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1 Introduction

Since the seminal work of Koenker and Bassett [15], quantile regression [14] has emerged as an important
alternative to mean regression, for that it does not require specification of the error distribution and
provides a more complete description of the conditional distribution of the response variable given the
covariates. See [2,6,8,12,14,18,23] and references therein for overview and discussions.

Longitudinal data are very common in biological and medical research. The characteristics of a longi-
tudinal study is that repeated observations for an individual subject tend to be correlated. In the context
of mean regression with longitudinal data, incorporating the within subject correlations is essential for
efficient inferences, as demonstrated by Liang and Zeger [16] and Qu et al. [22], among others. However,
incorporating the within subject correlations is more difficult for quantile regression in longitudinal data
analysis.

Jung [9] first considered the quantile regression model for longitudinal data and proposed a quasi-
likelihood method for median regression. He et al. [7] developed a generalized estimating equations
approach for balanced longitudinal data, where the covariances involved in the generalized estimating
equations are estimated by sample versions. Their method works well when the number of repeated
measurements is small but may lead to a loss of efficiency for parameter estimation when the number
of repeated measurements is large. Chen et al. [2] and Yin and Cai [28] proposed using the generalized
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estimating equations with the independence working model to estimate quantile regression models, which
are simple but could lead to a loss of efficiency for parameter estimation when strong correlations exist.
Koenker [13] proposed using a penalized likelihood to make inferences for a quantile regression model
with subject specified fixed effects. Geraci and Bottai [6] studied a quantile regression model with random
intercepts to account for the within subject correlations and introduced a likelihood-based approach by
assuming the response variable following an asymmetric Laplace density. Liu and Bottai [17] extended
the model by Geraci and Bottai [6] to linear mixed-effects models, where random regression coefficients
are specified by a multivariate Laplace distribution. Farcomeni [4] considered a quantile regression model
with time-varying random effects and the random effects are modeled by a first order latent Markov
chain. Wang and Zhu [27] proposed a smoothed empirical likelihood (EL; see [20]) inference procedures
under the framework of quantile regression with longitudinal data, which avoids estimating the unknown
error density function and the within-subject correlations involved in the asymptotic covariance matrix
of quantile estimators. Fu and Wang [5] generalized the induced smoothing method (see [1]) to the
quantile regression with longitudinal data, where the induced smoothing method is introduced to obtain
parameter estimates and their variances from non-smooth estimating functions.

In this paper, we consider quantile regression for longitudinal data and propose a weighted quantile
regression method to incorporate within-subject correlation with weights chosen by empirical likelihood
(EL). Our idea was motivated by a recent study by Tang and Leng [26], who considered a special case
where an auxiliary conditional mean model is available in addition to the quantile model. In practice,
the method of Tang and Leng [26] will be limited when the mean regression model cannot be reliably
established or the error distribution is heavy-tail with no finite mean. However, their usage of EL
weights to effectively account for auxiliary information sheds important insights on improving efficiency.
In this paper, we focus on quantile regression at a given quantile and adopt the idea of EL weights to
borrow information from structures assumed on the conditional quantile. We show both theoretically and
empirically that this approach can serve as a generic device to improve efficiency in quantile regression
for longitudinal data.

2 Conventional quantile regression

Consider a longitudinal study with N subjects. For the i-th subject, i = 1,..., N, let y;+ and z;4 =
(Tit1, - - - ,xitp)T € RP be the response and covariate at time t = 1,...,n;. We assume that the subjects
are independent and the responses for the same subject are correlated over time. For the i-th subject, let
vi = Wity -, Yin,) T and x; = (241, ..., Tin,). Suppose that the 7-th conditional quantile of y;; given x;
is given by Q(vit | ;) = x}, By, where (3 is interior to the parameter space ©, a compact subset of R?.
The basic approach to estimating By is the conventional quantile regression (CQ) estimator,

N n;

5= argmin 33" prly — #16).

zltl

where p,(u) = u{7—I(u < 0)} is the check loss function and I(-) is the indicator function. In longitudinal
data, the CQ estimator is consistent but typical of low relative efficiency for completely ignoring within-
subject correlations. The asymptotic normality of the CQ estimator is given by Wang and Zhu [27] and
included below.

Theorem 2.1.  Let Si(B) = I(yie — 218 < 0) — 71, Si(B) = (Sir(B),--.,Sin, (B)T, and fi() be
the conditional probability density functwn (p.d.f) of €ix = yie — x}Bo given x;. Under Conditions
C1-C6 (see Appendiz), one has VN(3 — Bo) N(0,%) as N — oo, where ¥ = D 'DoD', Dy =
th%oo 11, Eivzl :L'lAl{E,LT, Ai = E{Sl(ﬂo)S;f 0) | :L'i}, D1 = thHoo ]{] Eivzl (El\Iflil,';r and \I/i
= diag{/fi1(0), ..., fin, (0)}.

One may construct a consistent estimate of the asymptotic covariance matrix ¥ using the induced
smoothing method [1]. Let &;; = yir — Ztﬂ, 2 =akxy /N, U, = 1 d)( ) U, = diag{\ilﬂ, .. ,\ilm},

<
d
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Ai = Si(B)ST(B), Dy = ~ Zi\il ziAjzl and Dy = x Zi\il 2, 0,2T, where ¢(u) = (2m)~1/2 exp(—u?/2)
is the density function of the standard normal variable. Then, 3> = Dy *DoD; ! is a consistent estimator
of X.

3 Weighted quantile regression

Weighting is an effective approach to improving efficiency in marginal models [24,25]. In this section, we
propose weighted quantile regression estimators in the form of

N ng
) _ .
= i r(Yit — T; ) 3.1
Bwar argggg;w {Zp (Yt xtﬂ)} (3.1)

t=1

where the weights w;’s are determined by the data and reflect within-subject correlations.

