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1 Introduction

This paper is concerned with the initial problem for the following stochastic semilinear equation,

<8t — A> u(t,z) = —8xq(t,x,u(ta$)) +WH(t,z), in0,T] xR, (1.1)

u(0,-) =wuo(-), =€R,

on the given domain [0,7] x R with LP(R) initial condition with p > 2, where A is a symmetric integro-
differential operator, the L?(R)-generator of a symmetric, nonlocal, regular Dirichlet form which generates
a strong Feller semigroup {e*4},~( with transition density kernel G. Here, ¢ : [0,7] x R x R — R
is measurable and corresponds to the “nonlinearity”, and WH (t,z) is the so-called double-parameter
fractional noises (see Section 2 for the definition).

Recently, there has been increasing interest in studying integro-differential scalar conservation laws of
nonlocal type involving generators of Lévy type (see Biler et al. [4—6] and references therein) as well as in
studying white noise perturbations of Burgers-type nonlinear partial differential equations with random
initial data, see e.g., Bertoin [3], Giraud [13], Wehr et al. [34], Winkel [36] and references therein, or
white noise driven stochastic Burgers and fractal Burgers equations, respectively in [30] and [31] where
the mild solution is investigated in the initial problem for both the stochastic Burgers and stochastic
fractal Burgers equation with Lévy time-space white noise.
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On the other hand, there also has been more and more studies on stochastic partial differential equation
driven by fractional noises. Hu [15] proposed the multiple stochastic integral with respect to multiple-
parameter fractional noises, then showed via chaos expansion the existence and uniqueness of the solution
of a class of second-order stochastic heat equation, and further estimated the Lyapunov exponents of the
solutions. Linear stochastic evolution equations in a Hilbert space driven by an additive cylindrical
fractional Brownian motion with Hurst parameter H were studied by Duncan et al. [12] in the case
H € (1/2,1) and by Tindel et al. [29] in the general case, where they provided necessary and sufficient
conditions for the existence and uniqueness of an evolution solution. Nualart and Ouknine [28] discussed
the existence and uniqueness of the mild solutions to a class of second-order heat equations with additive
fractional noises (fractional in time and white in space) with the Hurst parameter H > 1/2 under some
restrictive conditions. Hu and Nualart [16] studied the d-dimensional stochastic heat equation with a
multiplicative Gaussian noise which is white in space and has the covariance of a fractional Brownian
motion with Hurst parameter H € (0,1) in time. First they considered the equation in the Itd-Skorohod
sense, and later in the Stratonovich sense. An explicit chaos expansion for the solution was obtained.
Moreover, the moments of the solution are expressed in terms of the exponential moments of some
weighted intersection local time of the Brownian motion. Bo et al. [7,8], Jiang et al. [17,18,20] and Wei [35]
studied a class of four-order stochastic partial differential equations (including the Anderson models
and the Cahn-Hilliard equations among others) with fractional noises, where the existence, uniqueness,
regularity and the absolute continuity of the solutions were established. Liu et al. [25] studied a jump-
type stochastic fractional partial differential equation with fractional noises and proved the existence
and uniqueness of the global mild solution by the fixed point principle under some suitable assumptions.
Jiang et al. [19] studied a class of stochastic heat equation with first order fractional noises and modeled
the term structure for forward rate with such a solution.

Motivated by the above results, in this paper, we consider a semilinear stochastic partial differential
equation driven by double-parameter fractional noises, i.e., (1.1) and we will prove that there exists a
unique mild solution to (1.1). Moreover, we investigated the Holder regularity and absolute continuity of
the law of the solution.

Throughout this paper, we always consider (1.1) under the following assumptions on the coefficient ¢
and the initial condition ug and then as “Assumption A” in the sequel.

(A1) For each T > 0, there exists a constant C' > 0 such that for (¢,z) € [0,7] x R and u,v € R,

la(t,2,y)| < C(1+y]), (1.2)
lq(t,2,u) = q(s,9,0)| < C(|t = s| + |z = y[ + [u =) (1.3)
(A2) For some p > 2,
sup E(|uo(2)|?) < 0. (1.4)
Tz€R

(A3) For some p > 2, there exists some 6 € (0, 1) such that for pf < 1,

sup E(|uo(z + y) — uo(x)[P) < C,ly[*’. (1.5)
zER
The rest of the paper is organized as follows. In Section 2, we present some preliminaries on the integro-
differential operator A, the double-parameter fractional noises and Malliavin calculus with respect to the
double-parameter fractional noise. Section 3 is devoted to proving the existence and uniqueness of the
mild solution to (1.1). The Holder regularity of the solution wu(t, ) to (1.1) is investigated in Section 4.
In Section 5, we prove the existence of the density and established that the law of the solution to (1.1)
is absolutely continuous with respect to Lebesgue measure on R by estimates of Malliavin derivative and
the divergence operator.

Note. Most of the estimates in this paper contain unspecified constants. An unspecified positive and
finite constant will be denoted by C, which may not be the same in each occurrence. Sometimes we shall
emphasize the dependence of these constants upon parameters.
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2 Preliminaries

In this section, we will present the symmetric integro-differential operators, double-parameter fractional
noises and Malliavin calculus with respect to double-parameter fractional noises.

