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Abstract It is well known that the doubly weighted Hardy-Littlewood-Sobolev inequality is as follows,

f(z)g(y)
/n‘/n |x|a\x—y|’\\y|/3dxdy < B(p,q,O{,A,B,n)”f”Lp(Rn)||g||Lq(]Rn)-

The main purpose of this paper is to give the sharp constants B(p, q, a, A, 3,n) for the above inequality for three
cases: () p=1landg=1; (i) p=1land 1 < g< oo, orl<p<ooandgq=1; (i) 1<p,q<ooand;+;:
In addition, the explicit bounds can be obtained for the case 1 < p,q < oo and ; + ; > 1.
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1 Introduction

A classical inequality that was obtained by Hardy and Littlewood [5] when n = 1 and by Sobolev [8] for
general n, called Hardy-Littlewood-Sobolev inequality, states that

/ Flz1)g )dx 1dxo

< B(p, g, A, p(RP a(R"),
o |21 — o] (0, 4, A )| fll o) 19] Lo (rm)

With1<p,q<oo,0<)\<nand;)—t—é—i—f‘L:Q.
Stein and Weiss [9] obtained the doubly weighted Hardy-Littlewood-Sobolev inequality, i.e., the fol-
lowing inequality
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holds, provided that the following three conditions,
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and

+ o1 (1.3)

hold simultaneously.
Recently, some related developments for the weighted Hardy-Littlewood-Sobolev inequalities in the
Heisenberg group have been established by [4].

In order to further study Hardy-Littlewood-Sobolev inequality from the operator’s point of view, we
first give a definition.

Definition 1.  The bilinear integral operator T, x g on LP(R™) x L4(R™) (0 < p, ¢ < 00) is defined as

f()g(y)

n”ﬂﬁQQW%:MPM—MWM' (1.4)
The operator 74, g is defined by
. 9(y)
7&Mm®);|ﬂa/nx—ypmﬁ@' (1.5)
Let TJ,/\,B denote the transpose operator of 7, 3. Obviously, we have
1 f(z)
Toasly) = / dz. 1.6
Asf(Y) I8 Jan |2l — y> (1.6)

Note that the boundedness of T, x 5 from LP(R™) x LY(R™) to L'(R™ x R™) is equivalent to that of
Tanp from LI(R™) to L (R™), and also is equivalent to that of Ta s from LP(R™) to L9 (R™) with
L<p,q< oo

Wu et al. [10] considered the doubly weighted Hardy-Littlewood-Sobolev inequality for the whole ranges
of p and ¢, i.e., 0 < p < 0o and 0 < ¢ < oo and characterized the sufficient and necessary conditions,
which ensure validity of the doubly weighted Hardy-Littlewood-Sobolev inequality.

The following results are obtained in [10].

Theorem A. Letl < p,q < co. The operator Ty, x g defined by (1.4) is bounded from LP(R™) x L1(R™)
to LY(R™ x R™), if and only if the three conditions (1.1)~(1.3) hold simultaneously.

Theorem B. Let1 < p < 0o and ¢ = 1. The operator Ty g is bounded from LP(R™) x L'(R™) to
LY(R™ x R™), if and only if
1 A
LOTATE (1.7)
P n

and

B<0, a+B>0, a< . (1.8)

/
Theorem C. Let p=q=1. The operator Ty s is bounded from L*(R™) x L'(R") to L*(R™ x R"),
if and only if a = A= =0.

Theorem D.  Suppose that the condition1is0 <p <1 or0 < q < 1 and the condition I1 is p = co and
1 < g < oo. If one of the condition 1 and the condition 11 holds, then the operator T x g is not bounded
from LP(R™) x LI(R™) to L'(R™ x R™) for every real numbers c, 3 and 7.

In fact, we can use Figure 1 to indicate a domain where the operator T, x g may be bounded from
LP(R™) x L4(R") to L*(R™ xR™). Theorems A, B, C and D clearly imply that the domain is just the closed
triangle area denoted by AFEF(G. Consequently, the point (11), (11) € AEFG is only necessary condition
which makes the operator T, » s be bounded from LP(R™) x L¢(R") to L'(R™ x R™). An important and
interesting question is how to find the sharp bound of the operator T, » g.
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Figure 1 The set of points (11?7 (11)

In 1983, Lieb [6] obtained the sharp constants only when one of p and ¢ equals 2 or p = q. When
1 <p,qg < oo and 11) + (1] = 1 hold, the sharp constant is given by Beckner in [1] and [2].

