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By means of backward stochastic differential equation and partial differential equation methods, we show that
both bid and ask prices are closely related to the Black-Scholes risk-neutral price with modified dividend rates.
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1 Introduction

This paper considers derivative pricing in an incomplete financial market with model uncertainty (ambi-
guity) and trading constraints. Incompleteness means that investors are uncertain about the risk-neutral
probability measure which are used to price the derivatives in the market. The investors rank the un-
certain prospects according to a multiple-priors model of Chen and Epstein [4], where a continuous-time
intertemporal version of multiple-priors utility is formulated by using backward stochastic differential
equation (BSDE). The other source of incompleteness is due to trading constraints such as short sale
constraint. We take the indifference pricing approach where the investor’s utility is formulated as an
additive stochastic differential utility of both intertemporal consumption and terminal wealth (see Duffie
and Epstein [9]).

The idea of indifference valuation is firstly introduced by Hodges and Neuberger [16], whereby the
price for a derivative is the cash amount that the investor is willing to pay such that she is no worse off in
expected utility terms than she would have been without the derivative. The idea is further developed by
Henderson [14], Musiela and Zariphopoulou [23] and Sicar and Zariphopoulou [24], among others, under
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a Markovian setting using the partial differential equation (PDE) approach, and by Hu et al. [17], Mania
and Schweizer [22] and Ankirchner et al. [2] in a general non-Markovian setting using the BSDE approach
(see more references therein). On the other hand, Becherer [3] and Davis [8] use the duality approach to
study the indifference hedging strategy. However, most of the existing research is based on the assumption
that the investor is only concerned with her terminal wealth, and ignores her intertemporal consumption
and her risk aversion in the consumption. It seems that the only exception is Cheridito and Hu [6], which
takes account of consumption on the top of terminal wealth under the framework of Hu et al. [17]. In our
model, the investor takes account of not only the terminal wealth but also the intertemporal consumption,
and she is risk averse in the consumption instead of the terminal wealth.

Different from most of utility indifference pricing models, where the indifference prices are heavily
distorted by the investor’s risk aversion in her terminal wealth, and therefore complicated in general,
the indifference prices in our model are independent of the investor’s risk aversion, and bear a striking
resemblance to the risk-neutral price. In fact, we show that both bid and ask prices in our model are
closely related to the risk-neutral price with modified dividend rates. The deviation is actually caused
by the investor’s uncertainty on the risk-neutral probability measure and the existence of the trading
constraints.

Model uncertainty is an important aspect in derivative pricing. Indeed, uncertainty on the choice of an
option pricing model can lead to model risk in the valuation of portfolios of options, so one must separate
between risk (uncertainty on outcomes for which the probabilities are known) and ambiguity (model
uncertainty). In their seminal work, Chen and Epstein [4] introduced a multiple-priors model under the
framework of stochastic differential utility. Cont [7] introduced different risk measures to quantity the
model uncertainty. In the indifference pricing framework, Jaimungal and Sigloch [18] introduced the
concept of robust indifference pricing (with the utility of terminal wealth), which incorporates both risk
aversion and model uncertainty. They mainly use the idea from Anderson et al. [1], by modifying the
optimization problem to maximize the expected penalized utility of terminal wealth, while minimizing the
expected penalized utility over a set of equivalent measures. Since the risk-neutral probability measure
is naturally a dominant pricing measure, we take the multiple-priors model from Chen and Epstein [4]
in order to incorporate the model uncertainty, where the probability measures in the set of priors are
equivalent to the risk-neutral dominant pricing measure.

The idea of applying Chen and Epstein’s multiple-priors model to derivative pricing is not new, for
example, [5,13]. Guo et al. [13] considered the pricing problem of exotic options, in particular Parisian
options, also under the multiple-priors framework of Chen and Epstein [4]. However, they used the idea
of super-replication rather than utility indifference valuation, so they obtained proper reasonable pricing
bounds rather than a price. On the other hand, their concentration is more on numerical results of
the pricing bounds and practical application, which is different from our paper where we try to build
up an indifference pricing framework under model uncertainty. Moreover, our model also includes the
trading constraints on the top of model uncertainty. Actually, these two factors result in the market
incompleteness in our model.

Although the model uncertainty causes the deviation of the bid and ask prices from the risk-neutral
price, we show that if there is no trading constraint, then both bid and ask prices will coincide with the
risk-neutral price even under model uncertainty. In fact, if there is no trading constraint, the investor
can invest arbitrary position in the underlying stocks to hedge the model uncertainty in our indifference
pricing setup. On the other hand, if there exist trading constraints, then the prices will deviate from the
risk-neutral price. For example, if the payoff of an option is monotone with respect to the prices of the
underlying, the investor needs to hold an opposite position in order to hedge her risk exposure. Trading
constraints such as short sale constraint will prohibit her arbitrary position, and therefore result in prices
different from the risk-neutral price. We should remark that the price deviation is not only caused by
trading constraints but also model uncertainty. These two factors tangling together impact the bid and
ask prices, in both European option and American option cases. We also obtain the convergence rate of
the indifference prices to the risk-neutral price as the model uncertainty disappears (see Proposition 3.5
for the case of European option and Proposition 4.8 for the case of American option).
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If the investor is allowed to exercise her option at any time before maturity as in the American option
setting, the definition of the corresponding indifference price needs to be modified. In such a situation,
the investor needs to compare two optimal investment problems with different time horizons, and she
chooses not only her optimal trading strategy but also her optimal exercise time. By the time consistency,
we derive an intertemporal wealth which consists of not only the usual wealth, but also the value of the
remaining optimal consumption (see Definition 4.2). In a Markovian setting, we also effectively use the
Alexandrov-Bakel’'man-Pucci (A-B-P) comparison principle for variational inequalities to deduce various
properties of the bid and ask prices for American option.

The utility indifference pricing models are usually formulated as two optimal portfolio problems (see
(2.7) and (2.8)). Concretely speaking, the price P is determined from an equation F(-, P(:)) = G(-),
and functions F' and G where the value functions of two optimal stochastic control problems. There are
two methods to solve these problems, such as the BSDE approach and the PDE approach. The BSDE
approach is based on martingale optimality principle (see [17,22]) or the risk-sensitive control (see a recent
work by Henderson and Liang [15]), and the price is expressed via the solutions to two BSDEs. The PDE
method is based on dynamic programming principle, and the price is described via the solutions to two
HJB equations (see [14,23,24]). Due to the complexities of BSDEs and HJB equations, it is usually
difficult to investigate the properties of the utility indifference prices.

In our model, the price is still determined by the equation F(-, P(:)) = G(-), where F and G are the
value functions of the two optimal control problems of forward-backward stochastic equations (FBSDEs).
In the American option case, the optimal control problems involve optimal stopping time problems, and
the optimal strategy consists of optimal consumption, optimal investment and optimal stopping time.

In order to completely solve the problems, we firstly analyze the two optimal portfolio problems and
express the price as the solution to nonlinear BSDEs via the following idea. We define an indirect utility by
subtracting the wealth (and the contingent claim) from the original stochastic differential utility (SDU) to
represent the indifference price as the solution to BSDE with Lipschitz continuous driver. Mathematically
speaking, we translate the original stochastic control problem of FBSDE into finding a maximum solution
to a family of BSDEs with different drivers. Then by the comparison principle for BSDE, we find the
nonlinear BSDE for the optimal solution and express the price via the corresponding FBSDE.

By applying the Feynman-Kac formula, we express the prices as the solutions to semi-linear PDE (for
European option) or variational inequality (VI, for American option). Then via the method of PDE,
we improve the regularity of the value function, and analyze the properties of the price, the optimal
investment, consumption and stopping strategies. In this paper, We give a general and technical proof
of improving the regularity of the solution of PDE or VI under low regularity of terminal value and
obstacles. Moreover, we prove that PDE is a special case of VI if we choose a proper obstacle under some
general assumptions. Thanks to the improved regularity, we achieve some concise results as mentioned
above. With these results, it is easy to calculate the prices or theoretically analyze their properties by
the standard method. Moreover, we use some PDE estimates to show the convergence result of the
corresponding prices when the ambiguity market shrinks to the standard market.

The paper is organized as follows: We present our indifference pricing and hedging model in Section 2,
and apply it to two concrete settings, namely European option and American option in Section 3 and
Section 4, respectively. Some further technical details on the results of relevant PDEs are provided in
Appendix.

