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Abstract In this paper, we study certain Hausdorff operators in the high-dimensional product spaces. We
obtain their power weighted boundedness from LP to L9 and characterize the necessary and sufficient conditions
for their boundedness on the power weighted LP spaces. Moreover, in the case p = ¢, we obtain the sharp bound
constants.
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1 Introduction

Hausdorff operators have been widely studied by many researchers. They were first introduced in 1917
with summability of number series. The general Hausdorff operator of a Fourier-Stieltjes transform was
introduced by Georgakis in [8]. Since then, various boundedness of Hausdorff operators have been studied
by Liflyand, Lerner, Moéricz, Miyachi et al.; see, for example, [1,2,4,7,11,12] and the references therein
for details. The one-dimensional Hausdorff operator is defined by

R A (G

where ®(t) is a locally integrable function in (0,00). By the generalized Minkowski inequality and the
scaling property, one can easily show that he is bounded on LP(R™) if

o0 1
/ |D(t)|t T rdt < +oc.
0

There are several high-dimensional extensions of he. Below is one of them introduced in [1,2]:

ot = [ W

where y = (1,92, -+, Un)s [yl = V¥ + %3+~ + 2. In [2], Chen et al. proved various boundednesses
for such Hausdorff operators. Later, in [3], Chen et al. extended it to the one-parameter multilinear case.
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They obtained the sharp bounds of multilinear Hausdorff operators on Herz type spaces. Below is one of
their theorems.
Theorem A. Let p > 1. If the non-negative radial function ® satisfies fooo <I>(t)t_1+;dt < o0, then

Hg is bounded on LP(R™); moreover
- o0 n
ol oo :wn/ D)5 dt,
0

where wy, 18 the area of the unit sphere.

In this paper, we consider a different kind of multi-parameter Hausdorfl operators and obtain their
boundedness. Denote G = (0, +00)™. Let ®(ty,ta,...,t,) be a locally integrable function on G. For any
x = (x1,22,...,2,) € G, we define

p(z, T2,
thf(xhx%---;xn):/ neET () dbydty - dy,
G bty -ty

and call it the Hausdorff operator on the one-dimensional product spaces G. It is easy to verify that if
Bty tn) = X(1,400) (E1)ET o X(1,+Oo)(tn)t,jl, then

Ha f(x) = Haf(2) / / Pty ta)dty - dt,

which is the Hardy operator on the one-dimensional product spaces. If ®(t1,t2,...,t,) = x(0,1)(t1) -

X(0,1) (tn)’ then
Hq)f(x‘) / / f dtl d

which is the adjoint of H,. When n = 1, H; becomes the famous Hardy operator introduced by Hardy
n [10]. This operator and its variants attracted a lot of attention. Their boundedness estimates and
sharp bounds were studied, for example, in [5,6,13-15]. In [13], Pachpatte studied the boundedness of
H,, and H} on the Lebesgue space LP(G). Recently, Wang et al. [14] obtained the boundedness of H,
and H; with power weights on one-dimensional product spaces and found their explicit bounds.

Here, we will consider the operator Hg on the weighted Lebesgue spaces. We prove the power weighted
LP to L? boundedness of Hg and obtain the sharp constant for 1 < p = ¢ < co. The proof of sufficiency
here is different from that in [2,3]. And the sharp bound is archived in a different way from [14]. In
this paper, we Will also study the Hausdorff operator on high-dimensional product spaces. Suppose
méeN;n; e N1 <

x1 x2 e Tm )
oy Iul\’lw\’ ol f 1 g, o ) durdus - - du
‘Ilf /]R"l /]R"2 /]an |’U,1|"1|UQ|"2 |’U,m|n"’f( 1, U2, ) m) 160U2 m)H
where u; € R™, @ = (z1,22,...,2m;) € R™ X R x ... x R"m,

Noting that for n; = ng = --- = n,, = 1, the operator Hj' will be equal to Hy defined above. If
U(t1,to, .y tm) = X(1,400)(E1)E1 ™ - X(1,400) (Em) "™, then we will get the product Hardy operator
H™, ie

1

. / / flur, ..o um)duy -« - digy,.
" S <y | [wm |<|Zm]
If W(ty,ta, .. tm) = X(0,1)(t1) -~ X(0,1)(tm), then HF f = H™ f, which is the adjoint operator of H",

ie.,
/ f(nl’ ’ mn) duy - - - du,,.
[, | > |2 m | u1| 1|Um m

S = 1) = |

Jug|>|z1]

