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Abstract We discuss the stochastic linear-quadratic (LQ) optimal control problem with Poisson processes
under the indefinite case. Based on the wellposedness of the LQ problem, the main idea is expressed by the
definition of relax compensator that extends the stochastic Hamiltonian system and stochastic Riccati equation
with Poisson processes (SREP) from the positive definite case to the indefinite case. We mainly study the
existence and uniqueness of the solution for the stochastic Hamiltonian system and obtain the optimal control
with open-loop form. Then, we further investigate the existence and uniqueness of the solution for SREP in

some special case and obtain the optimal control in close-loop form.
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1 Introduction

The linear-quadratic (LQ) control problem is an important tool in research areas, such as stochastic
signal analysis, mathematical finance, control theory and so on. In reality, the LQ problems describe
a large number of models in the optimal control problems. Furthermore, there exist many nonlinear
control problems that can be approximated by the LQ problem. In the early literature on LQ problems,
the control weight costs were supposed to be positive definite when the systems are deterministic or
stochastic. In recent years, there has been tremendous interest in developing stochastic linear systems,
in which the control not only affects the drift component but also the diffusion component. For this kind
of stochastic LQ problems, there exists an essential difference between the deterministic case and the
stochastic case. Peng [7] and Chen et al. [2] pointed out that the positive definite condition could be
relaxed in stochastic cases. In [2], Chen et al. studied the following stochastic linear system:

dx(t) = (A(t)x(t) + B(t)v())dt + (C(t)z(t) + D(t)v(t))dW (¢),

To = a,

* Corresponding author

(© Science China Press and Springer-Verlag GmbH Germany 2017 math.scichina.com link.springer.com


http://crossmark.crossref.org/dialog/?doi=10.1007/s11425-015-0776-6&domain=pdf&date_stamp=June 19, 2017
https://doi.org/10.1007/s11425-015-0776-6
math.scichina.com
springerlink.bibliotecabuap.elogim.com
https://doi.org/10.1007/s11425-015-0776-6
https://doi.org/10.1007/s11425-015-0776-6

564 Li N et al. Scit China Math  March 2018 Vol. 61 No.3

and the cost functional

1 (7 1
T(()) = EE/ Lee, ) + (Mo, v)ldt + SB(Sar, ar).
0
The conclusion is that if D(t) # 0, then D(t) can supply a compensation in some sense, so that the
control weight cost might be singular or indefinite. The essential reason for this relaxation depends on

the solvability of the following deterministic Riccati equation on the interval [0, T:

P(t) + P(t)A(t) + A@t)TP(t) + CT () P(t)C(t) + (P(t)B(t) + CT(t)P(t) D(t))
x (M(t)+ DT (#)Pt)D(t)) Y (BT (t)P(t) + D (t)P(t)C(t)) + L(t) = 0, (1.1)
P(T) = S.

If there exists a solution of (1.1), then DT PD needs to be positive enough such that

M(t)= M(t) + DY (t)P(t)D(t) > 0

(instead of M > 0). So, when M < 0 (but not too negative), DT PD plays a role of the compensation
for M. However, in [2], they could only give the existence and uniqueness for the Riccati equation (1.1)
in some special cases where C(t) = 0 and all the coefficients are deterministic.

Since then, many researchers became interested in this kind of indefinite stochastic LQ problems, such
as Rami et al. [11,12], Qian and Zhou [10], Yu [15], Huang and Yu [4] and so on. Rami et al. [11,12] studied
a series of indefinite LQ problems with infinite time horizon by linear matrixz inequality (LMI) method,
which included continuous time models and discrete time models and the coefficients in the system were
constants or deterministic functions. In 2013, Yu [15] introduced the equivalent cost functional method
to deal with indefinite stochastic LQ problems. This method is effective to solve problems with random
coefficients. Moreover, he also dealt with the corresponding stochastic Hamiltonian systems when the
coefficients did not satisfy the classical monotonicity conditions (see [3,9]). In the following work, Huang
and Yu [4] studied the stochastic Riccati equations (SREs) related to indefinite LQ problems with random
coeflicients, and they gave the existence and uniqueness of SREs and obtained feedback forms of optimal
controls.

In this paper, we study the stochastic linear system with Poisson processes as follows:

dzy = (Agxe + Brog)dt + > (Clay + Djvg)dWi + / [EJ (€)ay— + F} (e)v | N7 (dt, de),
i=1 j=1"¢

Zo = a,
and minimize the following cost functional:

T
TJ(-) = %E/O [(Lixs, 1) + 2{Ryvs, xy) + (Mg, v)]dt + %E<S$T,.Z‘T>.

Based on the equivalent cost functional method in [15], we introduce a new concept: the relax compensator.
As we represented above, the efficiency of the method in [2] depended crucially on the solvability of the
corresponding Riccati equation. However, it is difficult to obtain the solvability of the stochastic Riccati
equations with Poisson processes (SREPs). For example, in [6], Meng only could solve some special
cases for SREPs. So the method in [2] is not easy to apply generally. While, the advantage of relax
compensators is that it allows us to overcome the difficulty caused by the lack of the solvability of the
corresponding Riccati equations. On the other hand, when the coefficients are deterministic, the solution
of the Riccati equation (if it exists) could be regarded as a special relax compensator (see Remark 5.6).
Moreover, the corresponding stochastic Hamiltonian system with jumps and some special SREP under
the indefinite case are solved.

