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Abstract We consider the drift-diffusion (DD) model of one dimensional semiconductor devices, which is a
system involving not only first derivative convection terms but also second derivative diffusion terms and a
coupled Poisson potential equation. Optimal error estimates are obtained for both the semi-discrete and fully
discrete local discontinuous Galerkin (LDG) schemes with smooth solutions. In the fully discrete scheme, we
couple the implicit-explicit (IMEX) time discretization with the LDG spatial discretization, in order to allow
larger time steps and to save computational cost. The main technical difficulty in the analysis is to treat the
inter-element jump terms which arise from the discontinuous nature of the numerical method and the nonlinearity
and coupling of the models. A simulation is also performed to validate the analysis.
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1 Introduction

In a previous work [21], we have analyzed a local discontinuous Galerkin (LDG) finite element method
to solve time dependent and steady state moment models for semiconductor device simulations, in which
both the first derivative convection terms and second derivative diffusion (heat conduction) terms exist
and the convection-diffusion system is discretized by the local discontinuous Galerkin (LDG) method [13,
15], see also [10-12,14].

In the work [21], we have only used the LDG method to discretize the electron concentration equation.
For the electric potential equation, we still used the continuous methods to avoid having discontinuities
of two independent solution variables on cell boundaries, which is difficult to analyze. Also, we only
obtained the suboptimal error estimates O(h** é) when P¥ elements (piecewise polynomials of degree k)
are used in the LDG scheme because of the nonlinear coupling of the electron concentration and the
electric field.

In this paper, we will give error estimates of the semi-discrete LDG scheme and implicit-explicit (IMEX)
time discretization coupled with the LDG scheme (see [27,28]) for smooth solutions. Unlike in [21], in this
paper the potential equation is also discretized by the LDG method. This unified discretization by using
the LDG method allows the full realization of the potential of this methodology in easy h-p adaptivity
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and parallel efficiency. The numerical results shown in [19,20] already demonstrated good performance
of such unified LDG discretization for the moment models, comparable with the results obtained by
the ENO finite difference method [16]. However, as far as we know, an error estimate for such unified
methods has not been available until now. In the fully discrete scheme, we couple the LDG scheme with
the IMEX Runge-Kutta time discretization up to third order accuracy. We treat the nonlinear coupled
term explicitly and the diffusion term implicitly. With this treatment, we show that the IMEX LDG
schemes are unconditionally convergent, in the sense that the time step At does not need to be related to
the spatial mesh size h when both of them go to zero, even though the nonlinear coupled term is treated
explicitly. This greatly improves the computational efficiency of the scheme by allowing us to use larger
time steps.

We now briefly review the background of the LDG methods. The LDG methods have several attractive
properties [31]. They can be easily designed for any order of accuracy. In fact, the order of accuracy can
be locally determined in each cell, which allows for efficient p adaptivity. They can be used on arbitrary
triangulations, even those with hanging nodes, which allows for efficient h adaptivity. The methods have
excellent parallel efficiency, since they are extremely local in the sense that each cell needs to communicate
only with its immediate neighbors, regardless of the order of accuracy. Also, the methods have excellent
provable nonlinear stability.

For the DG method solving smooth solutions of linear conservation laws, optimal a priori error estimates
O(h¥*1) for tensor product and certain other special meshes, and O(h**2) for other cases, have been
given in [9,17,18,23,24]. The first a priori error estimate for the LDG method of linear convection-
diffusion equations was obtained by Cockburn and Shu [13]. Later, Castillo et al. [4-6] proved the
optimal rate of convergence order O(h**1) for the LDG method with a particular numerical flux. Riviere
and Wheeler [25] gave an optimal error estimate for the methods applied to nonlinear convection-diffusion
equations for at least quadratic polynomials. Zhang and Shu [22,32-34] presented a priori error estimates
for the fully discrete Runge-Kutta DG methods with smooth solutions for scalar nonlinear conservation
laws and for symmetrizable systems, see also Burman et al. [3]. Xu and Shu [30] provided L? error
estimates for the semi-discrete local discontinuous Galerkin methods for nonlinear convection-diffusion
equations and KdV equations with smooth solutions. Wang et al. [27,28] obtained optimal error estimates
of the LDG methods with IMEX time marching for linear and nonlinear convection-diffusion problems.

Although there have been many theoretical analysis of the LDG method, such analysis for semicon-
ductor device moment models which involve a coupling to a Poisson potential equation, by a unified LDG
method to both the concentration equation and the potential equation, still seems to be unavailable. The
main difficulty is how to treat the inter-element discontinuities of two independent solution variables (one
from the concentration equation and the other from the potential equation) on cell boundaries. Notice
that, in an LDG method, the solution and its spatial gradient are approximated by two independent
polynomials. Through exploring an important relationship between the gradient and interface jump of
the numerical solution polynomial with the independent polynomial numerical solution for the gradient
in the LDG methods, which is stated in Lemma 4.3, we obtain in this paper optimal error estimates for
both the semi-discrete LDG scheme and the IMEX LDG scheme.

The organization of the paper is as follows. In Section 2, we list some preliminaries. In Section 3,
we describe the drift-diffusion (DD) model and give its weak form. The semi-discrete LDG scheme for
the DD model with periodic boundary condition and its error estimate are given in Section 4. Section 5
contains several IMEX LDG schemes for the DD model with periodic boundary condition and their error
estimates. In Section 6, we obtain the error estimates of the LDG scheme for the DD model with Dirichlet
boundary conditions. Simulation results are presented in Section 7. Concluding remarks and a plan for
future work are given in Section 8.

2 Preliminaries

In this section, we introduce some notations and definitions to be used later in the paper and also present
some auxiliary results.
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First, we will give some basic notations of the finite element space. Then we define some projections
and present certain projection and inverse properties for the finite element spaces that will be used in
the error analysis.

2.1 Basic notation
Let I; = (xj_é,xj+;), j=1,2,..., N be a partition of the computational domain I,

1
2

Azgj =gz 1 —a;_1, z;= (xj_;—f—:cﬂ_;), h:max{st;prj}.

The finite-dimensional computational space is V' = {z : z|;, € P*(I;)} where P*(I;) denotes the set
of polynomials of degree up to k£ defined on I;. Both the numerical solution and the test functions will
come from this space th'

Note that in V}f , the functions are allowed to have jumps at the interfaces x;1/2, hence th ¢ H*'.
This is one of the main differences between the discontinuous Galerkin method and most other finite
element methods. Moreover, both the mesh sizes Az; and the degree of polynomials k£ can be changed
from element to element freely, thus allowing for easy h-p adaptivity.

We denote (uh);rJré = uh(x;jr;) and (uh);r; = uh(x];é) , respectively. We use the usual notation

[unljy1 = (uh);r_|ré - (uh);+§ and (@p);, 1 = %((uh);r_iré + (uh)ﬁ_;) to denote the jump and the mean of
the function uy, at each element boundary point, respectively.

We will denote by C' a generic positive constant independent of h, which may depend on the exact
solution of the partial differential equations (PDEs) considered in this paper. We also denote by £ a
generic small positive constant. C' and € may take a different value in each occurrence. For problems
considered in this paper, the exact solution is assumed to be smooth. Also, 0 < ¢ < T for a fixed T
Therefore, the exact solution is always bounded.

2.2 Projection properties

In what follows, we will consider the standard L2-projection of a function u with k& + 1 continuous
derivatives into space V}¥, denoted by P, i.e., for each j,

/ (Pu(z) — u(x))v(z)de =0, Yve PH(I)), (2.1)

I

and the special projections P+ into th which satisfy, for each j,

/I.(’PJru(x) —u(z))v(r)dr =0, Yve P (I;), and P*u(x;,té) =u(z;_1),

/I.(’Pfu(a:) —u(2))(r)dr =0, Yve P*(I;), and ’Pfu(a:jjré) =u(zq1). (2.2)

From the projections mentioned above, it is easy to get (see [8])

Il + Allnlo.co + h2 llr, + In(zo)| < CR*, (2.3)
where 7 = Pu — u or n = P*u — u, | - | refers to the usual L? norm, | - ||g,oc refers to the L> norm,
Inllr, = [2;11((77; )2+ (njjr )?)]2, and z is a fixed point in the computational domain I (e.g. one of

2 2

the boundary points). The positive constant C, solely depending on u and its derivatives, is independent
of h. I'y, denotes the set of boundary points of all elements I;.
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2.3 Inverse properties

Finally, we list some inverse properties (see [8]) of the finite element space V;* that will be used in our
error analysis. For any v € th, there exists positive constants C; independent of v and h, such that

@) Jooll < bl () Jlolln, < Coh™2[foll, () [ollo,cc < Cah™ 2o, (2.4)

where d is the spatial dimension. In our case d = 1.