It is not hard to see that for m =1,

1
[

H (@) = Hof (@) = /| T ) = 1) = /| fw

ul>lz| 6™
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They are the n-dimensional Hardy operator and its adjoint. In 1995, Christ and Grafakos [5] proved
that the LP(R™) norm of H, is pf 1» which is independent of dimension n. But the LP(R™) norm of
H,, obtained in [14] depends on n. See [14] for details. So there are some differences between these two
extensions of the classical Hardy operator. In [6], Fu et al. studied the boundedness of I,{vn on LP spaces
with power weights, and got the explicit bound of I,{vn The above observation motives us to study the
Hausdorff operators in the high dimensional product spaces as both the Hardy operator and the adjoint
Hardy operator are its special models. Here, we will discuss the boundedness of Hy' on Lebesgue spaces
with power weights. We will get the power weighted L? to LY boundedness by using the boundedness
of Hg. Moreover, we will work out the best constants of Hy' on these spaces for 1 < p = ¢ < oo by
constructing a special function. As a corollary, we can get the sharp bounds of H)* and H,"* with power
weights.

Now we introduce some notations frequently used in this paper. For two vectors @ = (a1, aa, ..., Q) €
Rm,ﬁ = (B1,B2,...,0m) € R™, o'Zg = a1 + asfs + -+ + @y Bm. Throughout this paper, the notation
& < f means a; < B; for each i = 1,2,...,m. Let z = (1,22,...,Zm) € R x R™ x ... x R"m 29

be x{tag? .- xdm m where |z;| = (Z;L:1 xfj)l/z,a:i € R™. We

, and |z|% stands for |z1|* |z2|*2 - - - |2y,
write |z|¥ < |y|g if |2;]% < |y;|% for each i = 1,2,...,m. Denote also p = (p,p,...,p). Then it is clear
that 21 = z129 -+ 2, and |z|t = |21 ||22] - - - |200].

This paper is organized as follows. In Section 2, we will formulate our results on Hg and give the

proofs of the theorems. In Section 3, the boundedness of Hy' on Lebesgue spaces with power weights will
be studied.

2 The boundedness of Hg

We formulate our results as follows.
Theorem 2.1.  Suppose that 1 < p < g < oo and r satisfies ; +1= 11) + }, If the vectors 0'2,5 e R"”

and

satisfy T = '(;1

p

A= (/ |c1>(x)|ra:"'”i”1dx> " < oo,
G

1Ho | a0ty < Al o600

Remark 2.2.  When ®(t1,t2,...,t,) = X(I’Jroo)(tl)tfl e X(I}Jroo)(tn)t;l, then Hef = H,f. By a
simple computation, we get that if @ + 1 < p, then

A= (ﬁm—%—my

i=1

then

When (I)(tl, tg, . 7tn) = X(O,l)(tl) cee X(O,l) (tn), then H(bf = H:Lf If a > —1, then

A= (= o)

(2

1
T

This confirms the constants in [14].

Theorem 2.3.  Let 1 < p < oco. If ®(x) is a non-negative function on G satisfying
B:= / O(x)x i < 00,
G

then
|Hao fllr(ces)y < Bl fllLe(,e)-
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Moreover, we have
HHq)HLp(G’I&)A)LP(G’I&) = B

Remark 2.4.  When & = (0,0,...,0), we get the boundedness of Hg on Lebesgue space LP(G). That
1
is, for 1 < p < oo, if [, ®(z)x» 'dx < oo, then

1_
| Ho o < /G B(a)ed | f o

Moreover, we have
1_
IHa|lLr(a)—Lr(c) = / (z)xr da.
G

Comparing with Theorem A, we see that these two extensions of the Hausdorff operators have different
LP-norms. It means that there are some differences between these two extensions.
In order to prove our theorems, we need the following lemma, which can be found in [9].

Lemma 2.5 (Young’s inequality [9]). Let 1 < p,q,r < 00 satzsfy +1= 1 + -, and p be a Haar

measure on G. Then for any f in LP(G,u) and any g in L™(G, 1), we hcwe

'I";

ILf*glleaaw < lgllzr@wllfllzem,

where (f * g)(x) = [, f(y)g(y “La)du(y),

DG = {751l = ([ 0P dnto)) = )

for 1 < p < +oo, and

(G, ) =A{f | fllpe= < oo}
for p=4o0.
Now let us prove Theorem 2.1.