The rest of this paper is organized as follows. In Section 2, we give some notation and formulate the
problem. In Section 3, we study the wellposedness of the LQ problem by relax compensators. Section 4
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is devoted to studying the stochastic Hamiltonian system under the indefinite case, and we obtain the
open-loop form of the optimal control. In Section 5, we focus on the SREP under the indefinite condition
and obtain a feedback form of the optimal control in some special cases. Section 6 is the conclusion of
this paper.

2 Notation and problem formulation

Let R™ be the n-dimensional Euclidean space with the usual norm | - | and the usual inner product
{-,-). Let R™*" be the collection of m x n matrices with the inner product (A, B) = tr{ABT}, for any
A, B € R™*"™ where T denotes the transpose of matrices.

Let T > 0 be a constant and [0,7] denote the finite time span. Let (Q, F,F,P) be a complete
filtered probability space. The filtration F = {F;;0 < ¢ < T} is generated by two mutually independent
stochastic processes. One is an m-dimensional Brownian motion {W; := (W},..., W/m™)T 0 <t < T},
and the other is an n-dimensional Poisson random measure {N(-,-) = (N*(-,-),..., N"(-,-))T} defined on
Ry x &, where £ = R%\ {0}. The compensator of N is N(dt,de) = m(de)dt, which makes {N((0,] x A)
= (N —N)((0,¢] x A)}+>0 a martingale for any A belonging to the Borel field B(€) with 7(A) < co. Here,
7 is a given o-finite measure on the measurable space (€, B(E)) satisfying that

/(1 A le*)m(de) < oo,
£
which is called a Lévy measure. F; is defined by
a{WS:ogsgt}vU{/ﬁ(s,de):ogsgt}w\/, 0<t<T,
£

where N denotes the totality of P-null sets, and F = Fr.

Moreover, we denote the sets of matrices as follows:

e S%: the space of all d x d symmetric matrices.

D) Sff_: the subset of S? consisting of all positive semi-definite matrices.

° Si: the subset of S¢ consisting of all positive definite matrices.
For any Euclidean space R?%, we introduce the following notation:

e L2(0,T;RY) = {g : [0,T] x Q — R¢|g(-) is an R-valued F-adapted stochastic process such that
lglizs =B Jy lo(t)Pde < o).

e L°(0,T;RY) = {g:[0,T] x © — R¥| g() is an R%valued F-adapted bounded stochastic process}.

o L°°(Fr;RY) = {¢|¢ is an R%valued Fr-measurable bounded random variable}.

e C2(0,T;RY) = {g : [0,T] x Q@ — R%|g(-) is a cadlag process in L2(0,T;R?) such that ||g||2cF2 =
Elsupoccr [9(t)|?] < oo}

o M2(0,T;R?) = {r: [0,T] x € x Q2 — R4 |r(-,-) is an R%-valued F-adapted process such that |||
E [ [.|r(t e)|>n(de)dt < oo}

In this paper, we consider the following controlled linear stochastic differential equation with Poisson

2
MF

processes (SDEP) as follows:

(2.1)

dry = (Ayxy + Bvy)dt + > (Clay + Djv)dWi +> / [Ed (€)a— + FY (e)v| N7 (dt, de),
i=1 j=17€

o = a,

where a € RY, A(),Ci(-) € L(0,T;R¥Xd)| B(-), Di(-) € L(0,T;RF) (i = 1,2,....m), Ei(-,") €
Mge(0,T;R¥>) and FI(-,-) € Mg°(0,T;RY*k) (j = 1,2,...,n). The admissible control set is given by
Vaa = L2(0,T;R*), and each element v(-) of V,q is called an admissible control. We also consider the
following cost functional:

J((-) = %E/o (Liwe, o) 4+ 2(Ryve, ) + (Myvg, ve))dt + %E<S.TT,.’[JT>7 (2.2)



566 Li N et al. Scit China Math  March 2018 Vol. 61 No.3

where L(-) € Lg°(0,T;S%), R(-) € Lg(0, T; R>*) M (-) € Lge(0,T;S*) and S € L>=(Fr;S?).
Problem (LQ SOC). The problem is to look for an admissible control u(:) € Vaq satisfying
J(u(-)) = inf = F(v(")). (23)

v(-)EVad
Such an admissible control u(-) is called an optimal control, and x(-) = z*(-) is called the corresponding
optimal trajectory.

We point out that any definiteness of the coefficients is not assumed in the above. Next, we categorize
the Problem (LQ SOC) into two classes: the positive definite case and the indefinite case.

Assumption 2.1 (Positive definite condition).

L(:) R()

€ L (0,T;SHF), S e L>(Fr;S)
RY(-) M()

and M(-) € Lg°(0, T gi) Moreover, the inverse matriz M ~'(-) is also bounded.

If the positive definite condition is satisfied, we call Problem (LQ SOC) positive definite. Otherwise,
it is called indefinite. The aim of this paper is to study the indefinite case of Problem (LQ SOC) by
finding a new component to relax the positive definite condition, which is inspired by the equivalent cost
functional method introduced in [4,15]. This method is more general than that used in [2,12]. Tt is still
effective even though the solution of the corresponding Riccati equation does not exist.

At the end of this section, we introduce the following lemma which is useful in the sequel.