3 The drift-diffusion (DD) model and the weak form
3.1 The DD model

The drift-diffusion model is described by the following equation (we refer to [7] and the reference therein
for more details)

ne — (WEN)y = 70044, (3.1)
bur = _(n—na), (3.2)

where x € (0, 1), with periodic boundary condition for the first equation and Dirichlet boundary condition
for the potential equation: ¢(0,t) = 0, ¢(1,t) = Vpias. We will also consider Dirichlet boundary condition
for the first equation in Section 6. The Poisson equation (3.2) is the electric potential equation, E' = —¢,
represents the electric field.

In the system (3.1)—(3.2), the unknown variables are the electron concentration n and the electric
potential ¢. myg is the electron effective mass, k is the Boltzmann constant, e is the electron charge, p
is the mobility, T is the lattice temperature, 7 = mg“ is the relaxation parameter, 6 = W]:o Ty, € is the

dielectric permittivity, and ng is the doping which is a given function.

3.2 Weak form

The starting point of the LDG method is the introduction of an auxiliary variable to rewrite the PDE (3.1)
containing higher order spatial derivatives as a larger system containing only first order spatial derivatives.
Let ¢ = v/76 n,, thus (3.1) is rewritten as

ne — (WEn)y — V70 g = 0, (3.3)
q— V710 n, =0, (3.4)
B, = —:(n ~ na), (3.5)
E=—¢,. (3.6)

We multiply equations (3.3)—(3.6) by test functions v, w,r, z € V}¥, respectively, and formally integrate
by parts for all terms involving a spatial derivative to get

/1‘ nyvdx + /1 (LEn 4+ V1lq)v.dr — (uEn + \/7't9q)j+év;Jré + (uEn + \/7't9q)j7év;f_é =0, (3.7
/Ij qudx + /Ij Vrhnw,de — \/Tf)nﬂ%wj]_; + \/T@@-f;ﬂ)j_; =0, (3.8)
_ /Ij Erydr + EjJrérjjré - E];;T;-r,é = —2 /Ij (n —ng)rde, (3.9)
/Ij Ezdx—/jj d)zmdx—i—d)ﬂ;z];é —gzﬁjf;z]té =0, (3.10)

where j =1,...,N and v,w,r, z in th'
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4 Semi-discrete LDG scheme and its error estimate

4.1 Semi-discrete LDG scheme

Replacing the exact solutions n, ¢, E and ¢ in the above equations by their numerical approximations
Nhy Ghys En, ¢p in th , noticing that the numerical solutions ny, qn, En and ¢, are not continuous on the
cell boundaries, then replacing terms on the cell boundaries by suitable numerical fluxes, we obtain the
semi-discrete LDG scheme: For any ¢ > 0, find the numerical solution ny, g, Ep, ¢n € thv such that

/ (nh)tvdx+/ (nEnny, + V70q,)vpda

I I
—(uEpnp + \/Tt_‘)(jh)jJFéfujjré + (uErnn + \/Tt_‘)(jh)j,;fu;f_é =0, (4.1)
/I. grwdz + /I Vronywdz — \/7'1_‘)(75%)]-4%wjj_é + \/T@(ﬁh)jféw;r_; =0, (4.2)
J J
- _ - e
- /I Epr.dz + (Eh)jJré?"jJré - (Eh)jfﬂ;r,é = /I (np, — ng)rdz, (4.3)

=0, (4.4)

1
2

7 - 7 +
/1 Bpade - /I Onzad+ (Gn)y4 17y, — ()
J J
where j =1,...,N and v,w, r,z in th'

The “hat” terms are the numerical fluxes. We choose the flux Epny = 5 ((Epnn) ™t + (Epng) ™) (we can
also choose an upwind flux here, the analysis in later section can go through as well), the alternating flux
for ny and gy, i.e.,

nn =)t dn=1"(qn)" or fn=(ny)", dn=(an)", (4.5)

and the alternating flux for ¢, and Ej,, with an adjustment at one of the boundaries to take care of the
Dirichlet boundary condition, namely

= (¢}:) =0, (éh)j— = ((bZ)j—la j=2,.. N, (éh)N-i-; = (¢Z)N+é = Ubias;

or

((Zgh); = (d)}j)é =0, (Qgh)j—; = (d)}:)j—;v Jj=2,...,N, (Qgh)N-i-é = (¢Z)N+é = Ubias,
Byt = By b eoldls, G=1 N, (Buyes = (Bryss +ldlves, (A7)

where ¢y > 0 is an arbitrary positive constant. We take ¢y = 1 in our numerical experiments.

Notice that the auxiliary variable ¢, or E}, can be locally solved from (4.2) or (4.4) and substituted
into (4.1) or (4.3). This is the reason the method is called the “local” discontinuous Galerkin method
and this also distinguishes LDG from the classical mixed finite element methods, where the auxiliary
variable ¢, or Ej, must be solved from a global system.

4.2 Error estimate

We denote [[ul(o,r:z2) = maxoci<r [[ulzar), and [[ullraorizey = (fy [|ul2adt)? in the following
analysis of the semi-discrete scheme.

Theorem 4.1.  Let n,q be the exact solution to (3.7)~(3.10), which is sufficiently smooth with bounded
derivatives. Let ny, qp, be the numerical solution to the semi-discrete LDG scheme (4.1)~(4.4). Denote the
corresponding numerical error by e, = u— up, (u =n,q). If the finite element space th is the piecewise
polynomials of degree k > 0, then for small enough h there holds the following error estimates:

I = | oo 0.7:22) + 1g = anllz20.7:22) < CRFHY, (4.8)
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where the constant C' depends on the final time T, k, C, (see Lemma 4.3), the inverse constant Cs,
nll Lo 0,750y s (10| Lo and || E][ Lo
Before the proof of the theorem, we give two lemmas first.

Lemma 4.2. Let E be the exact solution of the problem to (3.9)-(3.10), and Ej be the numerical
solution to the semi-discrete LDG scheme (4.3)—(4.4). We have

1B = Enll < C(W*F + |In = nal)- (4.9)

For a detailed proof of this lemma for the case of periodic boundary condition, we refer to [2]. For our
case with Dirichlet boundary condition for ¢, the result can be proved along a similar line and is hence
omitted.

We recall that we have taken the alternating fluxes for Ay, and G, that is, ip = (np)%, G = (qn) -
We write the error e, = u — up (u = n,q) as e, = & — N, where &, = PTn —ny, 9, = PTn — n;
& =P"q—qn, g =P~ q—q. Then we state the second lemma:

Lemma 4.3.

el < 5¥ dlgal+ Il (4.10)
VA < 5% (el + ) (.11

For a detailed proof of this lemma we refer to [27].

