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Abstract We are concerned with robust estimation procedures to estimate the parameters in partially linear
models with large-dimensional covariates. To enhance the interpretability, we suggest implementing a noncon-
cave regularization method in the robust estimation procedure to select important covariates from the linear
component. We establish the consistency for both the linear and the nonlinear components when the covariate
dimension diverges at the rate of o(y/n), where n is the sample size. We show that the robust estimate of
linear component performs asymptotically as well as its oracle counterpart which assumes the baseline function
and the unimportant covariates were known a priori. With a consistent estimator of the linear component, we
estimate the nonparametric component by a robust local linear regression. It is proved that the robust estimate
of nonlinear component performs asymptotically as well as if the linear component were known in advance.
Comprehensive simulation studies are carried out and an application is presented to examine the finite-sample
performance of the proposed procedures.
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1 Introduction

Let Y be the response variable, = (X1,...,X,, )" € RP" and z = (Z1,...,Z4) " € R? be the associated

n

covariate vectors. Consider the partially linear model
Y =8z +v(z)+e, (1.1)

where the random error ¢ satisfies E(g|x, z) = 0. The subscript n in 3,,; indicates that the dimension p,,
of B,,0 possibly depends on n. Model (1.1) contains both a linear component 3,2 and a nonparametric
baseline function v(z). It combines the flexibility of nonparametric regression and the parsimony and
interpretability of linear regression.
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As one of the most commonly used semiparametric regression models, the partially linear model has
received considerable attention in the last two decades. The existing literatures often assume a univariate
z and a finite-dimensional « (i.e., d = 1 and p,, is fixed as n — oc0). Examples for estimating 3,,, include
the partial spline estimator [6,15], and the partial residual estimator [5,25,26]. [26] and [12] proposed
respectively kernel regression and local linear regression to estimate the parameters and systematically
investigated the theoretical properties of the resulting estimators. For a comprehensive review on the
study of (1.1), one can refer to the monograph by [13] and references therein. In these studies, however,
either the dimension of the covariate vector & was fixed or the problem of variable selection in x via
penalization was not considered. In addition, these studies did not consider the issue of robust estimation.

In the presence of a large number of covariates in model (1.1), [10] considered variable selection in the
context of longitudinal data analysis, and [21] proposed penalized profile least squares to estimate the
parameters in partially linear models with measurement errors. Both assume a framework with a fixed
set of covariates as n increases. [32] established the consistency of penalized profile least squares estimate
when p,, diverges at the rate of o (y/n).

To handle non-normal or heavy-tailed errors in (1.1), [3] proposed a robust profile likelihood esti-
mation, [14] and [23] extended the robust likelihood procedure to longitudinal data. [21] considered
penalized quantile regression for partially linear models when the covariates are measured with addi-
tive errors. These robust estimation procedures are applicable for low-dimensional covariates, but they
become infeasible when the dimension of covariates is comparably large due to the curse of dimensionality.

In this paper, we propose several general robust procedures to estimate the parameters in model (1.1).
We allow the dimension p,, of x to diverge with the sample size n. This strategy makes model (1.1)
more useful in usual practice [11,32]. To estimate 8, in (1.1), we follow the idea of “partial-residual”
estimation [5,25,26] and transform (1.1) into a linear model. We build a general robust estimation
procedure upon the transformed linear model. To enhance the interpretability, we then implement a
nonconcave regularization approach to select the important covariates from x. It is shown that the
penalized robust estimate of 3,,;, performs asymptotically as well as an oracle procedure when p,, = o (y/n).
This oracle property also extends the terminology of [9] in that the oracle procedure for (1.1) assumes
both the effects of z on both & and Y and the unimportant covariates amongst & were known in advance.

With a consistent estimate of 3,,,, we estimate the nonlinear component v(z) in (1.1) by a robust
local linear estimation. We show that the robust local linear regression estimate of v(z) based upon the
consistent estimate of 3,,o has the same asymptotic bias and variance as the robust local linear regression
based upon the true value B,,. In other words, the robust local linear estimation of the nonlinear
component also has an oracle property asymptotically.

