1 + F2(P00) P10, P1m]}, m=1,2,

m

1
P3,(mm) = 4o f2(p0,0)[P1,m,P1,m), m=1,2,
m

1

P3,(1,2) = i(lil + Ko

)f2(P0,0)[P1,17P1,2]7

1
P'g,o = f1(po,o)[P3,0] + f2(Po,0)[P1,0, P2,0] + 6f3(P0,0)[p1,07p1,07p170]7
P3,0(0) = —p3,1(0) - p372(0) - P3,(1,1)(0) - P3,(1,2)(0) - P3,(2,2)(0)-

The next “generation” is

1
Pim =, {f1 (P0,0)[P3,m] — P3.m + F2(P0,0)[P1,0; P2,m]

m

1
+ f2(P0,0)[P1,ms P2,0) + 6f3(Po,o)[P1,o,p1,07P1,0]}, m=1,2,

1
P4,(m,m) = Yk, {fl (Po,o)[p?,,(m,m)] + f2(p0,0)[]31,m7p2,m]
1
+ 2f3(p0,0)[p1,07p1,m7p17m]}7 m = 1727
1
P4,(1,2) = (k1 + ) {£1(p0,0)[P3,(1,2)] + F2(P0,0)[P1,1, P2,2]

+ f2(po,0)[P1,2, P2.1] + f3(P0,0)[P1,0,P1,1:P1,2] }s
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Pa(momm) = jgi F3(Po,0)[P1,m> P1ms P1m], m=1,2,
1

P4,(11,2) = 21(%;1 T HQ)f3(P0,0)[p1,1,P1,17p1,2]7
1

Pay(1,2,2) = %i(k + 2@)f3(Po,o)[P1,1,p1,27P1,2]

and

pﬁ;,o = f1(P0,0)[P4,0] + f2(P0,0)[P1,0,P3,0] + ;fQ(po,o)[Pz,me,o]

1 1
+ 9 f3(P0,0)[p1,0,P1,07p2,0] + 24f4(p0,0)[]31,07p1,0,P1,07p1,0]7
p470(0) = —P4,1(0) - p4,2(0) - p4,(1,1)(0) — P4,1,2) (0) — P4,(2,2) (0)
= Pa,1,1,1)(0) = Pa,(1,1,2)(0) = Py (1,2,2)(0) — Py (2,2,2)(0).

Greater, but not insurmountable effort is required to develop a general asymptotic expansion in this case.
However, to all intents and purposes, expanding up to r = 4 is sufficient to derive an exceedingly accurate
solution.

3.6 Comments

Comment 1. As we increase levels r, we are increasingly likely to encounter the well-known phe-
nomenon of small denominators [14]: unless k., = ¢y, m = 1,..., M, where all the 1,,’s are rational
(in which case, replacing w by its product with the least common denominator of the 1,,’s, we are back
to the case (1.2) of frequencies being integer multiples of w) and positive, the set of all finite-length linear
combinations of the k,,’s is dense in R [2]. In particular, we can approach 0 arbitrarily close by such
linear combinations. This is different from «,,’s summing up exactly to zero: as demonstrated in Subsec-
tion 3.4, we can deal with the latter problem but not with the denominators in (3.7) or (3.8) becoming
arbitrarily small in magnitude. Like with other averaging techniques, there is no simple remedy to this
phenomenon. This restricts the range of r at which the asymptotic expansion is effective. Having said
so, and bearing in mind that the truncation of (1.7) to r < R yields an error of O(w™%71) and, |w|
being large, we are likely to obtain very high accuracy before small denominators kick in. Hence, this
phenomenon has little practical implication.

Incidentally, this is precisely the reason for the requirement that, unlike in (1.2), the number of initial
frequencies is finite. Otherwise, we could have encountered small denominators already for » = 3 and
this would have definitely placed genuine restrictions on the applicability of our approach.

Comment 2. There is an alternative to our expansion. We may decide that the x,,’s are symbols,
rather than specific numbers. Not being assigned specific values, it is meaningless to talk about the sets
Wy, because kg, + ki, = ki, say, has no meaning (except when ¢1 = 0, £2 = m). Of course, in that case
we may have several distinct terms which correspond to the same frequency, once we allocate specific
values to the k,,’s, but the quid pro quo is considerable simplification and no multiplicities (which depend
on specific values of k,,’s, hence need be re-evaluated each time we have new frequencies). Unfortunately,
this approach has another, more critical, shortcoming. We must identify all linear combinations of k,,’s
that sum up to zero, because they require an altogether different treatment.