2 Indifference pricing and hedging model

For a fixed time horizon T > 0, let W = (W' ..., W™)T be an n-dimensional Brownian motion on a
filtered probability space (2, F,F = {F:},P) satisfying the usual conditions, where F is the augmented
filtration generated by the Brownian motion W, and P is interpreted as the risk-neutral probability
measure. Herein the superscript T' denotes the matrix transposition. The market consists of one risk-free
asset B with the risk-free interest rate r(-), and n risky assets S = (S',...,S™)T, whose price processes
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under the risk-neutral probability measure IP are given by

s n s
S? :S§+/ r(u)s;du+2/ 0ij(u)SLAW, (2.1)
t i’
for 1 <i<nand0<t<s<T, where o(-) = (045(-))1<i,j<n is the volatility matrix. The coefficients

satisfy the followmg assumption:
Assumption 2.1.  The risk-free interest rate r(-) and the volatility matrix o(-) are continuous func-

tions, and the volatility matrix o(+) is positive definite.

However, investors are uncertain about the risk-neural probability measure P, and rank the uncertain
prospects according to a multiple-priors model, which was initially proposed by Chen and Epstein [4].
They represent the set © of priors on (€2, Fr) by the set of probability measures equivalent to P:

N d T T
@—{@: d(% :exp<—;/0 |§S|2ds—/0 (fs)TdWS)},

for £ = (¢4, ...,6M7T € E, where = is the set of F-adapted process valued in a compact and convex subset
O C R™ including the origin 0. More generally, the density on (2, ;) is defined as EP[Z% | F¢]. Hence, ©
is indeed the set of equivalent probability measures which includes the risk-neutral probability measure P
as the dominant pricing measure.

For any starting time ¢ € [0,7], a representative investor makes inter-temporal consumption and
invests the remaining wealth in the risk-free asset and the risky assets in the remaining time interval
[t, T], resulting in her wealth equation

. s XXt;Tr,C _ u s
XéXtJIHC =X, +/t u B Zz 1 udB + Z/ dSz / cudu
=X+ [ eddu+ [ () o), (2:2)
t t

where (7, ¢) is the portfolio-consumption strategy with ¢ being the inter-temporal consumption rate, and

7= (n!,...,7)7T being the amount of money invested in the risky assets S = (S*,...,S™)", both in the

admissible set I1[¢, T'):
U[t, T] = {(m,c) : 7 € LA(t,T; A),c € Li(t, T;R})}
with
T
Li(t,T; A) £ {w : F-adapted, valued in A, and Ep [/ |7rs|2ds} < oo},
¢
where A is a closed subset of R".

Note that the investor in fact makes her decision under Q but not under P, as she is uncertain about
1
the risk-neutral probability P. By Girsanov’s theorem, W = (W, ..., Wn)T with

Wj:Wj+/ ¢lds
0

is the Brownian motion under Q, and the investor’s wealth equation (2.2) under Q is

n

xXEe x| [r(u)xiw “e= 3 o) ugu]d“ 2 | ostumaw
t

_ X+ /t () XX — gy — () To(w)a]du + /t S(Wu)Ta(u)qu. (2.3)

Hence, the portfolio-consumption strategy (,c) does impact the investor’s wealth XXt™¢ through its
drift terms.
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The investor has an additive utility defined on the priors set ©, which is formulated as a stochastic
differential utility as in Duffie and Epstein [9]:

U2 2K [/ (v(u, ¢) — r(w)UL)du 4+ UL
t

]:t:|a

with the bequest at the terminal time T U2 = X%(“”’C, where 7 € U[t, T is the set of F-stopping times
valued in [t,T], v(-,-) is the time-dependent utility of the inter-temporal consumption rate ¢, and X X7
is the wealth process. The investor chooses the worst scenario from the priors set © as her utility:

= inf UR. 2.4
U= inf U, (2.4)

The utility v(-,-) of the consumption rate ¢ satisfies the following assumption:

Assumption 2.2. For any ¢ € [0,7], the time-dependent utility v : [0,7] X R — [—o00,00) is (1)
concave, nondecreasing and upper semi-continuous; (2) the half-line

domy(v) £ {z € [0, +00) : v(t,z) > —o0}

is a nonempty subset of [0,00); and (3) 9,v(t,-) is continuous, positive, and strictly decreasing in the
interior of dom(v), and
lim sup d,v(t,z) =0.
x—+00 te[0,7] r
A typical example of v(,-) is the power utility which is penalized to —oo when the consumption rate
is negative. By [19, Subsection 3.4], there exists ¢(¢) such that

v (t) 2 u(t,2(t)) — 2t) = sup{ut, @) — o}, (2.5)
Tz€R
i.e., v*(t) is the convex dual of v(t,-) at level 1 for ¢ € [0,T.

The investor values a contingent claim in the market, whose payoff is an Fp-measurable random
variable £ € L% (R4),

L% (Ry) £ {¢: Fp-measurable, valued in Ry, and Ep[|¢|*] < oo}

If there is no ambiguity about the risk-neutral probability measure P, no inter-temporal consumption
and no trading constraints, it is known that the risk-neutral price process D of this contingent claim and
the corresponding hedging strategy Y = (Y'!,...,Y™)T (normalized by the volatility matrix o(-)) are the
unique solutions to the following linear BSDE:

T T
D, =¢— /t 7(u) Dy du — /t (V)T dW, = Eple™ /i’ rwdug | 7], (2.6)

for (D,Y) € L2(0,T;R) x L(0,T;R™). See [11, Section 1] for the further details. However, due to the
ambiguity, the consumption and the trading constraints, (2.6) is not valid.

We consider utility indifference valuation for such a contingent claim with the payoff £&. We write the
utility U, as Uy (Xj{( ©T9  when we want to emphasize the dependence of the utility U on the bequest
X,Z{(tﬁﬂc.

Definition 2.3.  The bid price P’(X;;&) and the ask price P*(X;; &) of the contingent claim with the
payoff ¢ are defined implicitly by the requirement that

ess.sup Up(X; ™) = esssup Uy(€ + X;f'f*Pb(Xt;5);7&6)7 (2.7)
(7,c)€II[t, T (m,c)€llt,T)
ess.sup Up(Xp ™) = ess.sup Up(—€ + X?"+PS(X‘;£);W’C), (2.8)

(7,c)€II[t, T (m,c)€llt,T)
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where XX6™¢ follows the wealth equation (2.2) starting from time ¢ under P, or equivalently (2.3)
under Q, and Uy(-) is the worst case of the stochastic differential utility at time ¢ defined by (2.4), i.e.,
U, = Ut(X%(“”’C) satisfies

T
Us = Wk UF = inf o [ /t (01, c0) — r()UQ)du + X5

7.

In terms of utility maximization, we are thus indifferent between buying or not buying the contingent
claim with the payoff ¢ for the bid price P°(X;;¢), and indifferent between selling or not selling the
contingent claim with the payoff £ for the ask price P*(Xy;€), while the utility is chosen as the worst
scenario from the priors set O.

Our model deviates from the existing literature in the following three folds: (1) The utility is formulated
in terms of a stochastic differential utility of both the inter-temporal consumption and the terminal wealth,
while the most of exiting literature only considers the expected utility of the terminal wealth; (2) the
model uncertainty is taken into account in a dynamic consistent way by employing the multiple-priors
model of Chen and Epstein [4]; (3) the trading constraints are also considered in our indifference valuation
model. We shall see (2) and (3) lead to some new and interesting features of the indifference price.

Our main tool to characterize the indifference price is the theory of BSDE. By [4, Theorem 2.2], the
utility U is represented as the unique solution to the following BSDE:

T n n_oo.T
U, = Xxvme —|—/ {v u, ¢y) — r(u)U, — ma :L]LZ;LYL:| du — / ZIawy, 2.9
= [ o) —rtn - gy > 2.9)

for (U,Z) € L3(0,T;R) x L(0,T;R"™). The BSDEs in this paper are always considered in the above
space.
Note that the maximum term in the above bracket is in fact pathwise maximum:

n n
J 7 J J
max 77 |(w) = max w)Z; (w),
(Y62 ) ) = max Sel)2d @)
j=1 j=1
for any ¢t € [0,7] and w € 2, so we will write the above two maximization problems synonymously.
Our first main result is the following representation result for the bid price and the ask price.

Theorem 2.4.  Suppose that Assumptions 2.1 and 2.2 are satisfied. Then the bid price P*(X;;€) and
the ask price P*(Xy; &) are uniquely determined by Definition 2.3, and are both independent of the initial
wealth X¢. They are denoted as P°(t;€) and P*(t; &) respectively, and have the representations

Pb(t;€) = esssup Ui(€+ X07°) — R(t) < Dy, (2.10)
(m,c)€I[t, T
P3(t;€) = — ess.sup Uy(—€ + X3 + R(t) > Dy, (2.11)
() EM[t,T)

where R(+) is the value of the optimal consumption
T s
R(t) = / e~ e rwduyr(g)ds,
t

Proof.  We only consider the case of the bid price, while the case of the ask price is similar. Note that
the utility maximization problem on the left-hand side (LHS) of (2.7) is a special case of the one on the
right-hand side (RHS) with & = 0.