2.1 Symmetric integro-differential operators

According to, e.g., Komatsu [22] and Stroock [37], a Lévy type operator A is a second-order elliptic
pseudo-differential operator having the following representation

2@ (2)1q121<13(2)
14|22

(Ap)(x) = 0> (2)" () + b)) () + / -

olo+2) - (o) - (e, d2)
for certain suitable function ¢ : R — R (for example, ¢ could be a Schwartz test function on R), where
o,b: R — R, and p(z,dz) is the so-called Lévy kernel, i.e., Vo € R, u(z, dz) satisfies

/ (22 A Dz, d) < oo,
R\{0}

In this paper, we are interested in a special class of Lévy type operators. Namely, we consider only
the integral part of the Lévy type operators

2 () 1q121<13(2)

oo = [ - [w(x 12— pla) -

and ( d
clr,r + z)dz
plandz) =0 L

for a € (0,2), where ¢ : RxR — [dq,ds] is a symmetric, measurable function with certain given constants
do > dy > 0. In this case, the integro-differential operator A is symmetric with respect to L?(R).
A}S>0. A typical
example of a symmetric integro-differential operator A is the (one-dimensional) fractional Laplacian which
can be defined as follows (see Albeverio et al. [1], Truman and Wu [32] and the references therein for
more details). Let ¢(x,y) = 1. Then

Moreover, from the theory of Dirichlet forms, there is a Feller semigroup, denoted by {e®

N d2 2
A:Pa(_A)2 = Pa (_da:2> s

with the symmetric stable semigroup as its Feller semigroup, where p, is a negative constant deter-

mined by
1

pa:/ cosz—1 oz
]R\{O}( )|Z|1Jr

The particular case when o = 1 corresponds to the Cauchy semigroup. More examples and information
of Lévy type operators in terms of pseudo-differential can be found in Komatsu [23], Truman and Wu [32]
and etc.

2.2 Double-parameter fractional noises

A one-dimensional fractional Brownian motion B¥ = {BH ¢ € [0,T]} with Hurst parameter H € (0, 1)
in [0, 7] is a centered Gaussian process on some probability space (2, %, (% )i>0, P) with covariance

1
(tQH 4 52H _ |t _ S|2H).

E[BI B = |

Hu [15] (see also Wei [35] and Jiang et al. [20]) introduced a double-parameter fractional Brownian field
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Definition 2.1. A one-dimensional double-parameter fractional Brownian field W ={W# (¢, z), (¢, z)
€ [0,T] xR} with double-parameter H = (H;, Hy) for H; € (0,1), ¢ = 1,2, is a centered Gaussian random
field on some probability space (2, . %, (% )i>0, P) with covariance

R(t,s;x,y) = E[WH(t7 x)WH(s, y)]
1
= 4(|’5|2H1 + s — |t = s (2P 4 [y — o — yPT2),

for all s,t € [0,T] and z,y € R.

We denote by & the set of step functions on [0,T] x R. Let L2 be the Hilbert space defined as the
closure of & with respect to the scalar product

(Ljo,1x[0,2] Ljo,s]x [0, 22, = R(E, 832, ).
Thus, the mapping 1(g,x[0,2] — WH([0,t] x [0,2]) is an isometry between & and the linear space span
of {WH([0,#] x [0,z]), (t,x) € [0,T] x R}. Moreover, the mapping can be extended to an isometry from
L2 to a Gaussian space associated with WH. This isometry will be denoted by ¢ +— W () for p € L2,

Therefore, we can regard W (¢) as the stochastic integral with respect to W#. In general, we use the
notation

H _ g s H S 2

The following embedding property from Bo et al. [7], Wei [35] and Jiang et al. [20] enables us to define
the integral for 1) € L% with respect to WH.

Proposition 2.2.  For h > ; we have
L*([0,T] x R) € L ([0,T] x R) C L3,
Forany 0 < s <t < 7T and z,y € R, let
Uy (t,s;x,y) = 4H, Ho(2H, — 1)(2Hy — 1)|t — 521 72| — 2272, (2.2)

Furthermore, the following properties hold.

Proposition 2.3.  For f,g € L?,, we have

B[ [ [ s nas] <o

B Uot/Rf(s,x)WH(dx,ds) /Ot/Rg(s,a:)WH(dx,ds)]

- / / W, v, y) f (u, 2)g (v, y) dydadudu,
[0,t]? JR2

and

Proposition 2.4. Ifh e (1/2,1) and f,g € Lo ([a,b]), then

b b
_ |12h—2 < 1 1
/a /a fw)g)|u — v dUdv\Ch”f”Lh([(L,b])”gHLh([a,b])’

where Cp, > 0 is a constant depending only on h.
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2.3 Malliavin calculus with respect to double-parameter fractional noises

Since WH(t,z), (t,z) € [0,T] x R is Gaussian, we might develop the Malliavin calculus (refer to Nu-
alart [27] for more details) with respect to double-parameter fractional noises in order to prove the
existence of the density of the law of the solutions to stochastic partial differential equation driven by
double-parameter fractional noises.