Proof.  Taking the difference of (3.7) and (4.1) and the difference of (3.8) and (4.2), we have the following
error equations:

/ (n —np)vde + / w(En — Epng)v,de
I I

— ‘LL(ETL — Ehnh)ﬂév];é + u(En — Ehnh)jfév;ié

+ /I V70(q — qn)vede — V710(q — (jh)ﬂév];é +V70(q — (jh)jfév]t; =0, (4.12)
/1 (¢ — qn)wdx + /I V70(n — np)wedz
—V7h(n — ﬁh)j+1/2wj_+; +V7o(n — ﬁh)j,l/gw;’;é =0. (4.13)
If we choose v = &,,, w = &, in the error equations (4.12)—(4.13), we have
/I(fn — ) t€ndx + /I w(En — Epnp )& zdz

— p(En — Eln\h)ﬂ;ﬁ;ﬁ; + u(En — ih”\h)j—;f:;j_;

), VTO(Eq = 1)énade = V70(E, —ng); 1€, 1 FVTOE —0g); 16 1 =0, (4.14)
and
[ € gtz + [ Vo6 g

— V1O, - 77”);%5(;3‘4_; +VTo(E, — nn);r_éq;j_% =0. (4.15)

Summing the above two equations, and summing over j, we have

N N
> [ ustudo s [ o
j=171 j=171i
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N N
= Z/ nn,ténd$+2/ Ng€qdz
=171 j=1"1

N
+) ( /I VTN nda + /I VTOnaEade — VT L6
j=1 j j

- et +
+ \/Tenq,j— 5 Enu B \/Tenn gt §q gt 3 * \/7'977 -3 §q J=s )

q]+1f N

( /wegqgmdx /¢79§ngqxda:+¢reg

- + - + +
_ We)gq’jfégn’j L+ VTOET € ‘/T9fn,j;5q,j;)

ng+3 a5+

N
# 3 (= [ = g+ - B
j=1 I

2
— p(En — Ehnh) ; 1§+J )
J—3
=T +To+T5+Ty+T5. (4.16)

Next, we estimate T; term by term. From the property (2.3) of the projection and the Schwartz
inequality, we can get

N

= Z/ M ténda < C/”Z,tdx + C/ﬁidw < CR* 2 4 O, (4.17)
; I; I I
N

T = Z/ Ne€qdr < c/ngdx + 5/5§dx < ChPF2 4 g)g )12 (4.18)
=171 I I

Obviously, from the projection (2.2), we have
/ Npoudr = 0, / ngvdx =0, VYove Pkil(Ij),
I I

and n_ =0, n:’ﬂé =0, then we get

a5+
Ts = 0. (4.19)

We also have

T4f ( / VTO(Eqbn)ad + VO 6
- + + +
—VTOE L ET VO e \/Tegmj_;gq?j_é)

N
Z \/7—9 qun - \/79(§q§n) i+ +\/T9€qj+1§nj+1

- Wegqjj_%grjj L+ Vet

n,j+3 qJ+1

— Vg L6 )

N
= Z \/Tg(fi,jﬂ/?f;ﬂl/z - 5:,;'71/25;%1/2)
j=1

=0. (4.20)
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The above estimate of T4 used the periodic boundary condition for n, ny, ¢ and ¢,. About the last
term T} of (4.16), since we have chosen Ejpny = §((Epna)t + (Epng)~), we have

N

Ts = - / W(En = Byng)énoda = u<En - ;«Ehnh)* + (Ehnh>)> [&aljz (420

I j=1 J=a

For the integral part of T5, we treat it as following:

- /M(En — Epnp)ép pde = — /uE(n —np)n gdr — /M(E — Ep)npép pde.
I I

I

For the time being, we make the a-priori assumption
In —n|| < Ch. (4.22)

We will verify the reasonableness of this a-priori assumption later. The a-priori assumption implies that
[[nn||Le < C. With Young’s inequality, (2.3), and Lemma 4.2, we have

/I (En - Ehnh)gn zdr < C”fn”Q + Ch2k+2 + EHgn x” . (4-23)

For the boundary part of T, we have

N
Z (ETL — Ehnh)"‘ + (Ehnh)_)> o [fn]j_1/2
N

- —Zu< () *) + 5 (B = () () *

# B () )+ (= (B ) 6

J=2

N
- _; Z“EF; (& +& —m =) 1[nlj-1/2
1J_N
= DB = (B )y ()} (€l
=1
L
T 9 ZN(E - (Eh)f)j—;(nh)j_,é [€nli—1/2-
=1

Using Young’s inequality and ||np|| L~ < C, we get

al 1
= (B - B+ B ) (6l

Jj— 2
< Ch(||&nllf + llnnllf + 1B = Enllf) + ER1[€a]*.
Then from the inverse inequality (2.4), together with (4.9), we can obtain

N
- Z (E” = o (Bpna)™ + (Ehnh))> [Enlj-12 < C(h* 2 4 |&a1%) + en~1[Ea)? (4.24)

J= 2

Substituting (4.23) and (4.24) into (4.21), we have

5 < Cllénll* + CRPF2 + €]16n ol|* + ERTER]™. (4.25)
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Then substituting (4.17)—(4.20) and (4.25) into (4.16), we get

3 el 4 €] < ClEnl + CR#2 4 el + e en? + €l I (126)

Using Lemma 4.3, together with the property of the projection and Gronwall’s inequality, we can obtain
the theorem.

To complete the proof, let us verify the reasonableness of the a-priori assumption (4.22). For k > 0
we can consider h small enough so that ChFt+1 ;C’h, where C' is the constant in (4.8) determined
by the final time 7. Then if t* = sup{t : |[|n(t) — nn(t)|| < Ch}, we should have [|[n(t*) — ny(t*)| =
Ch by continuity if ¢* is finite. On the other hand, our proof implies that (4.8) holds for ¢ < t*, in
particular ||n(t*) — n,(t*)|] < Ch*HL < %C‘h This is a contradiction if t* < T'. Hence t* > T and the
assumption (4.22) is then valid.

5 IMEX Runge-Kutta fully discrete LDG schemes and their error estimates

In this section, we would like to consider the LDG spatial discretization coupled with three specific
IMEX Runge-Kutta schemes up to third order which are presented in [1,27]. The idea is to treat the
linear diffusion part implicitly and to treat the nonlinear, coupled drift term explicitly, in order to save
computational cost, while still aiming for unconditional convergence in the sense that the time step and
the spatial mesh size do not need to be related when both of them go to zero.

5.1 Fully discrete schemes

Let {t™ = mAt}M_, be the uniform partition of the time interval [0, 7], with time step At. The time
step could actually change from step to step, but in this paper we take the time step as a constant
for simplicity. Given n}*, hence ¢;*, E}*, ¢7, we would like to find the numerical solution at the next
level t™+1 maybe through several intermediate stages t™ !, by the following IMEX RK methods.

For simplicity of notation, we will denote

H;(Bp,ni,v) = —(uBrmn, va) 1, + (WEwnn) s 107,y — (WBwny);_ 0 (5.1)
H]i(uh,v):—\/re(uh,vx)f +\/79(uh)]+1v \/Te(uh)j év;r 1 uU=mn,q, (5.2)
where j =1,...,N and (-,-);; is the usual inner product in LQ(Ij).
Obviously, for smooth E,n,u, we have
H;(E,n,v) = =(uEn, vp)1; + (En)jy v = (En)j_gvl o,
Hji(u,v) = —\/T@(U,Ux)[j + \/Tguj-k;v];; - \/Tﬂuj_évj;é.

First order scheme. The LDG scheme with the first order IMEX time-marching scheme, where the
coupled nonlinear part of the concentration equation is treated by the forward Euler method and the
diffusion part is treated by the backward Euler method, is given in the following form using the notation
n (5.1) and (5.2): Find the numerical solution n}" !, qhm+1 € V¥, such that

nyttt — 1
U :HJ(E}Tanznav)"_Hj ((J}T ) )7 (53)
At I
(q;nJrl )I = H]Jr( m+17w)7 (54)
where j =1,..., N and v,w in th.

The LDG scheme of the electric potential equation is: Find E}*, ¢ € th, such that

. _ . e
—/I Ejl'r.de + (E;[L)]»Jrérj_|ré - (E{L”’)jfér;r_é = /I (np" —ng)rdz, (5.5)
§ i
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/E}L”zdx—/ O zada 4 (G117, — Oy y7 s = 0, (5.6)
I; I

2 J—
J

(S

where j=1,...,N and r, z in th.

As in the semi-discrete case, the “hat” terms are the numerical fluxes and are still chosen as (4.6)
or (4.7).
Second order scheme. Using (5.1) and (5.2), the LDG scheme with the second order IMEX time-

marching scheme given in [1] is: Find the numerical solution nhmH, q}'L"Jr1 € th , such that

m,1 m
n — N _
(" ™ 0) =R ) ) 6.7
I
nptt — 1 mi
(" a7 0] =S )+ (1= O H (B 0
I
+ (= H; (gt v) +yHy (g v), (5.8)
(a0, = Hf ('t w), 1=1,2, g =g, (5.9)

Wherej:1,...,Nandv,with’“7 and y=1-— ‘éz,ézl—;v.

