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1 Introduction

In this paper, we consider the following stochastic optimal control problem:

uEUqq

T

min E[/ Z(t,Xt,u(t))dt}, (1.1)
0

subject to the neutral stochastic functional differential equation (NSFDE),

(X (t) — g(t, X u(t)] = b(t, X", u(t))dt + o (t, X', u(t))dW (1), te[0,T],

(1.2)
X(t)=o(t), tel[-60]

where § > 0 is a constant, X denotes the restricted path of X on [t — §,], u(-) is the control process,
W is a d-dimensional Brownian motion, ¢, b and ¢ are suitable functionals on Q x [0, 7] x C([—0, 0], R™)
x R™ and ¢ is a continuous function on [—4,0]. We establish the Pontryagin maximum principle by
introducing the neutral backward stochastic functional equations of Volterra type (VNBSFEs) as the
adjoint equations.

The difficulty in establishing the maximum principle mainly relies on the construction and resolution
to the adjoint equation. The solution to NSFDE might not be a semi-martingale due to the part g(-,-)
in the left-hand side. Therefore, the traditional method (see, e.g., [4-6]) for the optimal control problem
of stochastic differential equations (SDEs) would not work directly. To interpret the adjoint equations,
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we derive a class of neutral backward stochastic functional equations of Volterra type (VNBSFEs) which,
generally, is of the form

Y(t)—G(RYt):‘I’(t)wL/t f(t787Y57Z(tvs)vZ(S,tﬁ))dS—/t Z(t,s)dW(s), t€l0,T], (13)

Y(t)=£(t), te(T,T+6),

where Y; represents the restricted path of Y on [t,t + 0], and Z(s,t;0) denotes the restriction of Z on
[s,s + 0] x [t,t + 0]. To the best of our knowledge, such a VNBSFE (1.3) is new and we prove the
uniqueness and existence of the solution in Section 3. It is worth noting that Wei [34] considered a
special case when ¥(¢t) = ¥ and f(¢,s,-,-,-) = f(s,-,+,0), proved the existence and uniqueness of the
solution and established a maximum principle for optimal control with state processes being driven by a
special class of NSFDEs. In addition, when G = 0 and § = 0, VNBSFE (1.3) reads

T T
Y () = (1) + / F(t, .Y (), Z(t,5), Z(s,1))ds — / Z(t, $)dW (s),

which becomes the so-called backward stochastic Volterra integral equation (BSVIE, see Yong [35]).

With the fixed point method, we first prove the existence and uniqueness of the M-solution (see
Definition 3.1 below) to VNBSFE (1.3). On basis of the well-posedness of the linear VNBSFEs and
the dual analysis between linear NSFDEs and VNBSFEs, the maximum principle is then established
for the optimal control problem (1.1). A sufficient condition for optimal control is also derived under
the convexity assumption of Hamiltonian function. When the state equation is reduced to a stochastic
differential equation (SDE), the maximum principle herein is bridged to the traditional one by Bismut [6].
We compare these two maximum principles and show the explicit relations.

In NSFDE (1.2), the evolution rate of state depends not only on the present state, but also on the
past state and the past evolution rate of the state. This kind of equation models a large class of systems
with after-effect, which is widely used in biology, mechanics, physics, medicine and economics, such as
population sizes, commodity supply fluctuations and so on. See [9,13,14,20-22] and reference therein.
Many research works on NSFDEs focus on the well-posedness and stability of the solutions, see [17,23,
26,30,32,33] and reference therein. While the optimal control problem of deterministic neutral functional
differential equation has been extensively discussed (see [3,15,18,19,31]), the stochastic case has just
caused attentions recently (see [2,25,27]). A particular stochastic optimal control problem with time
delay was studied by Oksendal et al. [11,27] where g(-, X, u(-)) = v(:) and as a nondecreasing process,
~(+) is modeled as operations to change the fish population in agriculture or the value of an investment in
finance. As an infinite dimensional counterpart of (1.1), the linear quadratic stochastic optimal control
problem of neutral type was considered by Liu [25], where the diffusion coefficient o(t, Xt u(t)) is a
constant and is not controlled. Ahmed [2] considered the optimal control problems driven by a class of
second order stochastic neutral differential equations on Banach spaces with the drifts depending linearly
on the control variable and the diffusion term uncontrolled o (¢, X*,u(t)) = D(t) (see [2, (14) and (24)]).
It is worth noting that the (controlled) neutral stochastic differential equations of Ahmed [2] can be seen
as Hilbert space-valued SDEs, which are essentially different from NSFDE (1.2) and systems by Liu [25].
We also note that in [7,8,16,36], the maximum principle was established for controlled systems driven by
stochastic functional differential equations which are not of neutral type. In this work, we shall extend
the previous theory to study the stochastic optimal control problem for the general neutral stochastic
functional differential equations (1.2), which seems to be new and is quite important from both theoretic
and practical viewpoints.

The rest of this paper is organized as follows. In Section 2, we give some notations and introduce
the optimal control problem. In Section 3, we are concerned with the well-posedness of VNBSFE (1.3)
and prove the existence and uniqueness of the M-solution. Section 4 is devoted to the duality of linear
NSFDEs and VNBSFEs. In Section 5, we establish the maximum principle for controlled NSFDE (1.2)
with Lagrange type cost functional. Finally, in Section 6, two related topics are discussed: We first
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consider the particular case where the state equation is reduced to an SDE associated with ¢ = 0 and
0 = 01in (1.2), and compare our maximum principle herein with the traditional one of [6], and address
the explicit relations between them; in the second subsection, we give a sufficient condition for optimal
control when Hamiltonian function is convex, and a simple linear quadratic (LQ) problem is studied as
an application.

2 Preliminaries

In this section, we shall give some notation and introduce the stochastic optimal control problem with
the state process driven by NSFDEs.

Throughout this work, 6 > 0 and 7' > 0 are two universal constants. Let (Q,.%,F, P) be a complete
filtered probability space on which a d-dimensional Brownian motion W = {W(¢) : t € [0,T + 4]} is
defined. {# :t € [0,T + 4]} is the natural filtration of W augmented by all P-null sets in .%. Define
Fr = Fp for any t € [-4,0]. Then F := {F : t € [-4§,T + 6]} is a filtration satisfying the usual
conditions.

2.1 Notation

For each vector or matrix A, denote by A’ the transpose of A. Denote by H some Euclidean space, such
as R" R4 etc., and by |- | and (-,-) the norm and the inner product in H, respectively. In particular,
for any A, B € R"*? (A, B) = tr(A’B). Define

L3(Q; H) := {n: Q — H, Fr-measurable | E[|n|*] < +oo}.