Let WH (p) = fOT Je o(t,z)WH(dt,dx) for p € L%, and let S be the class of smooth and cylindrical
random variables of the form

F=fWH"e1),.... WH(gn)),

where f € Cp°(R™) (the set of all functions with bounded derivatives of all orders) and ¢; € L% (i =
1,...,n and n € N). For each F' € S, define the derivative D, ,F by

DuaF = 30 L W), W o)t 0)

Let D'?2 be the completion of S under the norm
IFI1% 2 = E[IFI* + | DF|7:].

Then D2 is the domain of the closed operator D on L?(Q2) with the domain D}, being the closure of S
under the norm
1Pl = E(FI* + [ DnFJ?).

Let {hn,n > 1} be an orthonormal basis of L%. Then F' € D"? if and only if F' € Dy, for each n € N
and > 07| E|Dp, F|* < oo. In this case, Dy F = (DF, )3 .
On the other hand, the divergence operator ¢ is the adjoint of the derivative operator D characterized by

E(DF,u)p2 = E(Fo(u)), forany I €S,
where u € L?(2; L2,). Then Dom(6), the domain of 4, is the set of all functions u € L(€, L%) such that
E[(DF,u)p3 | < Cu)|Fl[L2(0),

where C'(u) is some constant depending on w.

The following propositions that can be found in Wei [35] and Jiang et al. [20] ensure us to use Malliavin
calculus with respect to fractional noises to deduce the laws for solutions to the corresponding stochastic
partial differential equations.

Proposition 2.5. Let F4 = o{WH(B),B C A} for A € B([0,T] x R). If F is a square integrable
random variable that is measurable with respect the o-field F ac, then

DF14=0, a.s.
Remark 2.6. Let {u(t,z), (t,2) € [0,T] x R} be an {%;,t € [0, T]}-adapted random field. By Propo-
sition 2.5, we have D yu(t,x) =0, a.s. for any 0 < s <t < T and z,y € R.

Proposition 2.7.  Given F € D2, if ||DF||2L2 > 0 a.s., then the distribution of the random variable F
w
is absolutely continuous with respect to Lebesgue measure.

Remark 2.8.  Propositions 2.5 and 2.7 can be proved similarly as in Nualart [27] with Wiener white
noise replaced by the fractional noise.
3 Existence and uniqueness of the solution

Let (Q,.%, %, P) be given as in the previous section. In this section, we will study the Cauchy problem
for the stochastic semilinear equation (1.1).
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Following Walsh [33], let us introduce a notation of mild solution to (1.1) in terms of the fundamental
solution G(s, z;t,x) for A. An LP(Q) Z-adapted process u : [0,7] x R x 2 — R is a solution to (1.1) if

ult, z) = / G0, y; 1, 2)uo(y)dy + / / Gs, ;1 2)WH (ds, dy)
+ / / 10, (s, s, 2))q(s, g u(s, y))dyds, (3.1)

where G(s,y;t,x) stands for the fundamental solution starting from (s,y) € [0,00) X R, i.e., satisfying
the following system

S(y) = (A0)(ty), () € (5,50 X R,

U(Sa y) = 5(y - x)a /S R.

(3.2)

We then summarize the following nice estimates for Green function G as follows (see Bass and Levin [2],
Chen and Kumagai [10], Komatsu [23], Kolokoltsov [21] and Truman and Wu [32] for more details). There
exists a constant C' only depending on « € (0,2) such that for any 0 < s < ¢ and z,y € R, the following
estimates hold:

(t—s)*(1+ (t—s) "2 —y|"T)G(s, it ) < C, (3-3)

0G(s,y;t,x 1_9/a o 11/a o

‘ (81 e P B P (3.4)
ot L4 (t—s) 1z —y[ite

We have the following main result in this section.

Theorem 3.1.  Under the assumptions (A1) and (A2), for a € (1,2) and some p > 2, then there exists
a unique solution v = {u(t,z), (t,x) € [0,T] x R} to (3.1) satisfying

sup  Elu(t, )|’ < oo,
(t,z)€[0, T]xR

for all T > 0.

Proof. ~ 'We use the Picard iteration scheme to get a solution to (3.1). Define
WO (t.) = [ 60,53t 0oy, (3.
R
(n+1) 0) e (n)
w Tt @) = (tw) + (s,y3t, @)q(s,y,u™ (s,y))dyds
o Jr Oy
t
4 [ [ Gt dy.ds) (3.7)
0 JR

Firstly, we will prove that

sup sup E|u(")(t,m)|p < o0.
neNU{0} (t,z)€[0,T]xR

Apply Hoélder’s inequality on the measure G(0,y;t, x)dy, then

Elu® (4, )P < ( / |G<o,y;t,x)|dy>p1 E ( 160301 |U0(y)|pdy>
<swp Blua(op ([ |G<o,y;t,x>|dy)p

z€R
< 00. (3.8)
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This shows that sup, ,)c(0,7)xr E|u®(t,z)|P < co. On the other hand, it follows from (3.7) that for each
n €N,