3.1 Naive EL weights

Within-subject correlation serves as important auxiliary information in longitudinal data. Because quan-
tile regression does not require a likelihood, we use estimating equation and propose to find the optimal
weights using empirical likelihood. We incorporate within-subject correlations using working correla-
tion matrices specified via the decomposition by Qu et al. [22], i.e., Ri_1 = aoln, + Y jv, axM;,, where
ag, a1, ..., 0y are unknown constants, I is the d x d identity matrix, and M;1, ..., M;, are some known
non-identity matrices. Then define

g(Z/L',,@) = (Im®$7,)MILSIL(/8), Z: 1,...,N, (32)
where z; = (y;, x}), M; = (MY, ..., ML )T is an mn; x n; matrix, and ® denotes the Kronecker product.
Note that, when m or p is large, it is inappropriate to base g(z;, 8) on all matrices M1, ..., M;,,, then

we may use only a subset of {M;1,..., My, } in M.

By the quantile model assumptions and Theorem 2.1, it follows that E{g(z;, 5p)} = 0 and the CQ
estimator B is a consistent estimator of 5y. Thus, we can apply the EL method to the moment restriction
limpy o0 E{g(zi,ﬁ)} = 0. Formally, let Ly, = Hivzl p; with nonnegative jump sizes p;’s that sum to 1.
The naive EL weights are then obtained by maximizing log Ly, subject to the constraints

N N
Zpi:]-v Zpig(zivﬁ)zoa p; =20, i=1,...,N, (33)
i=1

i=1

where 3 is the CQ estimator. The problem can be solved by using Lagrange multipliers. This is equivalent
to maximizing

N N N .
Q=" log(p:) - u(zpz« - 1) — AT pig(en B),
=1 =1 =1

where v is the multipliers for the second set of constraints, and A the Lagrange multipliers for the third
set of constraints. The first-order-conditions of () with respect to p;, v and \ are

1 R
—v—NXMyg(z,8) =0, i=1,...,N,
pi

N
> opi=1,
=1

N ~
Z pig(zi, 8) = 0.
i=1
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Multiplying the first equation by p;, summing over ¢ and using the second and third equations, we have

v=N,
ﬁi: Al ~ B Z.:].,...,N, (3'4)

and \ solves

N .
; 1+ ATg(z:, B) (35)

Using {pi}Y, in (3.4) as weights in (3.1), the weighted quantile regression estimator with naive EL
weights is given by

ANEL = arg manpz{ Z pr(Yit — 55)} (3.6)

t=1

Implementing BNEL is straightforward. From (3.5), it is easily seen that

A = arg ax Zlog{l—l—/\T (zi,8)}.

As the objective function is globally concave, this optimization problem can be solved by a simple Newton-
Raphson numerical procedure. After having \ and hence p P;’s, we can obtain ﬁNEL stralghtforwardly using
the R package quantreg. The following theorem gives the asymptotic distribution of BNEL.

Theorem 3.1.  Under the reqularity conditions C1-C6, as N — oo, we have

VN (BxeL — o) 4 N(0,¥NEL),
where g1, = ¥ — D7 'O DT

O =Ty07'TT — DD DI 'TT — (DD DI 'THT + Ty ' Dy DT T
+ @I o ittt — I Dy Dy DD DI TTTT,
1 N
Dy= lim 2(1’" @ ;) MWz} |

Fl = hm Zl‘zA M ®xz) )

N—oo N

II= lim Z{ m @ ) M YN { (1 ® 23) M} T

N—oco N

with V;, A;, Do, D1 and ¥ defined in Theorem 2.1.
The asymptotic covariance matrix YNgr can be estimated using the induced smoothing method. Let
=N Zz 1{( m @) M; }A {(Im®x;) M; }T D2 N ZzN=1(Im®xi)Mi\I’ix;Fa ry= 1{[ ZiV=1 xiAiMiT(Im
® x; ) and

Q1 = AT 1T = DD DIAET — (DD DIA-PT)T 4 Py - T H—L AT T

P
b (B T DT DT ETYT — Pyt Dy D Do DT HITEIET,

where \ili, [\i, Dy and D; are previously defined. A consistent estimator of Yngr, is then SNEL =
S - DO Dy

It is worth noting that the matrix €2; may not be nonnegative definite, so the efficiency gain of BNEL over
the CQ estimator may not be evident theoretically. This consideration motivates our further adjustment
of the EL weights.
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3.2 Adjusted EL weights

Lemma A.2 in Appendix gives the following representation:

N
NV g B) = N I/QZ{ m @ 1) Mi — Dy Dy i} Si(Bo) + op(1),

where Dy and D5 are defined in Theorems 2.1 and 3.1, respectively. This motivates us to adjust the score
function in (3.2) to

3(2i,B) = {(Im @ x;) M; — DyDy ' 2;}8i(8), i=1,...,N, (3.7)

where Dy and D, are previously defined. Then we obtain the adjusted EL weights §¢; in the same way
as p; in (3.4), and denote by Sagr the resulting weighted quantile regression estimator with adjusted EL
weights.

Theorem 3.2.  Under the regularity conditions C1-C6, and as N — oo,

VN(BagrL — Bo) 4 N(0,¥arL),

where YapL, = % — Dy'QeDyY, Qo = ToATITY, Ty = limy oo }szvzl v HY, A = limye
Zij\;l H;NHY, Hy = (I, ® 2)M; — DoDy 2y, and A;, Dy, Dy and X are defined in Theorems 2.1
and 3.1.