Proof of Theorem 2.1.  The proof is based on an idea used in [5] for proving a result on Hardy operator;
also see [14]. As we all know, the multiplicative group R is a locally compact group. So is G = (0, +-00)™.

. a+1 B+1
The Haar measure ppon G is xi”” 2, see [9]. Let fi(z) = f(z)x » and fo(z) =2 « @(z). || ||Lr(cm
denotes the LP-norm with respect to the Haar measure on G and || - | Lr(G o) Tespects the LP-norm with

power weight 2% on G. By a simple calculation, we have

o dr\ o\ »
ilsica = ([ 0P 5)" = ([ 1f@hPaar)” = 1flom.n,

1

. A+ dx _ "
||f2||m,u>—(/ ()" ) (/ B(x 1dm> T
e L7 (G a )

Noticing that 52;1 = Bj}'l, we have

and

fix fa(z /f1 Vf2(y™ 155) )
a+1 A1 dy
= [y e e

L)
_ x[&j}—l / f 3/17 y’ Yn dyl . dyn

n
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So,
3. (I)(xla"'ax”) qdiE ‘11
v — p+1 v Ul dyy - d
I s = ([ ™3] [ o™ ] )
T CANUI BT BN
~([| [ 1w i)y, =0
GlJaG Y- Yn

::”}Lbf”anlxﬁy
Then by Lemma 2.5, we have

r(B+1)

1
oy < ([ 0@ 7 0) o0

This finishes the proof.
Now, we turn to the proof of Theorem 2.3.

Proof of Theorem 2.3. Take p = ¢ in Theorem 2.1. Then r = 1 and & = 5 So we already get the
sufficient part of the theorem. For the necessary part, let

G+14 ]

fe(@) =27 7 Xas1)(@),

1 11 1
p = (k’k-""’k;) (k> 0).

Then by a simple calculation, we have || fi | 1r(q,z5) = kv . Using a changing of variables, we obtain that

where

o(* L) apat}
ey _ 5
/ u1 Un m IS du

ul>1

UL Up

[He frllLr (o) = </
1>k

G+1+ 3

/ dly)y » tdy
Oo<yl<z?l

"7+1+11«,

>(k1’i)3/ d(y)y »  dy
0<yl<k

p P
dx)

1. Tt _q
—k [y e
o<yl<k

On the other hand,
| Ha frll e (G ,o5) < [ HallLe(c a5y Lo (G o) | il Lo (6,05
So,

- 1
n a+14

_ 1, _
| Hall o (6.0t ooy > K45 / B(y)y - ldy.
o<yl<k

Let k — oo (using k* — 1). We obtain

a+1
[HellLr(ce5)—Lr (G o) >/G¢(y)y r ldy.

Consequently,

a4+1 _
HH‘P”LT’(G,QL’&)HLP(G,QC&) :/G‘I’(y)y P ldy-

This completes the proof.
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3 The boundedness of Hy'

In this section, we will discuss the Hausdorff operator on high-dimensional product space. Our results

can be stated as follows. Denote m = (n1,n2,...,nm), R = R™ x R" x ... x R" and S*1 =
Sl Sne=l .o S"m L W(ty,ty, ..., t,) is a locally integrable function on Rt x RT x --- x R*. For
convenience, we also use ¥ (z) to denote U (|z1], |2l ..., |Tm]).

Theorem 3.1.  Soppose 1 < p < q < 00, r satisfies é +1= 11) + 7{, the vectors 7 and §eRrm satisfy

Tn g‘;" and ¥(x) = U(|z1|, |22, ..., |xm|) is a radial function in each variable. If

P
R 1
r(§+n ik
= </ ()| |7 >_"dx> < 0,
]R'n

then
IHG [l pagn, 215y < ClF e @n o))
Theorem 3.2.  Let 1 < p < oo. If U(x) = V(1] |z2], ..., |zm|) is @ non-negative function satisfying
a+n —n
D:= U (x)|z| » dx < oo,
R’IL
then

1HG fll o e fafs) < DI Mo, jo)s)-
Moreover, we have
HH{IIR||LT’(]R",Q:5)—>LP(]Rn7xd) =1D.