E[ut (¢, )P < Cp(E[u® (¢, 2)[P + ALV (¢, 2) + B{"(t, x)), (3.9)
where »

Al (t, ) (s,yst,2)q(s, y,u™ (s, y))dyds| |
and

B(") t,x)

/G S, y;t,x) WH(dy,ds)

Note that, by Holder’s inequality,

p—1
A( ( dyds>
xE(//mwme@wm”PG@%umde
0o JR 8y

' oG
<o | [ [asuenr: |5 )] as
0 JR

t
SC’I,/ 1+supE|u()sy|p (/‘ (s,y;t,x)
0 yER

For the term B,(,") (t,x), from Proposition 2.2 and (3.3), one can obtain

sy,tm

dy) ds. (3.10)

p

t
/ G(r,z;t,x)WH (dr, dz)
0o Jr

t t 12)
C (/ / //G(rl,zl;t,x)\I/(rl,rg,zl,zQ)G(rg,zz;t,ac)dzleQdmdm)
o Jo JrJR

B
= C</ |r1 — r2|2Hl_2/ |21 — 22|2H2_2G(r1,zl;t,x)G(rg,ZQ;t,x)dzleerldm)
(0,]2 R?
2H, —2 :
_ 1— .. .
<o [ =G, o I66n 2, )
t ) pHy
<c</0 (1605t ) ds)
t pH1
<C< [t — 7] @ dr)
0
< Ctaloitiz=1) o0 if o e (1,2), (3.11)

where we have used the following fact,

H>
1
16t gy = ([ Glovaitca) )
C(/( |t — 5|« )Hley)HQ
RA\L+|t — s "alz —y|Lte
Hoy 1 1 H12 e
(/< 1 > dy>
r \ 1+ |y|tTe
Hy 1 1 y +o0 1 gy O\ M2
—Clt— |2 d+2/ d
| | </0 <1+y1+“> v 1 <1+y1+a) y)

Hy 1
<COlt—s|« ~a. (3.12)

=Cl|t—s
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Hence (3.9) implies that

t
sup Elu™ (¢, 2)|P < cp+/ (1 + sup Elu™ (s, y)|p) o (t — s)ds, (3.13)
x€ER 0 yeR
where f(t fR (s,y;t,7)|dy and
oG t—s|" Al —y|®
/ gy (5 U3, 2) dy<0/ | S'_Ha'x vl
R|OY R(1+1[t—s|" o |z—y[tt)?

1 |Z|a
<Ot —s| @ d
Clt — s| /}R (1 + |z|1te)2 o
<Ot —s| "« (3.14)
Moreover, fOT fz(t —s)ds < oo if @ € (1,2). By Lemma 15 in Dalang [11], one can obtain

sup sup  Elu™(t,2)]P < co. (3.15)
neNU{0} (t,z)€[0,T]xR

Next let us prove that {u(™(t,z)},>0 converges in LP(Q). As for n > 2,
E(ju")(t,x) —ulM (¢, 2)|P)
oG () (n-1)
=5(| [ [ s witalats, . (5.9)) = alo ™ s, Ndyds
o Jr OY
! G
Gy [ Bl s) —uHispp [ |90 smto)
0 R | Oy

¢
< C, [ sup E[u™(s,y) — u" "V (s,y)|P fu(t — 5)ds, (3.16)
0 yeR

)

dyds

and

SugElu(”(s, y) = u®(s,9)[" < Cp(Elu® (s,9)" + ElulD (s,)|") < 00
ES

Then Gronwall’s lemma yields that

sup  E(Ju™V(t,2) — u™(t, 2)P) < 0. (3.17)
n>0 (t:2)€[0,T]xR

Hence, {u(™(t,z)},>0 is a Cauchy sequence in LP(Q). Let

u(t,z) = lim o™ (¢, ).

n—oo

Then for each (t,z) € [0,T] x R,

sup  Elu(t, )|’ < 0. (3.18)
(t,z)€[0, T]xR

Take n — oo in LP(Q) at both sides of (3.7). Then, it shows that u(t, z); (¢, z) € [0, T] x R satisfies (3.1).
Finally, we have to prove the uniqueness of the solution. Let u and @ be the two solutions of (3.1),

then
)

Blutt.) ~ateo)) = £(| [ [ 08 sntmlats vt ) — o (s,

<C, / Eu(s,y) — (s, y)I” dyds
0

% (s st )
]R 8y ) Yy

t
<Cp [ sup Elu(s,y) —ul(s,y)|” fu(t — s)ds. (3.19)
0 yeR
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Then Gronwall’s lemma shows that

sup  Elu(t,z) —u(t,z)|” = 0. (3.20)
(t,z)€[0, T]xR

This completes the proof of this theorem.

Remark 3.2. In the case a € (0,1), our method used here does not work.

4 Holder regularity of the solution

This section is devoted to studying the Hélder regularity of the solution v = {u(t, z), (t,z) € [0,T] x R}
o0 (3.1). Actually, we will have the following theorem.