Since the matrix €25 is obviously nonnegative definite, BagL has an asymptotically variance no greater
than that of the CQ estimator. The asymptotic covariance matrix Z AEL can also be estimated using the in-
duced smoothing method. Let H; = (1,,,@x; )M — D2D x;, Iy = N Zz ) T A; HT A= N Zi\il H;\HF

and Qy = TyA~ 1I‘T Then, a consistent estimator of X agy, is Y ARL = 3 — D1 1Qng

4 Simulation studies

In this section, we conduct a simulation study to investigate the finite-sample performance of the proposed
estimators. We simulate 1,000 Monte Carlo samples of size N = 100 from the following model under
three different setups:

yit:u—f—x;/@—l—git(T), i:l,...,N, t:l,...,n,

where x4 = (@it1, xir2)T, 8= (B1,B82)T, €i(1) = (g11(7), ..., €in (7)) with £;;(r) obtained from different
transformations of latent random errors

&= (1. &n)" ~ N(0,V()).

The latent correlation matrix V(o) = {Vji(a)} is either an AR(1) (Vjr(a) = ali=*l) or exchangeable
(Vik(a) = a+ (1 —a) I(j = k)) correlation matrix.

o Setup 1. eu(r) = F1(®(&)) with F, being the cdf of the asymmetric Laplace distribution
ALD(0,1,7) (see [29]).

o Setup 2. g;(7) = F. 1 (®(&)) — F.-1(7) with F. as the standard Cauchy cdf, i.e., F.(z) = 0.5 +
arctan(x)/m. Note that the mean and variance of y;; do not exist under this setup.

e Setup 3. e;4(7) = T(2 ( (&it)) — (2)( 7) with Fp) as the cdf of Student’s ¢-distribution with 2
degrees of freedom, i.e., Fp(z)(z) = 0.5+ 0.52/(2 + 2%)!/2. Note that the mean of y;; exists, but variance
does not.

Note that Setups 2 and 3 present theoretical difficulty to impose an auxiliary mean regression model,
so the QREL estimator in [26] does not apply. Under all three setups, we set 7 = 0.7, n = 10,
(i, B1,B2) = (0,1,1) and generate 2,11, Ti21, . - ., Tin1 independently from N(0,1) and 212, T2, - - ., Tina
from Bernoulli(0.5). Three levels of within-subject correlation is considered by setting v = 0.3, 0.7
and 0.9.
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Table 1 Comparison of relative efficiency (RE). QREL is based on mean model y ~ z1 + z2; QREL2 is based on mean
model y ~ z1; HFF is the estimator in [7, Section 2.2]; AR, autoregressive; EX, exchangeable

a=0.9 a=0.7 a=0.3

Setup V() Method b1 B2 b1 B2 b1 B2
1 EX NEL 3.352 3.044 1.585 1.745 1.075 1.134
AEL 3.336 3.043 1.559 1.728 1.057 1.109
QREL 1.532 1.451 1.293 1.438 1.050 1.142
QREL2 1.554 0.959 1.307 1.004 1.065 0.974
HFF 2.511 2.271 1.417 1.541 0.975 1.019
AR NEL 1.808 1.939 1.144 1.154 0.996 0.997
AEL 1.783 1.868 1.124 1.150 0.974 1.015
QREL 1.404 1.476 1.126 1.120 0.999 0.987
QREL2 1.428 0.992 1.126 0.988 1.022 0.986
HFF 2.244 2.295 1.285 1.275 0.968 0.975
2 EX NEL 3.214 2.939 1.818 1.717 1.121 1.141
AEL 3.099 2.832 1.725 1.687 1.130 1.109
QREL 1.133 1.003 1.102 1.102 0.995 1.022
QREL2 1.092 0.994 1.070 0.980 1.004 0.948
HFF 2.631 2.469 1.776 1.645 1.061 1.115
AR NEL 1.781 1.823 1.177 1.153 1.013 0.995
AEL 1.799 1.764 1.146 1.157 0.985 0.981
QREL 1.054 1.064 0.971 0.996 0.969 0.961
QREL2 1.058 0.977 0.984 0.980 0.996 0.964
HFF 2.264 2.300 1.271 1.222 0.999 1.048
3 EX NEL 3.227 3.350 1.760 1.678 1.135 1.081
AEL 3.127 3.251 1.757 1.641 1.122 1.065
QREL 1.433 1.577 1.374 1.249 1.123 1.085
QREL2 1.396 0.980 1.323 0.973 1.138 0.987
HFF 2.371 2.489 1.551 1.492 1.066 1.020
AR NEL 1.563 1.755 1.099 1.207 0.971 0.966
AEL 1.571 1.762 1.103 1.186 0.960 0.934
QREL 1.282 1.367 1.069 1.138 0.985 0.969
QREL2 1.290 0.972 1.089 0.974 1.010 0.989
HFF 2.164 2.218 1.382 1.387 0.969 1.004

Five estimators of § are considered. The first one is the NEL estimator proposed in Subsection 3.1.
For the NEL estimator, we use g(z;, 8) = ;M S;(3) to obtain the naive EL weights p;, i = 1,..., N. The
second one is the AEL estimator proposed in Subsection 3.2. For the AEL estimator, we use