For r,s,7,v € [-0,T + 6], r < s and 7 < v, define

LE(r,s; H) = {9 i |r,s] x Q — H, F-adapted ‘ E/ 10(uw)|*du < —I—oo}7

FE([r,s); H) := {9 . [r, 5] x Q — H, F-adapted, path-continuous | E sup |f(u)|> < +oo},

r<uss

E/S|w(u)|2du < —l—oo},

S v
// lu(t, s)|?dsdt < +oo},

L2(r, s; L2 (1,v; H)) == {19: [rys] x [1,v] x Q@ — H is B([r, s] x [1,v]) x Fpr-measurable,

L2(r, s;L%(Q; H)) := {w 2 [ry 8] x Q — H, P([r,s]) x Fp-measurable

L2(r, s; L%(r,v; H)) :== {v 2 [rys]x [T, v] — H, jointly-measurable

9(t,-) is F-adapted for all ¢ € [r, s] ‘ E/ / |9(t, s)|*dsdt < —l—oo}.

For simplicity, denote

%2(7“, S) = X]FQ(T, S;Rn) ~ L2(7”, S;gﬁ‘g(ﬁ s;Rnxd))7

equipped with norm

10,03, = E| [ 100Pau+ [ [ 10010 Pdu |

Finally, for simplicity, we set
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2.2 The optimal control problem
Consider the following controlled NSFDE:

d[X(t) — g(t, X")] = b(t, X", u(t))dt + o(t, X, u(t))dW (t), te[0,T],
X(t) = d)(t)v le [_5a O]a

where X! denotes the restricted path of X on [t —4,], ¢ € .SZ([-6,0];R™),
g:10,T] x Qx C([-6,0; R") = R"™,
b:[0,T] x Q2 x C([-6,0; R") x R™ — R",
o :[0,T] x Q x C([-6,0]; R™) x R™ — R"*%,
are jointly measurable, and g(-, ), b(-,%,u) and o(-, v, u) are F-progressively measurable for any

(,u) € C([—6,0);R™) x R™.

For simplicity, we only discuss the case where g does not depend on the control u. For the case where g
depends on u, see Remark 5.1 below.
Let U C R™ be a nonempty convex set. Denote the admissible control set by

T
Uaq = {u() :[0,T] x Q@ — U, F-progressively measurable E/ lu(t)|?dt < —|—oo}.
0

For any u(-) € Uga, we consider the following cost functional:

J(u() = EUOTl(t,Xt,u(t))dt],

where
1:0,T) x Q2 x C([-0,0;R") xU - R

is jointly measurable, and [(-,,u) is F-progressively measurable for any (¢,u) € C([—0,0];R™) x U.
Vu(-) € Uyq, denote by X (+) the solution to NSFDE (2.1) associated with u(-), then (X (-),u(-)) is called
the admissible pair.

Our optimal control problem is to find a control @(:) € Uuq, such that

Ja() = it )
Denote by X (-) the solution to NSFDE (2.1) associated with control @(-). Then (X (-),(-)) is called the
optimal pair.

We introduce the following standing assumptions on the random coefficients.

(A1) For every (w,t) € Qx1[0,T], g,b, 0,1 are continuously Fréchet differentiable with respect to x, and
b, 0,1 are continuously differentiable with respect to u, and further, the derivatives b;, by, 04,0, and g,
are all bounded. The derivatives [, and [, satisfy the linear growth, i.e., there exists some positive
constant L such that for every (w,t) € Q x [0,T7,

ot )|+ [t 6, w)] < L1+ sup  1o(s)| + [ul), ¥ (@,u) € (6,0 R") x U.
s€[—46,0
(A2) b(+,0,0),0(-,0,0),1(-,0,0) € £2(0,T; H), H=R",R"*4 R respectively. For every w € €, both g
and g, are continuous in ¢, and there is a constant 0 < xk < 1, such that ||g,|| < k.

Remark 2.1.  Here, x < 1 is assumed to avoid the degenerate case like g(t, X*) = X (¢) and to ensure
the existence and uniqueness of the solution to NSFDE (2.1) (see, e.g., [26]).
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By Assumption (A1), for each (w,t,u) € Q x [0,T] x U, (g,b,0,0)(w,t,-,u) can be seen as some finite
dimensional space (denoted by H) valued functional of the form

M : C([-6,0];R") — H,

and the continuous Fréchet derivative M, exists and is continuous. In fact, the Fréchet derivative M(+)
is a linear operator from C([—d, 0]; R™) to H. By the Riesz representation theorem, we have the following
lemma.

Lemma 2.1.  For each (w,t, X,u) € Qx [0,T] x C([-4,0];R"™) x U, there exist C?(t,X7 ), B(t, X, u, ),
Gt X, u,) € Vo([=6,0;R™™) (i = 1,-,d) and L(t,X,u,-) € Vo([-3,0]; R*™), such that for all 1)
€ C([-4,0;R"),

0 0
gx(t,X)w:/_6G(t,X,dr)1/)(r), bm(t,X,u)z/J:LéB(t,X,u,dr)w(r),

0 0
o8 (1, X, u)p = / Gt X dr)(r), Lot X, u) = / E(t, X, u, dr)(r),
—5 —6
where w is omitted and
Vo([=6,0]; H) :={f : [-0,0] = H is bounded variational and left continuous on [—4,0)}.

Remark 2.2. Through standard arguments (for example, see [21,26]), we conclude that under As-
sumptions (A1) and (A2), for any ¢(-) € #2([—4,0];R") and u(-) € Uyq, NSFDE (2.1) admits a unique
solution X (-) € #2([—6,T];R™). Thus the cost function J(u(-)) is well-defined. We note that each
element h € 2([—0,T];R™) can be seen as a C([—4,0]; R™)-valued process {h(t + -);t € [0,T]}. On the
other hand, if (¢,b,0) = 0 and g(t,-) = |M¢|* with o € (0,1/2), My = 0 and M; being a continuous
martingale, then (2.1) admits a unique solution X; = |M;|* which is not a semimartingale unless M = 0
(see [12, p. 7] and [29, Theorem 52]). Therefore, our controlled state processes can be beyond the scope
of semimartingales and is essentially different from that of [2].

