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1 Introduction

Differential game is a classical problem, and there is a lot of literature in this field, see for example,
[2,5,6,12]. Nonetheless there is little literature (except [23] for deterministic Volterra integral equations
(VIEs in short)) to demonstrate research on more general dynamic settings. In this paper, we will initiate
a study on zero-sum linear quadratic (LQ in short) stochastic integral games. More precisely, we consider
the state equation described by a controlled stochastic Volterra integral equation (SVIE in short),

XU(t) = (t) + /0 [Av(t, )X “(s) + Bu(t, s)ur(s) + C1(t, s)ua(s)]ds
—l—/o [Aa(t, 5) X" (s) + Ba(t, s)ui(s) + Ca(t, s)ua(s)|dW (s), (1.1)

where u(-) = (u1(-),u2(-))T are control variables for Players 1 and 2, X*(-) is the corresponding state,
and {W; }e(0,7) is a scalar-valued Wiener process defined on a complete probability space (2, F, P) with
F = {F:}icjo,7) being the natural filtration of Brownian motion W (:). Under certain conditions (see (H1)
in Section 2), for any w;(-) € L%[0,T] by standard fixed point arguments (see [1]) one can obtain that
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X"(-) € L%[0,T] and X*(T) € L%, (). We also define the cost functional associated with (1.1) for the
players as follows:

T
J(ur(), ua () = E/O [QIHIX" (W) +2X"(1)S(1) - u(t) + R(t)u(t) - u(b)ldt + EG|X™(T)|*
= (QX", X"), +2(X"“S,u), + (Ru,u), + (GX"“(T), X“(T)), , (1.2)

where (-,-); (or (-,),) is the inner product in L?(2) (or L%[0,77]) which is the set of square integrable
random variables (or F-adapted processes), and

y= [ 50 )=
s<><52(') ) R()

The problem that we are interested in is to find a saddle point for this cost functional, i.e., a pair of control
(U1, uz) such that J(uy,u2) < J(Uy,u2) < J(ui,uz) holds. Throughout this paper, we assume that @,
R;; and S; (i,j = 1,2) are bounded adapted processes and G is a bounded random variable. Later we
will show that some coefficients can be non-positive, even though the It6’s formula and stochastic Riccati
equations, which are indispensable in the SDEs case, are absent under our general framework. Before
going further, let us give three important special cases of the state equation (1.1).

Example 1 (Stochastic delay equations). Given h > 0, suppose X = X*(t) = k(t) with ¢ € [—h,0],
A%, Bl Cf, D', F] and k are bounded deterministic functions, C{(t) = C5(t) = 0 with ¢ < h. Let us
consider a stochastic delay equation as follows:

Rui() Ru(')]
Roi() Raa() |

dX(t) = [AT()X () + AL X ([t —h) + /t Ap(t,8)X (s)ds + CL(t)ur (t — h)
t—h
+ Bl (t)u1(t) + B (t)uz(t) + Ch(t)ua(t — h)] dt
+[D'(t) + A5(1) X (1) + Fy (t)ur (£) + F5(t)ua(t)|dW (£). (1.3)

Note that X here can describe the amount of cash flow while u; and us may represent consumption and
investment, respectively. It was shown in [10] that (1.3) can be transformed as,

X(t) = Xo(t) + /0 B(t,5)D' (W (5) + /0 Ki(t, s)ui(s)ds

t 2 t
+/0 O(t,5)A5(s) X (s)dW (s) + ;/0 L;(t, s)ui(s)dW (s), (1.4)
where L;(t,s) = ®(¢, s)F/(s), ®(s,s) =1, (t,s) =0 with ¢t < s, and

K;(t,s) = ®(t,s)Bi(s) + ®(t,s + h)Ci(s + h),
0P
ot

Xo(t) = ®(t,0)k(0) +/

—h

(1:9) = AL(OR(5) + 408 ~hos) + [ Aglt.u)B(u.s)du

0 h
[(I)(t, s+ h)Ay(s+h) + / D(t,u)Ay(u, s)du| k(s)ds.
0

Example 2 (Stochastic advertising model).  Given deterministic functions I(-), h(-), h(-), f(-), f(), (),
suppose u1(+) represents the rate of advertising expenditures, us(-) represents the demand of consumer
or the product price, see [8], and X (-) is the stock of goodwill. Let us consider the following stochastic
advertising model (see also [7]),

X(t) = olt) + / 1t = r)g(us () dr + / Ut — r)g(ua(r))dr
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+ / Bt — 1) f (u (7)) dVW (r) + / Bt = 1) f (us () dVV (1), (15)
0 0

which is a generalization of classical dynamic advertising model in [7]. We also refer to [18] for some
related studies on such model. Note that we can also use (1.5) to describe stochastic capital replacement
model (see [8] for the deterministic case).

Example 3 (Stochastic input-output model).  Let X (¢) represent production outputs at time ¢, the
evolution of which satisfies (see [4])

XU = X(0)+ Y /O it s)uils)ds + /O Fa(t, s)vi(s)dWV (s), (1.6)

where v;(s) (i = 1,2) denote production inputs and labor force, respectively, at time s. We can consider
the drift term in (1.6) as the coefficient of productivity in terms of input v; and labor va, while the diffusion
term may reflect the random effects of depreciation and stochastic growth. Such kind of equation can
also describe some kind of investment or growth model, see [13, Example 3.1].