9(zi,8) = (@M — DDy ;) Si(B)

to obtain the adjusted EL weights §;, i = 1,..., N. Following [22], we take M as either a matrix with 0
on the diagonal and 1 elsewhere, or a matrix with two main off-diagonals being 1 and 0 elsewhere. These
two basis matrices are referred to as the exchangeable and the AR(1) working correlation matrices, re-
spectively. The third one is the QREL estimator under the auxiliary mean model y ~ z1+ 2. The fourth
one is the QREL2 estimator under the auxiliary mean model y ~ x;. Note that under Setups 1 and 3,
QREL uses a correct mean model while QREL?2 is based on a misspecified mean model, so their perfor-
mances will help us to understand the influence of the auxiliary mean structure to the QREL estimator.
And similarly as in [26, Section 3|, we consider AR(1) and exchangeable working correlation matrices
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Table 2 Comparison of relative efficiency (RE). QREL, the mean model is y ~ x1 + 2, QREL2, the mean model is
y ~ z1; HFF, the estimator in [7, Section 2.2]; AR, autoregressive; EX, exchangeable

a=0.9 a=0.7 a=0.3

Setup V() Method b1 B2 b1 B2 b1 B2
1 EX NEL 2.422 2.144 1.349 1.429 1.021 1.022
AEL 2.343 2.024 1.314 1.341 0.996 0.993
QREL 1.496 1.421 1.191 1.302 1.019 1.071
QREL2 1.503 0.962 1.210 0.992 1.027 0.980
HFF 2.511 2.271 1.417 1.541 0.975 1.019
AR NEL 2.355 2.571 1.467 1.352 1.064 1.041
AEL 2.323 2.376 1.407 1.310 1.028 0.990
QREL 1.459 1.549 1.380 1.287 1.059 1.037
QREL2 1.463 0.976 1.364 0.971 1.073 0.981
HFF 2.244 2.295 1.285 1.275 0.968 0.975
2 EX NEL 2.298 2.240 1.594 1.393 1.024 1.002
AEL 2.126 2.043 1.446 1.307 1.012 0.973
QREL 1.135 0.955 1.009 1.069 0.923 0.923
QREL2 1.097 0.932 1.007 0.949 0.966 0.937
HFF 2.631 2.469 1.776 1.645 1.061 1.115
AR NEL 2.376 2.439 1.480 1.392 1.050 1.027
AEL 2.252 2.292 1.450 1.354 1.021 1.022
QREL 0.973 1.007 0.985 0.944 0.942 0.966
QREL2 0.964 0.946 0.997 0.956 0.943 0.971
HFF 2.264 2.300 1.271 1.222 0.999 1.048
3 EX NEL 2.160 2.530 1.369 1.290 0.986 1.002
AEL 2.122 2.367 1.330 1.257 0.954 0.974
QREL 1.330 1.557 1.206 1.217 0.982 1.017
QREL2 1.327 0.998 1.196 0.985 1.008 0.965
HFF 2.371 2.489 1.551 1.492 1.066 1.020
AR NEL 2.181 2.282 1.396 1.474 1.055 1.019
AEL 2.095 2.220 1.329 1.446 1.030 0.992
QREL 1.364 1.391 1.176 1.273 1.005 0.982
QREL2 1.377 0.979 1.179 0.999 1.014 0.981
HFF 2.164 2.218 1.382 1.387 0.969 1.004

when computing the QREL estimators. The last one is the HFF estimator solves vazl z,W=L8(B8) =0
with W = ]{, Ef\il Sz(B)SzT(/S’) We use a stepwise replication of the bisection method to get the HFF
estimator. Given 3(®) = (,6’50), éo)), the new estimate ,81(1) of the I-th parameter (I = 1,2) is obtained by
applying the bisection method to the estimating equation for 3;, fixing the other argument at the current
estimate. We cyclicly update the parameter until the estimates converge.

We compare the above five estimators in their relative efficiency (RE), defined as the ratio of the
root mean squared error of the CQ estimator to that of the other estimators. A larger RE indicates
better efficiency. We first use the exchangeable working correlation structure for both NEL and AEL
estimators and the QREL estimators. See results in Table 1. We see that the NEL and AEL estimators
perform similarly across different setups, and always outperform the CQ, QREL and QREL2 estimators
under moderate to large latent correlation (o« = 0.7 or 0.9), even when using a misspecified working
correlation structure, i.e., V(«) = AR. The advantage becomes more evident as the latent correlation o
gets stronger. Moreover, we also see that the QREL estimators no longer provide much efficiency gain
over the CQ estimator under Setups 2 and 3, when either the mean or variance does not exist. These
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observations suggest that our empirical likelihood weighting method is a more efficient way to utilize
within-subject correlations than the method of [26]. Furthermore, we also notice that using a correct
working correlation matrix improves the efficiency for the NEL and AEL estimators. The same fact
applies to the QREL estimators as well. Results based on the AR(1) working correlation structure are

similar and presented in Table 2.

Table 3 The estimated coverage probabilities and the mean lengths of confidence intervals (in parentheses) with 1,000

simulations in Setup 1. CQ is the conventional quantile regression

a Working correlation
0.9 —
EX
AR
0.7 —
EX
AR
0.3 —
EX
AR

Table 4 The estimated coverage probabilities and the mean lengths of confidence intervals (in parentheses) with 1,000

Method
cQ
NEL
AEL
NEL
AEL
cQ
NEL
AEL
NEL
AEL
cQ
NEL
AEL
NEL
AEL

B1
0.953 (0.308)
0.950 (0.179)
0.951 (0.178)
0.945 (0.209)
0.935 (0.203)
0.954 (0.302)
0.946 (0.228)
0.942 (0.228)
0.942 (0.253)
0.938 (0.249)
0.952 (0.297)
0.944 (0.276)
0.942 (0.275)
0.945 (0.286)
0.938 (0.281)

EX

simulations in Setup 2. CQ is the conventional quantile regression

a Working correlation
0.9 -
EX
AR
0.7 —
EX
AR
0.3 —
EX
AR

Method
cQ
NEL
AEL
NEL
AEL
cQ
NEL
AEL
NEL
AEL
cQ
AEL
NEL
NEL
AEL

B1
0.954 (0.282)
0.945 (0.164)
0.945 (0.165)
0.944 (0.192)
0.931 (0.188)
0.950 (0.278)
0.943 (0.209)
0.940 (0.210
0.942 (0.232
0.930 (0.229
0.947 (0.273
0.940 (0.253
0.942 (0.253
0.938 (0.262