Lemma 2.2 (Schur’s lemma, see [1]).  Let matrices L = LT, M = M™ and R be given with appropriate
dimensions. The following conditions are equivalent:
(i) L—RM~'R" >0, M > 0;

(i) [ gr f£]1>0, M > 0.

3 Wellposedness of Problem (LQ SOC)

In this section, we discuss the wellposedness for Problem (LQ SOC) with indefinite control weight cost.
By virtue of the wellposedness, we extend the LQ problem from the positive definite case to the indefinite
case.

Firstly, we give the definition of wellposedness.

Definition 3.1.  If the value V' = inf,(yey,, J(v(-)) > —oo, then the Problem (LQ SOC) is called
well-posed.

Secondly, we denote the following set of jump-diffusion processes:

t m t n t
K, :Ko+/ @sderZ/ ¢>2de+2/ /\Ifg(e)Nﬂ‘(ds,de)
0 i=1 70 =170 Je

for all t € [0, 7], where ©, ®*, ¥/ € L (0,T;S%),i=1,...,m, andj:L...,n}

T:= {K € L(0,T;S%)

and introduce the following notation:

LIK)=L+0©+KA+A"K + Zm:[qﬂ'ci + (O + (C)TKC] + Zn: /g[@(e)Ej(e)

i=1 j=1

+ (B ()10 (€) + (B (e))" (K + W (e)) B ()]’ (de),

R(K)=R+ KB+ zm:[cbipi + (CHTK DY + /[\Ilj(e)Fj(e) + (B (e)) (K
i=1 j=1"€

n

+ W () FY (e)] (de),
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M+Z TKD“#Z/ Fi(e))"(K + W (e))F' (e)n (de),
S(K)=58— Kr.

We give the definition of relax compensator as follows.

Definition 3.2. If K € T such that (L(K), R(K), M(K),S(K)) satisfies Assumption 2.1, then we
call K a relax compensator.

Theorem 3.3.  If there exists a relax compensator K, then Problem (SOC LQ) is well-posed.

Proof.  Forany K € T, applying It6’s formula to (K;x:, z¢) on the interval [0, T] and taking expectation,
we get

E[{(Krzr,z7)] — (Koa,a)
:E/OT K{KtAt—f—A Kﬂ—;qﬂcl +(CHT®E + (C)) K, Cl] +Z/‘I’] () E (o)

B0 + (Bl (K + W)@ de) + 0 b )+ 2( { iy
- i‘my +(C) KD +Z/ (W] ()F (e >+(Ei(e))T(Kt+wg(e»Fg(e)]wj(de)}vt,xt>
+ <{ é DHTK,D} + Z/ [(F(e)T (K; + ¥ (e ))Fg(e)]wj(de)}vt,vtﬂdt.

By the definition of £(K), R(K), M(k) and S(K),

T
0= E/O [(Le(K) = Le)ze, ) + 2((Re(K) — Re)vg, xe) + (Me(K) — My)vg, vy)]dt

+E[((S(K) — S)xr,z1)] + (Koa, a). (3.1)

Combining (3.1) with the definition of J(v(-)), we have
T(() = %E/O (LK )0, 0) + 2R (K Yo, w0) + (M (K oy, v,)]de

+ %E(S(K)xT,xﬂ %(Koa a)
1L Ly(K) Ry(K) | | =
“3° RE(K) My(K )H

According to Assumption 2.1,
[a(K) Ri(K)

R (K) My(K)

Tt

1 1
dt + §E<S(K)mT,xT> + §<Koa, a).

Ut

€ L (0, T; S1+™)

and
S(K) € LOO(}"T;Sf””).
Hence,
1
J() = §<K0a, a) > —oo.

We proved that Problem (LQ SOC) is well-posed. O
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Remark 3.4. Theorem 3.3 reveals some essence of the indefinite LQ problem. In [2], Chen et al.
studied the LQ problems by solving the associated Riccati equation directly. In general, the solvability of
Riccati equation is very difficult, and they only obtained the solvability result in some particular cases. In
this paper, the controlled system is generalized to a jump-diffusion model (see (2.1)), and the solvability
of the corresponding Riccati equation is more challenging. However, the viewpoint of Theorem 3.3 is to
look for some relax compensator instead of to solve the Riccati equation.

4 Stochastic Hamiltonian system with Poisson process under the indefinite
case

In this section, we focus on researching the stochastic Hamiltonian system with Poisson processes. Firstly,
we study the stochastic Hamiltonian system with Poisson processes under the positive definite case. Then,
by relax compensators, we extend the problem from the positive definite case to the indefinite case.

Now we introduce a backward stochastic differential equation with Poisson processes (BSDEP) which
is called the adjoint equation to (2.1):

gy = (A;fqt +3 Y [E ) () + Lo + Rtvt>dt
i=1 j=1"¢€

=3 riaw; —Z/az(e)ﬁj(dt,de), (4.1)
i=1 j=17€

qr = SZET,

where ¢(-),7(-) and 6(-,-) are called the adjoint processes. Noting that from the classical BSDEP theory
with jumps, (4.1) has a unique solution (g(-),r(-),8(-,-)) for any given admissible pair (z¥(-),v(-)). For
simplicity, we denote (x(-),q(-),r(-),0(-,-)) = ("(-), ¢"(-),r"(-), 0" (-, -)). We link Problem (LQ SOC) to
the following stochastic Hamiltonian system:

0= Mo+ RE + Blas + 3 (D) + 3 [ (F0) 80y (),
i=1 j=1"7¢€

Az, = (Agry + Byug)dt + S (Chary + Diug)dWi +3 / B9 (e)ar + FY (e)u] N7 (dt, de),
i=1 j=17€

g (A?qt +3 Y [ R ) + Lo+ Rtut) dat (4.2)
i=1 j=17€

= rdwi =y / 6 (e) N7 (dt, de),
i=1 j=1"¢€

o =a, qr=Sxr.