We first show that the solutions to both utility maximization problems in (2.7) exist, i.e.,

ess.sup Uy (€ 4+ X "™¢) < 400,
(m,c) €11t T
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for any payoff ¢ € L% (R4 ) and any initial wealth X; € L% . (R). Indeed, if we define an indirect utility U
by subtracting the contingent claim D and the wealth X X‘*” ¢ from the original utility U as

ﬁs =Us(+ Xz)"(tm’c) —(Ds + Xthm’c)a /Z\g = Zg N <Ysj + Zaij(s)ﬂi)7
for s € [t,T], by (2.2), (2.6) and (2.9), it is easy to verify that (U, Z) satisfies the following BSDE:

T n T
7, :/ { — (W) Ty + [0(u, c0) — 4] maxZ&”Zi}du - Z/ Z, AW (2.12)
t j=171

Note that

v(u,cy) — ey <V —Igleaj{ZEJZJ

By the BSDE comparison theorem (see [11, Theorem 2.2]), U, < R(t), where R is given by

72(t):/1t [—7’(1;)72(11)—|—”u”‘(u)]du—/lt (Q(u))Tqu, (2.13)

which has a unique solution in L2(0,T;R) x LZ(0, T; R"):

T
(R(t), Q1)) = ( [ e e as o)
t
Hence,
Uy (& + X30™°) < Dy + Xi + R(1),

for any (m,¢) € II, and we have proved the upper bound

ess.sup Up(€ + X%(“’T’C) <D+ X + R(t) < oc. (2.14)
(m,c)€ll[t,T]

Next, we show the representation (2.10). We first solve the utility maximization problem on LHS
of (2.7) explicitly. By taking (m,¢) = (0,¢) in (2.9), we have

T n_o.T
U, = —r(u)U, + — max I79 vdu — / ZIdw3,
= [ {-rw 56_Z§ } >

where
U L U ( Xf 0, C) XXt;O,'c\
S b
for s € [t,T]. The above BSDE has a unique solution in L2(0,T;R) x L2(0,7;R™), which is the same as
(2.13): (U, Zt) = (R(t), Q(t)). Hence

ess.sup Uy (X ™€) > Up(X X009 = Uy + X, = R(t) + X,
(m,c)EIt,T]

The above inequality is actually the equality. Indeed, by taking & = 0 in (2.14), we have the upper bound

ess.sup  Up(X ™) < R(t) + Xy,
(m,c)EIt,T]

so we have proved that
ess.sup Ut(X;f””’C) =R(t) + X; (2.15)
(m,c) €11t T
with the optimal portfolio-consumption strategy (7*, ¢*) = (0,¢) for the utility maximization problem on
LHS of (2.7).
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On the other hand, note that the utility maximization problem on RHS of (2.7) is independent of the
initial wealth

ess.sup  Up(€ 4+ X ™) = ess.sup Uy(€+ X0™°) + X (2.16)
(m,c)€Il|t,T] (m,c)€ll[t,T]

By combining (2.15) and (2.16), we obtain the representation (2.10), which also shows that the bid
price P’(t;¢) is independent of the initial wealth X;. Finally, by taking X; = 0 in the inequality (2.14)
and using the representation (2.10), we obtain the upper bound of the bid price

PY(t;€) = esssup Up(€ + X0 = R(t) < Dy + R — Ry = Dy
(m,c)€EI[t, T

Our next result further characterizes the indifference prices in terms of the solutions to BSDEs. We
show that different admissible sets IT result in different bid prices P’(¢;¢) and ask prices P*(t;€), and
in particular, if there is no constraint in II, then both the bid price and the ask price coincide with the
risk-neutral price even with model ambiguity.

For ¢t € [0,T] and w € Q, we define the subset B(w) C R™ by

Bi(w) & {z ER":z; = Zaij (t)mi(w) with 7 (w) € A}.
i=1

Note that B;(w) is still closed since A is closed and o;;(-) is bounded. For any z € R", we further
introduce

dofe B = g, i S+

where O is a closed and convex subset of R” including the origin 0. Since B;(w) is closed, there exists at
least one point in B;(w) which minimizes the support function do(-) of the compact and convex set O:

) = max (zj + zj)
o(z, Et(w)eozft J J

and we denote such minimal point as argmin(z, B;(w)). In the following, we will omit w if no confusion
may arise.

Theorem 2.5.  Suppose that Assumptions 2.1 and 2.2 are satisfied. Then the bid price P°(t;€) =
and the ask price P*(t;€) = Uf, where U® and U® are the unique solutions to the following BSDEs
respectively:

=&+ /tT[—r<u>U3 —do (2}, B,)du — / C@yraw,, (2.17)

t

=&+ /t [—r(w)US + do(—Z2, B.)]du — /t (ZHTdw,, (2.18)

for (U®, Z%) € L2(0,T;R)x L3(0,T;R™) and (U*, Z%) € L2(0,T;R) x LZ(0,T;R™). The optimal portfolio-
consumption strategy for the bid price is

(%, ¢") = ((UT)_1:aumg,‘min(Zb7 B),?),

and for the ask price is
(7%, ¢") = ((o7) " argmin(~Z*, B),2).

Moreover, if A =R", i.e., there is no trading constraint, then both the bid price P°(t;€) and the ask
price P*(t;€) coincide with the risk neutral price Dy,

Pb(t;€) = P (&) = Dy = Eple™ I rwidug | 7],
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The optimal portfolio-consumption strategy for the bid price is (7*,c*) = (—(a¥)~1Y,¢), and for the ask
price is

(n*,¢") = ((¢1) 7Y, 2),
where Y is given by (2.6).

Proof. ~ We again only consider the case of the bid price, as the case of the ask price is similar. By the
representation (2.10), we only need to solve

ess.sup  Up(€ + X07™0).
(m,c) €ML[t,T]

For the initial wealth X; = 0, define the indirect utility U by subtracting the wealth X%™¢ from the
original utility U as

Us = U+ X5 = X0™, Z0 =271 =) oy(s)ml,
i=1
for s € [t,T]. By (2.2) and (2.9), it is easy to verify that (U, Z) satisfies the following BSDE:
T no T
U, =¢ +/ { —r(w)U, + [v(u, cy) — cu] — Iglea_XZEiZi}du - / Z,, dW,,. (2.19)
t = =1 t

The maximum term in the above bracket can be rewritten in terms of Z as

max 777 = max J Zi—i— U~u7ri):5 Zuy (0(w) ),
3612 = w362+ Doutuint) = bolZu ot m)

which is Lipschitz continuous in Z,,, so the comparison principle holds for (2.19). For any (m,¢) € II, we
have

’U(t7 Ct) — Ct S ’U* (t), —50(Zt, (O'(t))TTFt) < —do(Zt,Bt),

and for (7, c) = ((¢7)~targmin(Z, B),¢), we have the following:
v(t,cf) —cf =v*(t), —do(Z:,argmin(Z, Bt)) = —do(Zy, B:).

By the BSDE comparison principle, U; < U: for any (m,c) € II, where U” is the solution to BSDE

T T
U, =¢+ / (—=r(w)U, +v*(u) — do(Z,, By))du — / (Z)Tdw,, (2.20)
and (Uy, Z,) = (U, , Z;) for
(m,¢) = ((¢F) targmin(Z, B), ¢).

Therefore,
ess.sup Up(€+ X%‘”’C) = esssup U; = U:
(m,c)€ll[t,T] (m,c)€Il|t,T]

with the optimal portfolio-consumption strategy
(7", ¢*) = ((¢7) rargmin(Z", B), é).

Finally, it is easy to verify that
Uy = R(t), Z,) = (U, Z7),

which is the unique solution to BSDE (2.17).
Finally, if A = R"™, i.e., there is no trading constraint, B, (w) is R™-valued as well, and

do(Z8,By(w)) = min  max (& (w)) (22 +2) =0,
0(Zy; Bu(w)) ZEBu(w)gu(w)Eo(é( ) (2 +2)
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where argmin(Z%, B, (w)) = —Z%. In this situation, the pricing BSDE (2.17) reduces to BSDE (2.6). By
the uniqueness of the solution to (2.6), we have (U%, Z°) = (D,Y’). The optimal portfolio-consumption
strategy in this situation reduces to

(7*,¢*) = ((¢")targmin(Z", B), &) = (—(c7) 'Y, 2).

In the following two sections, we will apply our BSDE representation results for utility indifference
prices to European options and American options. Another potential application is to consider exotic
options such as Parisian options. For example, Guo et al. [13] consider the pricing problem of Parisian
options also under the framework of Chen and Epstein [4]. However, they use the idea of super-replication
rather than utility indifference valuation, so they obtain pricing bounds rather than a price.