)
)
)
)
)
)
)
0.932 (0.259)

EX

B2
0.957 (0.613)
0.953 (0.362
0.954 (0.360
0.952 (0.421
0.942 (0.407
0.953 (0.599
0.950 (0.456
0.949 (0.455
0.946 (0.504
0.939 (0.494
0.953 (0.586
0.950 (0.546
0.944 (0.543
0.948 (0.566
0.937 (0.554

NGNS NS AN NN NS SNt N D SN NN

B2
0.958 (0.573)
0.949 (0.336)
0.950 (0.339)
0.950 (0.391)
0.935 (0.383)
0.950 (0.561)
0.945 (0.426)
0.942 (0.428)
0.944 (0.470)
0.936 (0.464)
0.944 (0.549)
0.937 (0.510)
0.940 (0.511)
0.940 (0.529)
0.933 (0.521)

V(a)

V(a)
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B1
0.955 (0.303)
0.949 (0.226
0.950 (0.225
0.947 (0.198
0.940 (0.194
0.953 (0.298
0.949 (0.271
0.947 (0.270
0.947 (0.244
0.939 (0.241
0.953 (0.296
0.947 (0.291
0.947 (0.289
0.948 (0.285
0.942 (0.280

N2 AN NI NS NI NN SN N NNt N SN

B1
0.946 (0.278)
0.948 (0.208)
0.945 (0.209)
0.942 (0.182)
0.936 (0.179)
0.944 (0.273)
0.936 (0.248)
0.934 (0.248)
0.938 (0.223)
0.932 (0.221)
0.944 (0.269)
0.934 (0.263)
0.936 (0.265)
0.936 (0.259)
0.928 (0.256)

AR

AR

B2
0.954 (0.601)
0.953 (0.452)
0.951 (0.451)
0.951 (0.395)
0.945 (0.386)
0.949 (0.587)
0.948 (0.534)
0.944 (0.532)
0.943 (0.481)
0.937 (0.474)
0.948 (0.580)
0.944 (0.571)
0.943 (0.566)
0.946 (0.558)
0.938 (0.548)

B2
0.955 (0.563)
0.949 (0.422)
0.948 (0.425)
0.949 (0.369)
0.941 (0.364)
0.947 (0.551)
0.942 (0.501)
0.939 (0.501)
0.940 (0.450)
0.931 (0.446)
0.944 (0.543)
0.936 (0.530)
0.941 (0.534)
0.937 (0.521)
0.929 (0.513)
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Table 5 The estimated coverage probabilities and the mean lengths of confidence intervals (in parentheses) with 1,000
simulations in Setup 3. CQ is the conventional quantile regression

V(a)
EX AR

« Working correlation Method 51 B2 51 B2
0.9 - cQ 0.956 (0.214) 0.958 (0.430) 0.949 (0.212) 0.953 (0.424)
EX NEL 0.947 (0.123) 0.947 (0.249) 0.946 (0.158) 0.945 (0.317)
AEL 0.946 (0.123) 0.946 (0.250) 0.945 (0.158) 0.943 (0.317)
AR NEL 0.943 (0.144) 0.949 (0.290) 0.940 (0.137) 0.945 (0.275)
AEL 0.930 (0.141) 0.942 (0.284) 0.934 (0.135) 0.938 (0.272)
0.7 - cQ 0.946 (0.212) 0.951 (0.424) 0.947 (0.209) 0.949 (0.419)
EX NEL 0.942 (0.159) 0.946 (0.321) 0.942 (0.190) 0.944 (0.381)
AEL 0.941 (0.160) 0.943 (0.322) 0.939 (0.190) 0.944 (0.381)
AR NEL 0.941 (0.177) 0.943 (0.355) 0.940 (0.171) 0.942 (0.343)
AEL 0.934 (0.175) 0.938 (0.350) 0.934 (0.169) 0.936 (0.340)
0.3 — CcQ 0.944 (0.209) 0.944 (0.419) 0.943 (0.209) 0.947 (0.418)
EX NEL 0.938 (0.194) 0.938 (0.390) 0.939 (0.205) 0.943 (0.411)
AEL 0.938 (0.194) 0.937 (0.389) 0.937 (0.204) 0.942 (0.409)
AR NEL 0.935 (0.201) 0.940 (0.404) 0.941 (0.201) 0.941 (0.402)
AEL 0.931 (0.199) 0.934 (0.398) 0.934 (0.198) 0.935 (0.397)

An interesting observation is that the QREL2 estimator always shows efficiency gain over the CQ
estimator on 1 but not so on 3. Recall that the auxiliary mean model used by QREL2 only contains
covariate x1 but not x4, so this fact reflects that the correctness of the working mean model is critical to
the effectiveness of QREL.

It is also interesting to see that the HFF estimator in general performs quite well, and sometimes beat
our NEL and AEL estimators if we use a misspecified working correlation structure. So, it can be a good
choice if the working correlation is likely misspecified. But it can only be used for balanced data and
does not provide efficiency gain over the CQ estimator for large n and small N (see the Supplementary
material of [26]).

Tables 3-5 summarize the estimated coverage probabilities and the average lengths of 95% confidence
intervals of the CQ, NEL and AEL methods based on 1,000 simulations. The three methods all give
coverage probabilities close to the nominal level of 95%. The NEL and AEL give similar mean lengths of
confidence intervals and the mean lengths of confidence intervals of these two methods are smaller than
those of the CQ method under moderate to large latent correlation (v = 0.7 or 0.9).