The rest of this paper is organized as follows. In Section 2, we propose a general robust estimation
procedure to estimate the linear and the nonlinear components for (1.1). To select important covariates
from the linear component, in Section 3 we implement a nonconcave penalty in the robust estimation
procedure. Some practical issues, including the optimization and tuning parameter selection, are also
discussed in this section. Comprehensive simulations are conducted in Section 4 to examine the per-
formance of the proposed procedures. The simulations demonstrate that the proposed procedures with
moderate sample size perform almost as well as the oracle estimators. In this section we also illustrate
our proposal through an empirical analysis of a real-world dataset. This article is concluded with a brief
discussion in Section 5. Regularity conditions and technical proofs are given in Appendix.

2 A robust estimation procedure

In this section, we suggest a general robust estimation procedure to estimate the linear component and
the nonparametric baseline function.

2.1 A robust estimate of 3,

We first discuss how to estimate B3, in (1.1) following the idea of “partial-residual” estimation [5,25,26].
For notational clarity, we write # = @ — E(x|z) and Y =Y — E(Y]|z). We note that model (1.1) implies
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that
Y =81, +e¢. (2.1)

The transformed model (2.1) enables us to estimate 3,,, in the context of classical linear model. Specifi-
cally, we suppose that {(x;, z;,Y:),i = 1,...,n} is a random sample from (1.1). To get some insights into
the general estimation procedure, for now we assume that E(x;|z;) and E(Y;|z;), for i = 1,...,n, are
observable, which in turn implies that both x;’s and Y;’s are observable. We will discuss how to estimate
E(x;|z;) and E(Y;|z;) later. With {(2;,Y;),i = 1,...,n}, we can estimate 3,, by minimizing
n ~

> pYi—z!8,) (2:2)

i=1
for a suitable choice of loss function p(-). In general, p(-) can be any convex function. Some important
examples include Huber’s estimate with p(r) = T;l (Ir] <) + (c|r| — 522)1 (Ir] > ¢) for some positive
constant ¢; the ¢ -regression estimate with p(r) = |r|? for some 1 < g < 2; the regression quantile with
p(r) =art +(1—a)(—r)t, for 0 < a < 1, where r* = max(r,0). When ¢ =1 or a = 1/2, the minimizer
of (2.2) is called the least absolute deviation (LAD) estimate, which is a robust estimation; when ¢ = +o0
or ¢ = 2, it corresponds to the ordinary least squares estimate.

In practice, we must estimate E(Y|z) and E(x|z). This can be done through nonparametric regression

techniques such as kernel smoothing or local linear regression [7]. Denote the resulting estimates by
Mg (z;) and my (z;) respectively. For example, we define

_ S Ky (25 — i),

mm(zz) = n )
Zj;éi K, (2 — 2)
and
" K 25— 2 Y,
iy (2;) = 2ji a2 = 20)7) (2.3)

Diei Ky (25 — 2i)

where Ky, (1) = K(-/hi)/hy is a d-dimensional kernel function and Ay, is the bandwidth for £ = 1,2. Note
that my () is not a robust estimate of my () when ¢ is heavy-tailed. However, it will not affect the final
estimate of 3,7 because the issue of the presence of heavy-tailed errors will be taken into account when

we implement a robust procedure to estimate 3,,5. Let T = — Ma(2i) and Y; = Y; — iy (2;). Denote

~ tos AT
Bno = argminzp(yi — I Bn)a (24)

nooi=1
which is the final robust estimate of 3,,7 at the sample level.
The following theorem states the convergence rate of the robust estimate.

Theorem 1.  Suppose that p(-) and T satisfy Conditions (C1)—(C2) and (C3)(i) in Appendiz A. If
p2/n — 0, then there exists a robust estimator EnO such that

1Bro = Buoll = Or (v/pu /1),

where B, is defined in (2.4), and || - || stands for the Buclidean norm.

The following theorem presents the asymptotic normality of Eno when p,, diverges at the rate of o(nl/ ).
It improves the rate of p,, = o(n'/3) obtained by [17].

Theorem 2.  Suppose Conditions (C1)-(C2) and (C3)(i) in Appendiz A hold. If p?/n — 0, then

n'? A, 82(Bro — Bno) = N0,y %02G)

ki

where B stands for “convergence in distribution”; S, = var () and x = x — E (x|z); A, is a ¢ X pp,
matriz such that A, A} — G asn — 0o, and G is a q X q nonnegative symmetric matriz; oo = E{*(¢)}
where Y(-) is defined in Condition (C1); «v is a constant defined in Condition (C2).
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This theorem implies that the general robust estimate of 3,5, denoted by ,(Aino, performs asymptotically
as well as if {(z;, }N’l),z =1,...,n} were observed a priori. In other words, even when the dimensionality
prn diverges at the rate of p, = o(nl/ 2), the robust estimate Eno performs asymptotically as well as its
oracle counterpart which assumes the nonlinear effect of z on both & and Y were known in advance.

