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Abstract The present paper first obtains Strichartz estimates for parabolic equations with nonnegative elliptic
operators of order 2m by using both the abstract Strichartz estimates of Keel-Tao and the Hardy-Littlewood-
Sobolev inequality. Some conclusions can be viewed as the improvements of the previously known ones. Further-
more, an endpoint homogeneous Strichartz estimates on BMO,(R") and a parabolic homogeneous Strichartz
estimate are proved. Meanwhile, the Strichartz estimates to the Sobolev spaces and Besov spaces are general-
ized. Secondly, the local well-posedness and small global well-posedness of the Cauchy problem for the semilinear
parabolic equations with elliptic operators of order 2m, which has a potential V (¢, z) satisfying appropriate in-
tegrable conditions, are established. Finally, the local and global existence and uniqueness of regular solutions
in spatial variables for the higher order elliptic Navier-Stokes system with initial data in L"(R™) is proved.
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1 Introduction

We are concerned in this paper with Strichartz estimates for the inhomogeneous initial problem associated
with the parabolic equations with the constant coefficients nonnegative elliptic operators P (D) of order
2m,

Owu(t,z) + P(D)ult,x) = F(t,z), (t,z) € (0,00) x R, (1.1)
u(0,z) = f(x), x € R™

where the unknown function (¢, x) is a scalar valued or vector valued function of the time variable ¢ and
the space variable x. F(t,z) and f(x) are given functions. The operator P is defined by

P(D):= Y aaD
where m is a positive integer, D = (D1, Ds,...,Dy), D; = }82]‘ and a = (ai,a,...,an) € Z7 and
la| = Z;L=1 a;, n € N. We always regard its symbol P(§) as 2m order constant real coefficients elliptic
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polynomial in R™ with P(§) > 0 for any £ # 0. The system (1.1) is a typical parabolic equation and it
has several properties resembling to the heat equations.

We now give a brief outline of this paper. In Section 2, we first recall the definitions of some function
spaces as we go along. By the Fourier transform and Duhamel’s principle, the solution of (1.1) can be
written as .

u(t,z) = e PP f(x) +/ e~ =PI P (s, 2)ds,
0
where e P (P) f(z) = F~ (e PO Ff(€))(x) = Ki(z) * f(z). Here F and F~! denote the Fourier and
inverse Fourier transforms with respect to space variable, respectively, defined by

F(H =1 = / e @)z, FHg) = g(@) = (Qi)n / _emg(§)de

for any f,g € S and § is the Schwartz function spaces. * stands for the convolution operation on the
space variable.

Because the multiplier corresponds to solution operator of (1.1), e tPE) ¢ MPt>0,1<p< oo, the
operator P generates an analytic semigroup e~ P(P) on LP (1 < p < 00). Tt also holds when we replace
L*> with Cy, where Cj is the space of bounded continuous functions with the sup norm. Next, we recall
—tP(D) with Riesz potential operator
(—A)? and Bessel potential operator (I — A)?. We also state the commutative property of the operator

e 'P(P) with the Littlewood-Paley (or dyadic) decomposition operator Aj. At the end of this section,
—tP(D)

the self-adjoint and some of commutative properties of the operator e

we quote the L™ — LP estimate and previous Strichartz estimates associated with the operator e

In Section 3, we get Strichartz estimates for parabolic equations with elliptic operators of order 2m by
using both the abstract Strichartz estimates of Keel-Tao and the Hardy-Littlewood-Sobolev inequality.
Particularly, it extends Lemma 3.2 in [5] to the cases: 8 € N, (¢,p,7) = (2, nng,Q) when n > 2
and (g¢,p,r) = (47? ,00,2) when n < 28. Furthermore, we prove an endpoint homogeneous Strichartz
estimates on BMO, (R™) and a parabolic homogeneous Strichartz estimate for parabolic equations with
elliptic operators of order 2m where the special case n = 2 was proved by Tao in [8]. Meanwhile, we
generalize the Strichartz estimate to the Sobolev spaces and Besov spaces.

Section 4 is devoted to the first application of Strichartz estimates. We study the local well-posedness
and small global well-posedness of the Cauchy problem for the following semilinear parabolic equations
with elliptic operators of order 2m:

{ drult,x) + P(D)u(t,z) + V(t,x)u(t,x) = F(t,z), (t,x) € R, 12)

u(va) :f(x)v reR™,

where V(t,z) is a time dependent potential. We prove the local well-posedness and small global well-
posedness of the Cauchy problem for system (1.2). The corresponding operator semigroup Sp(t) is
denoted by Sp(t) £ e *P(P) whilst the proof is similar to the method of [11] by using the Banach
contraction mapping principle and assuming an appropriate integrability condition in space and time on
V(t,x). A similar idea was used by D’Ancona et al. in [1] to get analogous estimates for the Schrédinger
equations.

In Section 5, our focus is a more specific application for the higher order elliptic Navier-Stokes system

on the half-space Rf", n>2:

Ou+P(Du+ (u-Vu+Vp=nh, (tz)eR™,
V-ou=0, (t,z) € RIF", (1.3)
u(0,z) = g(x), x e R™,

where the initial data g(z) € L"(R™). In particular, (1.3) becomes the Navier-Stokes equations in the case

P(D) = —A. We establish the global existence and uniqueness of regular solutions in spatial variables
for the higher order elliptic Navier-Stokes system (1.3).
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2 Lemmas

Let (X, dx) be a measure space. We write the Lebesgue norm of a function f: X — R by

1/p
1fllp = 1fllzr(x) = (/X|f(x)|pdx> < 00.