After obtaining the models above, it is then natural to introduce some suitable functional to minimize
the risk/operation efforts, as well as, to maximize owned total wealth/assets/utility, etc. Hence it fits the
framework of zero-sum games, the study of which constitutes the motivations for our paper. Now let us
introduce the main contributions of this paper as follows:

(1) We will give the necessary and sufficient conditions for existence of saddle points by means of
Hilbert operators and forward-backward stochastic Volterra integral equations (FBSVIEs in short) (the
corresponding study on backward stochastic Volterra integral equations (BSVIEs in short) or FBSVIEs
can be seen in [9,14-22]). We solve the open problems left by Chen and Yong [3] under the framework of
two-player games which demands more delicate manipulations of all the involved Hilbert operators. Our
result also covers [12] as a special case, see for example, Remarks 2.1 and 2.2 below.

(2) As forward-backward stochastic differential equations (FBSDEs in short) in the stochastic dif-
ferential games, the coupled FBSVIEs are also important in stochastic integral games. However, the
solvability of such equations is more challenging than FBSDESs’ case since many conventional and con-
venient approaches or conditions, such as It6’s formula and monotonicity conditions, do not work here.
Therefore, in this paper we will provide new ideas and demonstrate some positive results on the solvability
of FBSVIEs.

(3) A new kind of stochastic Fredholm-Volterra integral equations is introduced to represent the saddle
points in a new way. Compared with deterministic Volterra games problem, some new terms appear which
reflect the deep nature of stochastic systems. Moreover, our representation for the saddle points here is
also new in the case of SDEs.

Note that one may also use maximum principle in [22] to study such games problem with GX?(T)
appearing in the cost functional. However, the next two points illustrate the differences between the
two approaches. Firstly, our way follows the basic ideas in [3,12], which is obviously different from
the maximum principle method in [22]. Secondly, our method here allows the derivation of necessary
and sufficient conditions for the games problem while the maximum principle approach just shows the
necessary conditions. At last, it is also worthy to point out some comparisons with the results in [3].
Firstly, the framework here is a natural extension of the linear quadratic control problems in [3], where
more sophisticated arguments are demanded and new features can arise here. Secondly, the well-posedness
of coupled FBSVIEs is discussed here while it is untouched in [3]. Lastly, but not the least important, a
new class of stochastic Fredholm-Volterra integral equations is provided here which enables us to study
the games problem, or even particular control problem from another point of view.

The remainder of this paper is organized as follows. In Section 2, we will obtain the necessary and
sufficient conditions of the existence of saddle points in two different ways. In Section 3, by introduc-
ing forward-backward stochastic Volterra integral equations and stochastic Fredholm-Volterra integral
equations, we obtain two representations for the saddle points. Section 4 concludes this paper.
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To conclude this section, let us give several notations for later use.
T
L%[0,T] = {X ([0, T x Q=R ' X () is F-adapted process such that IE/ | X (s)|%ds < oo},
0
L*(0,T; L%[0,T]) = {X 0, T2 x Q=R ‘ X (t,-) is F-adapted

T T
for almost t € [0, T] such that E/ / |Z(t, s)|*dsdt < oo},
o Jo

L>°[0,T] = {X :[0,7] = R ’ X is a deterministic function such that sup |X(¢)| < oo},
t€[0,T]

L*(0,T; L>=[0,T)) = {X 20, 7> = R ‘ X is a deterministic function and

sup |X(t,s)] < oo for almost ¢t € [(),T]}7
s€[0,T]

Cr(0,T; L*(Q)) = {X [0, 7] — L*(Q) } X (+) is F-adapted and continuous in L*(Q)

such that sup E[X(r)|? < oo}.
re(0,T]

After this, one can define a new Hilbert space as
H2[0,T] = L%[0,T] x L*(0,T; L%[0,T)),

which is a crucial notation in treating BSVIEs later. As to L% (Q), L¥[0,T], L>=(0,T; L3%[0,T]) and
L>(0,T; L¥[0,T]), we can define them in a similar manner.

2 Necessary and sufficient conditions of existence of saddle points

In this section, we will give the necessary and sufficient conditions of existence of saddle points in two
different ways. At first, let us investigate these conditions by means of operators defined in suitable
Hilbert spaces. We need the following assumption:

(Hl) Suppose 50() € Cf(OaT;L2(Q))7 Al('v')v Bl('a')a Cl('v') € LOO(OaTaL?F[OvT])a A2('a')a B2('a')a
Cs(-,-) € L*>(0,T;LF[0,T]). Moreover, there exists a modulus of continuity p : [0,00) — [0,00) (i.e.,
p(+) is continuous and strictly increasing with p(0) = 0) such that

|A;(t,s) — A;(t',8)| + | Bi(t,s) — Bi(t',s)| + |Ci(t, s) — Ci(t',8)| < p(|t = t'|), t,t',s€0,T].