The LDG scheme of the electric potential equation is: Find E;”’l, QSZL’Z € th, such that

m, Fm, — Fm, € m,
_ ,/1 E, by da + (B, 'l)jJréerré - (B} 'l)jfér;é = /I(nh b ng)rde, (5.10)
/Iv EM zda — /I ot zpdr + (gishm’l)ﬂ%z];é - (qul’l)jféz]té =0, (5.11)
where j =1,...,N and r,z in th, and [ =0,1, u™0 =™,

The “hat” terms for the numerical flux are chosen as before.

Third order scheme. The LDG scheme with the third order IMEX time-marching scheme given
in [1] is: Find the numerical solution nZl“, q;”“ € thv such that

m,1
R 1 1
("h "h,v) S Hi(BRmit v) + L H (g v), (5.12)
I

J

np? — ny 11 o 1 ml  mi
U - Hj(Ehanha'U)"" Hj(Eh » o, ,’U)
I 18 18

A 2
H: (4], v), (5.13)

1.
+ H; (qg“,v)+2

6

m,3
ny” —nim 5 mom 5 ml  m,l 1 m2  m,2
( 4 At hv”)] :6Hj(Ehvnhvv)_6Hj(Eh y oy, 7v)+2Hj(Eh y oy, ,U)

J

1 m R
Hj (qh 7271})—’_ 2H] (Qh 371})7 (514)

L. m
H; (thlav)—’—z

-, H;

m+1 m
n — Ny, 1 m . m 7 ,1 )1
( h At ,U)Ij = 4Hj(Eh L,y v) + 4Hj(E,T )
3H Em,2 m,2 7H Em,3 m,3
+4 j( no g 7“)_4 j( no oy 7U)

3 3
+ o Hy (g v) = DHT (g%, 0)

1 —7 . m,3
+ 2Hj (g, v) + 9

(@' w)y, = Hf (nptw), 1=1,2,3,4, ¢ =g, (5.16)

Hy (g v), (5.15)

where j =1,...,N and v,w in th.
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The LDG scheme of the electric potential equation is: Find E;”’l, QSZL’Z € th, such that

m,l L — sl € m,l
—/I E)rpdr 4+ (B )j+érj+é — (B )j—ér;_—é = _5/1 (ny"" —nq)rdzx, (5.17)
/1 E}T’lzdx - /I ¢?’lzxdx + (é?’l)j+;2]»_+é - (qun’l)j_;zﬁé =0, (5.18)

where j=1,...,N and r, z in Vh’“7 and [ =0,1,2,3, u™° = u™.

The “hat” terms for the numerical flux are chosen as before.
5.2 The error estimate of the first order IMEX LDG scheme

Denote ||u||Loo(07T;L2) = Maxo<m<M ||’u,m||L2(I)7 and ||u||L2(0’T;L2) = (Z%:o ||’u,m||2L2(I)At)é in the follow-
ing analysis of fully-discrete schemes.
Theorem 5.1.  Let n™,q™ be the exact solution of the problem (3.7)—~(3.10) at time level m, which is
sufficiently smooth with bounded derivatives. Let n}*, q;* be the numerical solution of the first order IMEX
LDG scheme (5.3)~(5.6). If the finite element space V¥ is the piecewise polynomials of degree k > 0,
then for small enough h, there exists a positive constant C' independent of h, such that the following error
estimate holds:

In =1l s 0.7:02) + lg = aullL2(0.7:02) < C(RM! + At), (5.19)

where the constant C' depends on the final time T, k, Cy, the inverse constant Ca, ||n||pee(o,r;mr+1y,
[nellLee and [|E|| L.

Proof.  To get the error equation of the first order IMEX LDG scheme, we first rewrite (3.7) and (3.8)
at time level m or m + 1 as the following:

nm+1 —pm _ +

( At ’v>1 = —(HE"0™ vg) 1y + (RE™ ™) 00— (WET ™) avl

- (\/T@qmﬂ,vx)[j + (\/TquH)jJrévj;; — (\/719(]"”'1)]»7;v;f_é

nm-i—l —npm
(M )
I;

— V(g™ — qm)jJrévjjré + V71l (gmH — qm)jfévjté, (5.20)

(" w), = —(\/TGan,wm)]j + (\/Tﬂn"”rl)ﬂ_;wj_Jré - (\/T@TLerl)j_;w;;é. (5.21)

Taking the difference of (5.20) and (5.3), and the difference of (5.21) and (5.4), we have the following
error equation:

nm+1 _ nm-i-l — (n™ —pm o 3
( )= h),v = —(RE"n™ — pE g, ve ) + (E™ 0™ = pEngt) ;v
At I Jt2
= (RE™n™ — pEnit) ol = VT =g v,
+ \/Te(qurl _ q;n+1)j+;v;+é _ \/T@((]erl _ thm+1)j—;v;;§
nerl _ nm
+ —n )+ (Vg — g™ v 1
At I J
+1 - +1 +
— V7Ot — qm)j+;vj+% +Vr0(gm™ ! — qm)j_;vj_;,
(¢mt — q}'L”H,w)Ij = —\/Te(n””'l — nZl“, wy)1; + \/Te(n””'l — ﬁ?*l)ﬂéw;;
—Vr(n™ ! — g yw

Choosing v = £mHL w = f;”‘“, summing the above two equalities and summing j over I, we get

(Errt —gm ert ) + At gt
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m—+1 nm

n
=t =g + s gy s (M )
N —_—
— At(LE™n™ — pE g, 60 AtZ(HEmnm — pBpnpt) ;a6
j=1

N
— AT =yt enE ) = AT Y (€8T = () ) 6
j=1

N
+ At\/Tt‘)(qur1 fmﬂ )+ AtV 710 Z((qmﬂ) - (qm))j—; [&TH]j—

1
2

N
— AWVTOEMH — g emE ) — AtVTO Y (€8T — (), [,

q,T

Noting that (€741 — &, €m+1) = Llem+t2 = LIEnI® + e +! — €12, we have
1 1 1
et = emP + et — g2 + Ateg )

m—+1 _ nm

n
< (=g &) + At 5;”“)+At< Ar T 75’”“>

(At\/re( e + AtV ot et

q

+At\/7-92 et 1+At\/ﬂ92 m1); m+1]j_;>
( AVTOEM T ety — AtV To(Er T et
— At\/TGZ & le oy - At\/TGZ & e, é>

+ (At\/Tg(qurl £m+1 At\/Tg Z(qurl _ qm)j—é [flthrl]j— 1)

2

+ (— At(uE™n™ — pEy'ng, m“ Atz (LE™n™ — uEmnh )il ml) 1)

J= >
J=1
7
= ZTM. (5.22)
=1

Now, we estimate 71; term by term. From (2.3) of the projection, and Schwartz’s inequality or Young’s
inequality, we have

1
T < 2Ath2k+2 + At||§m+1|\2, (5.23)
T < CAth? 2 4 eAtHg;”“HQ. (5.24)
Noting that
nerl —_nm "
N =0,
we can get
1 1
T3 < Z(At)?’ + 2At||§;”+1||2. (5.25)

Obviously, from (2.2), we have

Ty = 0. (5.26)
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We have also

T1s

2

R Ml (N e MR G PR AT G Y

—At\/TQZ (D & — €@ 6y

~0. (5.27)

The above estimate of T}5 used the periodic boundary condition for n, ny, ¢ and gy,.
Noting that ¢™+! — ¢™ = O(At), using Young’s inequality, we get

Tig < C(AL)? + EAL| TP + C(AL)Ph + e AL (5.28)
About the last term T37, we need the a-priori assumption similarly to (4.22),
[n™ =yl < (5.29)

From the above assumption, we can get |n}'||r < C. Then we estimate Ty similarly as T5 of the
semi-discrete scheme, using Ej'nj, &7 and [§,T+1] instead of Epnyp, &, and [,], respectively to
obtain

Tir < CAL|EP|]? + CAth® 2 4 EAL|| &1 + en™  At[g 2. (5.30)

Substituting (5.23)—(5.30) to (5.22), we have

QIR = SIIETIR + L lIEm — € + Adflg

< CAHP 1 OAH(Er 2 + 1€717) + g+
+ (At) + 8At”£m+1”2 + C(At)3h + éh—lAt[fz’L-i-l]Q.