Theorem 4.1. Let « € (1,2) and Hy,Hs € (é,l) such that aHy < 2 — Hy. If Assumption A is
satisfied, then there exists a continuous modification of u(t,x) (for convenience, we still denote by u(t,x))
which is B-Hélder continuous in t with B € (0,min{?, **TH"11y and v-Hélder continuous in x with
v € (0, min{f,«Hy + Hy — 1}).

Proof. Asforeachz € Rand 0 <s<t<T, we have

|u(t7 :L') - U(Sa (E)| <

[60.31t,0) = 610,55, x)]uo(y)dy‘

G 5[ oG
(r,y;t,x)q(r,y,u(r, y))dydT - / 9
o Jr OY

+
0 R
t S

4 / / G,y t,2)WH (dy, dr) — / / G(r,ys 5, 2)WH (dy, dr)
0 R 0 R

=) |4t s, 2)|. (4.1)

J=0

G(ryy; s, x)q(r,y, u(r,y))dydr

By the semigroup property, (3.3) and Hélder’s inequality,

E|Ao(t, s, x)|P = (

/G (0,25t = 5,9)G(0,y; 5, ¥)uo(2)dydz — AG(O’9?57$)uo(y)dy‘>p

P
=F

/ G(0, 25 - 5,0) / G0, ;5,2 (uoly — =) — uo(y))dydz
R R

e / G0, 2t — 5,0)] / G0, s 5,2) Eluoly — =) — uo(y)Pdyd
s
<C, [ 160y [ 1770

C w( d Ty
< Cylt — s
= (/0 14 21+ Z+/1 1+ zt+o Z)

Y
< Cplt —sl«, if a>pb. (4.2)
Next, we consider A;(t,s,x). Let ' =7 — (t — s). Then
Aites.o)l < [ [ 0,60 psslalr+t - spulr+ = 5.9)) = gy ulr)ldydr
0o Jr

t—s
+ [ [ a6t oty atr ) dyar
0 R
=411t s,2)| + |A12(t, s, 2) . (4.3)
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Then, by Holder’s inequality and (A1),

E(|A1,1(ta s,x)|p) < C

P
s p—1
X [/ /8yG(r,y;s,a:)dydr}
o Jr

<G [|t —s|P + / sup Elu(r +t — s,y) — u(r, y)|pdr] . (4.4)
0

S
/ 8, (r,y: 5, 2)Ela(r +t — s,y u(r + ¢ — 5,3)) — a(r,y, ulr, y)) Pdydr
0 R

yeR

And by (A1), we also have
t—s
E(|A12(t,s,2)P) < Cp/ /8yG(r,y;t,x)E|q(r,y,u(r, y))|Pdydr
0 R

t—s 8G :|10—1
X r,y;t, x)dydr
[/0 /Ray( yit,x)dy

< Cplt — P {1 + sup  Elu(t, x)|p]
(t,z)€[0, T xR

< Gyt — s (4.5)
Then by (4.3)-(4.5), we have
E|Ai(t,s,2)P < C, <|t —sP+ /OS SlelgEW,(?” +t—s,y)—u(r y)|pdr) . (4.6)
y
Next, we want to estimate Az (¢, s,x). Note that
|Aa(t, s, x) G(r,z;t,2) — G(r,z;8,2))WH (dz, dr)
+ / /RG(r,z;t,x)WH(dz,dr)
= |A2,1S(t, s,x)| 4+ |A22(t, s, 7). (4.7)

Let 8 € (0, aHlJraHTl) C (0,1). For the first term | Az 1(¢, s, x)|, we have

SGG(, 5t w) = G, s, 2) |7

Cos (G st,2) = G55, |G(, st @) = Gy s,2)[ V012, ) 2
Cpa(IGCsst,x) = Glys,@)? - |GC st o) 0l
+IGC, s ta) = Gl ss,2))7 - 1G5 5,2)P[2)

= Cpp(|A211(t s, @) + [A2,1,0(8, 8, 7))

E|A2’1 (t, S, :L')|

<
<

Then using (3.3), (3.5), Proposition 2.4 and the mean-value theorem, for £ € (s,t), one can get

2 >g
Ly

|G(T17 215 t7x)|1_6

It—SI’BIG(-,-;W)Il‘ﬁ

|A211t5x|_(‘H 77§)

—|t—5|p’6</ /
[0,t]? JR2

X W (11,72, 21, 22)

8
(r1,z1;€, )

8 H
|G (72, 22; t, m)|1_ﬁdz1d22dr1dr2)

B 1;2 f;f pHy
-|G(r,z;t,x)|1_6> dz) dr)

at (TQ, 227§5 )

< C|t — s[P? /T/ 9G(r, z;t, x)
= o R ot
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< Ot — s|PP. (4.8)
In fact
OG(r, z;t,x) A Hz
L7 e snar ) s
R ot
C/(‘ (t=r)"1"e B‘ jt =7~ “6§w
. z
R\ 1+ (t—7r)"1"a|z —z[ite 1+ (t—r)"ta|z —z[ite
Ho—1—af 1
=Clt—r| oH / L dy
R (1+ [y|t+e)#e
Ho—1—af
=Clt—r] o
Then

Ho

’ ; ? 1}2 H) pH1
(/ (/ <‘8G(r78?t’x) : |G(r,z;t,x)|1_ﬁ> dz) dr)
0 R

T Ho—1—af pHy
<cC / - ar) <
0

Ho—1— : Hy+Ha—
if 1+ 727 O‘6>0,1.e.,ﬂ<‘11+0l21.
Sumlarly7 one can prove that

|Az12(t,s,2)| < C|t — s|p/3.