3 Application to European option

In this section, we specify our model in a Markovian setting by assuming the payoff of the contingent
claim having the form:

€= / u)du + ¥ (Sr), (3.1)

where o is the earning rate, and ¥ is the final payoff of the contingent claim at the maturity 7". They
satisfy the following assumption:

Assumption 3.1.  The earnings rate o(-) is a continuous function, and the final payoff ¥ is uniformly
Lipschitz continuous

|U(S) —¥(S) < KI|S—S|, forS,SeRY,
so U(-) has linear growth.

Under the above Markovian assumption, the bid price P’(t;¢) and the ask price P*(t;€) can be
written as functions of the time ¢ and the state S;: PY(t,S;; W) £ Pb(t;€), and P*(t,S; ) & P3(t;€).
By Theorem 2.5, P°(t, Sy; W) and P*(t, Sy; ) are the solutions to the following BSDEs, respectively:

PO(t, S) 0) = W(Sp) + / o) — ()P (. S ¥) — do (2" Bu)|du — / 2y aw,, (3.2)

t

T T
P3(t, S; ¥) = W(Sr) + /t [o(u) — r(u)P*(u, Su; ) + do(—Z,,, By)|du — / (ZZ)Tqu, (3.3)

t

where the state S is given by (2.1). Moreover, by the nonlinear Feynman-Kac formula (see [11, The-
orem 4.2]), P’(t,S;¥) and P*(t,S;¥) are the unique viscosity solutions to the following semi-linear
PDEs:

—OpP® — Lo P’ = o(t) —do((o(t))*SDsP® B;) in dN7,

—0,P* — LoP?® = o(t) + do(—(o(t))TSDsP*,B;) in Nr, (3.4)
PY(T,8; W) = PS(T,8; W) = W(S), 5 € (0,+00)",

where N7 £ [0,7) x (0, +00)" and
SDsP % (8,05, P,...,S,0s, P)T,
and the operator £, is given by

Z a” S S 85 S; + Z — qi(t)]Si(‘)si — ’I“(t) (3.5)

=1
with

Qjj (t) = Z il (t)O'jl (t)
=1
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The term ¢(-) = (¢1(-),--.,q.(-))T in the operator L, is interpreted as the dividend rate of the risky
assets S, and we shall see the bid price and the ask price under model uncertainty with trading constraint
can be related to the risk-neutral price by adjusting the dividend rate of the underlying.

In order to investigate further properties of the bid and ask prices and their associated hedging strate-
gies, we need to improve the regularities of P® and P*. In the following, we present the strong solutions
to PDEs (3.4).

Proposition 3.2.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied. Then PDEs (3.4) have
unique strong solutions with linear growth. Concretely speaking,

P(t,8;%), P5(t,5;0) e WAL (Np)NC(N7)  for any p>1,

p,loc

and there exists a constant C such that
PY(t, S59)| + [P*(t, S: )| < C(L+IS]) for any (1,5) € N

where Wj;]})c(NT) is the set of all functions whose restrictions on the domain N. belong to W21 (N7.) for

any compact subset N of Ny, and W2 (N7 is the completion of C*°(N7) under the norm

1

1Phgosy & [ [ (PP +10PP +DsPP + D3RP yasat]
T

where DgP and D%P denote the gradient and the Hessian matriz for P with respect to S, respectively.

We shall show in Appendix that PDEs (3.4) is a special case of the variational inequality (4.6) (see
Theorem B.1). Hence, the above existence and regularity result is only a special case of the corresponding
result for the variational inequality (4.6) in Proposition 4.5.

In the rest of this section, we consider a concrete example of the priors set © by specifying the value
set O of the corresponding kernel & (w) € O,

O12{xeR": -k, <3 < Kjyi=1,...,n},

where k;,k; > 0. The corresponding priors set is denoted as ©;, which is a generalization of the k-
ignorance model in [4, Subsection 3.3] by taking x; = k;. With the above priors set ©1, the support
function 0o, (z, z) can be calculated as

So,(z,2) = Z[/@i(zi ) Rzt z) T =R+ ) TR (24 2)

i=1

By Theorem 2.5, if there is no trading constraint, both the bid price and the ask price coincide with
the risk-neutral price even with model uncertainty. In the following, we specify the admissible set IT by
restricting its values in A; = [0,00)", which is equivalent to short sale constraint. The corresponding
admissible set is denoted as II;.

We denote the risk-neutral price under the Black-Scholes model with the dividend rate ¢(-) and the
payoff U as P%(t,S;q,¥), and the indifference prices with the priors set ©; and the admissible set II;
as P'™(t,8;W) for m € {b,s}. We can regard the Black-Scholes framework as a special case of our
indifference pricing model by assuming dp, (2, z) = 0.

Our main results in this section are the connections between the indifference prices and the risk-neutral
prices with different dividend rates.

Proposition 3.3.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied, the priors set is ©1, and
the admissible set is I1;.
o If U(S) is increasing in each component S;, then the bid price is given by

PY(t,8;0) = P°(t, S; 0k, D)
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with the optimal portfolio-consumption strategy (7*,c*) = (0,¢), and the ask price is given by
P(t,S; ) = P°(t,S;0,T)

with the optimal portfolio-consumption strategy (7*,c*) = (SDgP°,¢é).
o If U(S) is decreasing in each component S;, then the bid price is given by

PY(t,S; W) = P°(t,S;0,T)
with the optimal portfolio-consumption strategy (7*,c*) = (=SDgPV,¢), and the ask price is
P(t,S; W) = P(t,S; 0k, ¥)

with the optimal portfolio-consumption strategy (7*,c*) = (0, ¢).

Proof. ~ 'We only prove the case that U(S) is increasing in each component S;, while the decreasing case
is similar.
It is obvious from (2.1) that

Si» = Sfexp { /tT (r(u) - ; 2::1 |0ij(u)|2)du + /tT Z::laij(u)dwg}.

Hence, if U(Sr) is increasing in each component S, it is also increasing in Si. By the BSDE comparison
theorem, for m € {b, s}, P1™(t, S;; ¥) is increasing in each component S} as well. Since P'™ & W;ﬁtc(NT)
for any p > 1, the imbedding theorem for Sobolev space implies that DgP'™ € C(Nr) if we choose
p > n + 2. Hence, 95, P'™ > 0 for each i = 1,2,...,n. Recalling B; = [0,00)", we deduce that for the
case of the bid price
do, ((c(t))TSDs P B,) = Heliél{HT((O'(f,))TSDsplb + )P+ kT ((0(t)TSDsP™ + 2)7}
= (o(t)r)TSDg P

with the optimizer z* = 0, or equivalently, 7* = 0. For the case of the ask price

do,(—(c(t))YSDsP**,B;) = IIEliél{HT(—(U(f,))TSDspls +2)T + kY (= (o(t))"SDsP™ +2)"} =0
z t
with the optimizer z* = (o(t))*SDgP!*, or equivalently, 7* = SDgP'*. Then the conclusions follow
from the pricing equations (3.4).

Intuitively, if the payoff of an option is increasing with the prices of all the underlying stocks, an
investor needs to hold a short position in each underlying stock in order to hedge a long position in this
option, and a long position in each underlying stock in order to hedge a short position in this option.
However, since there is short selling constraint (i.e., A; = [0,00)™), hedging the long position of the
option is impossible, and the best that the investor can do is not trading any underlying stocks. In turn,
the investor has to compensate for the option price an equivalent dividend rate ok.

The other observation is that the lower bound k = (k,,...,k;)" in the priors set ©1 does not impact
the indifference prices P'® and P'®, which is due to the asymmetric property of the trading constraint
set A; = [0,00)". Moreover, the bid-ask spread P® — P'* is given in terms of the risk-neutral price with
modified dividend rates: —|P%(t,S;0,¥) — P°(t, S; ok, ¥)|.

For general payoff ¥, there are no explicit formulae for the bid price and the ask price. However, we can
still have bounds on the indifference prices in terms of the risk-neutral price with modified dividend rates.
Since PDEs (3.4) are a special case of the variational inequality (4.6) (see Theorem B.1), we will present
the proof for the corresponding variational inequality (4.6) in Proposition 4.7, and leave the following
proof for PDEs (3.4) to the reader.
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Proposition 3.4.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied, the priors set is ©1, and
the admissible set is I1;.
e The bid price satisfies the following inequality:

max{P°(t, S;or, U), PO(t,5;0,97)} < P(t,8;¥) < PY(t,S;q, ),

for any q € [0,0k|, and the optimal portfolio-consumption strateqy is (7*,c*) = ((SDsP?)~,¢).
e The ask price satisfies the following inequality:

PO(t,S;0k, ) < PY¥(t,8;¥) < min{P°(t,S;or, ¥ ), PY(t, S;0, \I/-ir)}7

and the optimal portfolio-consumption strategy is (7*,c*) = ((SDsP'*)*,¢).
Here, U /U™ is any increasing/decreasing function bounded above by ¥, and \I/+/\I/7 1S any increas-
ing/decreasing function bounded below by V.