It would have been possible to proceed differently, by separating all the terms of the form Z;zl Ky,
into two subsets: those that sum to zero and those that are nonzero. We do not need to specify which is
which—this becomes apparent only once values are allocated—just to remember that the nonzero sums
give rise to new frequencies, with coefficients derived by recursion, while zero sums are lumped into a
differential equation for a non-oscillatory term. While this is certainly feasible, it seems that the current
approach is probably simpler and more transparent.
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4 Numerical experiments

In the current section we present two examples that illustrate the construction of our expansions and
demonstrate the effectiveness of our approach. In each case we compare the pointwise error incurred by
a truncated expansion (1.7) with either the exact solution or the Maple routine rkf45 with exceedingly
high error tolerance, using 20 significant decimal digits. Specifically, we measure the components of

s
1 .
TUREHORD it EMCEA
r=1

meU,

for different values of s.

4.1 A linear example

We consider the equation

3. 21 . .
B bt = teV2iwt 4 2o-(HV2)wt 4 > 0 4(0) = #(0) = 0.5. (4.1)

T

Letting y = [z, ] ", we reformulate (4.1) as the system

0 1 0 ~ i
V= < a3 >y+< 1 )aGﬂWtHQe(lm)m)’ o [

5 5

[\R R
—_

This is a linear equation, and the exact solution and its asymptotic expansion are available explicitly by
using the theory from Section 2.

Figures 1 and 2 display the real part of the error functions in computing x and &, respectively, for s
between 0 and 4 within ¢ € [0,5]. It is clear that each time we increase s, the error indeed decreases
substantially, in line with our theory.?)

Identical information is reported in Figures 3 and 4 for frequency w = 5000 within ¢ € [0,5]. A
comparison with Figures 1 and 3 emphasizes the important point that the efficiency of the asymptotic-
numerical method grows with w, while the cost is identical with increasing oscillatory frequencies for
w = 500 and w = 5000. Indeed, wishing to produce similar error to our method with s = 4, the
Maple routine rkf45 needs to be applied with absolute and relative error tolerances of 10~ and 10718,
respectively.®)  Although the method is robust enough to produce correct magnitude of global errors,
this comes at a steep price. Thus, while our method takes less than one second to compute the solution
and requires = 17.5 kb of storage, rkf45 takes = 2740 seconds to compute the solution for w = 500 and
requires ~ 107 kb. This increases to = 4533 seconds and ~ 1.6 x 107 kbytes for w = 5000.

4.2 A nonlinear example in Memristor circuits

In this subsection, the method in this paper is developed for Memristor circuits subject to high-frequency
signals. Consider the following differential equations governing a circuit with two memristors similar to
that given in [1],

yi(t) = ys(t),
ya(t) — ys(t)

ya(t) = 1+ e(1+3y2() )
(D) = ana0)(d - (1+ 330 - ) T B0, 12
yi(t) _ (yB(t) - y4(t))(1 + 3y§(t)) + y5(t),

1+e(1+4 3y3(t))
y5(t) = —bya(t) — cys(t) + s(t), t=0

2) The first two figures from top left onwards in the first row of Figure 1 are identical, which is evident in Section 2.
3) Such error tolerances are impossible in Matlab, which explains our use of Maple.
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Figure 1 The real part of the error in  committed by the asymptotic expansion, as applied to the linear system (4.1)
with w = 500 for s =0, 1,2, 3,4 (from top left onwards)

8.x10 "
6.x10 "1
4.x10

2.x10"

—2.x10"
—4.x10 7

—6.x10 "7

—8.x10"

Figure 2 The real part of the error in & committed by the asymptotic expansion, as applied to the linear system (4.1)

with w = 500 for s = 0,1,2,3,4 (from top left onwards). It is shown that the error decreases once s increases from 0 to 1
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2.x10" "1 2.x10" "
1.x10" 1.x10"

—1.x10" "1 TN —1.x10" "1
—2.x10" "1 —2.x10" "1

Lx10""

8. x 10—15,

6.x10"
4.x10°
2.x10°

—2.x10"

4.x107 %1

6.x10"

8.x10"

Figure 3 The real part of the error in  committed by the asymptotic expansion, as applied to the linear system (4.1)
with w = 5000 for s =0,1,2,3,4 (from top left onwards)

2.x10°

1.x10"

—1.x10"

—2.x10" "

2.x10"

1.x10°

-1.x 10"

—2.x10"