Under (H1), (1.1) admits a unique solution X“(-) € Cx(0,T; L*(Q2)), from which one can ensure that
X“(T) € L%, (Q). For any z(-) € L%[0,T], let us define a bounded operator A from L%[0, 7] to itself,

(Az)(t) = /O Av(t, s)z(s)ds + /0 As(t, $)x(s)dW(s), t e [0,T]. (2.1)

At this moment, one can show that (I —.A)~" is bounded under (H1) (see [3]). Similarly, we can define
By (Cy1) with Ay, A in (2.1) replaced by By, Ba (C1, C3). Therefore the state equation can be rewritten
as,

XUC) =)+ (AX) () + (Bru) () + (Cruz) (). (2.2)

To treat the terminal term, we also need to define bounded and linear operator Ap from L%_—[O,T] to
L*(Q), i.e., for any p(-) € L%[0,T],

T T
Arp= [ Tople)s+ [ AT s)p(s)aw (). (2.3)
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Similarly, we can also define Ap, IIp with Ay, As in (2.3) replaced by By, B2 (Ci, C2). Hence like (2.2),

we have
In what follows, A* is denoted to be the adjoint operator of A, u(-) = (u1(+),u2(+)), and

(UU) = (Blul) + (Cﬂtg), T'ru = Arug + HTUQ, (QX) = QX,
(Ri;X)=Ri;X, (SX)=5SX, (SX)=8X, i=12

Substituting (2.2) and (2.4) into the cost functional, we obtain that

J(U) = <@U + 291507 ’ u>2 + <@2¢’ 50>2
+2((I — A) "o, ALGe(T))2 + (Ge(T), o(T))1,

where
9: (U*(I—A*)le'—i—S’)(I—A)flu—l—u*(I—A*)*lS'*—1—7?,’,
Op=UI-A)Q+8NI-A) e
FU(] = A")TTATG(T) + T7Go(T),
Oy = (I —A) QI — A, (2.5)
and

Q' =9+ A}GAr, §'=8+TI7;GAr, R =R+T;GTr.
S} (C]
o n On )
O21 O

O =B(I-A)'Q (I -A)'B +8(I—-A)"'Bi+ANGAr(I - A)~'B;
+Bi(I — A)"YS; + ALGAT) + Ri1 + ALGAr,
Op =Ci (I —ANTQ (I - A)7ICL+ So(I — A)7IC + TEGAR (T — A) iy
+CH(I — A*)"YS; + ALGT7) 4+ Raop + TGy (2.6)

Moreover, we can express O as

where

Now with the help of the results in [3] or [12], we state the first main result of this section.

Theorem 2.1.  Let (H1) hold. For given ¢(-) € L%[0,T], the open-loop game admits a saddle point
u = (uy,u2) if and only if

O11 20, ©22<0, O1p€R(O),
where R(O) is the range of ©, ©11 and Oaa are defined by (2.6). In this case, any saddle point U is a
solution of equation OU + O1¢ = 0 with O1¢ defined in (2.5).

Even though the above theorem gives one necessary and sufficient condition for the saddle point, it is
still a little implicit. To furthermore overcome this problem, we will make use of BSVIEs or FBSVIEs
aforementioned. Before that, let us recall one important notion for BSVIE

Y() = (1) + / glt,5,Y (5), Z(t,5), Z(5,))ds — / Z(t,5)dW (s), te[0,T). (2.7)

Definition 2.2. A pair of (Y(-), Z(+,-)) € H2[0,T] is called an adapted M-solution of BSVIE (2.7) on
[0, 77 if (2.7) holds in the usual It6’s sense for almost all ¢ € [0, 7] and in addition, the following holds:

Y (1) :EY(t)+/t Z(t,s)dW(s), te[0,T].
0
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The next lemma is concerned with the adjoint operators A* and A%, above.

Lemma 2.3.  Let (H1) hold. Then for any p(-) € L%[0,T), v(-,-) € L*(0,T; L%[0,T)) satisfying
t
plt) = Bplt) + [ vit.s)aw(s), te 0.7 (28)
0
and n € L*(Q), 0 € L%[0,T) with
T
n=En+ / 0(s)dW (s), (2.9)
0
we have the following representation for A* and A% as,
T
(Ao =B [ [Ar(sit)pls) + Ax(s, (s, lds. t€ 0.7
t

(Akn)(t) = Ay (T, )BTty + Ao (T, 1)0(t), t € [0,T]. (2.10)

Proof.  Since A is a bounded linear operator from L2%[0,T] to itself, the adjoint operator A* of A is
well-defined. For any X (-) € L%[0,77,

T T
E /0 (A" p) (DX (t)dt = E /0 p(£) (AX) (8)dt

:E/OTp(t)dt/OtAl(t,s)X(s)ds—HE/ dt/ Aa(t, $)X (5)dVV (s)

—E/ X(t dt/tTAl(st)( ds+E/ X(t dt/ Ag(s,t)(s, t)ds

:E/O X(t)dt-Eft/t [As(s,)p(s) + As(s, ) (s, £)]ds.

Thus by the arbitrariness of X (-), we get the first result in (2.10). As to the second one, for any n € L?(2),
X € L%[0,T), we have

T
B[ (Am)X (s = (A7, X), = (1 ArX), = EnArX
= IE/O A (T, s)nX (s)ds + IE/O Ao (T, s)X (s)ndW (s)
T T
_E /0 A(T, s)pX (s)ds + E /0 Ao(T, 5)0(s) X (s)ds
=B [ AT s+ Ax(T ()X ()

_E /T[Al(T, S)EFo1 + Ao (T, 5)0(s)] X (s)ds. (2.11)

Therefore the conclusion for A%, holds naturally.