To finish this section, we investigate how the indifference prices converge to the corresponding risk-
neutral price when the priors set ©; shrinks to the probability set which only has negative densities, i.e.,
the positive part of the model uncertainty disappears.

Proposition 3.5.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied, the priors set is ©1, and the
admissible set is I11. Then the bid price P'* and the ask price P'* converge to the risk-neutral price P°
when the upper bound K in the priors set ©1 converges to zero. Concretely speaking,

b E: * b E *
[P — PO+ |PY — PY < Okt (14 1S]), (1P = PP+ [PY* = Pl ) < Cnp
where k* = max{k1,...,kn}, and N is any compact subset of Nr, and C is a constant independent
of N, but Cyx is a constant depending on Ni.
We leave its proof in Appendix.

4 Application to American option

In this section, we extend our model to allow for an early exercise of the contingent claim. Assume that
the contingent claim has the payoff

TAT
e= [ olwdu+ TS )L ar) + ¥(SD Iy, (4.1)
t

where 7 € U[t, T] is any F-stopping time valued in [t,T], o is the earning rate, and I" is the early payofl if
the option is exercised before the maturity 7', and W is the final payoff at the maturity 7. The earning
rate and the final payoff satisfy Assumption 3.1, and the early payoff I satisfies the following assumption:

Assumption 4.1.  The early payoff T' is uniformly Lipschitz continuous
IT(t,8) —T(t,S)| < K(|t —t[) + ]S = S|), fort,te[0,T] and S,S € R,

and is bounded above by V.

Since the buyer of the American option has the right to exercise the option before the maturity T,
the indifference price in Definition 2.3 needs to be modified accordingly. First, note that the investor’s
maximum utility satisfies the following time consistency property: For any F-stopping time 7 € U[t, T,

ess.sup Ut(Xq)ft;W’c): ess.sup Ut( ess.sup UT(XT{Q;TUC))

(m,e)€M[t,T) (m,c)elt,T] (m,¢)ell[7,T)
= ess.sup Ut(R(T) + XTXf,;fr,C)7
(m,c)ell|t, ]

where we used (2.15) in the last inequality. In other words, in order to have the time consistency property,
the intermediate wealth at any F-stopping time 7 consists of not only the wealth XX¢™¢ but also the
value of the remaining optimal consumption R(7) from 7 to the maturity 7.
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We modify Definition 2.3, and give the following definition of the indifference bid price of the Ameri-
can option.

Definition 4.2.  The bid price P’(¢,S;; T, ¥) of the American option with the payoff

TAT
/ g(u)du + 1{T<T}P(T7 S‘r) + 1{T=T}\II(ST)a
t

where 7 € U[t, T] is the exercise time, is defined implicitly by the requirement that

AT
ess.sup Ut(X;f“W’C) = ess.sup  ess.sup Ut</ o(u)du + (R(7) + Xf‘fpb(t’s“r"l’);’r’c
(m,c)€Il[t,T] TEU[t,T] (m,c)ELL[t,T] t

— b N T, C
L T(r, S 1y + (X P @S im, +\II<ST)>1{T=T}). (1.2)

Similar to the proof of Theorem 2.4, it is easy to check that the optimization problem on RHS of (4.2)
is translation invariant of its initial value:

TAT
essup esssup Ui [ ou)du + (R() + X074 T 5y
TEU[L,T] (m,c)Ell]t,T] t

+ (X7 + ‘II(ST))I{TzT}) + X, — Pb(t,S;; T, 0).

On the other hand, LHS of (4.2) is R(t) + X; by (2.15). Therefore, the bid price of the American
option is

PP(t,S;;T,¥) = ess.sup ess.sup Uy ((R(T) + Xm0 4 T(r, S ir<ry
TEU[L,T] (7,c)Ell[t,T]

+ (X%W’C + U (S7))1rery + /tT g(u)du) —R(2).

Theorem 4.3.  Suppose that Assumptions 2.1, 2.2, 3.1 and 4.1 are satisfied. Then the bid price
PY(t,S;; T, W) = U, where UY > T'(t,S;) is the unique solution to reflected BSDE:

Ub = w(Sp) + /T[Q(u) — (W)U — do(Z], Bu)ldu + /T ik, — /T(zg)Tqu, (4.3)

for (Ub, Z%) € L2(0,T;R) x L2(0,T;R"), and K being continuous, increasing, starting from Ko = 0, and
satisfying the following Skorohod condition:

/OT[Ug —T(u, Su)]dE, = 0.
The optimal portfolio-consumption strategy for the bid price is
(m*,¢*) = (") 'argmin(Z”, B), ),
and the optimal exercise time is
™ =inf{s>t: U =T(s,5,)} A T.

Proof.  Similar to the proof of Theorem 2.5, define an indirect utility U by subtracting the wealth X%™¢
from the original utility U as

AT
U, = U, ( [ etwdu+ (RO + X7+ T S ey + (K57 + W<ST>>1{TT}) _ X0,
t
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7= 7] =Y oy(s),
i=1
for s € [t,T]. By (2.2) and (2.9), it is easy to verify that (U, Z) is the solution to the following BSDE:
TAT
U; = (R(T) + P(T, ST))]-{T<T} + \I’(ST)1{7.=T} — / (Zu)Tqu
¢
TAT
+ / {o(u) = r(w)Uy + [v(u, cn) — cu] = 60(Zuy, (0(u) 7,) }du.
t

By the BSDE comparison principle, U; < U: for any (m, ¢) € II[t, 7], where U" is the solution to BSDE
U: = (R(T) + P(Tv ST))]'{T<T} + \I/(ST)1{7'=T}
AT N N TNAT .
+ / {o(u) = r(w)U,, +v*(u) —do(Z,, By)}du — / (Zu)Tqu
t t

and (Uy, Z,) = (U;, Z;) for (m,¢) = ((¢7) Largmin(Z, B), &).
Furthermore, by [10, Proposition 2.3], U: < U:* for any stopping time 7 € U[t,T], where UZ* >
R(t) + T'(t, S;) is the solution to the following reflected BSDE:

T T T
Ut = w(Sy) + / lo(w) = r(w)Uy, +v*(u) = do(Z,,", B.))du + / dI, — / (Z,) W,

with the Skorohod condition

/T[UZ* - R(u) - F(u, Su)]dKu =0,
0

and (U}, Z;) = (U, , Z;") for 7 = 7*. Therefore,

TAT
€sS.SUp  €ss.sup Ut(/ o(w)du + (R(7) + X%™ 4 T(r, $;)) 1 (r ey + (X% 4 \II(ST))]-{TzT})
TEU[L,T] (m,c)Ell[t,T] t

= ess.sup ess.sup Uy = ess.sup U: = U:*
TEULL,T] (m,c)ELLt,T] TEU[L,T]

with the optimal portfolio-consumption strategy (7*,c*) = ((UT)*largmin(Z**,B),é) and the optimal
exercise time 7*.
Finally, it is easy to verify that (U, — R(t),Z, ) = (U}, Z?), which is the unique solution to the

reflected BSDE (4.3).

*% *%
t

It is important to recall that it is the buyer of the claim who decides when the contract is exercised.
The writer of the derivative does not have this opportunity and, therefore, she will have to maximize
his utility contingently on the buyer’s optimal actions. In a sense, the valuation problem of the writer
reduces to a barrier type with expiration given by the buyer’s optimally chosen exercise time 7%, and the
payoff is

1{T*<T}F(T7 ST) + ]—{T*:T}\I/(ST)-
This asymmetry is not observed in complete markets where there is a unique price. However, in incomplete
markets such asymmetries naturally emerge and give rise to realistic price spreads.
Proposition 4.4.  The ask price P*(t,Sy; ', ) of the American option with the payoff

s

TN\T
/ o(u)du + 1<y (77, Srv) + 1727y ¥ (ST)
t

is defined implicitly by the requirement that

*

TNT
ess.sup Ut(X;f“”’C) = esssup U ( - / o(w)du + (R(7*) + X T (&, SuT By,
(7,¢) €II[t, T (7,c)€l[t, 7] t



704 Yan HW et al. Sci China Math April 2015 Vol. 58 No.4

(7%, S ) e oqy + (Xt HE ST TIme \I/(ST))l{T*ZT}). (4.4)

Suppose that Assumptions 2.1, 2.2, 3.1 and 4.1 are satisfied. Then the ask price P*(t,Sy;I',¥) = U}
where U® is the unique solution to BSDE

Uts = F(T*, ST*)]-{T*<T} + lI/(ST)l{T*:T}

AT

" / lo(u) — r(w)U3 + do(~ 22, B.))du - / ()" dw,. (4.5)

for (U%,Z%) € LA(0,T;R) x LZ(0,T;R™). The optimal portfolio-consumption strategy for the ask price is
(*,¢*) = ((¢7)targmin(—Z*, B),?).
Proof.  The proof is similar to the proof of Theorem 2.5, so we omit it.