If p happens to be the least squares loss function, then =202 = E(g?). Thus, for a general loss
function p, the asymptotic relative efficiency (ARE) of the resulting robust estimator to the ordinary
least squares has the form of
VE(e?)

ARE = plyee)y

2.2 A robust estimate of v(-)

Next, we discuss how to estimate v(zg) for any fixed 2y € R? when a consistent estimate of 3, is available.
This can be done through using the idea of the local linear fit which approximates the unknown function
v(zp) by a linear function v(z) ~ v(zp) + (z — zo)T V(zg) =:a+ (z— zo)—r b for z in a neighborhood
of zp. Locally, estimating v(zp) is equivalent to estimating the intercept term a. Therefore, we are
motivated to define an estimator 7(zp) = a, where

n
(3,B) = argr?inz plYi — Bloi —a— (2 — )T BYK (Zh_ z°> , (2.5)
a, i—1 n

where K (+) is a d-dimensional kernel function. One can also refer to [8] for a motivation and a discussion
of this estimate.
The following theorem presents the asymptotic normality of 7(zp).

Theorem 3.  In addition to conditions in Theorem 2, we assume that Conditions (C4)—(CT7) hold. If
hy, — 0 and nhl — oo, then

2 v v
(nhd)1/? {ﬁ<z0>—u<zo>—bz'as}3zv{o,f K(v)d e (y*—V(zo))g(y*|zo)du(y*)},
0)

f=
where bias = h2tr {v""(z0)} [ V2K (v)dv/2; f(-) denotes the density function of z; and G(-) and g(-) are
defined in Condition (C6).

The above theorem indicates that the robust local linear regression estimate of v(-) built upon the
consistent estimate En() has the same asymptotic bias and variance as that built upon the true value 3,,.
This is not a very surprising result in that Theorem 2 states that the estimate of the linear component
has a faster convergence rate than that of the nonlinear component.

3 A penalized robust estimation

In practice many covariates are often collected to attenuate modeling bias during the stage of data
gathering. To enhance the interpretability of (1.1) when a large number of covariates are present, we con-
sider penalized robust estimation procedures to select important covariates and to exclude unimportant
covariates in the sequel.

3.1 Variable selection in robust estimation

To select important covariates from « in (1.1), we consider equivalently the transformed linear model
(2.1). Over the past years, much effort has been devoted to establishing the consistency of various
penalized robust estimations in the context of classical linear models [20, 28, 30,34]. In the transformed
linear model (2.1), however, both & and Y are not observed. Thus we must replace them with their
consistent estimators. This introduces some new difficulties in selecting important covariates from .
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We follow the idea of (2.4) and propose to estimate 3,,, by minimizing

n ~ Pn

S pVi—3, 8,)+n > pallBus). (3.1)

i=1 j=1

where 3,; is the j-th coordinate of 3,,, pA(-) is a penalty function and A is a regularization parameter. [9]
studied the choice of penalty functions in depth. They proposed a unified approach via non-concave
penalized likelihood to automatically select important variables and simultaneously estimate the coeffi-
cients of covariates. One of the most commonly used nonconcave penalty is the SCAD penalty, which is
defined by

Al B, if 0 < [Bnj| < A,
(@ = )X = (|Bnj] —a)® .
P (18ns]) = 20 —1) ;IEAS Byl <ad,
1 2\2
(a +2) A ’ lf |ﬁn]| 2 a)‘a

where a is often chosen as 3.7 as suggested in [9].
In practical implementation, we may employ the perturbed LQA algorithm proposed by [18] to mini-
mize (3.1) for a fixed A. Specifically, we updated g;’““) from ﬁ;k) by using

) LA (B L,
B, = argmin Z pY,—x; B,) +n Z *) Brj ¢+ (3.2)
3, el = 20087 1+ 1)
min{|8.5 |:}

0 . . .
where 7 = 7 5 704 for a prespecified tolerance 7. In our subsequent implementations, we

2nA,
update ,@Slk) using (3.2) to obtain an estimate of 3,,,. This algorithm was implemented in our numerical
study.