5 Data analysis

We analyzed the CD4 data in [3], where 2,376 CD4 observations were obtained from 369 infected men
enrolled in the Multicenter AIDS Cohort Study (see [10]). Time is measured in years with the origin
at the date of seroconversion. We model the population quantiles of the square-root-transformed CD4
counts as a function of time and the following additional covariates: age at the time of seroconversion,
packs of cigarettes smoked per day, recreational drug use, number of sexual partners and the depressive
symptoms, where severity of depressive symptoms was evaluated with the Center for Epidemiologic
Studies Depression Scale (CES-D Scale). The transformation on CD4 counts was suggested in [3] to
achieve better normality. We model the time trend as a constant prior to seroconversion and quadratic
in time thereafter.
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Figure 1 The top left panel depicts the data points and the fitted quantile curves for time at 7 = 0.05, 0.25,0.50, 0.75
and 0.95, using our NEL method (—), AEL method (—+) and the conventional quantile regression method (—o). The
rest are fitted quantile coefficients for the NEL method (—) with 95% confidence intervals (—); for the AEL method
(—+) with 95% confidence intervals (—+); for the conventional quantile regression method (—o) with 95% confidence

intervals (—o)

We compare three estimators: the CQ estimator that ignores the within-subject correlations, the NEL
and AEL estimators. For the NEL and AEL estimators, we base ¢(z;,3) and §(z;, ) on the AR(1)
working correlation matrix. The confidence regions for these three approaches are conducted based on
the normal approximation. In the first panel of Figure 1, we plot the data with the estimated time
trends at different quantiles for these three methods. The three methods produce similar trends when
7 =0.25,0.5 and 7 = 0.75. However, when 7 = 0.05 and 0.95, there is a considerable difference between
the estimated time trends. We plot the estimated regression coefficients for the five main convariates at
various quantile levels. We see that the NEL and AEL methods produce similar estimated regression
coefficients for the five main convariates at various quantile levels. The differences between the CQ
estimator and AEL estimator of the regression coefficients exist for drug and sexual partners.

6 Comments and conclusions

In this paper, we develop weighted quantile regression estimators for longitudinal data. The weights are
optimized by empirical likelihood with estimating equation that incorporates within-subject correlation,
and hence achieve more efficient estimation. We show that the proposed estimators are asymptotically
normal and more efficient than the conventional quantile regression estimator. Our approach is partly
motivated by the QREL estimator in [26]. Compared with QREL, our proposed estimator does not require
specification of the auxiliary mean structure, and display further efficiency gain in simulation studies.
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Appendix
Cl. z; = (yi,z}),i=1,..., N, are independent.
C2. The true parameter value 3y is an interior point of a compact parameter space © C RP.
(3. The 7-th conditional quantile of y;; given z; is given by Q. (vi: | ;) = % B.
C4. n* = sup,; n; < oo and z; has a bounded support.
C5. Let Fi(-) and f;:(-) denote respectively the conditional distribution and density functions of €;; =

Yit —:c;l; Bo given x;. The distribution functions Fj;(-)’s are absolutely continuous, with continuous densities
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fit(+)’s that are uniformly bounded away form 0 and co at 0. Also, f/,(-) exists and is uniformly bounded.
C6. Dy, D1, I and A are positive definite.

Lemma A.1. If limy_ o ]{, Zf\il E{supgee l19(zi, B)[|9} < oo, then maxigi<n supgee |19(2i, B)||
= o(NY9) almost surely.

Proof.  See the proof of [11, Lemma D.2].
Lemma A.2. For some 0 < C < o0,

N

1 1 &
> g(zi,8) - N ZQ(%ﬁo) — Ds(B = Bo)

N = OP(N_l/Q))
i=1

sup
1B=Boll<CN—1/2

where Do = limy o0} S0 (I, ® 2) My W] and W; = diag{fi1(0),. .., fin,(0)}.
Proof.  Let

where S;(8) = (Si1(8), .., Sin: (8))T and Si(B8) = P(yit — 58 < 0) — 7. Note that

1 1 &
HN > 9(iB) = o D 9(zi Bo) = Da(B = fo)
i=1 i=1
N N N
ST RS SVEEIES o el
i=1 i=1 i=1
N
+HN ;g(ziw@) — Dy(B = Bo)||-

According to the lemma in [9], the first term

sup
|B—Bo|<CN—1/2

N
]1, Zg(%ﬁ) - le Zg(zz-,ﬁo) — ]1, > gz, 5)H = 0p(N1/2).

The second term

sup
|B—Bo|<CN—1/2

1 N
N 2290 B) = Da(8 = fo)

sup 18 = Boll + 0p(N~1/2).

N
1
= > (Im @ 2;) MVl — Dy
HN i=1 ' |B—Bo|<CN—1/2

It follows from the law of large numbers that || N ! Zi\;l (Im ®x;)M; W,z — Ds|| = 0,(1). This completes
the proof.

Lemma A.3. For some 0 < C < o0,

1

N = OP(1)7

sup

N
8=Boll<CN—1/2 H

> 9(zi,8)9" (21, 8) - 11

i=1

where T = im0 5 Zij\;r{(lm ® ) ) M YN { (I @ ) M;}* and A; = E{S:(B0)SE (Bo) | xi}-
Proof.  Let TI(8) = ~ Ei\il E{(Im @ x;)M;}S;(8)SE (B){ (L, ® 2;)M;}*]. By the triangle inequality,

sup
IB=Boll<CN=1/2

]i/' gg(%ﬁ)gT(%ﬁ) - HH



Yuan X H et al. Sci China Math January 2017 Vol. 60 No.1 159

1 & )
) i8)g" (2, 8) — 1 H
| 29 D" o )~ TH(H)

+ sup ITT(8) — T1(Bo)l + |[TL(Bo) — 1]
1B=Boll<CN=1/2

Under Condition C4, by using the uniform strong law of large numbers (see [21, p.41]), we have

sup
1B=Boll<CN—1/2

N
]i/' ZQ(ZiHB)QT(Zin) - ﬁ(ﬁ)H =o(1) almost surely.
i=1

It is easy to see that sups_g,|<cn-1/2 ITI(8) — TI(Bo)|| = 0p(1) and ||TI(B) — II|| = 0,(1). The desired
result follows.