Figure 4 The real part of the error in # committed by the asymptotic expansion, as applied to the linear system (4.1)
with w = 5000 for s = 0,1,2,3,4 (from top left onwards)
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- s(f) + v - R
I
—O—1—wW
M,

+ + T

L —— Vlt) vilt) —— v(e)
0, — _ c, -of _ ==

I

Figure 5 The Memristor circuits

with the initial conditions

(1(0),52(0),y3(0), 44(0),y5(0)) " = (c1, ¢2,0,107%,0) = yo,

where ¢ = 8, b = 10, ¢ = 0, d = 2, ¢ = 0.1, ¢ = —0.8, ¢ = —0.4. The unknown functions are
y1(£), y2(t), y3(t), ya(t), ys(t). The forcing term is s(t) = 4Pelmiwt — fbeinawt 4 Abginswt _ Abgirawt iy
which A = 0.1, Ky = 1, k1 = —1, k3 = V2, Ky = —/2 and w is our oscillatory parameter. The circuit

figure is shown in Figure 5, where the corresponding parameter relationship between Figure 5 and the
equation (4.2) is

D=y, P2=1y2, V3=1Y3, Va=y4, I5=Y5, Co=1a=1/C,
Wi =1+3y2 Wo=1+4+3y2 b=1/L, c¢=r/L, d=G, e=R.

This circuit equation can be written in a vector form
y’(t) _ f(y) 4 al(t)einlwt + aQ(t)einzwt + a3(t)ein3wt + a4(t)ei’"‘4“’t, t> 07

where y(t) = (y1(t), y2(t), y3(t), ya (), ys(t)) ",

Y3
Ya—yYs
1+e(1+3y§) ,
— 1+3
fly) = ays(d— (1+3y3)) _2(1(3411;241)453@/3)%)
(ys—ya)(1+3y3)
i+e?1+3y§)2 +y5
—bys — cys
and
0 0 0 0
0 0 0 0
at)=1 0 |, a®)=| 0 |, a®)=| 0 |, ast)=| 0 |,
0 0 0 0
Ab _Ab Ab _Ab
2i 2i 2i 2i
or in a more compact form as
4
y'(t) + f(y(t)) _ Z am(t)emmwt _ Z am(t)emmwt7 t>0, (4.3)

m=1 me&Uo
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where Uy = {1,2,3,4} is an initial set and w; = kw, j =1,2,...
Then the asymptotic method is developed for this type of equation.

The formation of the terms in the asymptotic method for the given memristor system shall now be
described.

4.2.1 The zeroth terms

Denote (p); to be the j-th element of the vector p. When r = 0, set U1 = {0,1,2,3,4}. Then the zeroth
term pgo(t) obeys

p(/),O = f(po,o)v t> Oa pO,O(O) =Yoo = (Clv C2, Oa 10_4) O)Ta

where

(Po,0)3
(P0,0)a—(Po,0)3
14e(1+3(po,0)2)

a - 143 3
F(Po) = | alpoo)s(d = (1+3(poo)d)) — ooy ifoe Tare s

((P0,0)3—(P0,0)4) (1+3(p0,0)3)
" i-i—e(f-&(-)i’jpo,o)%) P+ (pO’O)S

_b(p0,0)4 - C(P0,0)5

In addition, the recursions enable the determination of p1 ,, (t), m # 0,

0 0
0 0
w="1 o w="1 o
P11 - i/il y P12 - il€2 )
0 0
Ab _Ab
2i 2i
0 0
0 0
m="1 o m="1 o
P1,3 71/@3 y P14 71%4
0 0
Ab _Ab
2i 2i

The corresponding derivatives are py | (t) = pj 5(t) = pj 3(t) = pj 4(t) = 0.

4.2.2 Ther =1 terms
For r =1, set Uy = Uy = {0,1,2,3,4}. This yields

Pio = fi(poo)lpro], t=0,

0
0
P1,0(0) = — Z P1,m(0) = 0 )
mel\{0} 0
A2 +2)

P2,m = i: {f1(Po.0)[P1m] — P} = i: JF1(poo)lP1,m), m €U\ {0},

m
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where
0 0
1 0 1 0
p2a(t) = . |, 0 ;o p22(t)= ., 0 )
(ik1) " (ik2) b
2i 2
—cAb cAb
2i 2
0 0
1 0 1 0
p23(t) = . "\, 0 |, pal)= . |, 0
(ik3) " (ik4) o
2i 2
—cAb cAb
2i 2

4.2.3 Ther =2 terms

The r = 2 layer is the first layer in which additional frequencies must be considered and we set

14),(2,2),(2,3),(2,4),(3,3), (4,4)}.