Theorem 4.1.  Under Assumption 2.1, the Hamiltonian system (4.2) admits a unique solution
(SC(), u()v Q(')a T(')7 9(a )) € LI2F(03 T; Rd) X Vad X LI%‘(O, T; Rd) X L]%‘(Ov T Rd) 2 M]P%(Oa T; Rd)7

in which (z(-),u(:)) is the unique optimal pair of Problem (LQ SOC).
Proof.  Under Assumption 2.1, we can solve u(:) directly from the first equation of the Hamiltonian
system (4.2):

w =M Rt Blace Y0+ Y (R (@) o) (43)

=1

Then the problem is reduced to solve the following fully coupled forward-backward stochastic differential
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equation with Poisson processes (FBSDEP):

dz, = [(At B,M; 'Rz, — B.M'BYq, — ZBt YDHTy
=1
~3 [ B e ey o+ 3 (i D R
=1
. > Dt bt =S [ i () e o) |
k=1 j
By [ |0 - Fin B e - R BT - S B ()M (D)
i=1 =1

-3 |7 (e)Mt-l<Ft’“<e>>T05<e>wﬁ<de>} N (dt, de), (4
k=1"¢€

g = |(4F = R B+ Y (€ - R 2|

i=1

;\

—ReM; (F(e))")0] (e)? (de) + (L — ReM; ' RY >ft]d’f

- ; /5 0 (e) N7 (dt, de),

ro=a, qr=SrT.

ridW;
1

The above linear FBSDEP (4.4) admits a unique solution, since it is a special case of the relevant
arguments of Li and Yu [5]. So (4.2) admits a unique solution (x(-),u(-),q(:),r(:),0(-,-)).

Now, we prove that (z(-), u(-)) is an optimal pair of Problem (LQ SOC). For any admissible control v(-),
the corresponding state is denoted by z¥(-). We analyze the difference between J(u(-)) and J(v(-)).
Under Assumption 2.1, 7 (v(+)) is convex, so

() = T0) = 5 [ (L) + 2o ) + (Mo )}t + 5E(Sar.ar)

1. (T 1
- iE/ [(Lixy, xy) + 2(Reve, ) + (Myvg, vg)]dt — 5E<Sm%,x%>
0

T
< E/ [(tht7:ct — JI?> + <Rt’ut, Ty — $g> + <RtTfEt, Ut — ’Ut> + (Mtut,ut — Ut>]dt
0

+ E[(Szr,xr — 7). (4.5)

Applying It6’s formula to {g(-),z(-) — z(-)) on the interval [0, T], we get the right-hand side of the above
inequality (4.5) is zero. So J(u(:)) — J(v(-)) < 0, which implies u(-) is an optimal control.

Let (Z(+), @(-)) be an optimal pair of Problem (LQ SOC). From some standard variational calculus and
dual representation considerations, which is a straightforward consequence of the stochastic maximum
principle in [14], there exists (q(-),7(-),0(-,-)) € L2(0,T;R%) x L2(0,T;R?%) x MZ(0,T;R?) such that
(), a(-),q(-),7(-),0(-,-)) satisfies the Hamiltonian system (4.2). From the uniqueness of (4.2), we obtain
the uniqueness of the optimal control. O

The above discussions are about the positive definite case. Now, we turn our attention to the indefinite
case. Inspired by the idea of relax compensators, for any K € T, we consider a new adjoint equation
instead of the original one:

—dth—< Tq! +Z (cHTr K1+Z/ (Ei ()T ( )wj(de)+£t(K)xt+Rt(K)ut)dt

N Z / 014 () N3 (dt, de), (4.6)

=1
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Comparing (4.6) with (4.1), we take (L(K), R(K), M(K),S(K)) instead of (L, R, M, S). Then, we study
the following new stochastic Hamiltonian system with K € T:

0= M (K)ul + £ (K)zF + B} ¢/ +Z )T KZ+Z/ Fl())T05 (e)n(de),

del = (AxE 4 Byul)dt + Z(C’th Djuy*)dW;

i=1

- jCSCK jeUKN‘j €
+Z/@Upwﬂmtwwmx -

—dqg<:< T, +Z (CiyT K1+Z/ (B3 (e)) 705 ()7 (de) + L1(K e + R (K )ut)dt
—er’idWZ —Z /g 057 (e) N7 (dt, de),
=1 j=1

To = a, quf =S(K)xr.

Based on Theorem 4.1, we obtain the following theorem.

Theorem 4.2.  If there exists a relax compensator K, then for any K € Y, the stochastic Hamilto-
nian system (4.7) admits a unique solution (x®(-),u™ (), ¢ (), r®(-),05(-,)) € LE(0,T;RY) X Vag x
L2(0,T;RY) x LE(0, T; RY) x M2(0,T;R?). Moreover, (z%(-),uf(:)) = (xk(),uk()) is the unique opti-
mal pair of Problem (LQ SOC) corresponding to J(-).