Summing the above inequality over the time step m, using the discrete Gronwall inequality and
Lemma 4.3, we get

M
e 1P + At Y IER 17 < IEN? + Cr*M 2+ o(an). (5.31)

m=0

To complete the proof, let us verify the a-priori assumption (5.29). For m = 0, we choose n% as the
projection of n% so obviously, the assumption (5.29) holds. If (5.29) holds for m = 1,..., M — 1, then
for m = M, we can get (5.31), i.e., (5.29) holds also for m = M.

5.3 The error estimate of the second order IMEX LDG scheme

Theorem 5.2.  Let n™,q™ be the exact solution to (3.7)—~(3.10) at time level m, which is sufficiently
smooth with bounded derivatives. Let n}',q;" be the numerical solution to the second order IMEX LDG
scheme (5.7)~(5.11). If the finite element space V¥ is the piecewise polynomials of degree k > 0, then for
small enough h, there exists a positive constant C' independent of h, such that the following error estimate
holds

||n — nhHLac(O’T;LQ) < C(hk—‘rl + (At)Q), (532)

where the constant C' depends on the final time T, k, Cy, the inverse constant Ca, ||n|pee(or;mr+1y,
[nellLee and [|E]| L.
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Proof.  First, we rewrite the scheme (5.7)—(5.8) as the following

(=t = npt v)g, = YALH; (B, npt,v) + yAtH; (g v), (5.33)
(g™ =t o), = (6 — v)AtHAEﬁ%nza )+ (1= ) ALH,; (B nt )
+ (1 - 27)AtH]_ (q ) ) + 'YAtH ( 'VVL+1, U)a (534)

To get the error equation, we need to define n™*, ¢™!,

nm,l —pm

At = (uE™n™ )z + 7\/7'0q;”’1, gt = \/Teng“’l,

where n'™ is the exact solution n at the m-th time level. Then we get the weak forms

(n™' —n"™ v);, = yAtH;(E™,n™,v) + yAtH; (g™, v), (5.35)
(n™th— ™ ) = (0 — ) AtH;(E™,n™,v) + (1 — §) AtH;(E™', n™', v)

+ (1= 29)AtH; (g™, v) + yAtH; (g™ 0) + (¢, v), (5.36)
(g™ w), = Hf (0™ w), 1=1,2, (5.37)

where (™ is the truncation error and [|¢™|| < C(At)3. The weak forms of the electric potential equation are

—/ Em’lmdﬂc—l—Em S —E™ot = _e/ (n™! — ng)rde, (5.38)
I. +2 J=2 J72 eJ
/ Em’lzdx—/ qﬁmlzzdx—kgb =™t =0, 1=0,1. (5.39)
I I ]+ J=35"i—5
Denote e™! = y™! — =¢ml — ,u=n,q. Here, &,,m,,&;,1n, are the same as before.

Subtracting the above Weak forms of the electron concentration equation from those second order IMEX
LDG scheme of the electron concentration equation, i.e., (5.33)—(5.35), (5.34)—(5.36) and (5.9)—(5.37), we
get the following error equation

(&t = & v)1, = YAH;(E™, 0™, ) — Hy (B nj?,v))

+ (gt = ), VAL (E v) = yAUH] (! v),
(&t =gt o)y, = (6 = V) ALH; (E™, ™, v) — Hy (B}, njt, v))

+ (1= 6)At(H;(E™! 0™ v) — Hy(E" ! )

+ (1= 29)AtH; (€1, v) — (1= 29)AtH; (7, v)

+YALH (E7 v) = yAtH (2 0) 4+ (ot =t o) + (o),
(€M ) = O ), + B (6 w) = Hf (7, w), 1=1,2.

Noting that Hj_(n;ml,v) = 0 and Hj(ng’“l,w) = 0 from the projection, taking v = ™1 M+l 4
= f;”’l, fg”“ in the above equalities, we get

(Gt — e ey, = yALH(E™ 0™ €0Y) — Hy(By np, €001))

+ (et = N+ Y ALH (T, 6, (5.40)
(Gt —gmtem = (6 — y)ALH, (E™ 0™, &) — Hy (B np, €0F1))

+ (1= O)AL(H, (E™ 0™t ety — Hy(E npt, €n )

+ (1= 29)ALH, (g1 €t + yALH (€ entt)

+ (= et L+ (), (5.41)
(€t emlyy, = (it eml)y + B (e, emhy, (5.42)
(€L em Ty, = (gt emth  + H (et e, (5.43)
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If we choose w = &' instead of w = £+ in (5.43), we get
€t e = e + H (et et (5.44)

Taking (5.42) x YAt + (5.43) x vAt + (5.44) x (1 — 2v)At, then summing them together with (5.40)
and (5.41), and summing j over I, we have

JETEP = eI+ et — P+ et — e
A £ AP (L )A€
= ((m"! — nZ%&T’l) (™ =t &)

+ (YALH (M 60N 4+ (1= 29) AtH (&1, ) + yAtH (&, 60t
+yAtH* (&2“7 &+ <1 — 29)ALHT (N ) + yALHT (€1 67)
(G EH) FADH €+ AAH L ) + (1 - 2) AL )
+ AUH(E™ ™ &) ~ HER nf', 1))

+ (0 =) AUH(E™, 2™, ) — H(ER ', €5))
(L= B)A(H(E™ ™€) — (B o €0 ))

—. Z Ty;. (5.45)

Next, we estimate the term T5; one by one. Obviously, from the property of the projection (2.3) and
the Schwartz inequality, we can get

Tor < CAtH*2 + CAt(lg 1 + 1€+ 1?)- (5.46)

From the periodic boundary condition, we have

Ty = 0. (5.47)

To estimate T»3, we denote é’;r = ( ;”’1,@;’”‘1). Using the property of the projection (2.3), Schwartz’s
inequality and Young’s inequality, we have

Ty = C(AL)® + CAL|E™ |2 + CAthZH? 4+ 2A¢ / €, dr. (5.48)
I
Similarly as the estimation of the term 777 in the first order IMEX LDG scheme, we have
YAL(H;(E™,n™, &) — Hy (B np, 67))

< C’At(h%+2 + 1617 + E(ALIEH? + Atk e ).
(5 V)At( ( m €m+1) — H;j (Eh ) Iy, 7§m+1))

CAH(R* 2 4+ ||€m|| )+ E(ALETTH? + Ath~ ).
(1- ) t(H.

t(

h
(Eml m17§21+1)_H(Em1 ml, :Ln-i-l))
< CAt(h

Wl t?) + E(AlE T + At HEMT?).

Noting that for both pairs of (¢7!, E;”’l),l = 1,2, we have the similar result as Lemma 4.3,

e < Sk e+ g
AR < SR e+ . (5.49)
Then we get
Ty < CAL R + €2 4 lemt?) + 25 T Atfer)? 4z TF Agem+1)2, (5.50)
V70 K V76 4
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Substituting (5.46)—(5.48) and (5.50) to (5.45), we get

€I = e 1P + 2y Atleg™|

2+ 2y A€ + 21 — 29)At(E T, &)

< C(AL)° + CAth* 2 + CA(IE 1> + €712 + 1€ %)
+ 25At/gf{qua: +4¢ Cu At|E* + 82 Cu AL, (5.51)
T V70 V76

We can choose € small enough that 55:9 < 1167, so we have

e 11 = el + S YALIE 2+ o VALIE TP+ 2(1 - 2v)Ar(gr T g

<C(A0P + CA 1 CAHIEP + 0P + g IP) + 20t [ €legdn (5.52)
I
If we denote the last three term of the left hand as S, i.e.,

3 m 3 m mtl em
S i= o yAHE® + Sy AIET I 4 201 = 29) A )

=At / &, ME,dx,
I

Mo 2 TP
1-2y v

It is easy to check that M is positive definite. So if we choose € satisfying not only & \(/J:e < 1167 but also
J; €5 (M — 28)¢,dx > 0, we can get

where

&z 112 = g1 < C(A8)° + CAth* 2 + CAL(EN 1 + g 11* + & 1%). (5.53)

The estimate for the stage values ||£7!|| can be obtained along the similar argument as the result of (5.53),
so we omit the details and only state it in the following inequality:

g

2K C(IEM? + (A + Ath?FH2), (5.54)
Combining (5.54) to (5.53), summing ¢ over (0,7") and using the discrete Gronwall inequality, we obtain

€l Lo 0,7:22(r)) < C(A)? + ChF L, (5.55)
This completes the proof.