Note that the (1,2) and (3,4) terms do not appear in the set Us as addition of these frequencies would

Us = {Oa 1,2,3,4, (17 1)’ (17 3)» (1

result in zero index which has already appeared in Us.
We will first consider the ps o(t) term. Since p(il =1, ;)(1)72 =2 and pg74 = 2, the term py ¢ satisfies

>

K they=0
1< L2

1
Ph o = f1(po,o)[p2,0] + 5 00, 0, F2(P0,0) P10, P12,

= f1(po,o)[P2,0] + ;fQ(po,o)[P1,o7p1,o] + f2(po,0) P11, P1,2] + Fo(Poo)[P1.3, P1.4],

with the initial condition

D2,0(0) = —

Z p2,m (O)

mEUQ\{O}

:0,

where
p’lI‘li
p1 Mo

(
mMoa(
(
a(

Po.o
Po.o

)
)
0)
)
)

P1.k
P1

=

T M3

1,m

F2(Po,0)[P1m,P1LE] =

=
S
o
S
B

pl,m 4{Po,0)P
P1Ms(poo)pik

=
e

and M;(y) is the 5 x 5-dimensional Jacobian matrix evaluated at the vector function pg (%),

% f; % f; 9’15 % f; 9’15
9y 0y Oy dy2 By Oys Iy dya Oy 0ys
*f % f; O f *f; o f
agzi;m agz?cyz agzi;% 8(%2??44 agzi;ys)
. — J J J J J
M; (p070) B 6?!3891 9y30yz  Oyz0ys  Oy30ya 6y38y5
0°f; 0°f; % f; 0°f; % f;
9ysOyr  Oysdyz  OysOys  dysOya  Oys0ys
8 f7 azfj d f7 azfj d f7
Oys0y1  OysOya  OysOys  OysOya  Oysdys / y—=pg (1)

Furthermore, due to the fact that the first four elements of py ,,,(t), m # 0, are zero, the non-oscillatory

equation for ps o(t) simplifies to

Plz,o = f1(po.o)[P2.0] + ;fQ(po,o)[P1,o7p1,0]7

D2,0(0) =

0, t>0.
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Now consider the set Us and the recursions for p3 ,,. First, we match all of the terms in s \ {0} as
these are also in Us,

. 1
KmP3,m = f1(Po,o)[P2,m] — Plz,m + 9 Z P2y 0o F2(P0,0)[P1,er s P1es] = F1(Po,0) [P2,m]-
Koy thRey=Km
£1<l2

We then match to the remainder of the elements in U3,

) 1 11,1
(K, + chz)m,(ml,ma) = 5 Z pzjégnzfz(Po,o)[PLzl7P1,z2] =0.
Koy HReg=Kmi +tKmy
£1<lo

Because of the nature of the elements of p; ,,, and pa ., the non-zero terms of p3 n,(t), m # 0, are

0

1 Ab
1+e(1+3(po,0)3) 2i
psa(t) = a(1+3(po.0)3)  Ab
3,1 (ir1 )3 1+e(143(po,0)3) 2i ’
—(143(po.0)3) Ab 4 —cAb

1+e(1+3(p0£)§) 221 2i
Ab c“Ab

o Ty

0

1 —Ab
1+e(143(po,0)3) 2i
psa(t) = 1 a(1+3(po.0)2) —Ab
3,2 (irg)3 14e(143(po,0)3) 2i ’
—(14+3(p0,0)5) —Ab + cAb
I4e(143(po,0)2) 2i 2i
A2 2Ab
2i 2i

0

1 Ab
14e(14+3(po,0)3) 2i

(t) _ 1 a(1+3(p0,0)3) Ab
p33(t) = (ir3)3 14e(143(po,0)3) 2i ’
—(143(p0,0)3) Ab 4 —cAb

1+e(143(po,0)2) 2i 2i
AW | PAb
2i 2i
0
1 —Ab
1+e(143(po,0)3) 2i
psalt) = 1 a(143(po,0)3) —Ab
3,4 (i/@4)3 14+e(143(po,0)3) 2i
—(14+3(p0,0)3) —Ab | cAb
14e(143(po,0)3) 2 2i
Ab% 2 Ab
2i 2i

4.2.4 Ther =3 terms

When r = 3, we note that p870 =1, p(l)72 = 2, pgA = 2, p8’0!0 =1, p8!1’2 = 6, p8’3!4 = 6. Hence, the
equation for p3 g is