Proof.  Firstly, we prove the existence and uniqueness of the Hamiltonian systems (4.7) with K and K
are equivalent. If (x(-),u®(-), ¢ (), r%(-),0%(.,-)) is a solution of Hamiltonian system (4.7) with K,
then

_ K _ . K
It*xta ut*ut7

@ = qf + Ky,
ri=ry Z—&—((I’Z—FKtC')xt—&—KtDiut, i=1,...,m,
() = 659 (e) + [Wi(e) + (Ko + W) BN + [y + W (@) ey =1,

(4.8)

solves the Hamiltonian system (4.2). Because (4.8) is invertible, the existence and uniqueness of the
Hamiltonian systems (4.7) with K and K are equivalent.

If K is a relax compensator, then (£(K),R(K), M(K),S(K)) satisfies Assumption 2.1. By The-
orem 4.1, the Hamiltonian system (4.7) with K admits a unique solution, so the Hamiltonian Sys-
tem (4.7) with K admits a unique solution either. Particularly, (z(-),u(-)) is the unique optimal pair for
Problem (LQ SOC). O

Remark 4.3.  Inspired by the idea of relax compensators, in Theorem 4.2, we use (£(K), R(K), M(K),
S(K)) instead of (L, R, M, S), which relaxes the condition on solvability of the stochastic Hamiltonian
system (4.2). Then we can solve more cases of the stochastic Hamiltonian system. In other words, the
existence of the relax compensator gives a new condition for the FBSDEP (4.4) in some special case
which does not satisfy the monotonicity conditions (see [3,9]).

Example 4.4. Let processes z(:) and v(-) be 1-dimensional. We consider the LQ problem as follows:
minimize the cost functional J(v(-)) = 3E fOT [y 2? + Brv?]dt — %E[(fOT aydt)z2] subject to

dxy = / wy N (dt, de),
£
Ty = a,

where «(-) and 3(-) are F-adapted bounded real-valued processes. In the positive definite LQ problems,
L; = o and S = — fOT aydt are required to be non-negative, and M; = (; is required to be positive,
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then o must be zero. As we discussed above, if we find a relax compensator, even if a # 0, this
LQ problem can be well-posed too. We select K; = fot asds, then, L(K) = R(K) = S(K) = 0 and
M(K) = Bi+7(€) fg a(s)ds. If there exists a constant k > 0 such that 3, +7(€) fot a(s)ds >k, t € [0,T],
then (L(K),R(K), M(K),S(K)) satisfies Assumption 2.1. Moreover, the corresponding Hamiltonian
system has the following form:

0= /3 + 0:(e)m(de B
tUt /g t( ) ( )
dr; = N dt,de R
t / ut ( )

— dgqs = agxedt — redWy — / 0, (e)N (dt, de),
&

T
ro=a, qr= acT/ o dt.
0

Furthermore, the unique solution of the Hamiltonian system (4.9) is
t

(xtvutathhet(')) = <aa07a/ asd83070>a te [OaT]7
0

which also means that the unique optimal pair is (x¢,u;) = (a,0).

Example 4.5. Let processes z(-) and v(-) be 1-dimensional. We consider an LQ problem as follows:
minimize J (v(-)) = 3E fOT[—'y|vt\2]dt + 1E[S22] subject to

dry =Y / [Ed (€)mo— + u| N7 (dt, de),
j=1"¢

Ty = Qa,

where v > 0. For My = —~I is non-positive, obviously, the standard positive definite condition is not
satisfied. Now, we try to find some relax compensator. If there exist two constants [; and ls such
that v < I3 < Iy < oo and S > oI, we could find a relax compensator k(t) € C1(0,T;R) such that
K(T) € [l,lo], k(t) >y for all ¢ € [0,T], meanwhile, k()T — s S0, [ B (e)(Ei (€))Tr(de) > 0,
and then this LQ problem is well-posed. Moreover, the LQ problem has a unique optimal pair (z(-), u(-)) €
L2(0,T;R?) x Va4, and the corresponding stochastic Hamiltonian system is as follows:

0= ]Z::I /g 0 (e)m (de) — yuy,

de, = [Z/Ef(e)xt—f—ut} N7 (dt, de),
j=1"¢

—dg, = ;1 /g (B! (€))% 0,(e)n? (de)dt — ;1 /g 0 (e)N7 (dt, de),

g =a, qr=STT.

In summary, if there exists a relax compensator, then Problem (LQ SOC) is unique solvable. Moreover,
in this case, there exists a unique solution to the corresponding stochastic Hamiltonian system (4.2), and
the unique optimal control of Problem (LQ SOC) is given by (4.3), which is in an “open-loop” form. On
the further step, we go to study the “closed-loop” form for the optimal control of Problem (LQ SOC) by
the related stochastic Riccati equation.