After this lemma, let us give another way to obtain the existence of saddle points. To this end, we
have the following theorem.

Theorem 2.4.  Let (H1) hold. Then for i = 1,2, and any u,;(-) € L%[0,T], X*(:) is a solution to
(L.1) with ¢(-) =0, uz(-) =0, and (Y1 (), Z" (-, -), A" (-)) is a solution to the following systems:

Yr(t) = Q) X™ (t) + S1(t)ur(t) + A (T, ) GX ™ (T) + A2(T, )61 (1)
+/t [Au(s, Y™ (s )+A2(s,t)Z“1(s,t)]ds—/t 20 (¢, 8)dVV (s), (2.12)

T
A\ (t) = B / [B1(s,t)Y"“(s) + Ba(s,t) 2" (s,1)]ds,
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where GX"(T) and 61(-) satisfy similar relations to (2.9). Then ©11 = 0 is equivalent to
T
IE/ [A“L(s) + S1(s)X“1(s) + Ri1(s)u1(s)|ui(s)ds
0
T
—HE/ [B1(T,s)GX"(T) + Ba(T, 5)01(s)]ui(s)ds > 0. (2.13)
0

Proof. 1t is clear that for any uy(t) € L%[0, T,

Bf (I — .A*)_l(QI(I — .A)_lBlul + Sful + A%GATul)
=Bi(I — A)"H QX" + Syuy + ALGX"“(T)),

and

S1 (I — A)ilglul + Riiug + A;GAT(I — A)ilBﬂtl + A*TGATu1
=S5 X" + Ryjuy + A}GXul (T),

where X1 (t) and X' (T) are defined above. Substituting them into ©1; of (2.6), together with Lemma 2.3,
we can obtain the conclusion naturally.

In a same way, we can get the corresponding equivalent condition for ©5, < 0 as
T
IE/ [A“2(s) + S2(s)X“2(s) + Raz(s)ua(s)]uz(s)ds
0
T
—HE/ [C1(T, s)GX"*(T) + Ca(T, s)02(s)]uz(s)ds < 0, (2.14)
0

with (X“2,Y"2 \"2) satisfying similar FBSVIE as above. Note that both (2.13) and (2.14) hold if Q(-),
R11(+), Raa(-), G are non-negative and S(-) = Ri2(-) = Ray1(:) = 0.

Remark 2.5. If (1.1) is a controlled linear SDE with two control variables, (2.13) degenerates into [12,
Proposition 4.4]. Actually, consider the simple BSDE of the form

T T
Yui(t) = GX"(T) +/ Y (s)ds —/ Zuwi(s)dW (s), te€][0,T).
t t

After some basic calculations, it is easy to see that,

— T /\ T

Yui(t) = I[‘Ef’f{GX“1 (T) +/ Y“l(s)ds}, Zui(t) = Ef‘{el (t) —I—/ zZ" (s,t)ds}.

t t
Putting these two expressions into (2.12), we get that
YU () = QU)X () + AL()Y™ () + Ao ()2 (),

therefore we have the following BSDE satisfied by (}7“\1(), ZU\I()),
—— T —— —_—
Ye(t) = GX™(T) + / [Q(s)X™ (5) + Ax(s)Y 1 (s) + Az(s) 21 (s)]ds
t

+ /t S1(s)ur (s)ds — /t Zui(s)dW(s), tel[0,T], ae.

Moreover, (2.13) becomes
T —— —_—
IE/O [B1(s)Yu1(s) 4+ C1(s) 2% (s) + S1(s)X“*(s) + Ri1(s)u1(s)] - ui(s)ds = 0,

which covers the result in [12].
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The next theorem is concerned about the remaining part of the necessary and sufficient condition in
Theorem 2.1 via BSVIEs.

Theorem 2.6.  Let (H1) hold, p(-) € L%[0,T], X“(-) be the unique solution to (1.1) and N\“(-) be
defined as

A (t) = BT / T[UlT(s, DY () + US (s, 6)Z%(s,)]ds, (2.15)

where (Y (-), Z*(+)) is the adapted M-solution to
YU = QOX™() + SO Tult) + A (T, )GX™(T / Ax(s, )Y (s)ds

+A2(T,t)0“(t)+/TA2(s,t) (s,t)ds—/ Z"(t,s)dW(s), tel0,T], a.e. (2.16)

t

UL(,-) and U3 (-,-) are defined as

U (s,1) = < gigg ) UZ (s, 1) = ( ii‘zg ) ste0,7], ae.
GX™“(T) and 0% also satisfy similar relation as (2.9). Then fort € [0,T], a.e

(Ou)(t) + (O19)(t) = N“(t) + (SX“)(t) + (Ru)(t) + U (T, OE*GX™(T) + Uy (T, t)0"().