Let ¢ : R™ — [0, 1] be a smooth radial cut-off function,

1, €] < 1,
() = < smooth, 1< |¢| <2,
0, 1€l > 2.

Denote ¢(&) = ¥(£)—1(2€), and we introduce the function sequence {(;} jez, where ¢;(§) = ¢(277¢), j €
Z. Since supp(p) C {€: 271 < |¢] < 2}, we easily see that supp(p;) C {€: 2971 < |¢| < 2P} j e Z
and ZjeZ ;= 1forall £ #0. Define A;j = F 1o, F,j € Z. {A;}ez is called Littlewood-Paley (dyadic)
decomposition operator.

Let —oo < s < 00,1 < p,qg < oo. We denote by " the dual space of

S ={fe SR :(Df)0)=0, Voo e (NU{0O})"}.

We denote the homogeneous Besov spaces

o 4 1/q
By (&) ::( > 238?||Ajf||g> <oo}.

j=—o0

B8 = {1 € 7R I
We define the inhomogeneous Besov spaces (see [10])

oS ) 1/q
B8 = { £ € /) s 1y qamy o= (17 0TI+ 2 1s515) - < o),

=1

Note that we need replace the [?-norm by [°°-norm in the above definition if ¢ = oco.

We also denote H*P(R™) and H“’(R"), s € R,1 < p,q < oo to be the inhomogeneous and homogeneous
Sobolev spaces which are the completion of all infinitely differential functions f with compact support in
R™ with respect to the norms || f||gen®n) = [|(I — A)*2 f||po@n) and Il igemgny = I(=A)*"2 fll Lo (n)
respectively, where (I — A)*/?f = F~H((1 + [€[*)*/2F f(€)) and (=A)*/2f = FH(|E[**Ff(€))-

We have the following readily verified properties:

Lemma 2.1.  For allt > 0 and f > 0, we have

(a) e PPN (—A)B = (=A)Be tP(P) where (—A)P is the Riesz potential operator.

(b) e PPUT — A)P = (I — A)Pe PP where (I — A)P is the Bessel potential operator.

(c) e PMPIA; = Aje tP(P) where A; (j € Z) is the Littlewood-Paley (dyadic) decomposition operator.

(@) (e PPV f,g) = (f,e"PPlg), ¥ f,g € L*(R").

Proof.  The proofs of (a), (b) and (c) will follow from the definitions of e=*P(P) (=A)#, (I — A)? and
Aj, j € Z. For (d), let f,g € L?(R™). Using Plancherel theorem, we obtain the following result,

(™ PP)f,g) = / FH e POFf(€))(x)g(x)da
— [P OFH©Fg€de = [ Fr@e O Ry,

Using Plancherel theorem again, we obtain

PO L) = [ f@)F O Fg(O) w)d = (e Pl

This finishs the proof of Lemma 2.1.
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Lemma 2.2 (See [4]).  Assume P(§) is a nonnegative elliptic polynomial of order 2m. Then there
exists ¢ > 0, such that P(&) > c(> 1, |&[5)™.

Corollary 2.3. If P(§) is a nonnegative elliptic polynomial of order 2m on R™, then there exists a
constant C > 0, such that C~HEP™ < P(€) < CIE[*™ for all € # 0.

Proof.  According to Lemma 2.2, there exists a constant C; > 0, such that C;*|¢]*™ < P(¢). On the
other hand, from the basic algebra inequality, we obtain that there exists Cy > 0, such that P(§) <
Col€]*™. Taking C' = max{Cy, Oz}, the proof of Corollary 2.3 is finished.

The following two lemmas are now a direct consequence of Corollary 2.3 together with two lemmas
(Lemmas 3.1 and 3.2) of [5]. The proof will be omitted.

Lemma 2.4. Letl1<r<p<ooand f e L"(R"). Then

_ _omo1_1 _ _ B _no(1_1
e PP fll o @ny St 2G| fllrny, 077 PP fll o gny St 2m ™ 2m G 0)]| f]

L’V'(R’!L).
Lemma 2.5.  Let (q,p,7) be any " -admissible triplet satisfying

nr
) . n > 2m,
D _

00, n < 2m,

and let ¢ € L"(R™). Then ¢ *P(Plp € LI(I; LP(R™)) with the estimate

||eftP(D)80||Lg(z,Li(Rn)) < el or@ny-

We can obtain the following estimate from Lemma 2.4.

Lemma 2.6. Letm>1,T >0, and p,q satisfyp > , "™ . ,2m—1= 2;” + Z. Assume that [ € L"(R™)

2m—1"

with o " | <1 < p. Then we have He_tp(D)f||Lg([O,T]7L£(Rn)) < T1_27v7#(vlz+vl~)|\f|

L'V'(]Rn) .

Proof.  According to Lemma 2.4, we obtain

B T nggi_1 1/q _omno 141
le™P® | 1act0.11.02 80 < (/0 oG p)||f|%;(R")dt> ST GF D) f prny.

This completes the proof of Lemma 2.6.

3 Strichartz estimates for solution of system (1.1)

It is also known that the operator P generates an analytic semigroup on L" (1 < r < o0). We can verify
directly that if u(¢, z) is a solution of free equation associated with (1.1), then uy () = u(A\?>™t, Az) is also
a solution of free equation associated with (1.1) with initial value f(A\z). If u(t,z) € LY(R™, LP(R™)), 1 <
P, q < 00, then p, g should satisfy , -admissible triplet condition. So we need to introduce the following
definition on admissible triplets for the 2m order dissipative equation. For the corresponding definition

for parabolic equations the reader may refer to [4-6].