Lemma A.4. If A = \(f3) solves
N

g(zivﬂ) _
>, AT = (A1)

i=1
then we have ||\(B)|| = Op(N~/?) and

1 N -1 1 N
30 = { y Loteo ™ S alen )+ (V)

uniformly about € By = {B: || — Bol| < CN~/2} for some 0 < C < oc.

Proof.  The basic idea behind this proof is outlined in [19].
Let U; = Ag(2, 8) and g* = supge g, maxi<i<n [|9(zi, B)||. Let A(B) = [[A(B)]|v, [Jv]| = 1. Substitut-
ing 1/(1+U;) =1-U;/(1+U;) into (A.1) and simplifying, we find that

1 al iy T (2] 1 al
ECTED S RETI SERD)

Since every p; > 0, we have 1 4+ U; > 0 and therefore

N N ) T 5
I 3ot "B <IN 520 Dot 4 3@
1 N
=T Y g B+ IAB)e)

Consequently,

1 & 1 & 1
PTG SYER THCTEVRTRS SV CHC) L SN}

i=1 P -
By Lemma A.2,
1 & 1 & | X
ia-soll<on-v2 | ¥ ;g(zi’ﬂ)“ ) 15—salcon-12 || N ;g('zi’ﬂ) N ;g(zi’%) — Da(B = fo)
| X
+ H N Zg(zz-,ﬁo) +C||Dy|N~1/?
i=1

= 0,(N71/2).

Furthermore, by Lemma A.1, we have g* = 0,(N'/?). Thus we have

1 N
1A (UTN > 90z B)g" (20, By + o,,(l)) = 0,(N~Y/2).
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Then Lemma A.3 gives sups_g, 1<on-1/2 || x Zf\il 9(zi,8)g" (21, B)|| = Op(1). Hence, uniformly for any
Be{B| B~ Poll < CN~2}, we obtain |A(8)| = O,(N~1/2). Based on this order bound for \(3), we
then have max;<;<n ||Us| = 0,(1) uniformly for 8 € {8 | |3 — Bol| < CN~/2}.

Now, write

Because

N
U; 1
< ) 3 2 -1
HN > o), | <y D lato AR+ 0
= OP(N1/2)OP(N71)OP(1) = Op(N71/2);
we have, uniformly for g € {f | || — Bo|| < CN~'/2},

1 & -1y N
- {N Zg(zi,ﬂ)gT(%ﬂ)} N D9z )+ op(NTH2),
i=1 =1

Lemma A.5.  Let ci(B) = yi — arB, 0% = axlai/N, Uu(B) = o, ¢(e zt(ﬂ)/%ﬁ) ind U, (B) =
diag{W;1(B),..., Vin,(B)}, where ¢p(u) = (27)~ Y2 exp(—u?/2). Let Dl( ) = ]{,Z ;¥ (B)zl and
Dy(B) = 1 N Zz V(L @ ) MU, (B)xT . Then, we have
sup || Da(8) — Daf| 50, (A.2)
8=Boll<CN—1/2
sup | Da(8) — Dal| H 0. (A.3)

8=Boll<CN—1/2

Proof.  The two results (A.2) and (A.3) can be proved in the same way, so we only prove (A.2) here.
By the triangle inequality, we have

sup |D1(B) — D1 < sup 1D1(8) — D1(Bo)ll + | D1(Bo) — E{D1(Bo) | =1, ...,z }|
I1B—Boll<CN—1/2 I8=Bol|<CN—1/2

+ | E{D1(Bo) | 21, ..., ax} — Dif + 1Dy — Dull,

where D1 = | Zz LWl Tt is easy to see that ||[Dy — Dy £ 0 and

N n;
sup  [|D1(B) = Da(Bo)| < sup ZZII%II |it(8) — Wir(Bo)]
|B=Boll<CN=1/2 I18—Boll<on-1/2 N o1 =1
N n;
-z | N 2 2 NlwielPoi?|e (Ea(B) fow),
i=1 t=1

where ¢'(u) is the derivative of ¢(u) and §* is a point on the segment connecting S and fBy. Note that
oit = Op(N~1/2) and lim, o [u¢’(u)| = 0, then we have SUP||g_g, | <cn-1/2 || D1(B) — D1(Bo)| = 0p(1).

By the law of large numbers, we have || D1 (80) — E{D1(80) | z1,.-.,zn}|| 5. Next, we will show that
HE{Dl(ﬁo) | z1,...,28} — D1|| 2o, Observe that

N
|E{D1(Bo) | 1,...,an} — D1 = H;, in[E{‘i’i(ﬁo) |2} — Uyla)
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N n;
1 J N
S v SO llaalPE{Tir(Bo) | wie} — Wil

i=1 t=1

Furthermore,

\E{U(Bo) | wit} — Wu| =

o /qb(u/ait)fit(u)du - fit(o)‘
_ ‘ [ #0150) + ol - fit<o>\
<ou [ [6ui(€ldu

where &, lies between 0 and uo;;. By the condition C5, there exists M > 0, such that |f/,(u)| < M. It
follows that

A 2
|[E{Wi(Bo) | it} — Wir| < Uit\/ﬂ_M — 0.

Thus, we have ||E{D1(8) | x1,...,2x} — D1| = 0. The desired result follows.

Proof of Theorem 2.1.  See the proof of [27, Theorem 1].
Proof of Theorem 3.1. By the proof of Theorem 2.1, we have \/N(B —Bo) = —Dle + o0p(1), where

Dy = limyoo 2 5N, 20T, B= N"Y25N 2.5(80) % N(0,Dp), Do = limy—se0 & SN 22T
and A; = E{S;(80)S}(Bo) | ;}. By Lemma A.2,

1 < .