Consequently, the condition ©1p € R(©) holds if and only if there is a u(-) such that

AT() + (SX™)(-) + (Ra)(-) + UL (T, ) B GX™(T) + U (T,)6" () = 0. (2.17)
Proof. Tt follows from (2.5) that

(©19)() =U (I = A)TH(QX?)() + (ATGATX?) () + (ATG(T))(:)]

+(SX?)() + TrGAr X?)(-) + (T7Ge(T))(-),

where for ¢t € [0,T], a.e

X?(t) = (t) +/ Al(t,s)X“”(s)ds—i—/ Aa(t,s)X?(s)dW (s).

0 0

So we have
(Ou)(t) + (O19)(t) = U™ (I = A)"HQX" + STu+ ATGX™(T))](t)
+(SX")(t) + (Ru)(t) + UL (T, ) EZ*GX™(T) + Uy (T, t)6"(t)
= A“(t) + (SX“)(t) + (Ru)(t) + Uy (T, ) EFGX“(T) + U3 (T, t)6"(¢),
where A\¥(-) is defined above. As to (2.17), it is obvious.

Remark 2.7. If (1.1) degenerates into a linear SDE, (2.17) becomes the result in [12, Proposition 4.3].
In fact, in this case, (2.17) becomes

()Y U(t) + Eo(8) Z0(t) + (SX D) (t) + (RT)(t) = 0,
where (Y%, Z%) defined as

Yﬂ(t)—Eft{GXﬂ(T)Jr/tTYa(s)ds}, Zu(t) = Eff{é)“()—i—/tTZa(s,t)ds},

satisfy a BSDE of
Yo(E) = GXT) + [ QX7 + A1(a)Y () + Aa()Z5(5)ds

/31 ds—/Tzﬁ(s)dW(s), te[0,T].
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3 Some related stochastic equations to the games problem

In this section, let us introduce and discuss two different kinds of stochastic equations involved in our
games problem.

3.1 A class of coupled forward-backward stochastic Volterra equation
Suppose R™!(+) exists and is bounded, from (2.17) we then represent the saddle point as,

a(t) = —R()[S(H) X" (t) + X' (t) + UN (T, )EF [GXU(T)] + U (T, )0%(¢)], te[0,T].  (3.1)
In this case, the related forward-backward equation with ¢ € [0, 7] should be,

XU(t) = (1) + /0 [(Av(t,s) = Ut 5)R™(s)S () X" (5) — Ur(t, )R~ () A" (s)]ds
- / t Uy(t,s)R™(s)[UL (T, $)ET* [GX™(T)] + U5 (T, 5)0%(s)]ds
0

+ / [(As(t, ) — Un(t, )R1(5)S(5)) X () — Us(t, s)R~(5) AT (5)]d W (s)

[ 01,9 R U (T )7 (GXP(T) + UF (T ()7 ) 2
Y1) = [Q(t) — ST(OR-(H)SH)X(t) — ST(H)R / (5,)Y7(s)ds
()R (O[UT (T, OEF[GXP(T)] + UL (T, 0)67(1)]
T

-9 i ’ i
—|—/ As(s, ) Z%(s,t)ds — Z"(t,s)dW (s),

t

Xi(t) = EZ /T[Uir(s,t)Ya(S) + U (s,6)2%(s,t)]ds, ¢ €[0,T],

where Y%(t), Z%(s,t) and GX%(T), 6" satisfy the following relationships:

Y(t) = EY () + /O t ZU(t, s)dW (s), GX™T)=EGX"(T)+ /O : 0% (s)dW (s). (3.3)

Inspired by Definition 2.1, we call (X%(-), Y¥(-), Z%(-,-), \%(-)) an M-solution to (3.2) if they satisfy (3.2)
under the constraints of (3.3). Next let us discuss the solvability of M-solution to (3.2), which is important
in providing the existence of saddle point @(-) above. To begin with, let us first consider the case with
G = 0. In this case, (3.2) can be simplified as,

XU(t) = o(t) +/O [(As(t, 5) = Ur(t, )R~ (5)S(5)) X" (s) — Ur(t, s) R~ (5)A"(s)]ds
+/0 [(A2(t, 5) = Ua(t, )R~ (5)S(5)) X" (s) — Ua(t, )R~ (s)A"(5)]dW (),
T
V() = [Q(t) = STORT()SMIXT(t) — ST()R™H(H)A™(1) +/t Ar(s,0)Y " (s)ds (3-4)
T

T
+ Ag(s,t)Z%(s,t)ds
| /
NE(t) = Eft/ (UL (s,)Y(s) + Us (s,8)Z%(s,t)|ds, ¢ € [0,T).