Remark 3.3. When U(ty,to,...,tm) = X(1,+oo)(t1)tf"1- “X(1,400) (tm )", Hg' is the product
Hardy operator H. By a computation, we get that if a; < (p — 1)n;, then D I, . ppu;:La is
its sharp bound. When W(t1,t2,...,tm) = X(0,1)(t1) - X(0,1)(tm), then Hg' f = H]*™ f, which is the

adjoint operator of H!™. If o; > —n;, then D = [, ap(in is the sharp bound of H**. If m =1, we

obtain that ||Hn||Lp(]Rn’lxla)A)Lp(]Rn’lxla) = pnziu:znfa and ||Hn ||Lp(R7L"I‘Q)HLP(R'IL’LT'&) = si’&,

main theorem in [6].

Remark 3.4. 1If & = (0,0,...,0), then we obtain the results on the Lebesgue space LP(R™). We
omit the details. If m = 1 then we obtain that the sharp bounds of H\;, on weighted Lebesgue space
LP(R™, |x|*) is [p, ¥ 2)|z|” 2. Tt is exactly the sharp bound for Hg in [2).

which is a

To prove Theorem 3.1, we need the following lemma.

Lemma 3.5.  Suppose § is a vector in R™. Let

1
ST [ [ ol alaly (el o) - doaiy),
Wn,; Jgni—1 Jgna—1 Snm—1

i=1

—1

where wy, (i = 1,...,m) is the area of the unit sphere S™ Then it is easy to see that g is a radial

function of f, and we have
(1)
Hy'f(z) = Hg'g(x);
&) .
||H\11 f”Lp(Rn,\xﬁ) ||H\I/gHLP(]Rn || )

~

||f||Lp(Rn,\x\5) Hg“LP(lR" |z]%)

Proof.  The main idea of this proof comes from [6]. For (1), by the definition of g and Fubini’s theorem,
we have

CCpasts fuzl> > fuml)
Hygle) = [ ) s sttas ) durdis -~ dup,
R

. |u1|n1 |uQ|n2 oo |um|nm
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:/ Yt sl = uml) ﬁ 1
R™ |u1|n1|qu|n2 |um MNm, . wni

=1
X / Flurluy, luzlug, .. Jum up, )do (uh)do (us) - - - do(uy, )durdug - - - duy,
m 1 T2 Tm )
:H / / Claap gt e
-] Wn; Jsn-1 Jgn [wg |1 [ug|™2 - - [ty |
X f(ur,uz, ..., um)durdus - - - dupdo(u))do(ub) - - - do(ul,)
Y(pr 22 B
[ui]? usl? > Jum |
= UL, Uy v v oy Uy )durdus - - - du
/]Rn |’U,1|"1|’U/2|"2"'|um|nmf( 1, U2, ) m) 1 2 m
= Hy' f(x).

For (2), using the generalized Minkowski inequality, we have

m
1 /
||g||LP(]R",\z\‘§) = };[1 Wn, (/n /n |$1|J)1, |$2|$2, RS |$m|$m)

1

x do(x})do(xh) - da(a:;n)|p|x|gdx1dx2 e dxm> ’

i /S"—l </n |f(x1,2a,. . xm)|P

1
x |$|gd$1d$2 . dxm) do(x))do(zh) -+ do(xl,)
= ([ sz onPlelidnnday-da,,
= ||f||Lp(]Rn7|x|5')~
So, we can conclude that
|‘H$f||Lp(Rn,\m\5) ”H\YI/nQHLp(Rn,\z\S)
”f”Lp(]Rn,‘mﬁ) Hg”Lp(]Ranﬁ)
The proof is complete.

Now let us prove Theorem 3.1.

Proof of Theorem 3.1.  For convenience, we suppose m = 2. For m > 2, we can prove the theorem
similarly without any essential difficulty. Lemma 3.5 implies that the operator Hy' and its restriction to
radial functions have the same | - || ., zn |, 5 norm. So, without loss of generality, we assume that f is a
radial function. By the polar decomposition and Fubini’s theorem, we have

v ) i)
Hj m R o) = ol duyd %d
0 oo = ([, o] Lo o o o 0 ] o
tl t2
51782
(/Snl 1 /SnQ 1/ / ‘/Snl 1 /Snz 1/ / 8?1832
1

ﬁ*“—ldtdo(fl)da(fg)) q

1 2
41 140 s10 s
= Wn, "Wny (/ / ‘/ / 81822 f(slaSQ)ds
1

141 14
= Wn, " Wn, HH‘I’f”Lq ((0,00) x (0,00),t5+m=1)"

Xf(81,82) m—l 2_1d81d82d0'(91)d0'(92)