To produce a sparse robust estimate of 3,,, it remains to select the regularization parameter A. For
any fixed A\, we update ,@Slkﬂ) from ,@Slk) iteratively using (3.2) until the algorithm converges. We denote
the resulting estimate by En()\) The regularization parameter A can be chosen through a data-driven
algorithm. We adopt the BIC-type tuning parameter selector. To be specific, we choose the optimal A

which minimizes the following BIC type criterion:

"o AT
BICO) = nlog | 3oV~ & B} + og(r)DP,
=1

where
.

DF, = trace[X (X X + nD{an(A),A})—1§“ 1,

o~ ~T

—

X = (;1, ceey in)‘r is an n X p, matrix, and D{,@n(A), A} is the diagonal matrix whose j-th diagonal
element is

PA(BR ()
2|Bni (V]

We denote by En the final estimation ﬁn()\) with an optimal A selected by the above BIC type criterion.

Regarding p,, as a fixed number, [29] proved the selection consistency of the BIC type criterion under
the least squares framework. [27] proposed a modified BIC type criterion to accommodate the diverging
prn scenario. They also established the selection consistency for the modified BIC type criterion. We
further adapted [27]’s BIC type criterion to accommodate the robust regression scenario. Though the
selection consistency of the modified BIC type criterion under the robust regression context remains
unknown to us, it is an important issue and deserves our further study.
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3.2 Asymptotic properties

In this section, we investigate the asymptotic properties of the nonconcave-penalized robust estimation
B,,- The following theorem states the convergence rate of 3,,.

Theorem 4.  Suppose that p(-) and @ satisfy Conditions (C1)—(C2) and (C3)(ii) and the penalty func-
tion py, () satisfies Conditions (C8)—(C10). If p2/n — 0 as n — oo, then there exists a nonconcave-
penalized robust estimator En such that

1Br = Buoll = Op{py/*(n™"/% + ay)},

where ay, is defined in Condition (C8) in Appendiz A.

Theorem 4 shows that the nonconcave-penalized robust estimator Bn is root-n/p,, consistent if a, =
O(n~'/?). For the SCAD penalty, if those nonzero coefficients are larger than a),, it can be easily seen
that a,, = 0 when n is large enough, and hence the estimate of nonconcave-penalized robust estimator
En is root-n/p,, consistent.

Next, we investigate the oracle property of the nonconcave-penalized robust estimate ﬁn To facilitate
illustration, we assume without loss of generality that the first k,, elements in 3,,, are nonzero and the
last p,, — ky, elements are zero. In other words, B, = (8} 7,8,17)", where 8,1 = (Buo.1,---»Bnok,) "
and B,11 = (Bnokn+1s -+ Bnopn) s Bno,j # 0 for 1 < j < ky, and Bro; = 0 for ky, +1 < j < p,. Denote

b, = {plA“( Bn0,1|)Sign(6n0,l)v cee 7P&,L(|5no,kn |)Sign(6n0,kn)}—ra

and

Ty, = diag{pX, (1Bno1l):- -, PX, (1Bno.r.])}-

Theorem 5.  Under Conditions (C1)-(C2) and (C3)(ii) and (C8)—(C11), if A, — 0 with a proper
rate, then with probability tending to 1, the root-n/p, consistent nonconcave-penalized robust estimator
~ AT AT ,

By = (IBnIaIBnI{\)T must satisfy:

(i) Sparsity: B,r; =0, if (n/pn)l/2 Ap — 00 as n — o0;

(ii) Asymptotic normality: If p2/n — 0 and (n/pn)1/2 An, — 00, then

12 A,18,1" (VSnr + 22,) {Bur — Bur) + (¥8nr + =) b} B N(0,02G),

where S,1 = var (1) and A, is a q¢ X k, matriz such that AnIAL — G asn — o0, and G is a ¢ X q
nonnegative symmetric matrizx.

Theorem 5 implies that the nonconcave-penalized robust estimator of the zero coefficients are exactly
zero with high probability when n is large. The asymptotic normality in Theorem 5 in parallel to that
in Theorem 2, both allow the dimensionality p,, diverges at the rate of p,, = o(nl/ 2). When n is large
enough and those nonzero valued coefficients are larger than aX,, X5, = 0 and b = 0 for the SCAD
penalty. Consequently, the asymptotic normality (ii) of Theorem 5 becomes

n'? A, 182 B,r — Bur) = N(0,v202G),

which has the same efficiency of the robust estimator of 3,,; based on the sub-model with 3,,;; known in
advance. In addition, our estimator achieves the same efficacy as if  and Y were observed in advance,
although # and Y have to be estimated from the data because E (z|z) and E (Y|z) usually remain
unknown in practice. This demonstrates that, the penalized robust estimate is as efficient as the oracle
estimator which assumes 3,,;; and the effects of z on « and Y were known in advance.