On the basis of Assumptions (A1) and (A2), we assume further
(A3) There exist probability measures \; (i = 0,1,2,3) on [~§,0], and continuous functions G (¢, X, 7),

B(t, X,u,r), ¢(t,X,u,r), L(t, X, u,r), such that, for all v» € C([-6,0];R™) and every (w,t, X,u) € Q
x [0,T] x C([-6,0; R™) x U,

0 B 0 B
gm(t,X)w:/5G(t,X,r)1/J(r))\o(dr), bx(t,X,u)z/J:/6B(t,X,u,r)1/)(r))\1(dr),
0 0 B
o (b, X, ) = /_ S X pNa(dr), Lt X = /_ (X)),

Remark 2.3. In Assumption (A3), we ensure the existence of both the processes (G, B,<, L) and the
probability measures on ([—d, 0], B([—4, 0])), such that the vector valued measures admit Radon-Nikodym
derivatives with respect to certain probability measures. This assumption will help us to give an explicit
dual analysis between NSFDEs and VNBSFEs in Sections 4 and 5 below. In this work, (A3) is necessary
to derive directly the adjoint system (4.3). One particular case for Assumption (A3) is of the linear form,
i.e., in NSFDE (2.1),

0

g(t, X" = Q(t,/ alt,r) X (t — r))\o(dr)>,
-4

and b, o, possess similar forms.

Remark 2.4. Let M be a continuous martingale with 0 < |M;| < 1/2. For § > 0 and « € (0,1/2), put

0 0
g(t, X) = |Mt|"/ X(r) o~ tdr + |M|®,  b(t, X,u) = |Mt|a/ X(r) 6~ tdr + cru(t),
—5 —6
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0 0
o(t, X,u) = |Mt|"/ X(r)d tdr + cou(t), 1(t, X, u)= |Mt|a/ X (r) 6 rdr + cau(t)
-0 —0

with ¢, co and c3 being positive constants. This is a simple but nontrivial example for the optimal control
problem above under Assumptions (A1)—(A3).

3 Well-posedness of VNBSFEs

This section is concerned with the well-posedness of neutral backward stochastic functional equations of
Volterra type (VNBSFEs), which, as the adjoint equations, arise naturally from the Pontryagin maximum
principle for the optimal control problem of NSFDEs (see Proposition 4.1 and Theorem 5.2 below).
Inspired by Yong [35] on backward stochastic Volterra integral equations (BSVIEs), we shall give the
definition of M-solution to VNBSFEs and prove the existence and uniqueness of the M-solutions to
NSFDEs. In a similar way to Remark 2.2, it follows that the solutions to VNBSFEs can be beyond
the scope of semimartingales. Moreover, VNBSFE is new and thus, our study herein is of independent
interests.
Consider the following VNBSFE:

Y(t) - Gt Y;) = \Il(t)—i—/T f(t,s,Ys, Z(t,s), Z(s,t; 5))ds+/T Z(t,s)dW (s), te€[0,T],
Y(t)=¢&), te(T.T+4,

(3.1)

where Y; denotes the restriction of Y on [t,¢ + 0], Z(-,-) is an unknown function defined on [0,T
+ 6] x [0, T + 6], Z(t, s) denotes the value of Z at (t,s), and Z(s,t; ) denotes the restriction of Z(-,-) on
[s,s 4] x [t,t + 4].
For any 0 < R < S < T+ 9, define
A[R,S]):={(t,s) € [R,S] x [R,S] | R<t<s <S5},
A°lR,S] = [R,S] x [R, S]\ A[R, S].
For simplicity, denote A := A[0,T], A® := A°[0,T], As := A[0,T + 6] and A§ := A°[0,T + 4].
(G, f) in (3.1) is called the generator of VNBSFEs. For (G, f), there exist two functionals J and F,
o J:[0,T] x 2 xL2(0,0;R") — R" is jointly measurable, and J(-, ¢) is F-progressively measurable for
any ¢ € L2(0,5; R");
o F1: AxQxIL2(0,8; R")x R"*4xL2(0, §; L2(0, §; R"*9)) — R" is jointly measurable, and F(t, -, ¢, z, )
is F-progressively measurable for all (¢, ¢, z, ¢) fixed in corresponding space, and (J, F') satisfies:
(H1) There are k € [0,1) and gy being a probability measure on [0,d], such that for any ¢,
€ L2(0,5;R™),

(1) /ﬁ¢ ) oldu). (3.2)

(H2) Thereare L > 0, o1 and g being probability measures on [0, 8], such that for all (¢, z, ¢), (¢, Z, p)
in corresponding space and (¢, s) € A,

| (t5¢32§0)_ (tséagcﬁ)‘

[/|¢ u)los (du) + Jw - w+/dwuw B, w)la(du) . (33)

(H3) (G, f) are the functionals defined
G(tv yt) = Et[J(tv yt)]v f(tv 53 Yss Z(ta S)a Z(S, t; 5)) = ES[F(ta S Yss Z(tv S)v Z(S, t; 6))]7

for all (y(+),2(-)) € 2(0, T +90), (t,s) € A, |G(-,0)| € Z2(0,T;R™), fol-,-) :== f(+,-,0,0,0,0) € L2(0, T}
L2(0,T;R™)).
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Definition 3.1. A pair of process (Y, Z) € #2(0,T + 0) is called an M-solution to VNBSFE (3.1),
if (3.1) holds in Ito’s sense for almost all ¢ € [0, T + 4],

Y(t)=E[Y(t)] + /Ot Z(t,s)dW(s), ae.tel0,T+7], (3.4)

and Z(t,s) =0on (t,s) € As \ A.
Remark 3.1. In VNBSFE (3.1), we only set the terminal condition Y (¢) = &£(¢) on (T,T + 6]. The
value of Y at T is determined via

Y(T) + G(T, Yr) = W(T).

Compared with the classical BSDE theory (see, e.g., [28]), Z(t,s) of Definition 3.1 is a two-parameter
process with (¢,s) € [0,T+6] x [0,T+ 6] and its value is separately determined on different time domains.
For (t,s) € A§, Z(t,s) is defined by (3.4). For (¢,s) € A, Z(t,s) is endogenously determined together
with ¥; such that (3.1) holds in Itd’s sense. Since f depends on Z(t,s) on A without anticipation, the
equality of (3.1) is independent of the value of Z on As \ A, i.e., any value of Z on As \ A equalizes
VNBSFE (3.1). For the uniqueness of solution, we define Z(¢, s) = 0 in Definition 3.1 on As \ A.

For all 7 € [0, T + §], define a subspace of 7#2(0,7),

M0, 7) = {(9,19) e 20, 7) ‘ o(t) = E[0(1)] +/O 9(t, $)dW (s),Vt € [o,T]}

6.0 = E | [ 0P+ [ [ 1065, 0Pauds].