In this paper, we use the Selberg integral formula to give the sharp constants B(p, ¢, a, A, 8, n) as long
as the point ( ]1), (11) is on the boundary of AEFG. In addition, the explicit bounds can be obtained for
the case 1 < p,q < oo and 11) + ; > 1. It should be pointed out that for the case 1 < p,q < oo and
11) + ; = 1, we use a novel method to give the sharp constants.

For convenience, we denote p’ as the dual number of p, the point e; := (1,0,...,0) € R™ and define a

constant Cy, 4, related to di, do and n as follows.
Definition 2. Let dy < n, ds < n and dy + d > n. Define

L T D( e

D(E(%)T(n — #3) )

thdz,n =

Obviously, we have Cq, d,,n = Cay,dy,n-

Definition 3.  Suppose that the operator T, ) g is bounded from LP(R"™) x LY(R") to L*(R" x R™).
The norm of the operator T,y 3 is defined by

[Tans(f59) ”Ll(]R" xR™)

I TaxgllLe®r)x La(®P)— L1 (R xR7Y = sup
\9||Lq(Rn)

I 2p @y 20, gl Lr@myz0  [1fllLe@n)

Now we formulate our main results as follows.

Theorem 1.1. If1 <p < oo, ¢ =1, and the two conditions (1.7) and (1.8) hold, then we have

1
HTOc,>\76||LT’(]R7L)><L1(R"L)~>L1(R"LX]R") = (Cp’a,p’)\,n) L

Theorem 1.2.  Let 11) + (11 =1, 1< p<oo. If the two conditions (1.1) and (1.2) are satisfied, then we
have
[Tl e ®n)x La@n) > L1 (R xR = Catn an = Catn an-

Theorem 1.3. Ifp=q=1, then the norm of operator T, x g is satisfied as follows,
||Ta7)\76||L1(]Rn)XLI(RH)A)LI(R'ILX]RH) =1.

For the case 1 < p, g < 0o, we obtain an explicit upper bound estimate of the operator T, ) .

Theorem 1.4. Let1 < p,q < o0, 11) + é > 1 and a+ § > 0. If the conditions (1.1) and (1.2) hold,

then

ITan sl Lo x pan) s rr@exin) < (Cgpn )’ = (Coyn 5 ),

wherepozl—i—gi,qo:l—i—g; and&zpl/—i—ql,,
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2 Some lemmas

To prove our theorems, we first provide some lemmas which will be used in the following.

Lemma 2.1. If1<p,q < oo, then we have

HTa,/\,ﬂ||LP(R")XLG(R")—>L1(R"XR") = H’]:LAﬁHL’I(]R")HLP'(]R") = ||7:xt,/\,ﬁHLP(]R")HL‘JI(]R")'
Lemma 2.2 (See [3]).  Let fy(x) :=|z|~% 2z € R". Ifdy <n, da <n and dy + dz > n, then we have
fay * far () = Cay dy |1 74", (2.1)

Lemma 2.3 (See [3]).  Let (X, u) and (Y, v) be two o-finite measure spaces, where p and v are positive
measures. Let 1 < p < oo and 0 < A < co. Suppose that T is the linear operator defined by

T () = /Y K(2,9) 1 (4)dv(y)

and T is transpose operator of T,

Tlo(y) = /X K (2, y)9(z)du(z),

where K(-,-) is a nonnegative measurable function on X x Y.

To avoid trivialities, we assume that there is a compactly supported, bounded, and positive v-a.e.
Junction hy on'Y such that T (h1) > 0 p-a.e. Then the following three stalements are equivalent:

(I) T maps LP(Y) into LP(X) with norm at most A;

(II) For all B > A there is a measurable function h on'Y that satisfies 0 < h < oo v-a.e., 0 < T(h) < 0o
w-a.e., and such that

TUT(h)#') < B'hv';

(III) For all B > A there are measurable functions u on X and v on'Y such that 0 < u < 0o p-a.e.,
0 <v < oo v-a.e., and such that

TWP) < Bu”  and T'(uP) < BoP.

We remark that the proof of Lemma 2.1 immediately follows from the elementary properties of func-
tional analysis. The proof of Lemma 2.2 can be found in [3]. Lemma 2.3 is also called Schur’s lemma,
and its proof can be found in [3].

Lemma 2.4. Ifdy,ds,ds <n and dy + ds + d3 = 2n, then

Cay,da,n = Cdy dgn = Cy,dg,n- (2.2)

Proof.  The equality (2.2) immediately follows from Definition 2.

3 The proofs of theorems

Proof of Theorem 1.1.  Without loss of generality, we always let f, g > 0. We conclude that

).