With the penalized robust estimate En, we follow the idea of Subsection 2.2 and estimate v(zo) using
the local linear approximation. To be specific, we define

(a,b) := argmian{Yi - ,@Zmz —a—(z—2)" b} K (zi - ZO) .
a,b =1 hn
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We define without notational confusion that 7(zp) = a. The following theorem is parallel to Theorem 3,
yet it allows the dimension of x diverges at the rate of p, = o(nl/ 2), thanks to the penalized robust
estimation.

Theorem 6.  In addition to conditions in Theorem 5, we assume that Conditions (C4)—(C7) hold. If
hy — 0 and nhd — oo, then

2 v v
(nhy1/? {ﬁ(zo>—u<zo>—bms}3N{o,f B [ e {y*—v<z0>}g<y*|zo>du<y*>},

f(z0)
where bias = hZtr {v"(z0)} [v?*K (v)dv/2.

4 Numerical studies

4.1 Simulations

We conduct simulations to investigate the performance of the newly proposed procedures. The following
four models are adopted for comparison purposes:

model (I): Y = @] yx + 2sin(y' 2) +¢;

model (I1) : Y = 8lyx + |(v " 2) + 1| +¢;

(1) : Y = B, gz +exp{(v 2)/2}/2 +¢;
(

model (IV) : Y =8,z +2(v"2) +e.

model

We choose these models based on the following considerations. The effects of z on the response Y are
nonlinear in (I)—(IIT) and linear in (IV). The link function v(z) is oscillating in (I)—(IT), and monotonic
in (IIT)—(IV). In these models, we generate z = (Z1, Z5) " from a multivariate normal distribution with
mean zero and identity variance-covariance matrix. We generate x = (X1,...,X,, )" from models of
the form X; = v"z + 2¢ for i = 1,...,p,, where v = (0.707,0.707)T and the error terms ¢;’s are
independently generated from standard normal population. We generate « in this way such that « and
z are correlated. We choose 8,0 = (1.0,0.8,1.0,—1.5,0.5,0,...,0)", indicating that only the first five
covariates are important, and all remaining covariates of @ are unimportant given (Xi,..., X 5)T.

To verify the robustness of our proposals, we consider three scenarios for the error term e: (a) ¢
is generated from standard normal distribution; (b) ¢ is generated from standard ¢-distribution with 2
degrees of freedom; and (c) ¢ is generated from the mixture normal distribution 0.8N (0, 1) +0.2N (0, 52).

To provide a consistent estimate of 3,,, for model (1.1), we adopt three loss functions: (1) p(r) = 72
(least squares estimation, LSE); (2) p(r) = |r| (least absolute deviation, LAD); and (3) p(r) = 0.5r2 if
|r| < 1.345 and p(r) = 1.345|r| — 1.345%/2 if |r| > 1.345 (Huber function, HUB).

The simulations are repeated 200 times each of sample size n = 400 and dimension p,, = 2n'/? = 40.

Estimation of 3,
We evaluate the performance of B using the squared errors. To measure the estimation accuracy of ,@,
we adopt the squared error (SE) which is defined by

SE(B) = (18 — Bnoll*. (4.1)

Recall that, to estimate 3,5, we introduced the general robust estimate ,/(\3”0 in Section 2 and the non-
concave penalized robust estimate Bn in Section 3.

We estimate the squared errors by Monte Carlo simulations. The averages and the standard deviations
of SE values of 3,,, are summarized in Table 1, from which it can be easily seen that the general robust
estimate BnO performs equally as well as its oracle version which assumes v(-) is known in advance. This
confirms our theoretical investigation in Theorem 5. Though we estimate my (z;) through the usual
kernel regression (2.3) when € ~ t(2), the squared errors SE(8,,,) of both LAD and HUB estimators
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Table 1  The average (“aver.”) and standard deviation (“stdev.”) of SE(B3,,,) values based on 200 repetitions

Error Standard normal t(2) distribution Mixture normal
aver. stdev. aver. stdev. aver. stdev.
Model (I)