Definition 3.1.  The triplet (¢,p,r) is called a o-admissible triplet if ; = O’(i — 11)), where 1 < r <
p < oo and o > 0.
Lemma 2.5 gives us the homogeneous Strichartz estimates of (1.1) except endpoint cases. To obtain

the endpoint estimates we need the abstract Strichartz estimates of Keel and Tao [3].

Lemma 3.2 (See [3]). Let H be a Hilbert space and (X,dx) be a measure space. Suppose that U(t) :
H — L*(X) obeys the energy estimate: ||U(t)f| r2(xy < |f|l# and the untruncated decay estimate, i.e.,
for some o >0, |[U@)(U ) flloee S|t—s|7fllLr, Vs #t. Then the estimates

U@ gy S 1 f1lm,
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| [werreas

S HF”L?/L?;/’
I t
Sl

LiL: F”Lf/l et

H /Sq U(t)(U(s))*F(s)ds

hold for all )" -admissible triplets (q,p,2) and (q1,p1,2) with ¢,q1 = 2, and (q,p, 5,,) and (q1,P1, o)
being not (2,00, 1).

Theorem 3.3.  Let (q,p,2) be ! -admissible. If ¢ =2 and (q,p, ,,,) is not (2,00,1), then

2m ~
e PPl pacrre@ny S IfIlL2@n- (3.1)

Proof. ~ We only need to prove (3.1) for I = [0, 00) since the proofs for other cases are similar. Assume
that (¢,p,2) is an .J*

2m”
Lemma 2.4 that we have the energy estimate

admissible triplet with ¢ > 2 and (q,p, ,,) is not (2,00,1). It follows from

le™PP) fll 2@y S I fllp2@ny, ¥E>0, (3.2)
and untruncated decay estimate

o= IPP) fll ey S [8 4 5|2

s SlE= sl fli@n, ¥s#L ste(00).  (33)

By (3.2), (3.3) and Lemma 2.1, we can apply Lemma 3.2 with U(t) = e **(P) for t > 0, H = L*(R")
and X = R"” to obtain (3.1).

Theorem 3.3 extends Lemma 3.2 in [5] to the cases: § € N, (¢,p,r) = (2, nz’;ﬁ,Z) when n > 243 and
(¢,p, 1) = (‘f,ooﬂ) when n < 20.
Now we establish the inhomogeneous Strichartz estimate under the conditions in the following theorem

which is weaker than the ' -admissibility of (g, p,2) and (q1,p1,2).

q1
q1—

Loy n b1y g (3.4)
4 q 2m \py p

t
H/ e~ =IPD) P (s, x)ds
0

Theorem 3.4. Letl1 <pj<p<ooandl<q| <q<oo,p]= pf’il,q'l =
satisfy

1° If (Q7p) and (qlvpl)

then
(3.5)

< F i "
LUTIE®R™) | ”Lfl (I;La* (R™))

where I is either [0,00) or [0,T] for some 0 < T < 0.

Proof. ~ 'We only need to prove (3.5) for I = [0,00) and the proofs for other cases are similar. Assume

that (g,p,2) and (¢q1,p1,2) satisfy 1 < pj <p < oo, 1 < ¢} < g < oo and ql,l + 2’;@(1)1,1 — 11)) =1+ é. It
follows from Lemma 2.4 that

_ono1 1
e~ PP (s, @)l yeny S 1t = 5| 5P (s, ) Vs<t

”Lill (Rn)’

Then the Hardy-Littlewood-Sobolev inequality implies that

t
H/ e~ =PI P (s, x)ds
0

t
S H/ He*(tfs)P(D)F(s,x)HLg(Rn)ds
LI(I;LE(R™)) 0

L)

ol S
L' (R™)

' AR
<[ [re-sr e ipea
0

S 1 (s, )

Li(I)
a} ] .
L, (I;Lg" (R™))

This finishes the proof of (3.5).
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Remark 3.5.  Since e 'P(P) commutes with (—A)? and (I — A)? for § > 0, if (¢,p) satisfies the
assumption of Theorem 3.3, then (3.1) holds with ||-[|»(gn) replaced by either ||-[| ;5.5 gny OF ||+ || mo.p (rn)-
Similarly, if (¢,p) and (q1,p1) satisfy the assumption of Theorem 3.4, then (3.5) holds with the same
replacement.

A locally integrable function f will be said to belong to BMO(R™) if the semi-norm

1/2
Il fllBMO@RR) = (Supﬁ(Q)_n/ |f(x) — fQ|2dx> < 00,
Q Q

where @ is a cube in R™ with sides parallel to the coordinate axes, £(Q) is the sidelength of @ and
fo=L(Q fQ x)dz denotes the mean value of f over the cube Q.

Theorem 3.6. Letn=2m. Then

||eitP(D)f”L%((O,oo);BMOm(]R”)) S fllz2@ny- (3.6)

Proof.  Define ¢ € C*°(R) with supp(¢) C (1/2,2), ¢(z) =1 for z € (},3) and >, ., p(27%¢) = 1 for
all £ > 0.