5 Stochastic Riccati equation under the indefinite case

In this section, we study the relationship between the stochastic Riccati equation and the LQ problem
under the indefinite case. Moreover, we shall give the existence and uniqueness result of Riccati equation
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in some special case. We introduce the following stochastic Riccati equations with Poisson processes
(SREP):
—dP; = G(Ay, By, Ct, Dy, Ey, Fi; Ly, Ry, My; Py, Ay, T'y)dt

Yo N =Y [ TN at.do), 6.1
i=1 j=17€
Pr =25,
where
G(A,B,C,D,E,F;L,R,M;P,\\T) = L(A,C,E; L; P, \,T) — R(B,C,D,E, F;R; P,A\,T)
x M~Y(D,F;R; P,T)RY(B,C,D,E,F;R; P,A\,T),
L(A,C,E;L; P,A,T) = L+ PA+ A"P + Y [N'C" + (C)"A' + (C")" PC]

" 2:3 /g [T9 (&) F(e) + (B9 (¢)) "9 (e)

+ (E7(e))" (P +T7(e)) EY (¢)]n (de),
R(B,C,D,E,F;R; P,A,T') = R+ PB + Z[Aipi +(CHTPDY + Z / [T (e)FY (e)
i=1 j=1"¢
+ (B (e)) T (P +T7(e)) F/ (e)]n (de),
M(D,F;M; P,T) =M +» (D)"PD"+>" / (F7(e))T(P +T7(e))Fi(e)n! (de).
j=17¢

i=1

The above Riccati equation is a BSDE with jumps. Obviously, the generator G(A¢, By, Ct, Dy, Ey, Fy; Ly,
Ry, My;; P,A,T) is nonlinear in P, A and T".

Firstly, we give the connection of SREP (5.1) to the stochastic Hamiltonian system (4.2) and to the
stochastic LQ problem.

Theorem 5.1.  Let (z(-),u(-),q(-),r(-),0(-,)) be the solution of the stochastic Hamiltonian system (4.2).
If SREP (5.1) admits a solution (P(-), A(-),T(-,-)) such that P is uniformly bounded, and A(-) and T'(-,-)
are square integrable. Then we have

qt = Py,
ri = (Al + P.C))xy + PiDiug, i=1,...,m, (5.3)
0] (e) = [T(e) + (P + Ti(e)) B (e)lwy + [Py + T ()| F{ (e)us, j=1,...,n.

Moreover, assume that Problem (LQ SOC) admits an optimal control. If M(D,F;R; P,T) is invertible
and the inverse matriz process is bounded, then the optimal control u has the following feedback form:

Uy = —M_I(Dt, Fy; My; Ptyrt)RT(Bta Ct, Dy, By, Fy; Ry; PtaAtv]-—‘t)xt' (5~4)

Proof.  Applying It6’s formula to P(-)z(-) and comparing it with ¢(-), we obtain the first conclu-
sion (5.3). By the maximum principle in [14], the optimal control must have the form (4.3). Substitut-
ing (5.3) into (4.3), we get the feedback form (5.4). O

It is clear that the solvability of SREP plays a crucial role for the feedback form of the optimal control.
However, even under the positive definite condition, there are two difficulties to overcome. One is that
the generator G(A¢, B, Ct, Dy, Ey, Fy; Ly, Ry, My; P, A, T') is nonlinear in P, A and T', which means that
we cannot guarantee the existence and uniqueness by the classical theory of BSDEs. The other one
is that M (Dy, Fy; My; P,,T;) includes two unknown elements P(-) and I'(-,-) as we show in (5.2), so we
cannot guarantee that whether M (Dy, Fy; My; P,,T';) is positive definite or not. In [13], under the positive
definite condition, Tang gave a complete result of the existence and uniqueness of the stochastic Riccati
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equation only driven by Brownian motions. While, in our paper, the Riccati equation (5.1) is driven not
only by Brownian motions but also by Poisson processes. The method introduced by [13] cannot be used
directly because it essentially depends on the continuity of the state process x(-), and this point is not
satisfied in our paper. By virtue of the method of Peng [8], also under the positive condition, Meng [6]
obtained a solvability result of SREP (5.1) in some special case.

Now, we give the following two assumptions adopted in [6].

Assumption 5.2. Letn = 1. Suppose there exists a number m; € N with 1 < my < m such that the
coefficients satisfy

(ct,...,c™ = (Ct,...,cm o™t o™,
(D',...,D™) = (0,...,0,D™* .. . D™),
O,

o g Q
[

where O is the zero matriz.

Furthermore, denote F* = {F/,t > 0} to be the natural filtration which is generated by the Brownian
motion (W},...,W/")T and the Poisson random martingale measure N (dt,de) = (N'(dt,de)) augment-
ed by all P-null sets.

Assumption 5.3. Assume that A;, B, Ci, Dy, Ey, Ly, Ry and M; are F*-adapted matriz-valued
processes, and the random matriz S is Fi-measurable.

Under Assumptions 5.2 and 5.3, the controlled system (2.1) is reduced as follows:

mi m
dry = (Awy + Byog)dt +  CiadWi + Y (Clay + Djv)dW; + / Eq(e)xi_N(dt, de), 53
i=1 i=mq+1 £ .

o = a.

Due to the restriction on the measurability of coefficients (see Assumption 5.3), some later components
of A in SREP (5.1) vanish, i.e., Aj" "' = ... = A7» = 0. For more details, we refer to [6,8]. Then the
Riccati equation (5.1) is reduced to

mi
—dP; = G(At, By, Ct, Dy, By, O; Ly, Ry, My; Py, Ay, Ty )dt — ZAithi - / L'y(e)N(dt, de), (5.6)
i=1 £ ~

PT:S,

where ~ B
G(A,B,C,D,E,O;L,R,M; P,A\,T) = L(A,C,E; L; P,A,T) — R(B,C, D; R; P)
x M~Y(D; M; P)RY(B,C, D;R; P),
L(A,C,B;L; P,AT) = L+ PA+ A"P+ Y [A'CT + (C))"A + (C)) " P
=1

+ > (CHTPC+ / [C(e)E(e) + (E(e)TT(e)
i=my+1 €
+ (E(e))" (P +T(e) E(e)]n(de),
R(B,C,D;R; P)=R+PB+ Y _ (C)"PD',
i=mi+1
M(D; M;P) =M + i (DHTPD'.