5.4 The error estimate of the third order IMEX LDG scheme

Theorem 5.3.  Let n™,¢™ be the exact solution to (3.7)—(3.10) at time level m, which is sufficiently
smooth with bounded derivatives. Let nj*,q;* be the numerical solution to the third order IMEX LDG
scheme (5.12)~(5.18). If the finite element space Vi¥ is the piecewise polynomials of degree k > 0, then
for small enough h, there exists a positive constant C independent of h, such that the following error
estimate holds:

In = o < CAFHY + (A1), (5.56)

where the constant C' depends on the final time T, k, Cy,, the inverse constant Ca, ||n|pee(ormr+1y,
Inellze ond |[Ellz.

Proof.  For the convenience of analysis, we would like to denote

Diu™ = 2u™2 — 3u™1,  Dou™ = u™3 — 2u™% + 2u™1,
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then introduce a series of notation

Fiu™ =u™" —u™,  Fu™ = Diu™ +u™
Fsu™ = Dou™ — ™', Fyu™ = 2u™ + Dyu™ — Dou™

Fpu™ = u™ ™+ D™, Fpu™ =u™ — Dyu™

We sum j over I and rewrite the scheme (5.12)—(5.15) into the following compact form:

(Fln?fﬂ)) = @l(EgL,TLZL,’U) + \I/l(qhm7v)7 l = 17273a47 (5 57)
(g w) = H* (" v), 1=1,2,3,4, '
where n}’ = (nhm,nhm1 nzw m3) q;" = (g, 17qhm72,qh 7qhm+1) and
1
¢1(E217n2nav) = 2AtH(E;Ln7nZ/L,’U),
5 1
@o(Ej mi?,v) = — | AUH(ER it v) + gAtH<E2“’1,nm71,v>,
m m 1 m m 17 m,1 m 1 m, 2 m 2
¢3(Eh 7nh,'U): gAtH(Eh 7nh,'U)_ 18AtH(Eh/ 5 5 )+ AtH(E ’ ,'U),
7 41
4(Ej' nl v) = — AH(E ' v) + AtH (B not o) + AtH (B2 02, v)
AtH(Em B S ),
and
1
Wiqisv) = A ()
1 1
Us(gp',v) = 3AtH (q ,v)—|— 2AtH7(D1q;'Ln,v),
m 7 — s 1 — m 1 m
Ws(qy',v) = — | AtH (g, v) + JALH ™ (Digyl',v) + , AtH™ (Dagj', v),
m 1 - m 1 — m 1 m
Wa(gy' v) = =, AtH (g 1) — JAtH™ (Dagi!',v) + , AtH™ (Dag!' v)
+ AtH_(q;LnJrl,v).
To get the error equation, we need to define n™!, g™t E™! ¢™! as the following:
nml — pm 1 1
_ Empm - 0 m,1
At o (B 0™)g + VTG
nm2 — pm 11 1 1 1
_ E™Mmp™ . m,1_m,1 - m,1 m,2
At 18(M n'™) +18(uE n™") +6\/T9q”” +2\/7'0qx
nm3 —npm 5 5 1
At _ 6(MEmnm)z o G(MEm,lnm,l)x 4 Z(ILLEum,Qnm,Q)z
1 1 1
- 2\/79(];”’1 + 2\/7'9q;”’2 + 2\/79ng’3 (5.58)
nmtt—pmo ] 7 3 7
A — 4(MEmnm)x T 4(uEm,1nm,1)x 4 4(MEm,2nm,2)x _ 4(uEm,3nm,3)x
N 3\/7_9qm,1 B 3\/79qm’2 n 1\/7'9q " \/Teqm-i-l ¢
2 * 2 z 2 At’

m,l _ ) _
q —\/THTLZL , 1=1,2,3,4,
and

Em’l = _¢?J7 E;:ml = _:(nm,l - nd)v l= Oa 17 273v (5'59)
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where n'™ is the exact solution n on time level m, (" is the local truncation error of the third order
IMEX RK method and [|¢™| < C(At)*. Then we get the weak forms of the concentration equation,

{(F'lnmﬂj) = cIJZ(Em,nm, ’U) + lI/l(qmvv) =+ 5Z(Cmvv)7 (560)

(@™ w) =H"(n™"),w), 1=1,234.

Here, n™ = (n™,n™! n™?2 nm3) g™ = (g™, ¢™2,¢™3,¢™*), and § = 0 if [ = 1,2,3, 4 = 1. Now,

we get the error equation

q

(Flflznvv) = (I)l(Emvnmav) - (I)l(E}T’nhm’v) + \I/l( 7 ’U) + (Flnrrzn + 51Cm,v), (5 61)
(€t w) = HH (L w) + (vt w), 1=1,2,3,4, '

since the projection error related terms in ¥; and H' vanish by the property of the projection (2.3).
Taking v = ™1, D1&™, Dog™, €M in (5.61), and writing Fy€™ = Fy &M + Fyo&™, we have

m 1 m 1 m
ezt + D IRErIE - Liene
= (I>1(Em7nma€;n7l) - (I>1(E217n2n5 Ln’l) + \1’1(5217 :)L/L?l) + (Flngbaf;n’lx (562)

1
2
o ID1&s 1 + o 17265 1> - o €0 |12

= Oo(E™, n™, Di))") — ©o( ', ny', Di&) + Wa (€, D1&y)') + (Fany', Di&)), (5.63)
1 1 1

Dog™m 2 Foem 2 m,12
HID2E 117+ IFBE 117 = &l

= Q3(E™, n™, D:2&)') — O3(Ey', ny', D& ) + V(€57 Da2&y') + (Fsmy', Do), (5.64)

€712 + IERERI + I Fgll? = D& = | Dot

= O (E™, n™ M) — Oy (B, n M

5N n

+ a5 &) + (P, €771 + (O(A)1, 7). (5.65)
Adding them together, we have
& = €011 + S = To + Ty + Ty, (5.66)
where § = 5 [N ° + 5 | 267117 + S IIFSER 1 + S [ Fa & ll® + 5 | Faog 1%, and

Ty = O (E™,n™, &) — OB, nj', §11) + ©o(E™, 0™, Di&)) — Oo(Ef, iy, Dig])

+ O3(E™, 0™, Dogl) — O3(Ef, ny', Dogll) + Pu(E™, n™, E77) — @4 (Ef mp? 7,
Ty = Wi (&, 6) + o€, D1&7) + W (€7, Do&7') + Wa (€7, 67,
T, = (Funy &000) + (Faml's Di&t) + (Famy', Da&t) + (Famy, 60F1) 4 (O(A6)*, €71,

Easily from Schwarz’s inequality and the property of the projection, we can get

2L CAth? 2 L (AL, (5.67)

4
T, <CAtY &

=1

To estimate Ty, from the definition of H* in (5.2) and the error equation (5.61), we first have

H_(§Q7§n) = _H+(§nafq) = _||§qH2 + (nq,fq), (5-68)

and
H™(85,60) = —H (67, 6,) = —(63,60) + (3, €3)- (5.69)
Then we have Ty = T),q + T¢q, where

L, 1 om 1 m em 1 m m
T = o (0" €A+ (Dug €7 AL + ) (D, Dig) At
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7
— o (Dot &N At + (D277q ; 1§m)At+ (D277q , Dot )2 A

12

1 1

12( it ;]Lvl)m L5 Digg) AL + ( S Dot AL+ (€T A,
Teg=—, P a - ( 167,65 A t—2||D1§;”H2At

1 1
(D€ € DAL = (Dag!, Digg )AL — [ Doty At
+ 12(£q FLEMDALE (67T DigAL = (677, D&)At — [|€7 P At
= —At / EXME, da,
1

here, & = (£, Di&]", Doy €71, and

1 1 7 1
2 6 24 24
1 1 1 1
_ 6 2 8 8
M = 7 1 ! 1
24 8 2 4
1 1 1
T24 T8 4 1

It can be verified that M is positive definite by verifying the principle minor determinants of M are
all positive, so T¢gq < 0.