Then .#%(0,7) is a closed subspace of #2(0,7) under the norm | - || ;2(0,). In fact, it is also a

equipped with norm

complete space under || - ||_z2(0,r), because || - [|,z2(0,r) is equivalent to || - || z2(0,r) in ///2(0 7). For

all (6,9) € 42(0,7),

E[ | e s>|2ds] — E[J6() — El6)]P] < 2E[0()).
0

6.0 = | [ 0P+ [ [ joce.oPas]
<2p| [Coopas [ [ 1o6sRas] =200,
0 0 t
<op| [Cras [ [ 1o oRasat] =200.0) 0,
0 0 0

Therefore, if (Y, Z) € 52(0,T + §) is the M-solution to VNBSFE (3.1), it means (Y, Z) € .#*(0,T + 6)
and Z(t,s) =0 on As \ A.

Before showing the existence and uniqueness of M-solution to VNBSFE (3.1), we discuss some back-
ward equations. First, consider the following trivial backward SDE (BSDE),

Thus,

<;+/ f(s ds—/ Z()dW(s), t€0,T], (3.5)

where f € £2(0,T;R") and ¢ € L?(;R"). The proof of the following Lemma 3.1 is standard (see
[10,28)).

Lemma 3.1.  BSDE (3.5) admits a unique pair of solution (Y, Z) € #2([0, T};R™) x Z2(0,T; R"*4),
and for any t € [0,T],

T
LY (1)) + E{/ % Z(s)|ds
t

T
34] < E[zeBTld2 + a/ | f(s)|*ds
t

yt] , (3.6)

where o and 8 are any two positive constants satisfying § > 2
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Consider the following backward integral equation,
T T
ot s) = B(t) + / h(t, w)du — / V(t,u)dW,, te0,T], (3.7)
s S
where ® € L%(0,T;L2(;R™)), and h € L?(0,T; %2(0,T;R™)). Fixed t € [0,T], (3.7) is a BSDE with
generator h(t,-) € £2(0,T;R") and terminal condition ®(¢) € L*(Q;R™). Thus (3.7) is a family of
BSDEs parameterized by ¢ € [0,T]. Let s = t. Denote y(t) := p(t,t) and z(¢,u) := v(t,u) when u > t.
Then
T T
y(t) = (1) —|—/ h(t,u)du —/ z(t,u)dWy,, tel0,T]. (3.8)
t t
It is not a BSDE, but a backward stochastic Volterra integral equation (BSVIE), which was studied
in [24,35].
Remark 3.2. In (3.8), the equality is independent of z on A€. Then any value of z on A equal-
izes (3.8), such as z(t,u) = v(t,u) or z(t,u) = 0, (t,u) € A° Therefore, the uniqueness of so-
lution does not hold. However, in the definition of M-solution, the value of z on A€ is settled by
y(t) = Ely(t)] + fot z(t,s)dW (s). This determines the uniqueness.

Directly from [35, Theorem 3.7] and estimate (3.6) of Lemma 3.1, we conclude the following lemma.

Lemma 3.2.  BSVIE (3.8) admits a unique pair of solution (y(-),z(-,-)) € #*(0,T). In addition,
T T
E{eﬁt|y(t)|2+/ e58|z(t,s)|2ds} éE{eﬁT|<I>(t)|2+a/ eﬁs|h(t,s)|2ds], (3.9)
t ¢

where o > 0 and B > 2 are any two positive constants.
Next theorem is devoted to the existence and uniqueness of the M-solution to VNBSFE (3.1).

Theorem 3.3.  Suppose that (G, f) satisfies (H1)~(H3). Then for any ¥(-) € L*(0,T;L?(Q;R™)) and
£() € LE(T,T + 6;R"), VNBSFE (3.1) admits a unique pair of M-solution (Y,Z) € .#*(0,T + 9).
Moreover, the following estimate holds:

T+6 T+6 ,pT+6
E[/ [V (t)|%dt + / / |Z(t, s)|2dsdt]
0 0 t

<CE[/OT|\I/(t)|2dt+/T+6|§(t)|2dt+/0T|G(t,0)|2dt+/OT/tT|fo(t,s)|2dsdt]. (3.10)

T
Proof. Step 1. Define a subset of .#2(0,T + 6),
//l?(O,T) = {(0,9) € A*(0,T+6) | 0(t) =&(t),Vt € (T, T +d],and 9(t,s) =0,V (t,5) € As \ A}

equipped with the norm

T T T
||<0,ﬁ>||2—E[ | emewpa [ f eﬁ’swa,s)ﬁdsdt]

where [ is a positive constant waiting to be determined later. It is obvious that .///EQ(O,T) is a closed
subset of .#2(0,T + 6).
For each (y(-), z(-,-)) € ///52(0, T), consider
T T
Y(t) - G(t,y) = ‘I’(t)+/ f(t,s,ys,Z(tvs)vz(S,tﬁ))dS—/ Z(t,s)dWs, tel[0,T],
t t
Y(t)=£&1), te (T, T+

(3.11)

Denote Y (t) := Y (t) — G(t,y;), then

T T
Y(t)=‘1’(t)+/ f(t,svys,Z(t,S),Z(s,t;5))d8—/ Z(t,s)dWs, te€l0,T]. (3.12)
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Since (y, z) € //lg(O,T), f(t,s,ys, 2(t,s), 2(s,;6)) € L2(0,T; £2(0, T; R™™)) due to (H1) and (H2).
By Lemma 3.2, (3.12) admits a unique pair of solution (Y, Z) € .#>(0,T). Define

Y(t) = {f/(t) —G(t,y), tel0,T],

Then Y € £2(0,T + §;R™). Define Z(t,s) = 0 on As \ A and modify the value of Z on As such that
t
Y (t) = E[Y (t)] +/ Z(t,s8)dW,, Vtel0,T+ 4]
0

Then (Y, Z2) € ///EQ(O,T) is an M-solution to (3.11).

Step 2.  Consider the mapping I" : (y(-), 2(-,-)) — (Y'(-), Z(-,)) with (Y, Z) being defined associated
with (y, z) in Step 1. We shall prove that ' is a contraction mapping on Banach space //l? (0,7).
Take another pair (§(-),2(-,-)) € #Z(0,T), and denote Y (), Z(-,) € AE(0,T) as the M-solution

to (3.11) with (y(+), z()) replaced by (g(+), Z(+)). Define AY (t) := Y (¢t)=Y (t), AZ(t,s) := Z(t,s)—Z(t, s),
Ay(t) :==y(t) — g(t) and Az(t) := z(t,s) — z(t,s). Then

AY(t) = [G(t,y1) — G(t, 50)]

:/t [f(t,s,ys,Z(tvs)v«z(s,M))—f(t,s,ys,i(tvs)vi(s,tﬁ))]ds+/t AZ (L, s)dW (s).