Let r(t) = @(27Ft). Define Pif = F~(pox(| - [)Ff() be a Littlewood-Paley decomposition with
respect to @y, (see [7]). Since BMO(R") = F%2(R") (see [2]),

1/2
9l rtogn ~ H( ) |Pkg|2)

Then we have

o)
P —tP(D
le™*P¢ )fHQL%((O,oo);BMOm(]R")):/O €™ fllzmo, ()t

o)
g/ supZ|e*tP(D)Pkf|2dt
0

T kez

SO e PP Pl 2

kEZ

Take ¢p € C*°(R) with supp(y)) C (1/4 4) and (z)p(z) = @(z). Define Ppf = F~'(¢p(Ff)). Then
we have ||e*”’(D)f||2 (0,00) BMO. (Bn)) 2k €7 (D Pkpkf”%fLEO(]Rn)'

—tP(D Pkf”LzLoo (R7) ~ ||f||L2(]R”)’ then we obtain

||eit’P(’D)f||%%((0,oo);BMOw(]Rn)) < Z ”eftP(D)Pkpka%ngO(]R’L) S Z ||15kf||%2(11§n) S ||f||2L2(]Rn)'
k k

If we can show that ||e

Next, we show that ||e_tP(D)Pkf||%2Lw(Rn) SN2 ny- Let My = B(0, 2F1\ B(0, 2%~ 1) and s, be
its characteristic function. Since ¢ is supported on (1/2,2) and n = 2m, we have

PP R ey 5 [ s [ et OE fle)gt e L
<[ /ank )i sup /Rwrtp &6 f(€)p (27 e P
oty [ G RT
< glk-bn(gn 1) / /Mk e~ 216" | () (27F |¢])[2dedt

< ol-Dnggn _ 1) / 2 At 12 e,
0

S @ =1/2)1f 122wy S 172 n-

The proof is completed.
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Theorem 3.7 (Parabolic Strichartz estimate). (a) Let 1 <r <p< oo and 0 < T < oco. Ifn < 2m,

then .
/0 s~ 2om e PP f|1 payds ST 20 || fl ey (3.7)
(b) Let 2 < p < 0o. If n=2m, then
/0 52 POV f12, 0 ds S | 2egn- (3.8)

Proof. (a) Let 1 <7 < p < ooandn < 2m. It follows from Lemma 2.4 that

_ nr
S 2pm

e PP fl 1 n @y S 572 | Fll7r @n):

Furthermore, n < 2m implies that fOT s”2mds = , 2™ T1=2m . Thus (3.7) holds.

2m—n

(b) The following proof is essentially the same as the proof in Tao [8] and Zhai [11]. For the sake of

completeness, it is provided here. We use the TT* method. Thus, by duality and the self-adjointness of

e tP(P) it suffices to verify

H / s e PP (s, 2)ds
0

2

S [ PGy g s (3.9)

L2(R")

for all test functions F where p’ := p/(p — 1) is the dual exponent. The left-hand side of (3.9) can be

written as [ [T s, s “p (e~ ng;lP( PIF(s, x),e*S?lP(D)F(sl,x))xdsdsl.

Applying Lemma 2.4 and writing g(s) = || F(s,x) we have

Iy @y
(e~ 2 PP (s, 2), e 2 PP (51, 2)a] S (54 51) "~ g(s)g(s1).

Hence, it suffices to prove that

/ / 9(s1)dsds, 5/ g(s)%ds. (3.10)
(s+ s1)1-2/psl/pg; p 0

By symmetry we can reduce to the region where s; < s. If one decomposes into the dyadic ranges
27ks < 51 < 27% 15, we can bound the left-hand side of (3.10) by

o=kt

/OO > /2 s1- Wpil)p((;l)ks) dsyds

5 22](2/1)/ / g(S)g(Sl)dsldS
—1 0 J2ks<s1<27 ks s

oo

DIPAE / g(s)%ds < / g(s)%ds
k=1 0 0

with the second inequality using the boundedness of L? for Hardy-Littlewood maximum functions. In
fact, we have

2— k+1

L

The proof is completed.

)dslds <ok /OOO g(s)M(g)(27%s)ds

— _ _k
< 27 lg ()l L2 1M (9) (27 )l L2y £ 272 lg()lZow)-

We can refer to (3.8) as a parabolic homogeneous Strichartz estimate. The special case n = 2 of (3.8)
was proved by Tao in [8].
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Theorem 3.8. Letn >2m >0,pe€[l,2), ¢ (1,2). If é + 2';1(11) — 1) =13 then

t
H/ e~ t=IPDIp(s, x)ds
0

. 2 SIFN a2y (3.11)
LI (L;Lg =™ (R™))

holds with Z = H™P(R™) or H™P(R").

Proof.  We only need to prove (3.11) for Z = H;”’p (R™). Assuming that p, ¢ and m satisfy the conditions
given by the theorem, we have " (11) — 1) € (1/2,1). According to the imbedding of H™?(R") into

2m

Ln25m (R™), Lemmas 2.1 and 2.4 and the Hardy-Littelewood-Sobolev inequality, we obtain

i

¢
/ e~ =P P (s x)ds

¢
< / e~ =P P (s x)ds
0

2n ~
Lg(l;L:;L—Zm (]R”)) 0

L3(LHT? (R))

t
< (—A)mﬂ/ e =IPPIp(s, x)ds
0

LY(I;L2(R™))

t
< / e~ (t=9)P(D)(_ Ay F (s, x))ds

LY(LLZ(R™))

0
t
S ; le= =PI (= A)™2F (s, 2)) || 12 (zny ds

L)

t
_ono1_1
S| [ 1ol G DA (5,2 g ds
0

i
S =A™ 2F () sz S WFl s oz o)
This finishes the proof of (3.11).