1
t6+n 1 dt)
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By Theorem 2.1, the equalities (1] +1= 11) + i, ?;" = EZ", by substituting variables and polar decom-

position again, we get that

41 14} r _ n— :
HH‘%f”LQ(]RnlxR"z,\xﬁ) < Wn,y "Wny </ / q 1dt> (/ / |P 7+ 1)d8>
" ;
(/ / / / tl,tg f, ldth(gl)dU(fg))
gn1—1 Jgna—1
</ / / / (s1,82)[Ps T~ 1>d5d0(§1)d0(C2)>p
§n1—1 .Jgno—1
» i @R :
([ o) ([ e )
R71 xR™2 R™1 xR"2

||H‘%f||LQ(]R”1 xR"2,|z|%) < C”f”Lp(]R"l xR"2, |z|7)"

Consequently,

This finishes the proof.
Now we are in a position to prove Theorem 3.2.

Proof of Theorem 3.2.  The first part of the theorem is a special case of Theorem 3.1. So, we only need
to prove the second part of the theorem. As the proof of Theorem 3.1, we also assume m = 2 and f is a
radial function. Let
G+nt L
Je@)=lz|” " Xqaps13(2).
A normal computation by polar transformation shows that

1 1 2
| fell Lr (mr1 x o j2)a) = Wiy Wiz k.

By polar decomposition again and a changing of variables, we get

‘|I1\| ’ }zz\l)
H U1l u W du du
‘ijk /]R”l /]RnQ |’LL1|"1 |U2|n2 fk( 1 2) 1aU2

Vil ), o
ui|? |usg —
/R/R g (417 Xty (wdidus

le\ E2Y 1 1
ajtni+ g agztna+ i

\ull’ [uz] - _
/|u1>1 /|u2>1 |u1|"1|u |n2 |U1| P |U2| P durdus

|9€1|’ |9C2|) _artnit ) agdnotf
/ / /S 1/S 1 tlltg 20 by P do(uh)do(ub)dtdts
ni-1 Jgna-

|zo|  plo] artnitp 4 agtngt 1 atntl
J— P p -
= Wp, Wn,y U(s1,52)8; Sq || »  ds1dss.
0

Thus, we obtain that

1 HE frll Lo mrs xroz,2]5)

1
— P
—( [ |H%fk<x>|p|x|adx)
R™1 JR72
jasl  plaal avtnitl | eatnatl | aperd
zwmwn2</ / / / U(s1,s2) 51 " sy " lz[~  » dsidsy
Rn1 JR2 0

k rk artnit ) . agtng+f 4 P
> wnlwm(/ / / / U(sy,82) -8, ° Sq 7 ds1dss
|zi|Z2k Sz 2k | JO JO

P 1
N P
|x|adﬂc>

1
|x|_"_'1ed:c) ’
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X }1, k k “1‘*’”1"‘11@ 1 ag-*—ng-*—,lc 1
—wnlwm(/ / |x|"kdx> / / U(sy,s2)s; " S 7 dsydss.
o1 |2k @] >k 0o Jo

By polar decomposition, we can calculate that

1
1 P 11 5 12 1.2
(/ / Elns ’“dx) = whwhskr k™8 = k5w fill o xrea foge)-
le1 |2k J o2 |2k

Thus,

1.2
| HS frll Lo ®rs xrre ojay = 57 2 || frll oo xrma 2|5

k k “1‘*’”1"‘11@ 1 ag-*—ng-*—ll€ 1
P P
Xwnlwnz/ / W(s1,52)8, S ds1dss
o Jo

k k
1.2
=k * ”||fk||Lv(Rnlan2,\z\&)/ / / / U(s1,s2)
S"l_l Sn?_l 0 0

artni+} . agtnat } o
X s 7 Sy 7 s"_ldsldSQda(fl)da(fg)

a+n+,1

_1.2 —
L [ ey R T T
|z| <k

Consequently,

a+n+ L

_ 1.2 k _
[ H | Lo (rr1 xR o) %) Lo(@m xnz [z)a) = K57 / (x)[z| »  ""da.
z|<k

Letting £ — oo, we get

So,

atn
||H\%||LP(RMwaa,\x\&)—wv(Rnlwa,\x\&)2/ U(z)|z| » ~"dz.
Rn

Gtn
HH\%”LP(]R’H><]R"2,\z\&)~>LP(]R”1><]R"2,\z\&):/ Y(z)|z| » "da.
R’ﬂ,

This completes the proof.
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