We shall denote by C' a constant which may vary from line to line. In view of (3.9) in Lemma 3.2 and
choosing § > 2, we have

T
B|eMAY () - (Gt~ Gt gl + [ e182(05)%s]
t
T
<] [ U (0,80 505, 056) = (05 00, 5) 505, 130) |
t
T 6 6
SaC’E{/ eﬁs{/ |Ay(s + u)|? o1 (du) + |Az(t,s)|2+/ |Az(s+u,t+u)|292(du)}ds}. (3.13)
¢ 0 0
Integrating (3.13) in t from 0 to 7', and denoting AG(t) := G(t,y:) — G(t,y:), we have
T T T
E[/ eﬁt|Ay(t)—AG(t)|2dt+// eﬁS|AZ(t,s)|2dsdt}
0 0 Ji
T T 5 5
gaCE{/ / eﬂSU | Ay(s+u)[2o1 (du) + |Ax(t, s)|2+/|Az(s+u,t+u)|292(du)]dsdt}
0 Jt 0 0
T T T
< aCE[/ eﬂ5|Ay(s)|2d8+/ / eﬁS(|Az(t,s)|2+|Az(s,t)|2)dsdt}
0 o Jt
T T T
< ozCE[/ e55|Ay(s)|2ds+/ / eﬁS|Az(t,s)|2dsdt]. (3.14)
0 o Jt
The last inequality is due to the fact
T T T T
E[ / / eﬁsmz(s,m?dsdt} _ E[ / ot |Az<t,s>|2dsdt] < E[ / eﬁt|Ay<t>|2dt]
0 Jt 0 0 0

Since for all v € (0,1) and a,b € R", |a — b|? > (1 — v)|a|? — (}Y —1)|6/%, then

AY () — GO > (1—7)|AY (1) - (i - 1) AG()P.
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(3.14) is reduced to
T T T
E[(l—y)/ eBt|AY(t)|2dt+/ / eBS|AZ(t,s)|2dsdt}
0 o Ji
1 T T T T
< < —1)E[/ eﬁt|AG(t)|2dt} +0¢CE{/ eﬁt|Ay(t)|2dt+/ / eBS|Az(t,s)|2dsdt}
v 0 0 0 Jt

< K’ly—1>/<;+040}E[/()Teﬁtmy(t)ﬁds} +aCEUOT/tTeﬂS|Az(t, s)|2dsdt}

To prove I is a contraction mapping, it suffices to show: For all s € (0, 1), there is v € (0, 1) such that
1
—1)k+aC<1—5 and aC <1,
0

which hold true by choosing « to be small sufficiently. Therefore, I' admits a unique fixed point (Y, Z)
€ #2(0,T), which proves to be the unique M-solution to VNBSFE (3.1).

Step 3.  Similar to the proof in Step 2, we have for all & € (0,1) and M > 0,
T T T
E{u—q)/ eﬁt|y(t)|2dt+/ / % Z(t, s)|2dsdt]
0 0 Jt
T 1 T T T
< E{eﬁT/ |T(t)|2dt + < - 1) / P G(t, Y3 2dt + aC / / eﬁs|f0(t,s)|2dsdt}
0 Y 0 0 Jt
T+5 T AT
+aCE[/ e5t|Y(t)|2dt+/ / eﬁs|Z(t,s)|2dsdt}
0 o Ji

T 1 T T T
gE{eﬁT/ |\Il(t)|2dt+(7—1)(1+M)/ eﬁt|G(t,o)|2dt+ac// 55| fot, 5)|Pdsdt
0 0 0 Jt

+ Ki _1> <1+A14>ﬁ+ac} /OT Y (1) 2dt + aC /OT/tTeﬁﬂZ(t, s)|2dsdt].

It is easy to prove that there are v € (0,1) and M > 0, such that the following two inequalities hold for
any £ € (0,1) by choosing « small sufficiently,

1 1
( —1)<1+ )H+0¢C’<1—'y and aC < 1.
~y M

Then the estimate (3.10) holds.

4 Dual analysis

In this section, we are concerned with the dual analysis between linear NSFDEs and VNBSFEs which is
crucial in the Pontryagin maximum principle. To comprehend further the roles of the duality, the readers
can skip to the next section. In fact, the dual analysis herein can be extended to the infinite dimensional
cases without any essential difficulties.

Denote (X (+),u(+)) € F2([-9, T); R™) X Uyq as an optimal pair, and v € £2(0,T;R™). Let x(-) be the
solution to the following linear NSFDE:

{d[x(t) = 3o (OX'] = o ()X + bu(t)v(B)]dt + [7()X" + Gu(t)o()]dW (t), t € [0,T],

x(t) =0, te[-40]. (4.1)

We note that, linear NSFDE of the form (4.1) comes from the first order variation of the controlled
NSFDE (1.2) (see also Lemma 5.1 below). Consider the linear functional

T
I(x() = E / L (DXt
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Here, G, (t) := gu(t, X1), (b, bus 0y Guy 1) (1) = (bay by Oy 0wy 1) (8, X, 0(2)).
Under Assumptions (A1)-(A3), (4.1) is well-posed and we have

—/_(; G‘(t,r)x(t+r)/\o(dr)=/0t [/_(;B(s,r)x(s+r))\1(dr)—i—bu(s)v(s)]ds
+f t [ / s x(s + o) + au<s>v<s>} awis),  (42)

=

T 0
:E/o [5 L(t,r)x(t + r)As(dr)dt,

(B, L)(t,r) = (B,¢, L)(t, X",u(t),r) and G(t,r):=G(t,X"r).

and

where, for simplicity, we set

Denote

We have the following duality:

Proposition 4.1.  Let x € 2([—6,T];R™) be the solution to NSFDE (4.2), and (Y, Z) € .#*(0,T+9)
be the M -solution to the following linear VNBSFE:

V() - B { [ ZG'(t—r, r)Y(t—r)/\o(dr)]

= /ZL(t —r,7r)A3(dr) + /tTES {/ZB'(t—r, )Y (s—r)\(dr) (4.3)

0 T
+/<€(t—r,r), Z(s—r,t—r)))\g(dr)} ds—/t Z(t, )dW(s), te 0,7,

-4
Y(t)=0, te(T,T+4]

where we set (G, B,5,L)(t,-) =0, Yt € (T, T+ 6]. Then the following relation holds:

1)) = E[ / : zza)xtdt] 5 [ / "o, Y(t»dt} .