Then, it follows that

H{+Hy,—1
ElAza(t,s,0)l” < Clt = s, mmﬁe(&al+ 2 ).

. (4.9)

On the other hand, we have

E|A2 Q(t S, :L' P=F

/Grzt:c (drdz)

C</ / //Grlvzlat )W (1,12, 21, 22)G(r2, 22; t, SC)ledZerld?“2>
5
C’( |r1 —7~2|2H1 2/ |21 —22|2H2 2G(ry, 215t x)G(re, 22; t, m)d21d22d7“1dr2>
[s,t]?
5
L |2H, -2 . 1
C( st]2 Ir1 — 72| G (re,- ,t,x)||LI;2 (R)IIG(TQ, ,t,x)||LH2 (R)dhd?“z)
L pHy
C< ”G T 7 )”LH12(R))H1dr>

Ho—1 pH1
C</ [t — 7] @i dr)
S

< Ot — s (eHtH=1) (4.10)

where we have used the following fact

Hy
||G(é>’,.;t,x)||LH2 ® (/ G(s,y:t, x)H2 dy>

- 71 Hl H2
VAT EETAIY B
L+t —s|71a|z — y|tte
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r \ 1+ [y|tTe v
Hy 1 1 y +o0 1 gy o\
=C|t — a a2 d 2 d
£ 5l </0 <1+y1+“> v /1 <1+y1+a) y)

Ha
<Clt—s|«~

866

=Cl|t—s

(4.11)

Thus from the above estimates (4.2), (4.6), (4.9) and (4.10), we have

[|t—s|p’6 / supE|u(r—|—t—s y) — u(r, y)|pdr] .
0

Elu(t,z) —u(s,z)|P < sup

Hence Gronwall’s lemma yields that

Elu(t,z) — u(s,z)|P < Clt — s[P?, (4.12)
with 8 € (0, min{ ¢, @ H2=1})
Next, we consider the space variable. For each t € [0,7] and z,y € R,
u(t, z) —u(t, y)| < /[G(Uvz;t,w) = G(0,z3t,y)]uo(2)dz
R
t
| [ 060 5:9) - 0.6 zst.)latr, 2 () dzar
R
t
+ [ [1605t0) = Gl st W )
o Jr
2
Z (t,z,y)|
First, set 2’ = z — (x — y). Then
P
BlBalt. el = £ (| [ 605t 40 9) = wo(a)las] )
<sup Elug(z + 2 —y) —up(z /GOztx
z€R
< Clz —y|*. (4.13)

Now we turn to |B1(t, z,y)|. By Holder’s inequality and (A1), we have

)

(ryz;t, )| [q(r,z + 2 —y,ulr,z + x —y)) — q(r, z,u(r, z))|dzdr

E|By(t,z,y)|’ < C E<

{ (ryz;t,x)| Elg(r,z + . —y,u(r,z +  — y)) — q(r, z,u(r, z))[Pdzdr
p—1
A 82’ (r,z;t,x) dzdr ]
<G, t (|x —y|P +sup El|u(r, z + x — y) — u(r, z)|p) (/ %C: (ryz;t,x) dz) dr
0 z€R R
<Cpr {|x —y|P + /01t SEEEW(T’ z4+x—y)— u(r, z)|pdr} . (4.14)
C (0,1). Then

Finally, let us consider the term Ba(t,z,y). Let v € (0,aH; + Ha — 1)

2)5

G(r,z;t,x) — G(r, 2 t,y)|WH (dr, dz)

E|By(t, z,y)| (
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([ [ 160 site) - Gt uta i, )
0,62 Jr2
5
x |G(ra, z25t,2) — G(ra, Z2;tay)|d21dz2d7“1d7“2>
= GG t2) ~ Gt )
= Cp|||G(7 ';ta l‘) - G(a g t7y)|’y : |G(7 ';ta l‘) - G(7 ';ta y)|1—’y||il[7‘\2p
SCENNGC5t,2) = GCt ) IGC st 2) 7,
+ C(p7 7)|||G(7 ';ta J)) - G(7 ';ta y)|’y : |G(a g tvy)ll_’yHZZ?P
= C(pa 7)(B2,1(ta z, y) + B2,2(t, z, y))
Using (3.3), (3.4), Proposition 2.4 and the mean-value theorem, one can get

ox

<cle-ur ([ ]
(0,772 Jr2

" ‘86?(7“2,22;1?,5)

Y p

o =y GG st @)

By (t,x,y) = H‘
L3
5
G (1, 2t @) [T U (1, 12, 21, 22)