< gl @ny

[Tax,8(f; g)HLl(R"xR") =

J(x)g(y)
zfalz — gl P ‘

[ e
re [Tz — A ] Loo (R7)

1
1 v’
d
‘ (/ el e — | - 8 x)

L")

< ”f”LP(]R") g||L1(Rn)
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Since the conditions (1.7) and (1.8) are satisfied, we obtain that
pa<n, pPd=n—-p(a+8)<n, pat+pr=n—pE>n
and
pa+pA+p'B=n.

Thus it follows from Lemma 2.2 that

1 7 ol !
/]Rn |z|P' |z — y|P Ay |P'P de = ly|™" ﬁCp’a,p’A,n|y| paspiEn Cpapamn-

Therefore, we have

1
1Tax6(f, L1 @rxrr) < (Cprapan)? | fllLo@n |9l @nys

which implies that
1
T8l Lr @y L1 @)= L1 (&7 xR < (Cprapam)?” - (3.1)
Now we will prove the inverse inequality.

We consider the question for two cases: p =00 and 1 < p < 00, respectively.
For the case p = oo, set f = 1. Then it follows from Lemma 2.2 that

172,812 @n) = Caan-

This means that
[ Ta 2,8l Loe @y ooy = Carn- (3.2)
For the case 1 < p < o0, let
1
hy(z) = .
! ||z —y|*yl?

A direct calculation leads to )
el Lot ey = Gy

p'a,p’An’

Let f(z) = (he, (z))? ~'. We easily have ||f||zo@n) = (Cpraprm)?r < oo. It follows that Tarpfler) =
Cpra,pan- Now we consider the continuous property of

Tof,)\,ﬂf(y) = - hy(a:)f(x)dx

on the point e;.
We deduce from Hélder’s inequality that

1
|Tat/\,6f(?/)| < ||f||LP(1R") |hy||LP/(]R") = ||f||LP(JR")(Cp’am’hn)p/ = Cp’am’hn- (3-3)

Let y tend to e;. Then it implies from Fatou’s lemma that

1irginf Tonpl W) = f(z) liminf hy(2)dz = f(@)he, (x)dr = Cprapan- (3.4)
Yy—er Rn R~

y—el
By (3.3) and (3.4), we have T , 5f(y) is continuous on e; and thus
H’]Z,Aﬁf”Lx(R") = Cp’a,p’)\,n-
Consequently, we have that

175 5 g fllLos®m) 1
174 s pllLr@®ny—Loo@®ny = % " 2 (Cpapan)? (3.5)
11l ey
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Thus, combining the inequality (3.2) with (3.5) yields that

1

|‘Tof,)\,ﬂ||LT’(]R")~>L°°(]R”) = (Cp’a,p’/\,n)pl- (3-6)

It immediately follows from Lemma 2.1 and the inequality (3.6) that

1
||Ta’)\,ﬂ||Lp(]R7L)XL1(R'rL)_>L1(R'rL XR™) > (Cp’a,p/)\,n) p (37)

Consequently, both the inequalities (3.1) and (3.7) evidently imply that
|‘T0¢7>\16||LP(R”)><L1(]R")~>L1(]R"X]R”) = (Cp’a,p’)\,n) v
Proof of Theorem 1.2.  Since 11) + ; =1, by Lemma 2.1, we merely show that

[ TaxsllLa@m)—ra@n) = Catman = Cpirm an-

We choose two functions
u(z) =lz|"re and w(y) = |yl ra.

We easily check that v and v satisfy (III) of Lemma 2.3. In fact, we have
Tans(@?) = Cayn s pu? (3.8)

and

7.
Since the two conditions (1.1) and (1.2

)\,B(uq) == Ca+;’)\’n'l)q. (3.9)

are satisfied, and 1 < p = ¢’ < oo, we can obtain that

)

~—

O0<a+

(o)) oo
p q

it follows from Lemma 2.4 that Csy» xn = Catn an-
Thus Lemma 2.3 implies that 7, 5 g is bounded from L4(R™) to itself and

, and A\ <n, ﬁ+n<n.
q

SIS

Since

[ TaxsllLa@n) Loy < Carnan = Catm An (3.10)

To complete the proof of Theorem 1.2, we have to show the inverse inequality.
Set