Using the Littlewood-Paley decomposition, we establish the following estimates in Besov spaces.

Theorem 3.9. (a) Let (q,p,2) be " -admissible. If ¢ > 2 and (q,p, o) is not (2,00,1), then
e PP fll sy S I1F (3.12)

holds with (X1, X2) = (B3 4(R"), B3 ,(R™)) or (B ,(R™), Bs ,(R™)).
(b) Let 1<pl <p<ooand 1< q] <2< qg<oo. If (¢,p) and (q1,p1) satisfy (3.4) and q1 > 2, then

Sl
Li(I;Y1)

(3.13)

t
H/ e~ =IPDPIR (s, 2)ds F|| &
o LA(1,Y)

holds with (Y1, Yz) = (B; o(R"), By, 5(R")) or (B; 5(R"), By, ,(R")).

Proof. ~ 'We only check (3.12) provided that (X3, X5) = (B;Q(R"),BQQ(R”)) and (3.13) provided that
(Y1,Y2) = (B5 5(R™), B;L?(Rn)) because the proofs of other cases are similar.
If ¢ = oo, then p = 2, we obtain

(=A)% fllz= = |If]

e PP fllee 1,550 = sup lle™ PP (=2)3 fll1s = ™ PPN =A)2 fll e < | Bis:
! te ’

Next, we assume that ¢ < co. Define u(t) = e *P(P) f. Then using Lemma 2.1(c), we have A;(u) =
e 'P(P)A; f. Hence

25 || o —tP(D 2 R
gty = ([ (20PN ) )

J

Letting A;(t) = 225j||e*tP(D)(Ajf)||%,,(Rn) and k = ¢/2 > 1, we have

lulsgertg ey = ( (ZAj<t>)kdt>1/k - = a0

= Z 227 ”eitP(D)(Ajf)||2LL1(I;LP(]R"))'

Lk(I) j
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Using Theorem 3.3, we deduce [Jul| ¢, B2 () S S (222018 £ 1172y 2SI
(3.12) holds.

We assume that p < co since the case p = oo is similar.
Let u(t) = fot e~ (t=3)P(P)F (s, 2)ds. Then

B3 ,(R")" Therefore,

t
299N (u) = 281]-"_1/ ) Fe”CIPDIR(S 2))ds'
0
t
_ zsjf’l/ o IOy F(F(s,€))ds’
0
t
—29 [ P PO, )
0
t
_ / e (= PP) (95 F=Y (g F(F (s, €))))ds’
0
t
_ / e (t=P(D)y ()ds'
0
where v (t) = 29 F (1 F(F(t,€))). Thus

||u||LqIBbz(Rﬂ ( (ZH/ —(t=s")P(D),, ;i (s")ds’'

In a similar manner to the proof of (3.12), we have

[P ( (ZH/ POy ()

-
I 0
t 2
< ZH/ e~ =PD)y ()’
, 0
J

Applying Theorem 3.4, we get HuHLq 1B () S Sl J|\2q1 < > (J; B * where B;(t) =

(I; Lpl R™)
a
los (%

2/k
I RCT

Thus (3.13) holds.

2 q/2 2/q
) dt) |
Lr(Rn)

2\ 4 B
) )
Lp
¢ \a
)
Lp

LY(I;L»(R™))

and k = 2/q¢; > 1. An application of Minkowski 1nequahty yields

1B () [l1xzydt < ||F||q1q -
o) / @ i, &)

4 Well-posedness for the system (1.2)

Theorem 4.1.  Letn >2m, I =[0,T] or [0,00). Suppose V is a real potential and
VeLi(; L;(R"), + =1,

for some fized r € (1,2) U (2,00). Let F € Lgi (I; Lgll (R™)) for some . -admissible triplet (q1,p1,2) with

2m "~

" €(1,2) and ¢} € (1,2). Then (1.2) has a unique solution v(t,x) satisfying

vl Larze@ny)y S N1z + £ L3 (1L ) (4.1)

for all ) -admissible triplets (q,p,2) with 2 < q < oo and (q,p, 5,) # (2,00,1).
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Proof.  We shall prove this theorem for n > 2m. In the case n = 2m, we can replace in the sequel the
2n
space L?(J; Ly~>™ (R™)) by any L] (J; LE(R™)) for 1-admissible (g, p,2) with p arbitrarily large.
We consider the following two cases.

Case 1. 71 € (2,00). Let (¢,p,2) (2 < ¢ < o0) be ' -admissible. Let J = [0,¢], where £ > 0 will be

2m”

determined later and (k,1,2) is . -admissible with ¢ < k < oo, and set

2m~

2n
X = L{(J; LL(R™) N L (J; L™ (R™))
2Ly tm <R">>}'

By interpolation (see Triebel [9]), X can be embedded into L{(J;LE(R™)) for each ," -admissible
triplet (q,p,2) with 2 < ¢ < k. Define T'(v) on X by

with [[v]|x == max{[[o]l L5,z )y V]|

t
T(v) =e PPy —I—/ e~ C=IPDN(F(s,2) — V(s,x)v(s,x))ds, Yov=ov(tz)eX.
0

Applying Theorems 3.3 and 3.4, we have

ITvllLg(rcz@ny) < Cllfll2@n + CIIF] +Cl Vol

’ ! / !
Lyt (J;L2 (R™)) Ly? (J;L32 (R™))’

for all ' -admissible triplets (q,p,2), (q1,p1,2), and (g2, p2,2) satisfying
2<q<k, g e(L,2), ¢e(l,2), 1<p;<2<p<oo, 1<pp<2.
Here and later C' > 0 is a constant. Clearly, Holder’s inequality implies

Tollracy.remny < C ny + C||F a ! +ClVIrrir.rsmenllv n
1Tl a7 L2 ®n)) [ fl2@n) + Ci HLtl(J;Lwl(R”)) IVIiy e @myll HLf(J;Ll’.LEZ’”(R"))

provided q12 = é— 71", 1)12 = "gim — i This and the assumption on r and s imply that ¢} € (1,2), p5 € (1,2)

and

1 n 1 1 n n+2m n 1 1 n
+ + — +

g2 2mpy 2 2m 2n 2ms 7 dm’

Taking (q,p,2) to be (k,1,2) and (2, 2" 2), we get

n—2m?’