Z%(t,s)dW (s),

Since the generator in the second equation of (3.4) is independent of Z%(t, s) with ¢ > s, we can drop the
last stochastic integral by taking conditional expectation. Due to the ad hoc relation between /\ﬁ() and
(XU(-),Y"(:), Z%(-,)), by substituting A\¥(-) into the equation for (Y“(-), Z%(-,-)) we can also transform
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(3.4) into a new form which is easier to be treated,
t t
—|—/ Al(t,8)X (s)ds —I—/ AL (t, 8) X (s)dW (s)
0 0
¢ T
+/ Bi(t,s) <EE/ [D'l(u,s)Y(u)du+D'2(u,s)Z(u,s)]du> ds
0 s
¢ T
+/ Bi(t,s (ER / (D} (u, 8)Y (u)du + D4 (u, s)Z(u, s)]du) dW (s),

Y (t) = ¢ (t Eft/ Ci(s, )Y ds+Eff/ Ch(s,t)Z(s,t)ds, te€[0,T],

where A}, C/, and ¢} are scalars, B, and ¢, are 1 x 2 matrices, D} (i = 1,2) are 2 x 1 matrices, and

Aj(t,s) = Aw(t,s) = Ur(t,s)R™(s)S(s),  Aj(ts) = Aa(t,s) — Ua(t, s)R™(5)S(s),
Bi(t,s) = ~Ui(t,s)R™'(s), Bj(t,s) = ~Ua(t,s)R™'(s), Di(t,s) =U; (t,s),
Dy(t,s) = Uy (t,5), ¢1(t) = Q(t) = STORTI()S(), ¢h(t) = =S ()RT(1),

C{(tvs) Al(ta 8) +¢2(8) l(ta S), Cé(tvs) = AQ(tvs) +¢2(8)D/2(t78)

The next result is concerned with the solvability for (3.5) under a general framework.

Theorem 3.1.  Fori = 1,2, let A}, B}, C!, D, belong to L>=(0,T; LF[0,T]) with K being the upper
bound, ¢}(-) be adapted processes such that

B0 < K, (0] < e,

with B > 1 being a constant depending on K and T. Then FBSVIE (3.5) admits a unique M-solution.

Proof.  The basic idea here is to introduce a new equivalent norm with parameter S and use the fixed
point theorem. Such skills have been used to treat BSVIEs in [15,17], hence we just give a sketch for

readers’ convenience.
Let M?2[0, T be one closed subspace of H2[0, T, the element of which satisfies (2.8). Given one element
(z(-),y(),2(-,+)) in LE[0,T] x M?[0,T], let us define a mapping as

where (X,Y, Z) is the M-solution of FBSVIE

:<p(t)+/0 A'l(t,s)x(s)ds—l—/o AL (t, s)x(s)dW (s)

—|—/Ot Bi(t,s <IEFS /ST[D'l(u,s)y(u)du+D'2(u,s)z(u,s)]du> ds
" / Byt

Y (t) = ¢} () JEFf/ O (s,t)y ds+1Eff/ C4(s,1)2(s,t)ds.

)
><Ef / 1D} 5y (u)duw;(u,s)z(u,s)]du>dw<s>,

Similarly, one can also obtain (X (-),Y(-), Z(-,-)) corresponding to (z(),y(-), 2(-,-)). Next, we will prove
that © is contractive. For later convenience, let us make the convention of

f:f_f7 f:XamaYay7ZaZ'

As to the forward equation in (3.6),

T T T
. K K
E/ e PX(1)Pdt < Sﬁ E/ e P [2(s)[Pds + 86 lE/ o*[p(s)[*ds,
0 0 0
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where for s € [0,T7], a.e

B(s) == p(s) - Ef/ D (u, )7 du+Ef/ DL (u, 5)2(u, 5)dl

As to p(+), we can obtain the following estimates:

T 2K T T
]E/ MO < % E/ eﬁ8|g(s)|2ds+2m/ o5 [5i(s)|2ds,
0 0 0

which leads to the fact that,

T =R K T 2K2
IE/ o8 X (1) 2dt < 86 ]E/ P53 (s) 2ds + ° p ]E/ |5(s)[2ds. (3.7)
0 0 0

As to the backward equation in (3.6), we can obtain,

2

T T '
IE/ PHY (1) 2dt < 21E/ oy ()T (1) *dt + 4K>(1 + K)QE/ < "
0 0 ’

/ " li(s)lds
/tT 1205, )| ds

4K2(1+ K)) [T +1 T 1 (T
< AR +/3) T+ ]IE/ eﬁs|y(s)|2ds+21E/ o B3 (1) P, (3.8)
0 0

where we use stochastic Fubini’s theorem and the following inequality:

T 2
+4K%(1+ K)QIE/ Pt
0

2
eﬁt[/tT|f(8)|d8:| < ;/tTeﬂﬂf(s)PdSa te [O,T],

with f being a square integrable process. By (3.7) and (3.8), we obtain

T T
E/ e*5t|X(t)|2dt+]E/ PUY (t)2dt
0 0

K 1 T AK2(14+ KT + 1]+ 32K2%_ (T
< [86 +2}]E/ (3(s)2e s 4 T LH )[/3+ |+3 IE/ o3[5i(s)|2ds.
0 0

So by choosing a suitable S we know that © is contractive, and the desired result follows.

Before going further, we will make several points here. Firstly, the parameter S is a finite constant
which can be determined completely by T" and the upper bound K. Secondly, one can relax the bounded
assumption by imposing certain integrable conditions (see [22]). Thirdly, as to the LQ games problem
for SDEs with G # 0, in some cases it can be transformed into another new, yet equivalent case with
G = 0. Actually, the state equation becomes an SDE of

XU(t) = 2o + /O [A1(8)X"(s) + Ur(s)u(s)]ds + /O [A2(5) X" (s) + Ua(s)u(s)]|dW (s), (3.9)

while the cost functional (1.2) keeps the same. Note that U;(-) = (Bi(-), Ci(:)). Firstly, given G € L% ()
being bounded such that the following BSDE admits a unique bounded solution (P(-), A(-)),

T
PO =G - [ AW (). te.T) (3.10)
t
by using Ito’s formula to P(-)|X*“(-)|? one can obtain that

T
EG|X"(T)* = P(0)|xo|* = E/O ()X (07 + 2K (Du(t) X" (1) + (Ka(tu(t), u(®))dt,  (3-11)
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where for ¢ € [0,T7], a.e.