Note that the well-posedness of VNBSFE (4.3) is ensured by Theorem 3.3.

Proof.  In view of (4.2), we have
0 t 0
—[SG(t,r)X(t+r)Ao(dr)—/O[SB(S,T)X(5+T)A1(dT)ds
t 0
_ /0 [ Sl (s AV (3),

Since Y € Z2(0,T;R™), we get

E[/OT<Y(t),p(t)>dt} :EUOTQ/() ())dt} [/T< / Glt,r) (t+r)/\0(dr)>dt}
—E[/ < // (s,7)x(s + 7 Al(dr)ds>dt}
—E[ /0 <Y(t), /0 [ 6§(5,r)x(s+r))\2(dr)dW(s)>dt}

:E{/OTO/(t),X(t))dt} -1
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By Fubini’s theorem, we have

I = / / ))dt Ao (dr)

/ /T+ "t —r, )Y (t—7), x(t))dt Xo(dr)

(Noting that x(t)1—s0(t) = 0 and Y (t)1(7,745)(t) = 0)

// "t —rr)Y X(0))dt No(dr)
,/0 </5G (t—mr,r)Y(t— r))\o(dr),x(t)>dt (4.4)

L= //< tr/Y ds, x(t >dt/\1dr)
/ /T+ < (t— rr/ys r)ds, X()>dt/\1(dr)
_/ </t/_53t P )Y (s — 1)\ (dr)ds, (¢ )>dt. (4.5)

In view of (Y, Z) € #*(0,T + §), and Y (t) = +f0 (t,8)dW (s), we further have

0
I3 —/OT OtZ(t,s)dW(s), /O/_55(8,7"))((8+r))\2(dr)dW(s)>dt

<
:/OT /Ot Z(t,s), /_25(8,7'))((8 +r))\2(dr)>dsdt

and

5  Z(s,1))ds,
:/_(; /TTM </tT<g(t —rr), Z(s— 1yt —r))ds, X(t)>dt Na(dr)
:/OT</tT/_(;<g(t—r,r), Zls — 1yt — 1)) Aa(dr)ds, x(t )>dt. (4.6)

Combining (4.4)—(4.6), we obtain

E[/:(Y(t),p(t»dt] /OT</OLt v )\ (dr) / (¢, )dWV (s), ()>dt}
_E /OT</5L1§ ro 1) g (dr), >dt]
[

0
:E_/_é e, (t+r)>dm3(dr)]

:E:/OT /O L, P)x(t +1) Ag(dr)dt} — I(x().

5 Maximum principle

In this section, we shall establish the Pontryagin maximum principle for the optimal control problem in
Section 2.
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Suppose that (X (+),(-)) is an optimal pair. For any u(-) € Uyq, denote v(-) := u(-) — u(-) and
ue(+) == a(-) +ev(-) € Upa, Vee€][0,1].
Denote by X.(-) the solution to NSFDE (2.1) associated with control w..

Before constructing the maximum principle, we need the following estimate of the first order expansion.

Lemma 5.1.  Suppose that assumptions (A1) and (A2) hold. Then we have the following first order
exrpansion:

X (t) = X(t) +ex(t) + Re(t), te]0,T]
with )
lim E[ sup |R.(t)]*| = 0.

e—0+ g2 0<t<T
Here, x satisfies the following linear NSFDE:

{d[x( ) = Gz ( )X = [bu(t)x" + bu(t)v(®)]dt + 7. (t)x" + Fu(t)o(t)]dW (t), t € [0,T],
X(t) =0, [ 9, O]

with G (t) == gu(t, X?) and (b, by, G4, 54)(t) := (be, bu, 02, 0 ) (t, Xt U(1)).
e(z

Proof.  Setting z.(t) := Xi(t) ® vie [—9,T], we have R.(t) = —x)(t) and

a(t) — /O " gu(t, X50=21) 216
= /Ot [/Olbx(s,Xs—f—Qezz,ua(s))zjdG + Albu(s,Xs,ﬂ(s)—f—E%(s)) U(s)d&} ds
+ /Ot [/Olam(s,Xs—f—@ezz,uE(s)) 22d6 + /Olau(s,Xs,ﬂ(s)—i-e@@(s))T)(s)dH] dW (s).

Thus, by Assumptions (A1) and (A2),

(1-k)E sup |z€(s)|2
s€[—4,t)

< E[ sup
s€[—4,t]

2
|
/Ot [ /Olbx(s, X022t uc(s))22d0 + /Olbu(s,)_(s,u(s)—i—a@v(s))v(s)d&} ds
2
t t ]
<CEUO TES[UI;SHZE(T)Pds—k/O |17(s)|2ds}, 52)

which, by Gronwall’s inequality, implies

1
zg(t)—/ g (t, X°+0e21) 2Ldf
0

= E[ sup
s€[—4,t]

+ /Ot [/Olaz(s,Xs+aaz§,us(8))zgd9 + /Oldu(s,stﬂ(s)—l—g@q‘)(s))rp(s)dg] AW (s)

E sup |z(s) CE/ 2ds. (5.3)

s€[—46,T]
Define
RE £ ! YV S t v S
Ye = 9 gz(s) = gx(t5X+0525)d0_g$(t5X)
0

and

(b5, 0%)(s) = / (bas02) (5, X° 4022 ()0 — (b, 50) (),
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1 — —
(05, 05)(s) = /(bu,Uu)(s,Xs,ﬂ(s)—l—EHD(s))dH — (bu, 74) ().
0
It follows that
Ye (t) — Oz yé - ggsc (t)zé

t t
= [z 20022+ 0N + [ o+ o2 (5)22 + NV (5)
0 0
In a similar way to (5.2) and (5.3), we obtain

E sup |y.(s)|?
s€[—46,T]

<0E{ / (B5()22 7 + 105 ()22 + 165, ()5(5)]? + o ()5 (s)[P)ds + sup_|gfi(s)=2

s€[0,T

—0, ase— 0" (by Lebesgue domination convergence theorem).

Hence,

1
lim QE[ sup |R.(t)]*| = 0.

e—0t € 0<t<T

We complete the proof.