By the nonlinear Feynman-Kac formula, P°(¢t,S;T, W) and P*(t,S;T",¥) are the unique viscosity so-
lutions of the following variational inequality and semi-linear PDE respectively:

—O4PY — LoP? = o(t) — do((o(t))*SDsP® B;), if P*>T and (¢,5) € Nr,
—O4 P — LoP? > o(t) — do((o(t))*SDsP® B;), if P® =T and (¢,5) € Nr, (4.6)

Pb(T,S;I‘,\Il) = U(S9),
and

0P LoP* = o{t) + do(~(o(1))"SDsP*.B,) in {P*> T}, (@7
PP =T in {P" =T}, PT,S;T,¥)=(S). '

We have the following existence and regularity results for the strong solutions of (4.6) and (4.7). Note
that the early payoff function I" usually takes the form I' = max{I'y,0}, where I'y is some payoff if the
investor exercises the option. For example, the early payoff function of American call/put option is just
(S— K)T/(K — S)* with the strike price K.

Proposition 4.5.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied. Moreover, the early payoff

function T has the form I' = max{I'1,[a}, where both 'y and I'y satisfy Assumptions 4.1, with DTy and
D%I‘g having polynomial growth, i.e., there exist a positive constant C' and a positive integer N such that

|D§F1| + |D§F2| <C(1+ |S|N).
Then both (4.6) and (4.7) have unique strong solutions with linear growth. Concretely speaking,
PY(t,8;T, W) € Wi, (N7) N C(N'rp),

p,loc

P3(t,S;T,0) e WL (Nrn{P*>T})NCWN7),

p,loc

and there exists a constant C such that
|P(t, 8T, @) + [P(¢,5;T, ¥)] < C(1+9]).

We leave its proof in Appendix.

In the rest of this section, we consider a concrete example with the priors set ©1 and the admissible
set 111, where ©1 and II; are given in the last section. We denote the risk-neutral American option price
with the dividend rate ¢(-) and the payoff

TAT
/ o(u)du + 1 oy I'(7,87) + 17— ¥(ST)
t

as P(t,S;q,I',¥), and the indifference prices with the priors set ©; and the admissible set II; as
PI™(t,S;T, V) for m € {b,s}. We can regard the standard American option pricing framework as a
special case of our indifference pricing model for the bid price by assuming dp,(z, z) = 0.
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Proposition 4.6.  Suppose that the assumptions in Proposition 4.5 are satisfied, the priors set is ©1,
and the admissible set is 11;.
o If both T'(S) and W(S) are increasing in each component S;, then the bid price is given by

PY%(t,8;T,0) = P°(t,S;0k,T, V)
with the optimal portfolio-consumption strategy (7*,c*) = (0, ¢), and the optimal exercise time
™ =72 inf{s>t: Ps, ST, V) =T(s,S)} AT.
The ask price is bounded by
PY(t,8;T,¥) < P*(t,S;T,¥) < P°(t, S;0,T, ¥)

with the optimal portfolio-consumption strategy (7*,c*) = (SDsP'*,¢).
o If both T'(S) and W(S) are decreasing in each component S;, then the bid price is given by

PY(t,8;T,¥) = P°(t,5;0,T, )

with the optimal portfolio-consumption strategy (7*,c*) = (—=SDgP°, ¢), and the optimal evercise time
7 = 7. The ask price is bounded by

PY%(t,8;T,¥) < P(t,S;T,¥) < P(t, S;0r,T, ¥)
with the optimal portfolio-consumption strategy (7*,c*) = (0, ¢).

Proof. ~ 'We only prove the case that U(S) is increasing in each component S;, while the decreasing case

is similar. Let P°, P1* and P'® denote P°(t,S;0,T, W), P'(t,S;T',¥) and P(t,S;T', ¥), respectively.
First, as in the proof of Proposition 3.3, by the BSDE comparison theorem and the regularity of the

strong solution, we deduce that Dg, P'™ > 0 for m € {b, s}. Therefore, for the case of the bid price,

do, ((o(t))"SDsP'™, B;) = (o(t)r) T SDg P
with the optimizer 7* = 0, and for the case of the ask price
do,(—=(a(t)TSDsP',B;) =0
with the optimizer 7* = SDgP'. Then
PY%(t,8;T,0) = P°(t,S;0k,T, V)

follows from the pricing equation (4.6).

Different from the European option case, the optimal trading strategy of the American option’s holder
affects the seller’s ask price. In other words, the solution to (4.6) affects the solution to (4.7), so we can
not expect that the ask price is equal to the price in the standard Black-Scholes market.

We first prove the lower bound of the ask price. It is clear that P1* = P =T in the domain {P1* =T}
from (4.7). In the domain {P'® > I'}, note that do, (-, B,) = 0, then we have

—0,P"" — LoP" = o(t) — do, ((o(t))" SDsP", B,)
< o(t) +do,(—(a(t))* SDs P, B,) = —0,P** — LyP'*.
The continuity and the terminal and boundary conditions of P, P1¢ imply P' = P's on the parabolic
boundary of { P** > T'}. By applying Lemma A.6, we deduce P < P's.
Next, we use the similar method to prove the upper bound of the ask price. Since P® > T', we derive that

PY > P! in the domain {P!® =T} from (4.7). Note that do, (-, B.) = 0 = do, (—(o(t))T SDs P, B,),
we deduce that in the domain {P' > T'},

— Oy P — LoP' = o(t) < =0, P° — Lo P°.

Moreover, the continuity of P* implies that P!* = T' < P? on 9,{P'* > I'} N M. On the other hand,
P1s = PY on 9,{P'® > T} Nd,Nr. By applying Lemma A.6, we deduce P* < P°.
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Proposition 4.7.  Suppose that the assumptions in Proposition 4.5 are satisfied, the priors set is ©1,
and the admissible set is 11;. Then we have
e The bid price satisfies the following inequality:

max{P°(t, S;or, ", U1, PO(¢,5;0,T, )}
< PY(t,S;T, W) < P°(t,9;¢,1,0), Vqel0,0x].
The optimal portfolio-consumption strategy is (7*,c*) = ((SDgP®)~,¢), and the optimal ezercise time
" =T.
e The ask price satisfies the following inequality:
P(t,8;T, W) < PY*(t,5;T,¥)
< min{P°(t, S;ok, T, ), P°(t,S;0,T7, &)},
The optimal portfolio-consumption strategy is (7*,c*) = ((SDgP'®)*,¢&), where T /T~ is any increas-

ing/decreasing function bounded above by I, and I‘+/F_ is any increasing/decreasing function bounded
below by I

Proof.  We only prove the case of the bid price, as the case of the ask price is similar. Let P° and P'?
denote PY(t,S;q,I',¥) and P(t,S;T, ¥), respectively.

Note that if the final payoff ¥ does not have any monotone property, the sign of DgP' is indefinite.
In this case,

do, (o))" SDs P, By) = min {x™((o(1))"SDsP" + 2)* + k™ (0(t))TSDsP +2)7}

— (o()x) " (SDsP')*
with the optimizer 2* = (o(¢))T (SDsP?)~, or equivalently, 7* = (SDsP®)~. Denote
o(t) & (=0, P — L,P') — (=0, P — LoP™) + o(t) — do, ((0(t)) T SDs P, By).
Then we can rewrite the variational inequality (4.6) as follows:
—0, P — £, PP =5(t), if P™>T and (t,5) € Nr,

- P — L, P > p(t), if PI®*=T and (¢,5) € Nr,
P(T,S8) =¥(S).
On the other hand, P° satisfies
—PY — L,PY = p(t), if P°>T and (¢,5) € N,
—PY — L,PY > o(t), if P°=T and (¢,5) € N,
P(T,S) = W¥(9).
Moreover, it is not difficult to check that
ot) = ~[(e(®)r)" —a®)|(SDsP*)* — q(t) " [(SDsP')" — SDsP'] + o(t) < o(t).
By applying Lemma A.6, we have the upper bound of the bid price
PY(t,8;T,0) < PO(t,5;4,T,¥), VYqel0on].