0G(r1, 215, )
Ox

p
2

5
- |G(ra, 22; t, x)|1_7dz1d22dr1dr2)

ox
T bl H e pHy
8G 't Ha Hq
<C|x—y|m</ (/ (‘ (r, ¢, ) -|G(r,z;t,x)|1_7> dz) dr)
0 R 5‘:5
< Clz —y|P7.
In fact,
oG -t v 1;2
/ (‘ i '|G(T,Z;t,x)|lw> 4
R 8$
[t = (1= 8)g — 2| t—r="a" &

< 14 ) 14 dz

B (L [t = 7= 57 — st (L o= |~ 5 o — st

Hog—~v—1 y IL;’;
:|t_7"| aHg / | | Sl dy
B (14 [y[the)
Hay—~v—1 Loa T i ya
<Ot —r| e (/ szdy—i—/ y e dy)
0 1
—A—14Hy
= C(o, Ho,y)[t — | om2
Then

T . bl le gf pH1
</ </ (}6G(r,z,t,x) .|G(r,z;t,x)|1“/> dz> d?“)
0 R 8$

T 14 pH1
<c</‘w—ﬂ o, dﬁ < C(Hh, Hy,, T).
0

if vy <aH; + Hy — 1. So
E|Byi(t,x,y)? < C(Hy,Ho,v,T)|x —yP7.

Similarly,
E|B272(t7x7y)|p < C(H17H2577T)|x - y|p’y.

From the above estimates, it follows that

E|By(t, z,y)|” < C(Hy, Ha,y, T)|z —y[”", v € (0,aly + Hy —1) C (0,1). (4.15)
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Together with (4.13)—(4.15), for v € (0, min{¢, «H; + Hy — 1}), we have

t
Elu(t,z) —u(t,y)l" <C [Iw — P’ | —yl” + / sup Elu(r, z +z —y) —u(r, 2)[Pdr + [z —y[”7
0 z€R

¢
<C[|x—y|m—|—/ sup Elu(r, z +x —y) — u(r, z)[Pdr| .
0 z2€R

Then Gronwall’s lemma yields
Elu(t,z) —u(t,y)|? < Cle —y|’?, with v € (0, min{0, «H; + Hy — 1}). (4.16)

This completes the proof.

5 Existence of the density of the law of the solution

In this section, we shall prove the absolute continuity of the law of the solution {u(¢, z) : (¢, z) € [0, T] xR}
given in Section 3. We first prove u(t,z) € D*? and then the derivative Du(t, ).

Proposition 5.1. Under the assumptions in Theorem 3.1, if we further assume that q(s,y,-) €
CH[0,T] x R x R), then for (t,z) € [0,T] x R, the solution u(t,z) € D*? and

t
Douttia) = [ [ G st (o uls. ) Docuts, s + Glo i), (5)

for allv <t and z € R.

Proof.  Let u™ be the solution of the following stochastic partial differential equation
o(t.) = [ GOyt ua(y)dy,
R
(n+1) L [oG (n)
u"T(t, @) = uo(t, ) + By (s,y:t,2)q(s, y,u'™ (s, y))dyds (52)
o Jr

_|_/Ot/RG(s,y;t,x)WH(Say)'

Then a similar argument to that in Zhang and Zheng [38] shows that for each n € N and h € L2,
u(™(t,z) € Dy, and it satisfies that

Dpu™ (t,) = / / (3,3, 2)d (5, 9w (s, ) DD (s, y)dyds + (G(-, 1, 0), By (5.3)

Since u(™(t,x) — wu(t,z) as n — oo in LP(Q) sense, there exists a random field uy(t,x) such that
Dypu™ (t,2) — up(t, ) as n — oo uniformly on (¢,2) € [0,T] x R, and the latter satisfies that

L roa
wnltie) = [ [ 5 it ) o, uls, ) s 9)dyds + (G, ) Wy (5.4)
0o Jr
Hence, from the closeness of the operator Dy, it follows that u(t,x) € Dy, Dpu(t,x) = up(t, ) and
Dhu t J) / / S Y5t J) (57yau(85y))Dhu(s7y)dyds+ <G(7at7x)7h>L\2P (55)

Next, we proceed to prove that u(t,z) € D2, Recall {h,,n > 1} in Section 2. By (5.5),

2

Bt = B [ [ 00 st (ot ) D s + (G0,
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<or] [ [ (Fowtn) Ouatonran] + oGt nmi, 69

where C' > 0 is a constant that may change from line to line in this section. Set

Un(t) = supEZ | Dy, u(t, )|

z€R n=1

Then by (5.6) and Holder’s inequality with p = ¢ = 2, we have

p<os| [ [(ismen) vatia] +clee i,

t—s ia:— 2a
C// Ul G ydyds + OG-t )2

1_|_ t—s o x_y|1+a)4 LH([Ot]le)

<C+ c/ (t — 8) "« Up(s)ds. (5.7)
0
Then the Gronwall’s lemma yields that

Un(t) < CeCT =

where C' is independent of m. Let m — oo, to get

supEZ|Dh u(t,z)|* < oo.