1=mq1+1

We notice that, in the cost functional studied in [6], there exists no cross items involved. In order to
apply the solvability result on SREP obtained in [6], we would like to link Problem (LQ SOC) in which a
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cross item (Rvy, x4) is involved with a new one without cross items by an invertible linear transformation:
vy = v + M; ' RFa. (5.7)
Denote

L.2L,— RM'RY, A,2 A, - BM 'R},

VAN : ; 15T _ A (58)
Ci =C{ =DMy Ry, Ei(e)=Ei(e).
Then (5.5) is rewritten as
dry = (Ayzy + Bywg)dt + Y CladWi + > (Cjwy + Div)dWy + / Ey(e)z_ N (dt, de),
i=1 i=my+1 € (5.9)
o = a,
and the cost functional is rewritten as the following form without cross-item:
_ 1 (7 - 1
j(’U()) = iE [<Lt.’L’t,fEt> + <Mt’Ut,Ut>]dt + §E<SIT,1’T>. (510)
0

Moreover, corresponding to the new problems (5.9) and (5.10), we have the following Riccati equation:

ma
—dP; = G(A4, By, Cy, Dy, Ey, O; L, O, My; Py, Ay, Ty )dt — ZA;‘;de - / I'i(e)N(dt,de), (5.11)
i=1 £ .

Pr=2=5.
By a straightforward calculation, it is verified that
G(A7 B7 é) D7 E? O; E? 07 M; P7 A7 F) = G(A7 B7 C’ D7 E7 O; L7 R7 M; P7 A7 F)?

i.e., the SREP (5.6) and the SREP (5.11) are the same.

In [6, Theorem 5.3], under the positive definite condition, Meng proved that the SREP (5.11) (SREP
(5.6), equivalently) admits a unique solution (P(-), A(+),T'(-,-)) in the space L (0, T'; S¥) x L2(0, T'; (ST)™1)
x MZ(0,T;S%). Moreover, P(-) is non-negative. Combining with Theorem 5.1, we obtain a relatively
complete result for Problem (LQ SOC) under the positive definite condition, which is summed up in the
following theorem.

Theorem 5.4. Let Assumptions 2.1, 5.2 and 5.3 hold. The SREP (5.6) admits a unique solution
(P(),A(-), T(-,+)) € L(0,T;S%) x L2(0,T; (SH)™1) x M2(0,T;S%). Moreover, P(-) is non-negative for
a.e. a.s. (t,w) € [0,T] x Q. In addition, the LQ problems (2.2) and (5.5) admit a unique optimal pair
(z(-),u(-)) determined by

m —1 m T
Ut = — |:Mt + Z (Dz)TPtD;;:| |:Rt + PtBt + Z (CZ)TPtDz] T,
1=mi+1 i=mi+1
LN , “ , , , ~ (5.12)
dry = (Arzy + Baw)dt + Y ClaydWi + > (Ciy + Djuy)dW} + / Ey(e)x;_N(dt, de),
i=1 i=mi+1 €
o = a.

Now, we are in the position to give the corresponding result for the indefinite case with the help of
relax compensators.
Theorem 5.5.  Let Assumptions 5.2 and 5.3 hold. If there exists a relax compensator K € Y, then the
SREP (5.6) admits a unique solution (P(-),A(-),T'(-,-)) € Lg2(0,T5S%) x LE(0, T (S%) ™) x MZ(0,T;S%).
Moreover,
P() 2 K(-), fora.e. as. (t,w)€[0,T]x 8. (5.13)
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In addition, the LQ problems (2.2) and (5.5) admit a unique optimal pair (z(-),u(-)) determined by

m —1 m T
wp = — [Mt + ) (D;’)TPth] [Rt +PB+ Y (C})TPtD;J T,
i=mi+1 i=mqi+1

m , m . ) , . 5.14
doy = (Ayzy + Buy)dt + Y CladWi+ Y (Ciay + Divy)dW} + / Ey(e)x_N(dt, de), (5.14)
&

=1 i=my+1

o = a.

Proof. ~ We first prove the equivalence between the existence and uniqueness of SREP (5.6) and that of
the following SREP associated with the relax compensator K:

— dP[ = G(Ay, By, Cy, Dy, By, 05 L4(K), Ry (K), My(K); PFAS T )dt = > A dw]
=1
~ 5.15
- [rE @ Nt de) (5:15)
&

PK = S(K).