On the other hand, P'*(¢, S;T, W) and P'°(¢, S; T /T, ¥ /¥ ™) satisfy the same differential equation,
but with different terminal values. Lemma A.6 implies that P1°(¢,S;T, ¥) is larger since it has larger
terminal value and obstacle. By Proposition 4.6, the bid price associated with the payoff T, U is
PO(t,S;0k, T, ¥"), and the bid price associated with the payoff T, ¥~ is P°(¢,S;0,I'",¥~). Hence,
we have the lower bound of the bid price

PY%(t,8;T,¥) > max{P°(t,S;or, T, ¥"), PO(t,S;0,T, )}
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To finish this section, we present a converge result of the indifference price to the risk-neutral price for
the American option as in Proposition 3.5 for the European option case.

Proposition 4.8.  Suppose the assumptions in Proposition 4.5 are satisfied, the priors set is ©1, and
the admissible set is IL;. Then the bid price P'* and the ask price P'* converge to the risk-neutral price P°
when the upper bound K in the priors set ©1 converges to zero, Concretely speaking,

|PY — PO+ |P* — PO < Owx*(1+|S|) in N,

where C' is a constant independent of K*.

We leave its proof in Appendix.
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Appendix

A Some results of relevant PDEs

In this Appendix, we provide some technical details on the results of relevant pricing PDEs for the utility
indifference prices. The main references are Lieberman [21] and Ladyzenskaja et al. [20].
We consider the following semi-linear parabolic PDE in a general form:

{&P—LP—O in Or, (A1)

P=Y on 0,97,

where 0,97 is the backward parabolic boundary of Qr, which is a bounded or unbounded backward
parabolic domain, and the differential operator

n n
LP £ " a;;0s,5,P+» bids,P+cP+F(t,S,P,DsP).

i,j=1 i=1

Assumption A.1. The coefficient function a is continuous in Q7, and there exists a positive con-
stant K such that

la(t, S)[(L +|S)72 + [b(¢, S)I(L + [S) ™" + |e(t, )| < K, for any (t,5) € Qr.
Assumption A.2. There exists a positive constant K such that
|F(ta Saulavl) - F(t7S7 U’27U1)| < K(l + |S|)(|U1 - ’LL2| + |U1 - U2|)a

for any (¢,5) € Or,u1,us € R,vy,v2 € R™
First, we present the existence and uniqueness result for the strong solution to (A.1).
Lemma A.3. Let Qr = [0,T)x Q where Q is a bounded open domain in R™ with C? boundary. Suppose

that Assumptions A.1 and A.2 are satisfied, and a satisfies the uniformly positive definite condition in Qr,

i.€.,
n

Z aij(t, S)&&; = |E2/K,  for any (t,8) € Qr, &€ R™

ij=1
Moreover,

F(-,-,0,0) € LP(Qr), ¥ e W2 (Qr)

with some p > 1.
Then (A.1) has a unique strong solution P € W2 (Qr). Moreover, the following estimate holds:

1Pl (0m) < CUEC0,0) [ rar) + [l 0p):

where the constant C' depends on K,p,n, Qr.

Next, we present the interior Wpl1 estimate and C'* estimate with local boundary for PDE (A.1), which
is the key tool to study the problem with low regularity on the boundary, or the problem in unbounded
domain.
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Lemma A.4. Let Qr be a bounded or unbounded backward parabolic domain, and Q} be a compact
subset of Qp. Suppose that Assumptions A.1 and A.2 are satisfied, and a satisfies the uniformly positive
definite condition in Q.. Moreover, F(-,-,0,0) € L?(Q3.) with some p > 1.

Then the following estimate holds:

1Pllyicosy < CUFC 0,0z + I1Pllisos)
where Q% is a compact subset of Q%, and C depends on K,p,n, Q%F, and dist(Qr, QF), dist(Q%., Q).

Lemma A.5. Let Mr 2 [0,T) x M, where M is an open domain in R™ with continuous boundary,
and M* be a compact subset of M. Suppose that Assumptions A.1 and A.2 are satisfied, and a is
uniformly positive definite in M’ = [0,T) x M*. Moreover, F(-,-,0,0) € LP(M%), ¥ € C¥(M*) with
somep>n+2ac(0,1).

Then there exists a constant B € (0, ) such that the following estimate holds:

1Pllgssrouizey < CUFC 0, 0)l Lotz + 1Pl i) + 1€l gasaga -
where M** is a compact subset of M*, and C, B depend on K,p,n and o, T, dist(M, M*), dist (M*, M**).
We also give the A-B-P comparison principle for the variational inequality (A.2) (see Friedman [12]

and Tao [25]), which is similar to the comparison principle for the classical solution. Since the solutions
for variational inequalities are generally strong solutions rather than classical solutions, the A-B-P com-
parison theory is more appropriate for variational inequalities. On the other hand, PDEs can be regarded
as a special case of variational inequalities if we choose a small enough lower obstacle I' such that the
solution P > T" (see Theorem B.1). Hence, the following lemma also applies to PDEs that we considered.
Lemma A.6. Forl = 1,2, let P' be the strong solutions to the following variational inequalities,
respectively

— P! —LP' = f, if P'>T! and (t,7) € Qr,

_8tPl - LPl > fla Zf Pl = Fl and (t,.l?) € QT7 (AQ)

Pl =T on 0pQr.
Suppose that Assumptions A.1 and A.2 are satisfied, and a satisfies the nonnegative definite condition in

QT, i.e.,
n

Z a;j(t,9)&& >0, forany £ € R™, (t,5) € Qr.

ij=1

Moreover, W', T! € C(Qr), P! € W;’lic(QT) N C(Qr) with some p > n+ 2, and there exist a positive

constant C' and a positive integer N such that
[P+ |P? < C(1+]S|M).

Then we have P* > P% in Qp if f1 > f2, ¥ > 02 T'' >T? in Or.

B Proofs of propositions

Proof of Proposition 3.5. It is sufficient to prove the result for P'*, and the proof for P'® is similar.
Without loss of generality, we suppose that x* < 1.
Note that do, (v, B;) = kTt in this case. Then P!’ satisfies

{ —0y P — LoPY = o(t) — (o(t)k)T (SDsP'")" in Np, (B.1)

PY(T, 8) = W(S).

By Proposition 3.4, we have P! < PY Next, we prove that there exist positive constants C;,Co
independent of k such that

PY > PO W, W4T 49)). (B.2)
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Indeed, since Q; = 05, P°,1 = 1,...,n satisfies

—0,Q, — L!Q, =0 in N,
Qu(T, S) = 0s,V(S),

where
n

~ 1 n
LA Z zaij (t)SiSjasisj + Z[T(t) + a;;(t)]S;0s,.

ij=1 i=1
By applying Lemma A.6, we can deduce that |ds, P°| < K, where K is the Lipschitz constant of W.
Moreover, it is not difficult to check that
2
3

S;05,W = CreC2(T—t) .

Hence, we have
—0i(PY — K*W) — Lo(P — *W) — o(t) + (o(t)s) " (SDs(P° — k*W)) T
= (=9, P° — LoP°) + k* (0, W + LoW) — o(t) + (o(t)r) T (SDsP® — k*SDsW) T
< —K*(CoW — CW) 4 Ck*|SDsP° <0
provided C17, Cs are large enough. Note that the constants are independent of k.
By applying Lemma A.6 again, we have proved (B.2). Hence, if we denote AP = P — P% we have

showed that
|AP| < /@*01602@_”(1 +195)). (B.3)

From PDE (B.1) and Lemma A.4, we have the following estimate:
1Pl sy < Clllelloey + 1Pl o) < O, (B.4)

for any compact subset NV} of N, where the constants C, C' depend on N, but are independent of &.
It is clear that AP satisfies

—0;AP — LoAP = —(o(t)x)' (SDsP™)™ in N
By applying Lemma A.4 again, we deduce that
IAP ]2 (pzey < CI(0()r) T (SDsP) |lLoinz) + IAP| Lriaz)) < OK,

for any compact subset N;* of N, where we have used (B.3).

Proof of Proposition 4.5.  First, we prove the existence of the strong solution P’ for the variational
inequality (4.6).
We use the penalty method to approximate the variational inequality (4.6),

(B.5)

—0i Py, — LoPp, = 0(t) — do((0(t))YSDs P, By) + m(P,, —T)~ in N,
P (T,S) =¥(9).

Since the above problem lies in unbounded domain, and the regularity of the terminal value ¥ is not
enough, we need to smooth ¥ and use the following problem in bounded domain to approximate the
above PDE in unbounded domain,

{ — 8Py — LoPrm = 0(t) — do((0(t))TSDs P, Bt) + m(Pym —T)~ in NE, (B6)

Promn(t,S) = Ug(S) on 9Nk,
where Nk £ [0,7) x N*, and

NFA{SER :1/k<Si<ki=1,..n}, keN,.
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Wy is the smooth function of ¥, which is defined as follows. Denote by 7 the standard mollifier, then
ne(S) = k"n(kS), and

Uy (S) = / U (y)ne(S — y)dy + I,: with ¥(y) =0, ify¢N.