IT@)l[x < Cllfll2+ ClIF] +ClIVllzp oo llollx-

! ’
Ly (S5 (R™))

Hence T'(v) € X and T is an operator from X to X. Since r < 0o, we may choose such an ¢ > 0 that
1
ClIVILr s @ny) < 9" (4.2)

This fact yields that ||T'(v1) — T'(v2)||x < §||v1 —v2]|x,Vv1,v2 € X. Thus T is a contraction operator on
X, and T has a unique fixed point v(¢,2) which is the unique solution of (1.2) and v satisfies [|v]x <
17024 Wt
. . CTarT. n
Since X is embedded in L{(J; LE(R™)), one finds Hv||L3(J;L£(Rn)) < | fll2+ ”FHLfll(J;Li'l &)

can apply the previous arguments to any subinterval J = [t1,¢2] on which a condition like (4.2) holds

. Now, we

and obtain
lvllza(rpz@ny) S o)l 2@n) + HF||L31(J;L§1 @)’ (4.3)
Note that (4.3) implies
[o(seny S Tty + 1FN g ot (4.4
If I = [0,T] for 0 < T < o0, we can partition I into a finite number of subintervals on which

the condition (4.2) holds. If I = [0,00), since V' € Lj(I;L3(R™)), we can find 77 > 0 such that
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ClIVIILr (11,0005 (R)) < 5; and partition [0, 71] similarly. Thus we can prove (4.1) by inductively applying
(4.3) and (4.4).

Case 2. r € (1,2). Since (r, H_SQ) is the dual of (r/, ), our assumption on r and s implies

1 ns—2_ n ns—2_n
2m 2s  2ms  2m 2s  2m’

Thus (1, 2%,) is ,* -admissible with r € (1 2). In a fashion analogous to handling Case 1, we use Theo-

rems333nd34toobta1n Tvlpacrre@ny) <C ny + C||F L +C||Vv s .
H HL (J;LE(R ||f||L2(]R H || LU (517 (RnY) H HL;,(J;L;L (R"))
Again, by Holder’s inequality we have

ITv| Lo sz @nyy < CllfllL2@ny + ClIF| L% +C||V]

(Rn L (J;Ls (Rm) ||'UHL°°(JL2(]R"))

2n
' n—2m’

Similarly, taking (¢, p,2) to be (00, 2,2) and (2 2), we have

ITvllx < Clifllze@n + CIFN o . + ClIWVILy s @ollvlx-

7 (Rm))

The rest of the proof is similar to that of the first case.

5 Well-posedness for the Navier-Stokes system (1.3)

We can prove the following estimate by estimating kernel function K;(z) in mixed norm spaces.

Lemma 5.1. Letm>1,0<T <o0,1<p)<p<oo,1<¢<qg< :’:113+p11 (mdflzzé‘f'qll-
Ifo<g (1— )<1,then
t 1 1
| [ e STER0-)F| 6.1
0 LI([0,7):X) L ([0,1):Y)

holds with (X,Y) = (LE(R™), X (R™)), (EHBP(R™), HEPH (R™)) or (HEP(R™), HEPH(R™)) for all 8 > 0.

Proof.  We only prove the case (X,Y) = (LE(R"), L% { (R™)) since similar arguments apply to other

cases. Assume that T € (0,00),1 < pj < p < oo, 1 <q] < ¢q< ,izé—i—pﬂ,izé—l—qﬁ and
2 (1= 1) € (0,1). According to the Young’s inequality and the definition of e —tP(P

2m
have

)(see Appendix), we

t
H/ e~ =IPP P (s x)ds
0

t
< H [0 22 P )
LI(I;LE(R™)) LI(I)

S| [ 1Mo 12,

S ||Kt($)||L,h(1;L;(Rn))HF(Sax)

LZ (I)
” a4 P} .
Lf,l (I;Lwl (R™))

Thus it suffices to prove || K¢(2)||Lr(r,Lr@n)) S Tr=2m (=), In fact, it follows from Lemma A.1 of
Appendix that K;(r) € LF(R") for all 1 < k < co. Since i = 11) + pll and p] < p imply that r > 1,
K(z) € L"(R™). Hence

h

T ok tn/2m P 1/h T TV 1/h
oz S ([ ([ o4 eemds) @) S| [ esenal
Th

_2717}1,(1_1{).

This finishes the proof of Lemma 5.1.
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In the rest of this paper, we use the notation L? indiscriminately for scalar and vector valued functions.
Because the mild solutions for the system (1.3) are

t
u(t,z) = e FPlg(z) + / e =IPDP)(Ph — PV (u ® u)(s, z))ds,
0

where P (Larey projection) is the orthogonal projection operator onto the divergence free vector field
defined as follows.