And using Young’s inequality, for V& > 0, we have Ty, < EAt [, &5 &qdx + C:At E?Zl Hng””lHQ, where
C: is a positive constant only depending on . Then we have

—At / £ (M — &I da + C=Ath* 2. (5.70)

Finally, we estimate T4 as follows:
4
Ty = (®i(E™,n™,v) — O (B}, nj,v))
=1

4 3
:Atzz Em’ianm’ivvl)_H(Emz mlvvl))'
1=1 i=0

Here and below we use the notation v; = 52”’1, vy = D&, vg = D27, va = leg“rl, and 0;; are listed
in Table 1.
For each H(E™*' n™* v;) — H(E;"", A ’, v;) in T, from the definition of H, we have

H(E™ n™ v) = H(E njl )

M —
_ _(MEm,inm,i _ ,UE}T znzn ) Ul,x) _ Z(uEm,inm,i _ ME}TL” znzn z)]i ['Ul]
j=1

Table 1 The value of d;;

014
li 0 1 2 3
g 0 0 o0
2 - 158 sla 0 0
N
4 - 178 491 1 7;
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Similar analysis as the term 777 in the first order IMEX LDG scheme, we get

3
H(E™ 0™ o) — H(EP ™ v)] < C<Z lemi|? + h*) (ol + A ). (5.71)
1=0

Then we have

3
To < CAL NG + R2FF2) 4 EAL(E75 1 + D17 + 1 D2&0 M1 + 10 1%)
=0
+ EAthTH(E T + [Do& P + D267 + [ HP).

Noting that for any pair of (fg“l,fg”’l),l = 1,2,3,4, we have the similar result as (5.49). Moreover, by
the linear structure of (5.61), (5.49) also holds for any linear combination of any pairs of (]!, £7!). For
example, for vy = D&M = 26m2 — 3¢m1 | we have

C m m m m
[[v2,2]| < \/:H(Il%q 2 =3+ ll2mg = 3ng ),

1 C
h™ 2D m < I
[ 1£n ] \/7_9

Hence, from (5.49) (I = 1,2,3,4), the above inequalities and the property of the projection (2.3),

(l2gg2 = 36 + 11202 — 37

).

we have

3
Ty < CAt<Z lemt)|% + h2’“+2> + EAL / £r e, du. (5.72)
I

=0

Substituting (5.67), (5.70) and (5.72) into (5.66), we obtain
4
e+ = e 2+ < Car( 31+ 12 ) + (AT - At [ €8(M - 221y
1=0 I
We can choose ¢ small enough, so that f[ £E(M —2&1)€,dx > 0. Then we get

4
€2 = lEr? < CAL Y l&m! || + CAth* 2 4+ C(At)T. (5.73)
=0

Similar argument as the result of (5.73), we can get
lEmt? < CUgrI? + Ath* 2 + (A7), 1=1,2,3. (5.74)

Combining the above two inequalities (5.73) and (5.74), using the discrete Gronwall inequality, we can
obtain

€l Lo 0,7:22(r)) < C(AL)? + ChFFL (5.75)

This completes the proof.

6 Error estimates of the LDG method with Dirichlet boundary conditions

We have used periodic boundary condition for the concentration equation in the previous sections to
simplify the analysis. In practice, the boundary condition of the models of semiconductor devices is
usually Dirichlet. In this section, we discuss the error estimates of LDG method with Dirichlet boundary
conditions. We only give the detailed analysis for the semi-discrete scheme, as the analysis for the
fully-discrete schemes follows the same lines but is more tedious.
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The Dirichlet boundary condition is
n(0,t) =n;, n(l,t) =n, (6.1)
¢(O) t) - Oa ¢(1a t) = Ubias-

The semi-discrete LDG scheme is the same as (4.1)—(4.4), except that the fluxes 7y, and g, should be
changed at one of the boundaries to take care of the Dirichlet boundary condition. We choose the flux
for i, and §p, similarly to (4.6) or (4.7) as the following because of the Dirichlet boundary condition:

(ﬁh); = (n}:)é = N, (ﬁh)j—é = (nZ)j—;a Jj=2,...,N, (ﬁh)N-',-; = (nZ)N-{-; =Ny,

@)y = @30 (@)yoy = @)ogs G=2 N+1 (63)
Or

(ﬁh)é = (n}:)é = ny, (ﬁh)jfé = (n}:)jféa Jj=2,...,N, (ﬁh)NJré = (nZ)NJré = Ny,

(th)J_é = (q}j—)]—;a ]: 7"')Na (th)N—',-; = (q;)N-‘ré (64)

The fluxes EJ, and g?)h are the same as before. Then we get the following error estimate.

Theorem 6.1.  Let n,q be the exact solution to (3.7)—(3.10), which is sufficiently smooth with bounded
derivatives. Let np, qp be the numerical solution of the semi-discrete LDG scheme (4.1)~(4.4), and choose
the fluzes of fup, 4 as (6.3) or (6.4). Denote the corresponding numerical error by e, = u—up (u=n,q).
If the finite element space th is the piecewise polynomials of degree k > 0, then for small enough h there
holds the following error estimates

1
[n = nnll Lo (o.rr2) + la — anll 220,712y < CRF 2, (6.5)

where the constant C depends on the final time T, k, C,, the inverse constant Co, ||n||LC,O(O Wk
Inellzoe ond |[Ellgs.

Proof.  Taking the difference of (3.7) and (4.1) and the difference of (3.8) and (4.2), we get the same
error equations (4.12) and (4.13). Taking the flux (6.3) for example, we have

/{n,tvdx—i—/ \/T@fqvxdx—f—/ w(En — Epng)vgde
I; I I

-

— ‘LL(ETL — Ehnh)j+év],_+é + u(En — Ehnh)j_év;lz

= / N, rvd + \/7'(.‘)5;],+§’1)j._+é — \/7'95;]_7;@4‘

-1
I; Iz

2 J

Eqwdx + \/Teﬁnwxdx = nqwdx + \/7'9€+ W g — \/7'9£+ wh
I, I I; mits It n,j 3
forj=2,...,N —1, and

Ensvdz + | VT v, da
I Iy

+ / w(En — Epnp)vyde — p(En — E/hn\h) vy + u(En — Epng,)
I 2

3
2

= / N, 0d + \/7'95(;315 — (\/THE;rle{ — \/Ten;rlvf),

I 2 2 2

2

Eqwdx + / V€ wede = / nqwdzx + Weg: Wy ,
I I I 2

and

/fn,tvdx—i—/ \/T%qvxdx
IN IN
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—

+ / w(En — Epnp)vzde — u(En — Ehnh)N+;”Xr+; + pu(En — E/hn\h)N_%v]"\L
In

1
2
_ - - _ - +
—/INnn,tde+\/79€q,N+§vN+; \/regq’NfévNié,

/I ¢awdz + /I V70 wede = / Nqwdx — \/THE:;N_éwI‘C_;.

In

We get the above equalities for j = 1,..., N by using the projection

_ + _
/I nnwxdx =0, 77”7]-_; =0,
i
/I. NgVzdx = 0, n;j+é =0,
J

and (n —fn)1 =0, (n —fn)yy1 =0.
Still choosing v = &, w = £, and summing j from 1 to IV, we get

N N N .
2 J—
jz:; /Ij fn,tgndx + jz:; /[j fqu = ]z:; /]j nn,tgndx + jz:; /[j ﬂqfqu
N
+ ; ( — /Ij \/Teéqfn,xda: - /Ij \/regngqxdx)

N
j=1

n,j+ 5

+ VT €8 — Vet e Vot e,
qy5 oM, 5 qy5 oM, 5 G5 oM,y 5

30,05

N—-1
+ D (VIO 6y VTS 6 )
=2

+ - + +
+ x/Tegmggqé — x/regn’Nfégq’Nfé
N
+ Z ( - / w(En — E"nM¢, dx
j=1 L

+ u(En— Ehnh)j+§€;j+; — u(En — Ehnh)j_;gn’ji é)
= T1 + T2 + T3 + T4. (66)
We analyze T1,T> and Ty as before. For T3, after a trivial deduction, we have

Ts = wgn;%g;l < Ch—1|n;é > + Ch|g;é 12 < CR¥* ! 4 0|16 )12 (6.7)

2
Then (4.26) is changed to be

1d

o gt 160 l*  1Eall* < Cllgnll? + CRHE 4 816 o |1* + ER7HEn]? + Ell& |1 (6.8)

Using Lemma 4.3, together with the property of the projection and the Gronwall inequality, we can
obtain the theorem.