Now, it is the stage to establish the Pontryagin maximum principle. Define the Hamiltonian function

H(t, v, u; P,Q) = 1(t, v, u) + ' (¢, 9, u) Ey L/tT P(s)ds] + <a(t, ), /tT Q(s,t)ds>, (5.4)

W € O([-4,0],R"), (P,Q) € 2#%(0,T). For simplicity, denote

(B,¢,L)(t,r) = (B,5, L)(t, X", u(t),r), G(t,r):=G@E X" r), VY(tr)el[0,T]x[-60],

and set (G, B,S,L)(t,-) =0,Vt € (T,T + 6]. Then we have the following theorem.

Theorem 5.2.  Suppose that assumptions (A1)~(A3) hold. Let (X(-),u(-)) be an optimal pair. Then
there exists (Y, Z) € #?(0,T + 6) being the M-solution to the following linear VNBSFE:

V() - B [/0 & (t—r, r)Y(t—r))\o(dr)}
-5
:/Oi(t—r,r))\g(dr)—|—/tTES[/ZB'(t—r,r)Y(s—r)/\l(dr)

s (5.5)

0 T
+/<f(t—r,r), Z(s—nt—r)Mz(dr)] ds_/t Z(t,s)dW (s), te[0,T],

-6
Y(t)=0, te(T,T+4],

such that the following maximum condition holds:
<Hu(ta Xta ’lj(t), Ya Z)a U — ’a(t» > 07
i.€.,
<l + bl (t [/ Y(s ds} / (Gu(t), Z(s,t))ds, u — ﬂ(t)> >0, dP(w)®dt-a.e., Yuel,

where 1, (t) := 1(t, X*, u(t)).
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Proof.  In view of assumptions (A1)—(A3) and Theorem 3.3, VNBSFE (5.5) admits a unique pair of
M-solution (Y, Z) € .#?(0,T + §). Then,

_ (. T t _ vt o~
o 0D TN _ p [ 1 KL le) ~ K50
0
Xt-Xt
—E// (t, XL, a(t)+0ev(t))v d@dt+E// (t, X'+0(X - X"),a(t) ¢ dfdt

€

_E/ dt+E// (8, XY, () +020(t)) — L (8)]o(t)dodt

+E/O [/ L(t, X" +0(X! - X1, ﬂ(t)) - X de—fx(t)xt}dt,

0 3

which, together with Lemma 5.1, implies

E/T[l_u(t)v(t) + 1:(t)x"]dt > 0.
0

Applying assumption (A3) and Proposition 4.1, we obtain

0 <E/OT [/0 L(t,r)x(t +r)As(dr) + <l_u(t),v(t)>] dt

-5

-5 / (Y (1), p(t)) + (Lu(®), v(t)dt
0

:EUOTau(t), v(t)>dt+/0T<Y(t), /Otbu(s)v(s)ds>dt}
o / ! <Y(t), / t au(s)v(s)dW(s)>dt
—E/ < 0+ (t /y ds+/T< 1), Z(s,1))ds, u(t)—u(t)>dt.

The last equality is due to

E / < / 5 (s)v(s)dW(s)>dt
_E/ </ (t, $)dIV (s), /Ot Uu(s)v(s)dW(s)>dt
= E/ / (t,s), au(s)v(s))dsdt = E/OT< /tT<6u(t), Z(s,t))ds, v(t)>dt.

Therefore, for all u € U, there holds

<l_u(t) + 0, () Ey [/tTY(s)ds} + /tT<5u(t), Z(s,t))ds, u — ﬂ(t)> >0, dP(w)® dt-ae..

We complete the proof.

Remark 5.1.  In this work, for simplicity we consider the stochastic optimal control problem (1.1) with
the cost functional of Lagrange type and the controlled NSFDE with uncontrolled g. As a matter of fact,
without any significant mathematical challenges, we can extend the discussions in Theorem 5.2 to the case
with controlled g and general cost functionals, while the arguments will become cumbersome. Indeed, in
a similar way to [35, Section 5], we are allowed to extend our results herein without essential difficulties
to the optimal control problems with the general cost functional of Bolza type (see [35, (5.2)]). If g
depends on u, assume that ¢ is continuously differentiable in u with bounded and continuous derivative,
and g, (t) := gu(t, X?,u(t)) is continuously in ¢. Define the admissible control set as follow:

Una = {u :[0,T] x Q — U, path-continuous and bounded, F-progressively measurable},
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where the path-continuity and boundedness are assumed for simplicity. The maximum principle can be
derived similarly, i.e., for all v € U and almost all ¢ € [0,T],

<g;(t)Y(t) PO RO [/tTY(S)dS} i /tT<%<t>, Z(s,1))ds, u— u(t>> >0,
and
<§L(0)E/OT Y (t)dt, u(0) — a(0)> >0.

Remark 5.2. In Theorem 5.2, we assume the differentiability of the coefficients g, b, o0 and [, and the
control takes values in a convex set U C R™. By using the spike variational arguments, we may allow the
control to be valued in a non-convex set U C R™ and it is possible to use the relaxed controls avoiding
differentiability assumption with respect to the control variable (see [1, Theorem 8.3.5 and Corollary 8.3.7,
p. 276)). For the general cases with general cost functional and non-convex control set, the optimal control
problem in this paper should be discussed further in the future.

6 Two related topics

6.1 Connections with Bismut’s method for a particular example

Maximum principle for controlled stochastic differential equations (SDEs) was first discussed by Bis-

mut [4-6], in which the adjoint equation is a linear backward stochastic differential equations (BSDEs).

We compare the maximum principle herein with that in [6], and show the explicit relations between them.
When g = 0 and 6 = 0, the controlled NSFDE (1.2) is reduced to the following controlled SDE,

dX (t) = b(t, X (t),u(t))dt + o(t, X (t),u(t))dW(t), te€[0,T],
X(0) =z,

and the cost functional is reduced to
T
s =B| [ tex0.u0)a]
0

Suppose that (Al) and (A2) still hold. Assumption (A3) holds naturally in this case. The admissible
control set and the optimal control problem are the same as in Section 2.
As a corollary of Theorem 5.2, we have the maximum principle.

Corollary 6.1.  Let (X(-),u(-)) be the optimal pair. Then there is (Y, Z) € .#*(0,T) being the unique
M -solution to the following equation:

Y(t)zix(t)+/t (b)Y (5) + (7.(1), Z(s,t)>)ds+/t Z(t,s)dW (s), (6.1)

such that the following maximum condition holds:

<lu(t) () { /t TY(s)ds} + /t ou(t), Z(s.0))ds, u— u(t)> >0, Vucl, dPw)®di-ac.