We denote the Riesz transforms by R; = 82j (=A)~Y2j =1,2,...,n. For an arbitrary vector field
u(z) = (u1(z), uz(x), ..., un(z)) on R, we set z(x) = > ,_, (Rrux)(z) and define the operator P by

EE) =3 (@ - @"fk)mx J=12...0n

2
2 3

with J; , being the Kronecker symbol.
Lemma 5.2. Let m>1 and T > 0. Assume that u,v € L{([0,T]; LE(R™)) with p,q satisfying

n 2m n
max 2, <p<oo, 2m-—1= + .
2m —1 q p

Then B(u,v) = fg e~ U=)P(PIPY (4 @ v)ds is bounded from LI([0,T); LE(R™)) x L{([0,T]; LE(R™)) to
Li([0, T]; LE(R™)) with || B(u, v)|| oo,z @ny) S lullpao ez 1ol Logo.ry;ee @ny)-

Proof. By Lemma 2.4 and LP-boundedness of Riesz transform, we have
t
| B(u, v)|| L @ny S /o Ve =PI (y(s, ) @ (s, D Lz ®nyds

t

1

5/0 PR oy s, ) @ 0(s, ) sz g ds
— S| =™ mip p

1
2m T 2mp

t
1
s | o s, g 0Gs, e ds.
0 t—s

Sincem > 1land p > " 0 < 21,1 + 2;’m < 1. It follows from 2m — 1 = 2;” + Z and the Hardy-

2m—17

Littlewood-Sobolev inequality that

1B (u )l Lz oz S NUlwls, ez v, Lzl Loz 0,7

S ”u”Lg([O,T];Li(R"))||U||Lf([O,T];L£(R"))'
This completes the proof of Lemma 5.2.

Applying Theorem 3.4 and Lemmas 5.1, 5.2 and 2.6, we obtain the global existence and uniqueness of
solutions for system (1.3).

Theorem 5.3. LetmEN,1<m<;—l—z,0<T<oo,p>2”;1_1 andz+2;”=2m—1.
(a) Assume that ," | <r <p, 1 <p; <p<oo, 1<q <qg<oo,geLl"(R") withV-g=0 and

h e L?ll([O,T];Lg1 (R™)), 0 < 221(; + qll)(l - 11) - pll) < 1. If there exists a suitable constant C > 0 such
that

n 1 1

_omo1 41 e m —p)
71 2m(n+r)||g|Lr(]Rn)—|—Tq a1 "2mpr Tp HhHLfi(

, <
[0,T);Ly (Rn)) ™ ¢ (52)

then (1.3) has a unique strong solution v € L{([0,T]; LE(R™)) in the sense of

¢
v=e"FPPlg(z) + / e PP [Ph(s, ) — PV - (v @ v)(s,z)]ds.
0
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(b) Assume that g € L2m-1 (R™) with V-g =0 and h € Lgi ([0, 00); Lg/l (R™)) with qy and p satisfying
1<q) <qg< oo,

n2

2m < n 2
1<pl<p<{ (n—2m)(2m—1) " and Tf+ m_4m_1.
00, 2m > n, P %

If |‘9||L27£‘_1(Rn) + [|A| is small enough, then (1.3) has a unique strong solution v €

L{([0,00); LE(R™)).

L7 (0,00; 228 (7))
Proof.  (a) Under the assumption of (a), let X = L%([0,T]; LP(R™)). Define

¢
Tu=e"PPg(z) + / e~ =P (Ph(s, ) — PV (u® u)(s, z))ds.
0

q q Trln(
We will prove that if @ := T 2m (2t Ngllpr@ny +T 2 ||h||qu (0.T]:L7 (Rn)) S bounded by

an appropriate constant, then 7" is a contraction operator on the ball Br in X with radius R = 2a. For
any ui,us € Bgr, we have

t t
[ Tuy — Tus||x = H / e*(t*S)P(D)PV(ul ®@ up)ds — / ef(t—s)P(D)]}»v(u2 ® ug)ds
0 0

X
= ||B(U1 - U2aU1) + B(Uz,m - U2)||X

<[ B(ur — uz,u1)||x + || B(uz, u1 — u2)l|x,

where B(u,v) = fg e~ =)P(PIPY (4 ® v)ds.
It follows from Lemma 5.2 that B is bounded on X. Hence

[Tur — Tusllx < Cllur — uz|[x [Ju1| x + Cllual| x[|ur — uz| x,
where C' > 0 only depends on m,p and ¢. Thus
[Tur — Tuz| x < C(|lurlx + [Juzllx)|lur — u2|lx < CR[|ur — uz| x.

To estimate ||Tu||x for u € Bg, we use T(0) = e~ P Plg(z) + f e~ (=3)P(P)P}(s, x)ds to obtain
I7(0)||x < a according to Theorem 5.1 and Lemma 2.6. Consequently,

IT()llx = IT(w) =T(0) + T(0)|x < | T(u=0)l[x +[TO)[[x < CR|jullx +a.

Since a is bounded by a suitable constant, we have || T'(u1) =T (u2)||x < §lJur —u2l/x and |T'(u)| x < R.
It follows from the Banach contraction mapping principle that there exists a unique strong solution
u€ X = L{([0,T]; LE(R™)).

(b) Note that Z + 2;" = 2m — 1 implies that (¢,p, 5" ;) is o1,
He’”’(D)gHLg([oyoo);Lz;(Rn)) S gl L, ')’ On the other hand, Theorem 3.4 implies

-admissible. By Lemma 2.5, we get

t
H/ e~ =P DIp(s, 1) ds
0

SRl « PN
LI([0,00); L (R™)) L, ([0,00);Lz" (R™))

Applying Lemma 5.2 for T' = oo and the Banach contraction mapping principle, we can prove (b) since

+ [l is small enough.