In fact, it is verified that the solution (P(-),A(-),T'(-,-)) of SREP (5.6) and (PX(-),AK(-),I'%X(-,-)) of
SREP (5.15) have the following relationship:

Po=PK+K, AN=Af+®, I,=TKE+v, tel0,1)]

Since K € T is a relax compensator, (L(K),R(K), M(K),S(K)) satisfies Assumption 2.1. By The-
orem 5.4, the SREP (5.15) admits a unique solution (PX(-),AX(:),I'5(.,-)) and PX(.) is uniformly
bounded and non-negative for a.e. a.s. (t,w) € [0,T] x Q. Then, equivalently, the SREP (5.6) has the
unique solution (P(-), A(-),T(-,-)). Moreover, from PX = P, — K; > 0, we get

P, > K. (5.16)
Furthermore, by a direct calculation, we have
M+ Y (DY'PD'=M(K)+ Y (D)TPED (5.17)
i=mi+1 i=mi+1

Therefore, M + Y7 (D))" PD" is invertible and the inverse matrix is bounded. Theorem 5.1 works

again to complete the proof. O

Remark 5.6. If all of the coefficients in (5.5) are deterministic, then the Riccati equation (5.6) is
reduced to an ordinary differential equation with the vanishing A and I'. If the corresponding deterministic
Riccati equation admits a solution P such that M (D, F; M; P,0) is positive and the inverse matrix M1is
bounded, then S(P) = 0, M(P) = M (D, F;M;P,0), R(P) = R(B,C,D,E,F;R; P,0,0) and L(P) =
R(P)(M(P))~H(R(P))" which satisfy Assumption 2.1. So, in this case, we could regard the solution of
Riccati equation as a special relax compensator.

6 Conclusion

In this paper, we discuss the LQ problem of the stochastic system with jumps under the indefinite case.
The relax compensators are the major elements introduced by the wellposedness of the LQ problem, which
extend the condition from the positive definite case to the indefinite case for the corresponding stochastic
Hamiltonian system and Riccati equation with jumps. Firstly, we construct the LQ problem with jumps
under the indefinite condition by relax compensators. Secondly, we study the corresponding Hamiltonian
system under the positive definite condition, and then we extend to the indefinite condition. Moreover,
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we also give a new case of solvability for FBSDEP. Thirdly, we give the existence and uniqueness of
stochastic Riccati equation with jumps under the indefinite condition in some special case. The relax
compensators play a crucial role to deal with all of the problems under the indefinite case in this paper.

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant Nos.
61573217, 11471192 and 11626142), the National High-Level Personnel of Special Support Program, the Chang
Jiang Scholar Program of Chinese Education Ministry, the Natural Science Foundation of Shandong Province
(Grant Nos. JQ201401 and ZR2016ABO08), the Colleges and Universities Science and Technology Plan Project of
Shandong Province (Grant No. J16LI55) and the Fostering Project of Dominant Discipline and Talent Team of

Shandong University of Finance and Economics.

References

1

10

11

12

13

14

15

Boyd S, Ghaoui E L, Feron E, et al. Linear Matrix Inequality in Systems and Control Theory. Philadelphia: SIAM,
1994

Chen S, Li X, Zhou X. Stochastic linear-quadratic regulators with indefinite control weight costs. SIAM J Control
Optim, 1998, 36: 1685-1702

Hu Y, Peng S. Solution of forward-backward stochastic differential equations. Probab Theory Related Fields, 1995,
103: 273-283

Huang J, Yu Z. Solvability of indefinite stochastic Riccati equations and linear-quadratic optimal control problems.
Systems Control Lett, 2014, 68: 68-75

Li N, Yu Z. Recursive stochastic linear-quadratic optimal control and nonzero-sum differential game problems with
random jumps. Adv Difference Equ, 2015, 144: 1-19

Meng Q. General linear-quadratic optimal stochastic control problem driven by a Brownian motion and a Poisson
random martingale measure with random coefficients. Stoch Anal Appl, 2004, 32: 88-109

Peng S. New development in stochastic maximum principle and related backward stochastic differential equations. In:
Proceedings of the 31st IEEE Conference on Decision and Control, vol. 2. Tucson: IEEE, 1992, 2043-2047

Peng S. Stochastic Hamilton-Jacobi-Bellman equations. Stoch Anal Appl, 1992, 30: 284-304

Peng S, Wu Z. Fully coupled forward-backward stochastic differential equations and applications to optimal control.
SIAM J Control Optim, 1999, 37: 825-843

Qian Z, Zhou X. Existence of solutions to a class of indefinite stochastic Riccati equations. SIAM J Control Optim,
2013, 51: 221-229

Rami M, Chen X, Moore J, et al. Solvability and asymptotic behavior of generalized Riccati equations arising in
indefinite stochastic LQ controls. IEEE Trans Automat Control, 2001, 46: 428440

Rami M, Zhou X, Moore J. Well-posedness and attainability of indefinite stochastic linear-quadratic control in infinite
time horizon. Systems Control Lett, 2000, 41: 123-133

Tang S. General linear-quadratic optimal stochastic control problems with random coefficients: Linear stochastic
Hamilton systems and backward stochastic Riccati equations. STAM J Control Optim, 2003, 42: 53-75

Tang S, Li X. Necessary conditions for optimal control of stochastic systems with random jumps. SIAM J Control
Optim, 1994, 32: 1447-1475

Yu Z. Equivalent cost functionals and stochastic linear-quadratic optimal control problems. ESAIM Control Optim
Calc Var, 2013, 19: 78-90



	Introduction
	Notation and problem formulation
	Wellposedness of Problem (LQ SOC)
	Stochastic Hamiltonian system with Poisson process under the indefinite case
	Stochastic Riccati equation under the indefinite case
	Conclusion