Ps0 = f1(po,o)[ps,0] + Z P?I,ez F2(Po.0)[P1,61, D205
Koy Hre, =0
<L

1
0
ts > Pty 05,0, F3(P0,0) [P1,6 s P1es, P10
Koy they+ri3=0
L1 <Lla<ls

= f1(po,0)[P3,0] + f2(P0,0)[P1,0, P2,0] + 2f2(P0.0)[P1,1,P2,2]
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+2f2(po.0)[P1,3, P2,4] + éf3(p0,0)[131,07p1,0,Pl,o]
+ f3(Po,0)[P1,0, P11, P1,2] + F3(P0,0)[P1,0, P13, P1,4]

= f1(po,0)[P3.0] + f2(Po,0)[P1,0, P2,0] + éf:s (Po,0)[P1,0,P1,0,P1,0]
+ f3(p0,0)[P1,0, P1,1, P1,2] + f3(P0,0)[P1,0, P1,3, P1,4],

with

0

Ab 1
T 14e(1+3¢2) (1 + 2\/2)

Aba(143c¢
p3,0(0) = - Z pB,m(O) = - 1+62113C§§ (1 + 2\1/2) ’

2
et (0} (cAb+ )+, )

2 _ 2 1
(Ab® — 2 Ab)(1 + 2\/2)
where

5 5 5
O3 f;
(£3(P0.0))i [P1mss PLmss PLms] = D D Y T poo (P1m) ke (P1ma ) ke (P1,ma ) ks -
k1=1ko=1ks=1 aykl ayk2 ayk?’

Therefore, the asymptotic expansion including terms up to r = 3 is

1 . . . .
y(&) ~poo(t) +  [Pro(t) +Pra()e™ ! + pia(t)e™ ! + pig(t)e™ ! + pra(t)e™ ]
1 . . . .

+ 2 [P2.0(8) + P21 ()™ 4 P2 a(t)e™ ! 4 po g (£)e Y + poa(t)e™ ]

+ 3 [Ps0(t) + sy (1)e" 1" 4 p3 o (1) + py 3(1)e™ @ + p3 4 (t)e!™1+"].

4.2.5 Numerical experiments

The nonlinear Memristor circuits do not have a known analytical solution, we come to a reference solution,
the Maple routine rkf45 with the accuracy tolerance AbsErr = 107° and RelErr = 107'%. The terms
P10, P2,0 and ps o satisfy the non-oscillatory ODEs which are solved by the Maple routine rkf45 with
AbsErr = 107 !° and RelErr = 10710,

Figure 6 shows the error functions for y; for the truncated parameter s = 0,1,2,3 within ¢ € [0, 3]
when the oscillatory parameter is w = 100 and w = 1000. The errors of other functions ys2, y3, y4 and ys
behave the similar results to those of Figure 6, which also confirm our theoretical analysis. The error is
seen to greatly reduce with an increasing number of r levels. Furthermore, with the increasing oscillatory
parameter, the error of the asymptotic method decreases rapidly, a very important virtue of the method.

In addition, the CPU time is compared with the Runge-Kutta method (rkf45) whose tolerance equals
10719, It takes 275 seconds for w = 500 and about 2992 seconds for w = 5000, respectively. The CPU
time for the asymptotic method is about 11 seconds for w = 500 and 13 seconds for w = 5000. As evident
from our previous theoretical analysis, the computational cost is about the same for the asymptotic
method regardless of the value of the oscillatory parameter.

5 Conclusion

This paper presents an asymptotic-numerical solver for a highly oscillatory system of ordinary differential
equations with multiple frequencies. Numerical examples illustrate the theoretical analysis that the
asymptotic solvers enjoy tremendous advantages in comparison with the traditional ODE method (Runge-
Kutta method) for highly oscillations and multiple frequencies. In particular, while the Runge-Kutta
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Figure 6 The top row: the real parts of error function with s = 0 (the left) and s = 1 (the right) for y; with w = 100.
The middle row: the real parts of error function with s = 2 (the left) and s = 3 (the right) for y; with w = 100. The third
row: the real parts of error function with s = 0 (the left) and s = 1 (the right) for y; with w = 1000. The fourth row: the
real parts of error function with s = 2 (the left) and s = 3 (the right) for y; with w = 1000
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method deteriorates with increasing oscillatory frequencies, the errors of the asymptotic method decrease
and the computational costs of the asymptotic method remain uniformly in frequency.
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