It is clear that Uy € C°(Q) for any k € N4. It is not difficult to deduce that ¥j, converges to ¥ in
C(NTR) for any o € (0,1), R € N as k — oo, and there exists a constant C' independent of m, k and T
such that

Wy < C1+[S]), Dsy <C, Ui >T. (B.7)

Since the nonlinear term —do (o (t)v, By) +m(u —I')™ is Lipschitz continuous with respect to u, v, and
—do(0,B;) +m(0 —T')~ is bounded in Nk, we deduce that problem (B.6) has a unique strong solution
Py € WP NE) N C(NF)

by Lemma A.3.

Next, we prove some estimates for Py ,,, which are independent of k, m, in order to achieve some proper
convergence results. First, we show the upper bound of Py, ,,,. More precisely, there exist constants Cy, Cs
independent of m, k such that

Pin < W 2 01e%T=8(1 4 15)). (B.8)

Indeed, we first choose Cy and Cs large enough such that W > I'. Then we have
— W — LoW — o(t) + do((c(t)) " SDsW, B;) —m(W —T)~ = CoW —CW —C > 0.
Moreover, by (B.7), it is clear that
W(t,S) = U(S) = Pom(t,S) on 9N

provided C1,Cy are large enough. Then Lemma A.6 implies (B.8).
Next, we prove the lower bound of Py ,,, i.e., there exist constants C3, Cy independent of m, k and I'
such that
P > w2 —C3e% T8 (1 4 |5)). (B.9)

Indeed, we can choose C3 and Cy large enough such that
— 0w — Low — o(t) + do((a(t)T SDsw, By) —m(w —T')~
< Cyw — Cw+ C + C|(o(t)) ' SDsw| <0,
w(t,S) < UL(S) = Pim(t,S) on O,NF.
Then Lemma A.6 implies (B.9).

By applying Lemmas A.4 and A.5 to PDE (B.6) in the domain N with k¥ > R, R € N, we derive
that there exists a constant C' depending on m, R, but is independent of k such that

”PkﬁnHWI?’I(N;?m{thfuR}) + ”Pk,m”(;ﬁ,ﬁm(Nq{%)
< Cr(|[Pemll Loe vy + 1do (0, Bl Lo (ary
P = T) oty + 120l o oy + 1)
<G,
where we have used (B.8) and (B.9).
Due to the above estimates, we can show that the solution of (B.6) approximates the solution to (B.5)

by the method in [26,27]. More precisely, there exists a function P, such that some subsequence of
{Pp,m}372, converges to P, weakly in

W2 NN {t<T—1/R})



712 Yan HW et al. Sci China Math April 2015 Vol. 58 No.4

and strongly in C(NF) for any m, R € N4, and P, is the strong solution to (B.5). Moreover, by taking
k — oo in (B.8) and (B.9), we have

—C3e%T=D(1 4+ |S)) < P, < C1e2T=D(1+1S]) in N, (B.10)

where C1, Cy, C3, Cy are independent of m, and C3, Cy4 are independent of T".
In order to show that the solution of (B.5) approximates the solution of the variational inequality (4.6),
we need to prove another lower bound of P, such that

P, >T— IZ W 2 e T=D(1 4 S|V +2) (B.11)

provided m is large enough, and where C7,Cy are constants independent of m. Indeed, denote w* =
'y — W/m, and we can check that

—Oyw* — Low* — o(t) + do((o(t))T SDsw*, By) — m(w* —T)~

CoW — CW
m

< (=0 — Lol'y) — +C+C|(a(t)*SDsTy| — W

SO0 +[SM) —W <0

provided C7 and Cy are large enough. Then Lemma A.6 implies P, > I'y — W/m. By repeating the
same argument, we can deduce that Py, > I's — W/m, so (B.11) is obvious.
By applying Lemma A.4 and A.5, we derive that there exists a constant C'r independent of m such that

1P llwzr vzngecr—1/my + 1Pmll o.s/aam)
< Cr([|Prll e vy + [[do(0, Be) | Loar)
(P = 1) sy + W, +1) < €.

where we have used (B.10) and (B.11), and the constant C' is independent of m.

Thanks to the above estimates, we can show that the solution to (B.5) approximates the solution
to (4.6) by the method in [12,27]. More precisely, there exists a function P such that some subsequence
of {P,,}2_, converges to P weakly in

W2 NN {t<T—1/R})

and strongly in C(NVF) for any R € N4, and P is the strong solution to (4.6). Therefore, we have proved
the existence of the strong solution P’ to the variational inequality (4.6).

Since R is arbitrary, we deduce that P® € WpQ,ﬁ)c (N7)NC(NT). Moreover, by taking m — oo in (B.10),
we have

—C3eC1T=D(1 4 |8|) < PY < C1e2T=D(1 4+ |S|) in N, (B.12)

where Cs3, Cy are independent of I'. The uniqueness of the strong solution PP for the variational inequal-
ity (4.6) follows from Lemma A.6. The proof of the results for P* is similar.
Proof of Proposition 4.8.  The proof is similar to that of Proposition 3.5. First, we prove the result
for P'*. Without loss of generality, we suppose that x* < 1.
We first prove that
|05, P°| < K, forany [=1,...,n, (B.13)

where K is the Lipschitz constant of I' and W.

We must start from the penalty problem (B.5) to prove the result because the regularity of the solution
to the variational inequality (4.6) is not enough. Note that dp, (v, B;) = 0 in this case, then the penalty
problem is

—0 Py, — LoPy, = oft) +m(Pp, —T)7,
Pp.(T,S) = ¥(S).
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Denote Q; = 9s,P%,1 = 1,...,n, which satisfies

~0,Qu — L'Qu = mds,TI(py cry in N,
QZ(T7 S) = 851\11(5)7

where
n

. 1 n
L Z 2aij (t)S:S;0s,s, + Z[T(t) + ay;(t)])S:0s, — mlpo <1y.

i,j=1 i=1
By applying Lemma A.6, we have

|05, P | < K, forany [ =1,...,n.

By letting m — oo, we deduce (B.13).
Note that do, (v, B;) = kTv" in this case. Then P!’ satisfies

—0,PY — LoP' = o(t) — (o(t)k)T(SDsP®)*, if P >T,
—9,PY — LoP' > o(t) — (o(t)r)T(SDsPW)*, if P =T, (B.14)
PY(T,S) = W(S).

From Proposition 4.7, we have P'® < PY. Next, we prove that there exist positive constants Ci, Co
independent of k such that

PY > =PY — W, W2 Ce®TY(1 4 5)). (B.15)
Indeed, repeating the same argument as in the proof of Proposition 3.5, we have
o(t) & (=0w* — Low* + (o(t)x) T (SDsw*)T) — (=0 P* — LoP°) + o(t)
— KW + LoW) + (o(0)r) " (SDsP° — k" SDsW)* + o(t)
< —K* (CoW — OW) + Ck*|SDsP°| + o(t) < oft)

provided C1,Cy are large enough, where we have used (B.13).
Hence, the variational inequality for P° implies that w* satisfies

—Ouw* — Low* + (o(t)r)T(SDsw*)t = o(t), if w* >T —k*W,
—ow* — Low* + (c(t)r)T(SDsw*)* > o(t), if w* =T —x*W,
w*(T,S) =¥(S) — k*W(T,S).
By applying Lemma A.6 again, we have (B.15), so the result for P'® has been proved.
Next, we prove the result for P!, Since P'* = T' = P in the set { P!® = T'}, the result for P! implies

that
|P'* — P’ < Ck* in {P"=T}.

Then it is sufficient to prove that the above inequality holds in the set {P1® > T'}.
From Proposition 4.7, we have P'* < P°, so that

{PY¥>T}c{P°>T}.
Hence, in the set {P'* > T'}, P1¥ and P° satisfy
—Oy P — LoPY = o(t) + (c(t)r) T (SDsP*)~ in {P¥® >T},

—OPY — LoPY = o(t) in {P¥ >T},
|P's — PO| = |PY® — PO < Ck*(1+|S]) on 08,{P®>T}.

Repeating the same argument as above, we have proved the result for P,

To finish Appendix, we give the following connection between the variational inequality (4.6) and
PDEs (3.4), which is a direct consequence of (B.12).
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Theorem B.1.  Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied. Then there exist some func-
tions I' € C°°(Np) satisfying Assumption 4.1, such that (4.6) is equivalent to (3.4).

Proof.  From (B.12) and Assumption 3.1, we can choose a large enough constant C' such that
' =—-20/1+|S)?,
which satisfies Assumption 4.1, and T' € C*°(Nr) with P? > T. Since P’ > T, (4.6) implies that
—9,P" — LoP’ = o(t) — do((c(t)TSDgP’, B,) in Nr.

Hence, (4.6) is equivalent to (3.4).