Ki(t) = 2P(t) A1 (t) + 2A(t) Ax(t) + |Ax(t)|>P(2),

(3.12)
Ko(t) = P()UL(t) + A()Ua(t) + Ax(t)P(H)Us(t), Ks(t) = UL (t)P(t)Us(t).
Therefore, we can rewrite cost functional (1.2) above as
J(ur(),uz(-) = (QX", X*), +2(X"S,u), + (Ru, u), + P(0)|z0]?, (3.13)

with
Q()=Q() +Ki(), S()=8()+Ka(), R()=R()+Ks()

Therefore under this new cost functional (3.13), one can use the above fixed point arguments to discuss
the related forward-backward system. Returning to the SVIEs case with G # 0, the case becomes much
complicated. On one hand, the above procedures from (3.9) to (3.13) may not work well under SVIEs
framework due to the dependence on ¢ for A;(t, ), B;(t,-), Ci(t,-). On the other hand, if we try to extend
the ideas in Theorem 3.1 into the general case with G # 0, additional sophisticated conditions like T’
or the upper bound for the coefficients to be small enough are needed. In other words, such a situation
prompts us to look at the LQ games problem from another way which in some sense shows the necessity
of Subsection 3.2 next. At last we claim that due to the complicated form of (3.2), it is quite challenging
to adapt the four-step method in [11] or monotonicity condition in [20] to our framework here, which
explains the reason of introducing the above method. It is observed that one cost of our approach is
the strict requirement on ¢} (-) which leads to weak coupling between forward and backward equations.
However, in our games problem such a strong requirement can be transformed into certain constraint
among related coefficients.

Theorem 3.2.  Fori = 1,2, suppose the coefficients of (3.2), A;(-), Bi(-), Ci(-), Q(-), S(-) and R7*(-)
are bounded by K,

o

where B is a constant determined by T and K. Then there exists a unique M -solution to (3.2). Moreover,

Q) — STHRL()S(t)] < te[0,T], (3.14)

(2.13) and (2.14) hold. Consequently, the quadratic integral game admits an open-loop saddle point as
a(t) = —R#)THSH)X () + AU (t) + UL (T, ) ET [GXE(T)] + UL (T, 1)8%(t)], t € [0,T).
3.2 Some stochastic equations of Fredholm-Volterra type

In this subsection, let us introduce another kind of stochastic equations of Fredholm-Volterra type to
show some open-loop representations for the saddle point. At first let us make the following assumption.
(H2) All the coefficients in the state equation (1.1) and cost functional (1.2) are deterministic, 4, (¢, s)
=0 with ¢, s € [0,T], a.e.
Within such a framework, the optimal state equation becomes, for ¢ € [0, T7,

XU(t) = o(t) +/0 Ul(t,s)ﬂ(s)ds—f—/o Us(t, s)u(s)dW (s). (3.15)

As to the backward equation in (3.2),

YE(t) = Q(t)XU(t) + ST(t)au(t), Z%t,s)=0, 0<t<s<T. (3.16)

Given 7(-) and X (), similarly to (3.3), there exist two processes Kg(-,-) and Kz(,-) such that

u(t) = Eau(t) + /0 t Ka(t,s)dW(s), X"(t) =EX"(t)+ /0 t K (t, s)dW (s), (3.17)
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with ¢ € [0, T]. Under (H2), one can express Z%(t,s) with t > s by
Z%t,s) = Q(t)Kz(t, s) + ST (t) Ka(t, s).
On the other hand, as to GX™(T) given by

GXU(T) = Go(T) + /0 GUL (T, s)i(s)ds + /O GUS(T, s)a(s)dW (s),

we obtain the expression for #%(-) with the help of stochastic Fubini’s theorem as follows:

T
67(s) = / GUL (T, w)Ka(r, $)dr + GU(T, s)ii(s),
with s € [0, T]. Similar ideas also hold for Kz(-,-) in (3.17),
t
Kalt, s) = / ULt w0) Ka(r, )dr + Us(t, s)i(s), t3> s.