HgHLz,,Zil (R™) ‘11( 00); Lz/l (R"))

We show that the solution established in Theorem 5.3 is smooth in spatial variables. For a non-negative
multi-index k = (k1, ..., kn) we define DF = (2 )k (0 YEn and [k = ky + - + Ky
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Corollary 5.4.  Under the hypothesz;s of Theorgm 5.3 we assume further that for a non-negative multi-
index k, D*g € L"(R™) and D*h € L} ([0, T); L (R™)). Then the solution v established in Theorem 5.3
satisfies

Div € L([0,T]; LP(R™)), (5.3)

for any non-negative multi-index j with |j] < |k|.

Proof.  The proof is similar to that of Theorem 5.3. We only demonstrate the case |j| = 1, since similar
arguments apply to the cases |j| = 2,3,...,|k|. Define

t
T(Du) = e *P(P)(Dg) + / e~ t=9P(P)p(Dh)ds — B(Dv,v) — B(v, Dv). (5.4)
0

Consider the integral equation Dv = T'(Dv). Then T is a mapping of the space X of function v with
v e L0, T]; LP(R™)) and Dw e L([0,T]; LP(R™)).

The norm in X is defined by |[v[|x = [|v||za(j0, 17322 ®n)) + DV La((0,77: 7 (R7))- The assumption on Dg and
Dh implies that the first two terms on the right-hand side of (5.4) are bounded in X. The boundness of the
other terms follows from Lemma 5.2. So T is a contraction mapping of X into itself and has a unique fixed
point in X. Therefore, the solution v established in Theorem 5.3 satisfies Dv € L9([0,T]; LP(R™)).
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Appendix

tP(D)

We consider the linear semigroup Sp(t) £ e~ generated by the following linear parabolic equations

with elliptic operators P(D) of order 2m:

dwu(t,x) + P(D)u(t,x) =0, (t,z) € (0,00) x R™,

u(0,z) = f(x), x € R™ (A1)
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We show that the kernel function of the operator semigroup Sp(t) generates a bounded linear operator
on LP(R™) for p € [0, o0].

Consider the Cauchy problem for system (A.1). By the Fourier transform and Duhamel’s principle,
the solution of (A.1) can be written as u(t,z) = e ¥ (P) f(z) = F~ (e PO Ff(&))(x) = Ki(z) * f(x).

From the above and Young’s inequality it is seen that, to guarantee the L? — LP boundedness of
the linear operator Sp(t) one only needs that the kernel function K;(z) = (2m)™" [5. el PO ¢ is
bounded on L!. Notice that P(£) has constant real coefficients and P(£) > 0 for all £ # 0. It is obvious
that e *7(&) ¢ LY(R™), so

Ki(z) € L°(R") NCR"), |Ki(z)] <Ct 2m  forall t >0, (A.2)

and by the Riemann-Lebesgue theorem, lim,|_,o K¢(z) = 0.

Lemma A.1. The kernel function K(x) has the following point-wise estimate,
Ky (2)] < Ct2m (14|t 2ma) "2, xR,

form € N and 0 < t < co. Consequently one has K;(x) € LP(R™) for any 1 <p < 0o and 0 < t < oo.
Proof.  Define the invariant derivative operator L(z, D) = %\ . Then we have L(z, D)el”¢ = ¢i#¢. The

ilz|?
:C'V§

conjugate operator is L*(x, D) = — s - Thus we may write K;(x) as

Ki() = (2m) " / L (e PO g
_ (27T)7n /n eixép <§> L*(eftP(E))df + (27T)fn /n eixg (1 —p <§>) L*(eftP(g))dg
T4

where § > 0 is to be chosen later and p(§) is a C°(R™)-function satisfying

R
p(f)—{()’ €l > 2

Ct Ct
] < Pom—1(§)d€ <
=] Jig1<os |z Jje|<as

It is clear that

|£|2m71d£ < Ct|$|71(52m+n71.

To estimate I1, take a sufficiently large natural number N > 2m + n and integrate by parts to obtain

11| < (27)™ / elE (LNt (<1 —p (g)) L*(etP<f>)) } de

CQC N/ tl£2lmN7tP f
||~ £>SZ €]

+C|{E| N ch(s k/ Z Cltl|£|2lm (N— k)eftP(g)dg

R —

<C|x|N/ 6t|£|2mNetP(E)d£+C|x|N/l te|2m=NgN=1|g2m(N=1)o—tP(€) ge
¢>

| =

+C|J)| N Z/ 2m—Ne—tP(§)+tN—k|§|2m(N—k)—Ne—tP(§))dg.
<|g|<26

In view of the facts that

tN*1|£|2M(N71)e*tP(E) < tN71|£|2m(N71)e*t|§|2m < C’
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2m
tN—k—l|§|2m(N—k—1)e—tP(§) < tN—k—1|€|2m(N—k—1)e—t|£| <C

for k=1,2,...,N — 1, it is found that |I] is dominated by

Ct|$|N</ |€|2mde§+/ 52mNd€> < Ct|m|7N62mfN+n.
1€1=6 6<[€1<28

Taking § = |z|~! gives |K;(z)| < Ct|z|~"~?™. This together with the boundedness of K;(z) (see (A.2))
completes the proof of the lemma.