9(2i, Bo) + Da(3 — Bo) + 0p(N71/2)

1= &Mz

1 o _
N 9(zi, Bo) — DaDTINTY2B 4 0,(N71/2).
Therefore,
1 1
N > g(zi,8) = N > AIm @) M; — DyD; i} Si(Bo) + 0p(N2).
= i=1

By Lemmas A.3 and A.4, we have

N
§_ {]17 Zg(zi,,é’)g(zz, } N Zg 2i, B) + 0, (N~1/2)
i=1

N
= Hil]]\-f Z{(Im ® xz)Mz — D2D1_1$Z}Sl(ﬂ0) + Op(Nfl/Q). (A4)
i=1

Let g4 = yi—ah Bo and Ay (8) = pr(cit—x 18/ N)—pr(cit). The function Ay (8) = Zi\;l Npi >ty A (6)
is convex and is minimized at § = VN (ﬁNEL — fp). Utilizing the following identity (see [12]),

pr (= v) — pr () = vy (u / {I(u < 5) — I(u < 0)}ds,
where ¢, (u) = I'(u < 0) — 7, we have A;4(0) = A1;t(9) + A2+ (0) with
Avit(8) = N~ 236534 (o),

58/ N
Azit(0) = / {I(es < 5)— I(ey < 0)}ds.
0
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Thus,
N n; N n;
§) = Npi »_ Ar(0)+ > Npi Y Agir(0).
i=1 t=1 i=1 t=1
Since p; = 1/[N(1 4+ ATg(z;, 3))], by Lemmas A.1 and A.4, we have that

pi = N"H1—ATg(z, B)(1+ 0p(1))},

uniformly for ¢ =1,..., N. For the first term, we have

ﬁ: Np; ( i Am(5)>
N

Z{l—/\ 9(z:, B)(1 + 0,(1) (ZAM )

NTU2 Z 0" 2:Si(Bo){1 — ANTg(zi, B)(1 + 0p (1))}

i=1
=6'N 1/225@ — 6N~ 12@ (Bo)SE(Bo)M;F (I @ ) " NY2X 4 0,(1).
By the law of large numbers, we have that
12% (Bo)SE (Bo) M (I, @ )" BTy (A.5)
Thus, by (A.4) and (A.5), we obtain
N 4
ZNﬁi<2Alit(5))
i=1 t=1
N

= 0"NTY2Y ;= DT (I, ® ) M; — D2 Dy a3 }]Si(Bo) + 0p(1),

i=1

where N~1/2 ZZ Lz — T Y (1, ® 2:)M; — Do Dy }S:(Bo) A N(0,Dy — Q1) and Q4 is given in
Theorem 3.1. For the second term, we have

N n; N n;
ZNﬁz(ZAglt((S)) = ZZAQM ZZAQM >\ g szB)'

i=1 t=1 i=1 t=1

We first show that

Observe that
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ZZ/ Fiu( 'U'/\/N) F;:(0)}du

zltl

N Z Z/ VN{F;(u/VN) = F;(0)}du

=1 t=1
N n;

ZZ/ Jit(0)udu + 0,(1)

i=1 t=1

-1 Z Z 6T fi(0)zi20 + 0,(1)
t=1

i1=1 t=

= ;5TD15 + 0p(1)

:i ar<ZA2n )
nfE<{ Frwio)

Uz
i E(A ta )| ;)
=1

and

(323t

/AN
'Mz H

)

i=1

Mz

s
Il
—

o~

N n;

< " max |z L6 Z ZE{AM ) [z} = 0p(1),

1<V, 1<t
\/N ! i i=1 t=1

where n* = sup, n; < co. Therefore, (A.6) is proved. In addition, it is true that

N n; N n;
DI IRRICH: Amw)‘ < max {0 Tg(zi D) DD A6 ‘
i=1 t=1 i=1 t=1

Since maxj<;< N 5\Tg zi,B = 0,(1), this term is negligible asymptotically. It follows that
X p

§) = ZNﬁz‘ 21‘%(5))

1
i) Ao(é) = (ST]\fil/2 Z{J)IL — I‘lﬂfl[(Im ® xt)Mz — DQDl_ll‘z]}Sz(/Bo) —|— 2(5TD15

i=1

Summarizing the above results, we conclude that
VN(fxeL = fo) =6 4 arg méin Ap(0).

The theorem follows by noting that

N
argmin Ao (9) = Dy ' NN ay = T (1 ® i) M — Do Dy ] }Si(Bo). O

i=1

Proof of Theorem 3.2. By the proof of Theorem 3.1 and Lemma A.5, we have

1 U
N D8 B) = Y HiSi(Bo) + 0p(NTY2),
=1 i=1
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where H; = (I,,, ® 2;)M; — Dy Dy ;. Similar to the proof of Lemmas A.3 and A.4, we have
] 1Y . . -1 N A
o {Nzg(zlvﬂ)g('zwﬂ)T} Nzg(zivﬂ)+0p(N_l/2)

=t i=1

N
1
= A7 S HLS(B) + 0 (N )
i=1
Let £5¢ = yir—x5 B0 and Ay (8) = pr(ei—56/v/N)—pr(git). The function Ay (8) = Zivzl NG Y0 Au(d)
is convex and is minimized at 6 = v/ N(fagL — o). By the similar arguments of the proof of Theorem 3.1,
we obtain

N n;
An(0) = ZN@<ZA“(6)>
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where N—1/2 Eﬁil(mi —T2A~YH)Si(Bo) S N(0, Dy —Q3) and s is given in Theorem 3.2. Summarizing
the above results, we conclude that
VN (Baps — fio) = 6 = argmin Ao(9).
The theorem follows by noting that
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