Recall the maximum principle in Bismut [6].

Proposition 6.2.  Let (X(),u(-)) be the optimal pair. Then there exists (P,Q) € Z2([0,T];R")
x ZL2(0,T;R™ ) being the unique solution to the following BSDE:

T - T
P(t):/t b5 (s)P(s) + (02 (s), Q(S)>+l;(s)]d8_/t Q(s)dW (s), (6.2)
such that

(Lu(t) + b, () P(t) + (7. (), Q(t)), u —u(t)) =0, YueU, dP(w)® dt-a.e.
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In fact, the two maximum principles possess the following relationship.

Theorem 6.3. Let (Y, Z) and (P,Q) be as above, then

Pt):Et[/tTY(s)ds}, and Q(t):/tTZ(s,t)ds.

Moreover, the mazximum principles in Corollary 6.1 and Proposition 6.2 are equivalent.

X()-X()
€

Proof.  Similar to the proof in Theorem 5.2, we have converges to x(-) in .#2([0,T]; R™),

where x(+) satisfies

x(t) = /O [b2(5)x(5) + bu(s)0(s)]ds +/O [02(s)x(s) + Tuls)0(s)]dW (s).
Denote .
/ Bu ()5 (s)ds + /0 5o ()5 (5)dW ().
The duality between linear SDE and BSDE (6.2) shows

E / )t = E / Yo(t)) + (Q(E), Gu(t)o(e))]dt, (6.3)

and the duality between linear SDE and VNBSFE (6.1) shows

E / (x(1), Lo(t)dt = E / (p(t), Y (1))t

:E/ </ bu(s)5(s)ds, Y (t )>dt+E/ </ 5o (5)5(3)dW (), Y(t)>dt
:E/O <bu /Y ds>dt+E/ <0u )o(t /tTZ(s,t)ds>dt. (6.4)

Comparing (6.3) and (6.4), we prove the conclusion.

Remark 6.1. From the foregoing discussion, the method in this paper dealing with the optimal control
problem of NSFDEs is consistent with the traditional one dealing with SDEs. However, when the state
equation of the optimal problem behaves more generally than semi-martingales, the traditional one is no
longer applicable and for control problem (1.1) driven by NSFDEs (1.2), we have to appeal to the dual
analysis of Section 4.

6.2 A sufficient condition and the application to an LQ problem

First, we have the following sufficient condition for optimal control with convex Hamiltonian functions.

Theorem 6.4.  Under Assumptions (A1)—(A3), suppose that H(t,-,; P,Q) is convex and that g(t,-)
is a linear functional. Let (X (-),u(-)) be an admissible pair. If for any u € U,

Ht, X" w;Y,Z)> H(t, X" u(t);Y,Z), dP(w)® dt-a.e.,
where (Y, Z) is the M-solution to VNBSFE (5.5) associated with(X (-),u(-)), then (X(-),a(:)) is an op-
timal pair.
Sketched proof.  In view of the convexity of U, we have for any u € U,
H(t, X' a(t) + Mu —a(t); Y, Z) = H(t, X", a(t);Y, Z).
Then

H(t,Xt,ﬂ(t) —|—)\(U—7._L(t)),}/,Z) - H(t,Xt,’l_l,(t);Y, Z)

>0
AL0 A ’
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ie.,

<lu(t) () MTY(S)CZS} + /tT<au(t), Z(s,4))ds, u u(t)> >0, dPw)®dtac.  (6.5)

For any admissible pair (X(-), u(-)), by convexity of H, we have
H(t, X" u(t);Y,Z) > H(t, X", u(t); Y, Z) + Hy (t)(X" — X") + H,(t)(u(t) — u(t)), (6.6)

where H, () = Hy(t, X', a(t); Y, 2), Halt) = Ho(t, X1, a(t): ¥, 2).

Note that, by (6.5) we have H (t)(u(t) —u(t)) > 0. Integrating (6.6) on both sides, we obtain

T
E/ (t, X" u >E/ I(t, X" u(t)) + Ty + o, (6.7)

where

Pl—EUOT(b’(t,Xt,ﬂ(t)) b (t, X" u [/Y ds} ]
+EUT< (t, X", a(t)— o(t, X', u ()),/t (s,t)ds>dt},
T, — E/ { 1) + B, (1) E, [/ (s ds} <ax(t), /tTZ(s,t)ds>}(Xt—)_(t)dt.

From the relation .
V() = BV () + | 290 (),
it follows that "
Py= B [ 070, X(0-X(Olalt X)~(t. X )i

Directly substituting VNBSFE (5.5) into I'y, we get

Iy = E/OT <Y(t), X(t)—)‘((t)—/(;é(t,r)[X(t+r)—X(t+r)]dr>dt.

Since g(t,-) is linear, in view of Lemma 2.1 and Assumption (A3), we have I'; + 'y = 0, which together
with ralation (6.7) implies the optimality of (X (-),u(-)).

An immediate application of the sufficient condition of Theorem 6.4 and the maximum principle of
Theorem 5.2 is the following LQ problem.

Example 6.5.  Consider the following LQ) problem:

T
min E/ Qlu()? + S|X (£)[2)dt
0

u(')euad

subject to

d[X(t) - ‘;‘ /_(;X(t—i—r)dr —Mt}

- (lzl /_Z X(t+r)dr+ Dlu(t)>dt + (% /_(; X(t+r)dr + Dzu(t)>dW(t)7 t[0,T], (0

X(t) =¢(t), te[-6,0]

For simplicity we take the dimension d = m = n = 1 and the admissible control set U = R. Here,
we assume that Q € (0,00), S € [0,00], A € [0,1), By, B2, D1,D2 € R, and (My)icjo,1) i8 a bounded
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continuous process unnecessarily being a semimartingale. From Theorems 5.2 and 6.4, it follows that

there exists a unique optimal pair (X (-),u(-)) with

T

a(t) = —(2¢9)1(171E1t { /t Y(s)ds] + Dy /t TZ(s,t)ds), dP(w) ® di-a.c.,

X being the solution to NSFDE (6.8) associated with u and (Y, Z) satisfying VNBSFE:

1 /0 T rq 0 1 /0
Y(t) —AEt{é/éY(t—r)dr] :/ E3[5/631Y(8—7“)d7“+ 6/(SBQZ(s—r,t—r)dr ds
— t —

_ /T Z(t,s)dW(s) + 25X (t), te0,T],

Y(t)=0, te(T,T+3].
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