9:(y) = X< () |y] "7 te

with € > 0. For any fixed € R™\{0}, there must exist a rotation transformation denoted by A, such

that
T

Axel = |$|

By means of variable substitution, we can get that

n__

Tonpde(x) = |2 / ey
<1

B 'x'a/ iy etz = o Apy| 2] Auy] ™5 P d(|2| Auy)
xT PARS
_ |x|—a—>\—6—’;+n+e/ |y _ 61|*)‘|y|_2_’6+6dy
lyI< 2

a7 el
Yy

ES
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Now fix a § with 0 < § < 1. We conclude that

||7;,A,ﬁ96||%q(w) ||7:1,>\,ﬁ96||%q(35(0))

00y © ey
- f|x|<6(|$|_q+6f\y\<§|y—€1|_/\|y|_q_’6+€dy)qd9€
B (PR
—nteq 4
Ji <5|x| " T B
= |2?||| Hq |y—€1| A|y| 6+Edy
Jell La(rn) lyl<}
q
= 5Eq</| < |y—61|_/\|y|_q—ﬁ+€dy> . (3.11)
y \8

It follows from Fadou’s lemma and the inequality (3.11) that

177,89l L (g e
liminf qE LA 5 (/ |y—e1|_/\|y|qﬁdy> :
lyl< 5

=0+ ”ga”Lq(Rn)

Letting § — 0 and using Lemma 2.2, we conclude that

Te n
||7-a’)\“3||Lq(]Rn)_>Lq(Rw 11m f || ay)\)ﬂgE”Lq(R

A —B _
y—e Y dy=C " A 3.12
8 el zageny / Iy~ eyl o (3.12)

Consequently, combining the inequality (3.10) with the inequality (3.12) immediately yields that

[ Tax 8l e (e x Lan)— L1 (R xRr) = [|Ta,x,8llLa®m) > La®n) = Catnam = Cptr an-

This finishes the proof of Theorem 1.2.

Proof of Theorem 1.3. According to Theorem C and the boundedness of the operator T, x g from
LY(R™) x LY(R™) to L'(R™ x R™), we have that « = A = 3 = 0. Evidently, we have that

||Ta’)\,ﬂ||L1(Rn)XLI(]R7L)_>L1(]R7L xRm) = ||TO,O’O||LI(RH)XLI(RH)_)LI(]R'IL xR™) = 1.

Proof of Theorem 1.4.  Without loss of generality, we let f,g > 0. Let pp = 1 + Zi, qp =1+ f;i and
0 = pl, + ql/. Obviously we have that

1 1 1 1
+ =1, (1—9)—!—9: and (1—9)—|—0= )
Po q0 Po p qo q

Rewrite T 5(f,9) as

Ta,)\,ﬁ(ﬁg)(l‘,y)z |f(x)|p(170)| ( )lq (1— 0)|f? |)|P0 |g( )|

|||z — y|MylP
Notice that
1 1 1 1
0<#= ,+ =2- — <L
p p g
It follows from Holder’s inequality that

g 6
po g(y)|
||Ta,)\,ﬁ(f,g)”Ll(]R"x]R" ”fpg ||L1(]Ru><]Rn (/ / | )| dxdy)

| Iw —ylolyls

6
|g||‘iq1(Rf><// 1% lg(w) dmdy). (3.13)
" o) Ix—yl ly|?

1— 9
Sl

Setting F' = fppo and G = gqqo , we have

11l eo ]R")_”f”Lp(]Rw and |G| oo &) = |91l g
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Since pg = 1+ Zi, g =1+ f;: and 6 = pl, + ql, and the conditions (1.1) and (1.2) hold, a straightforward
calculation shows that

a B

R R

a ap'q’ q n n
= n = =

O p+q¢ P+d w0 p

and
B Br'd P’ no_n
= n = .
o p+d p+d po g
Set o/ = §, N = g‘ and §' = g. We clearly have that

1 1

PR (3.14)
Po Qo
1 1 ! )\/ !

LA ENEs (3.15)
Po q0 n
o+ 8 >0, a'<7?, B’<n,, N < n. (3.16)

Po ’ls)

Clearly by (3.14)—(3.16), we can easily verify that the functions F', G and the indexes po, qo, ', N’
and [’ satisfy all the conditions in Theorem 1.2, so we conclude from the inequality (3.13) that

(1-6 1-0)
[ Tors(f, )1 @nxmny < (Coyn 3 ) IF IS gl Rn>||F||%po<Rn>||G||%qo<w>

1-6
= (Cypn ) WIS

(er ,e,n) £l 2o en) 19l Lan).-

6
1-0
il

q
|g||Lq(]Rn

IfIILp )

This means that
HTa’)\,ﬂ||Lp(]R7L)XLq(Rn)_>L1(]R7L><]R7L) < (C'aJr n L) ,n) (CB+ n ,9 m)a.
This completes the proof of Theorem 1.4.
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