zER n—1

That means that u(t, z) € D2
Since u(t, x) is #;-adapted, there exists a measurable function D,, ,u(t,z) € L% such that D, ,u(t,z) = 0
if v >t and for any h € L3,
Dypul(t,z) = (Du(t,z), h) 2 . (5.8)

From (5.5), (5.8) and Fubini theorem, it follows that

w

<Du(f’am)ah>L2 Z/ /gG(s,y;t,a:)q'(s,y,u(s,y))Dhu(s,y)dyds+(G(-,-;t,x),h)Lg

/ / (5,5 £, )¢ (5., u(s, 1)) (Duls, ), b 3 dyds + (G-, 1, 2), ) 3

=/ / 5 (s,y5t,2)q (s,y,u(s, y))dyds
o JrR OY
X / Dy u(s,y)h(v', 2" )V (v,0; 2, 2" )dzd2 dvdv” + (G(-, t,x), h) 12
[0,s R2

v

:/ h(v', 2" g (v,v'; 2, 2")dzd2 dvdv’
(0,42 JR2

//8 (5,53 £, 2)q' (5, 9, u(s, y))dyds + (G(, 5 £,2), B} 13 .

Therefore

t
Docuttea) = [ [0 s.5t0)q (s ) Dyl + Gzt 0).

Thus the proof of the proposition is completed.

Theorem 5.2.  Under the conditions in Theorem 3.1 and furthermore assume that q(s,y,-) € CL([0,T)
x R x R). Then for (t,z) € [0,T] x R, the law of the solution u(t,z) of (3.1) is absolutely continuous
with respect to Lebesgue measure.
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In order to prove Theorem 5.2, we firstly give a useful lemma.

Lemma 5.3.  Fore € (0,t), then there exists some constant C > 0 such that

t
sup E (/ / |Dv7zu(s,y)|2dzdv> < Ce. (5.9)
(s,y)E[t—e, t] xR t—e JR

Proof.  For s € [t — ¢,t], set
=F (/ / |Dv7zu(s,y)|2dzdv> .
t—e JR

Then from the proof of Proposition 5.1, we get that

sup L.(s,y) < o0
(s,9)€[0,T]xR

Recall (5.1), and then

Lo(s,y) < 2[ / | / (G, 255,y Pd=dv

2

7"1, 215 S, y)q(rla 21, U(Tl, Zl))Dv,zu(rla Zl)dzldrl dZdU:|
t—e
=:2(Lea(s, y) + Le z(s y)) (5.10)
With (3.3), it is easy to check that
(s — v) ;
Lea(s,y) C/ / dzdv
t—eJR (14 (s —v)" o |y— z|lT®)2
1
<C - d
JLomoria ] L+ Jafte)2 ™
<Cea, (5.11)
and . .
L.o(s,y) <C sup L.(r1,2z1)dr; < Celma 4+ C sup L¢ 2(r1, z1)dry. (5.12)
t—e z1€R t—e z1€R

Then by Gronwall’s lemma, we get (5.9).

Proof of Theorem 5.2.  To prove Theorem 5.2, we will adopt a technical argument, which was proposed
by Cardon-Weber [9].
By Proposition 2.7, it suffices to prove that

[Du(t, )|z >0, as.

Notice that
[Du(t,z)||L2 >0 < [|Du(t, )| 2(0,11xr) > 0.

Hence, we only need to prove that || Du(t,z)| r2(0,rxr) > 0 a.s. For 0 < e < t, recall (5.1), and we have

t t
/ /|D,«7zu(t,x)|2dzdr>/ /|D,«7Zu(t,a:)|2dzdr>C(Il(t,a:,e)—lg(t,x,s)), (5.13)
0 R t—e JR

Li(t,z,e) = / /|Grztx)|dzdr

/SZG (r1,z15t,2)q (1, 21, u(r1, 21)) Dy su(r1, 21)dz1dry | dzdr.
1

where

and

Ig(t,x,f) =

t—e JR



Liu J F et al. Sci China Math April 2014 Vol. 57 No.4 871

Similar to the proof of (5.11), there exists a constant K > 0 such that

L(t,z,e) = Ke' o, (5.14)

By (3.14) and Lemma 5.3, one gets

i oG "
E|L(t,z,e)| < / / (ri,z1;t,2)E </ / |Dmu(r1,z1)|2dzdr> dz1dr
t—e JR 82:1 t—e JR

t
< Cs/ / oG (r1, 215 t, x)dz1dry
t—e JR 82:1

1

< Ce*a. (5.15)

Then for each g9 > 0, according to (5.13)—(5.15),

t
P </ / |D,ou(t, x)|*dzdr > O) > sup P(C(Li(t,x,e) — Ix(t,z,e)) > 0)
o Jr

e€(0,e0]
> sup P(Ix(t,z,e) < CIi(t,x,¢€))

e€(0,e0]

S1— it { 11E|Ig(t,x,5)|}
e€(0,60] ([ Cel™a

>1- inf Ce=1. (5.16)
€€(0,e0]

Thus the proof of the theorem is complete.
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