Remark 6.2. If we choose the flux at the boundary as

(@n)s = (af )1 + colnals. (6.9)

1
2

we can obtain the following optimal error estimate.
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Theorem 6.3.  Replace the fluz (cjh)é in (6.3) by (6.9) in Theorem 6.1, we have the following optimal
error estimates:

In = nall L 0,7522) + lg = anll L2 (0,1502) < CHF, (6.10)
where the constant C' depends on the final time T, k, C,, the inverse constant Co, ||n||Loo(0’T;ch+1),
Inellzo and | B .

Proof.  Comparing with the proof of Theorem 6.1, we have
&npvde + \/Tquvxda: + / w(En — Epnp)vde
n n I
— (En — E/hn\h)gvg + pu(En — Ehnh)évz'

2 952

/ N, 0d + \/7'9 v; — (\/THfjlvT — \/7977+1UT — co\/TH[nh]
Il 2 12 2

Then

N
=3 (— /I j V€& wdr — /1 j wggngwdx)

=1

<.

Mz

(V706,16 yn — VO, EF

nj+ 5 nj—3 1)

j=1

FVTOE 6 —VTOE E8 L+ VTNt 6+ VOl €7

N—
+ Z(‘/Tgfrtﬂ;g;ﬂ; — VTS 8 )
j=2

150,
HVTOET £y — V0SS 6

= Wenqégrjé + cwre[nh];fmé

= V7ol Eh s+ eoVTi(n—my) — (n—mf)) &Y

= Vo0, &8 — Ve ),

since n1 = (n;, )1 and 77:,; =0. So
Ts < Clnfy [P +Elef s [P — coVrdle) [P < Ch#42 — (cov/70 — £)Igf 2.

Then (6.8) is changed to be

s Sl 4 &) < ClEnl + CRH42 4 Ell ol + 2h Eul + &l — (cov'r — DT 4% (6.11)

We can choose & small enough so that ¢ov/70 — & > 0 to get the optimal error result in Theorem 6.3.

7 Numerical simulation

In this section, we show the simulation results of the third order IMEX LDG scheme, until a steady state
is reached for our steady state diode test case. We also show the results by the third order explicit total
variation diminishing (TVD) Runge-Kutta time discretization [26] for comparison. Since different choices
of bases for th do not alter the algorithm, we choose locally orthogonal Legendre polynomial basis over
Ij = (xj_1/2,®j41/2), v (@) =1, V(@) = 2 — a5, o) (@) = (2 — z;)% — »Az2,. .. In our implemen-

tation, we use scaled Legendre polynomial basis over [— 3, 5], v(()j) &) =1, v(j) (§) &, vy () € =¢-}
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Table 2 The time step At, the number of time steps nsteps, the time ¢, and the CPU time to reach the steady state
for third order RK LDG and third order IMEX LDG methods with 100 mesh cells in [0, 0.6]

Third order EX-RK Third order IMEX
At 1.688e—5 1.2e—3 1.8e—3 2.4e—3 3.0e—3 3.6e—3
Nsteps 44063 711 476 356 286 239
t 0.7436 0.8532 0.8568 0.8544 0.8580 0.8604
CPU time 58.8904 4.6332 3.4008 2.5272 2.0592 1.4820

Table 3 The time step At, the number of time steps nsteps, the time ¢, and the CPU time to reach the steady state
for third order RK LDG and third order IMEX LDG methods with 200 mesh cells in [0, 0.6]

Third order EX-RK Third order IMEX
At 4.22e—6 1.2e—3 1.8e—3 2.4e—3 3.0e—3 3.6e—3
Nsteps 176081 727 480 360 298 249
t 0.7431 0.8724 0.8640 0.8640 0.8940 0.8964
CPU time 202.3957 7.5349 5.5224 4.3680 3.4476 3.2760

500000
n = 200
n = 100

400000
300000
200000

100000

04 05 0.6

Figure 1 [0,0.6] with 100 or 200 mesh cells, At = 1.2E — 3. (a) density n (102cm™3); (b) electric field E (V/um)

where £ = xg;;’ . The numerical solution can then be written as u”(z,t) = Zf:o uy)(t)vl(j) (x), for x € I,
(u=mn,q).

We simulate the DD model with a length of 0.6m and a doping defined by ng = 5x 10*7em =3 in [0,0.1]
and in [0.5,0.6] and ng = 2 x 10°cm ™3 in [0.15,0.45], and a smooth transition in between. The lattice
temperature is taken as Ty = 300°K. The constants k = 0.138 x 1074, ¢ = 11.7 x 8.85418, ¢ = 0.1602,
m = 0.26 x 0.9109 x 10~3kg, and the mobility x = 0.75, in our units. The boundary conditions are given
as follows: ¢ = ¢g = keT ln(zd) at the left boundary, with n; = 1.4 x 10'%m ™3, ¢ = ¢y + Vpias With the
voltage drop vpias = 1.5 at the right boundary for the potential; T = 300°K at both boundaries for the
temperature; and n = 5 x 107cm ™3 at both boundaries for the concentration.

Tables 2 and 3 show the time step, the number of time steps, the time, and the CPU time on the
steady state for third order RK LDG and third order IMEX LDG methods when we use 100 mesh cells
and 200 mesh cells in [0, 0.6], respectively. Figure 1 plots the simulation results of DD model with 100
and 200 mesh cells in [0, 0.6].

The numerical simulations show that the scheme is stable regardless of the choice of h (100 or 200
mesh cells in [0,0.6]). The codes produce numerically convergent results during mesh refinement (mesh
refinement results not shown to save space), as can be anticipated from the theoretical results shown in
this paper.

From Tables 2 and 3, we can see that using the third order IMEX LDG scheme, we can use much larger
time step and hence save in CPU time significantly. The IMEX scheme is thus a reliable and efficient
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tool for the study of suitability of models such as DD to describe the correct physics.

8 Concluding remarks and future work

In this paper, we study a unified local discontinuous Galerkin (LDG) spatial discretization to the drift-
diffusion (DD) model for semi-conductor device simulations, both in semi-discrete form and in fully
discrete form by the implicit-explicit (IMEX) Runge-Kutta time discretization. Optimal a priori L? error
estimates are obtained in both cases. The IMEX method uses implicit time discretization only for the
linear diffusion term and treat the nonlinear drift term coupled with the potential equation explicitly, yet
the method is still shown to be unconditionally stable and convergent for smooth solutions in the sense
that the time step At only needs to be smaller than a fixed constant. The proof relies on an important
relationship between the gradient and interface jump of the numerical solution polynomial with the
independent polynomial numerical solution for the gradient in the LDG methods, which was first obtained
in [27], and also a careful study on different stages of the IMEX discretization and the coupling between
the potential equation and the concentration equation. Comparing with the results in [21], this paper
uses semi-discrete and fully-discrete unified LDG method to approximate the DD model with periodic or
Dirichlet boundary condition and obtain optimal error estimate, while [21] used only semi-discrete semi-
LDG (the concentration equation was approximated by an LDG method, but the potential equation
was approximated by a continuous method) to approximate the DD model with periodic boundary
condition and obtained sub-optimal error estimate. Comparing with the results in [28], this paper treats
a model including a nonlinear coupling term of the concentration and the electric field with Dirichlet
boundary condition, while [28] treated an uncoupled nonlinear equation with periodic boundary condition.
Numerical results are provided to verify the efficiency of the IMEX time discretization. There is in
principle no difficulty in generalizing the proof to higher order IMEX methods, especially to higher order
multi-step IMEX methods. The proof can also be easily extended to fully explicit Runge-Kutta methods,
under the standard time step restriction At = O(h?), see [29] for such results for linear convection-
diffusion equations without coupling to the potential equation. In future work, we plan to generalize the
results to other models in semi-conductor device simulations.
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