Plugging K3 into (3.18), we then obtain

t
27(t.5) = Q1) [ Ua(t.w)Ka(rs)dr + QOUa (e, o)a(s) + S (0 Kalts), ¢ > s
In the following, for the sake of clarity, let us make the convention of
fij(rit,s) = UiT(r,t)Uj(r, s), nt,sel0,T], i,j=12,

where
Ui(t58): (Bi(t58)5c’i(tas))) fij(r7tas)a i7j:1725

are 2 X 2 matrices. Substituting (3.15), (3.16) and (3.19)—(3.21) into the following equality:
0 = R(t)a(t) + UL (T, t)GET* X™(T) + Uy (T, 1)0%(t) + S(t) X *(t)

T
FB [ 0T (s,0Y 7o) + UF (5,275, ),
t
together with some necessary calculations, one has

0= R(t)i(t) + =1 (t) + EF /O 5 (t, s)i(s)ds + /O S4(t, s)a(s)dW (s)

T
+E7¢ / Y4(t, s)Kg(s, t)ds + X7 (t)u(t), te€][0,7T],
¢
where for any ¢,s € [0, 7],

¥5(t,s) = Na(t,s) + Bo(t,s) - Loy (s) + Bs(t,s) - Ipm(s), X5(t,s) = Xa(t,s) + Bs(t, s),

and all the other coefficients can be shown explicitly as follows:

5 (t) = /t Uy (s,6)Q(s)¢(s)ds + Ui (T, t)Gep(T) + S(t)e(t),
22 (t, S) = Gfll(T, t, S), Eg(t, S) = Gflg(T, t, S),

T
Sa(t, ) = / For(u,t, $)Q(w)du + G for (T4, 5) + UL (s, )T (s),

T
Ss(t,s) = / Fin (£, 9)Qu)du + U (5,1)S(s),

2417

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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E7(t) = / fQQ(S, t, t)Q(S)dS -+ f22(T, t, t)G,
' T
St ) = /t Fro(u,t, $)Q(w)du + SEUs(, 5),
Salts) = [ fuluts)Qudu+ SOUIES), b5 € [0.7)

Note that Q(-) and S(-) are scalars, R(-) is a 2 x 2 matrix, and S(-) is a 2 x 1 vector. Due to the
appearance of ¥7(+) in (3.23), we need to reorganize it in a new way. More precisely, firstly let us
introduce two notations of A(-) and 7(-, ) satisfying

o~ o~

Nt) = —(R(t) + S(t)a(t),  At) =EA(t) + /0 t 7(t, s)dW (s), tel0,T]. (3.24)

Since R(-) and X7(+) are deterministic, we can deduce from (3.24) the following relation between 7(-) and
Kﬁ('v ')7
7(t,s) = —(R(t) + 27(t)) Ka(t,s), t=s.

As a result, (3.23) can be rewritten as

o~

A(t) =1 (t) — EZ /O So(t, $)A(s)ds

tA N TA
- / S (t, $)A(s)dW (s) — BT / S (t, $)7(s, t)ds, (3.25)

0 t

where the coefficients are defined as

Bs(t,5) = Th(t, s)(R(s) + 1)) 71, Tty s) = T4(t, 8)(R(s) + Er(s)) 7,
i\:4(1578) = 24(t78)(R(8) +27(8))71a l,s € [OaT]

(3.25) also yields a new expression for saddle point () as
a(t) = —(R(t) + S7(t))"'A(t), te[0,T). (3.26)

Since the equation (3.25) has both the character of Volterra and Fredholm equations, we call it a linear
stochastic Fredholm-Volterra integral equation. As to the solvability of (3.25), like Theorem 3.1 above, we
can use the contraction method by imposing some requirement on 7. To sum up, we have the following
theorem.

Theorem 3.3.  Let (H2), (2.13) and (2.14) hold. If (3.25) admits a solution X(), then there ezists a
saddle point u, and the open-loop representation can be given in (3.26).

To conclude this section let us make several comments here. Firstly following the above arguments,
one can relax the deterministic assumption on ¢(-) by allowing, for example,

o(t) = ay(t) —1-/0 as(t, s)dW(s)

with ¢ € [0,T], a;(-) being deterministic functions. Secondly, as to coefficient ¥7(-) in (3.23), it only
depends on Bs(+) and C(-) and vanishes if the control variables do not enter the diffusion term. Therefore,
compared with the games or control problems for deterministic Volterra equation, such a new term can
character well the deep nature in stochastic case. Thirdly, it seems like (3.26) is more suitable than (3.1)
above. On the one hand, the assumption of R71(-) being bounded is replaced with the boundedness of

—1

1 |: T T T
= |R(t) + / UL (s,6)Us(s,t)Q(s)ds + GUL (T, )Us(T, t)| , te0,T], ae (3:27)

R(t) + X+(t)
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Taking into account of non-negativeness of Q(:) and G, this later requirement is slightly weak which
allows R(-) = 0. On the other hand, inspired by (3.27), we believe that the assumption of 2 x 2 matrix
R(-) being definite could be relaxed in some cases due to the non-negativeness of Q(-) and G. Fourthly,
it is remarkable to see that the representation (3.26) is still new in the literature if the state equation is a
classical controlled SDE. Since some more related discussions along this, such as the exploration of closed-
loop representation via certain stochastic Fredholm-Volterra equation, require more things involved, we
hope to demonstrate more results in the forthcoming papers.

4 Concluding remarks

In this paper, the linear quadratic stochastic integral game problem for linear SVIEs is discussed for the
first time where the necessary and sufficient conditions of existence of saddle points are derived in two
different ways. Some open problems left by Chen and Yong [3] are solved here as well, which can cover
the SDEs case in [12]. Two new descriptions for the saddle points are represented via coupled FBSVIEs
and certain stochastic equations of Fredholm-Volterra type. To the best of our knowledge, both kinds of
equations are new in the literature.
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