LSE 0.32 (0.04) 0.94 (0.45) 0.80 (0.11)
oracle  LAD 0.40 (0.05) 0.49 (0.07) 0.50 (0.07)
HUB 0.33 (0.04) 0.48 (0.06) 0.47 (0.07)
LSE 0.34 (0.04) 0.98 (0.47) 0.83 (0.12)
robust ~ LAD 0.42 (0.05) 0.57 (0.08) 0.55 (0.08)
HUB 0.35 (0.04) 0.53 (0.07) 0.53 (0.08)

Model (II)
LSE 0.33 (0.04) 1.00 (0.54) 0.78 (0.11)
oracle LAD 0.41 (0.04) 0.49 (0.06) 0.50 (0.06)
HUB 0.33 (0.04) 0.49 (0.06) 0.47 (0.06)
LSE 0.35 (0.04) 1.05 (0.57) 0.82 (0.12)
robust  LAD 0.43 (0.05) 0.58 (0.09) 0.56 (0.08)
HUB 0.35 (0.04) 0.55 (0.08) 0.53 (0.07)

Model (III)
LSE 0.33 (0.04) 0.93 (0.52) 0.79 (0.11)
oracle  LAD 0.41 (0.05) 0.49 (0.07) 0.51 (0.07)
HUB 0.33 (0.04) 0.47 (0.07) 0.48 (0.06)
LSE 0.35 (0.04) 0.97 (0.52) 0.83 (0.12)
robust ~ LAD 0.43 (0.05) 0.57 (0.08) 0.56 (0.08)
HUB 0.35 (0.04) 0.53 (0.07) 0.53 (0.08)

Model (IV)
LSE 0.33 (0.04) 1.07 (1.34) 0.79 (0.11)
oracle LAD 0.42 (0.05) 0.50 (0.07) 0.51 (0.06)
HUB 0.34 (0.04) 0.48 (0.07) 0.48 (0.06)
LSE 0.35 (0.04) 1.12 (1.42) 0.82 (0.11)
robust  LAD 0.44 (0.05) 0.56 (0.10) 0.56 (0.07)
HUB 0.36 (0.04) 0.53 (0.09) 0.52 (0.07)

are small, indicating that the robust estimates are asymptotically unbiased. This is because the issue of
heavy tailed errors has been automatically taken into account in (2.4). The LSE performs the best when
the error is standard normal, and the worst otherwise, which complies with our expectation. We can also
see that different estimation procedures have similar performance in different models.

The averages and the standard deviations of SE values of 3n are displayed in Table 2. In comparison of
ﬁn() with ﬁn, we can see that the non-concave penalized estimate ﬁn has much better performance across
all scenarios. The oracle estimate in Table 2 assumes both the nonlinear effects and the unimportant
covariates are known a priori, which is not surprisingly better than the oracle estimate in Table 1.

Estimation of v(+)

Throughout our simulations we use the Epanechnikov kernel function and the generalized cross-
validation to determine an optimal bandwidth. To evaluate the performance of estimating v(-), we
adopt the median absolute deviation defined by

MAD = median {|V(z;) — v(z;)],i=1,...,n}. (4.2)
Table 3 charted the averages and the standard deviations for three different estimation procedures: The

oracle estimate which assumes 3,y is known in advance; the robust estimation which regresses Y — scTﬁnO
onto z; and the penalized robust estimation which regresses Y — a3, onto z. The three loss functions,
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Table 2 The average (“aver.”) and standard deviation (“stdev.”) of SE(Bn) values based on 200 repetitions

Error Standard normal t(2) distribution Mixture normal
aver. stdev. aver. stdev. aver. stdev.
Model (I)

LSE 0.10 (0.03) 0.28 (0.15) 0.23 (0.08)
oracle  LAD 0.12 (0.05) 0.15 (0.05) 0.15 (0.05)
HUB 0.10 (0.04) 0.14 (0.05) 0.13 (0.05)
LSE 0.14 (0.04) 0.46 (0.29) 0.36 (0.12)
robust  LAD 0.20 (0.09) 0.26 (0.17) 0.23 (0.11)
HUB 0.19 (0.09) 0.26 (0.12) 0.25 (0.10)

Model (II)
LSE 0.10 (0.03) 0.28 (0.18) 0.23 (0.09)
oracle LAD 0.12 (0.04) 0.14 (0.05) 0.14 (0.05)
HUB 0.10 (0.03) 0.14 (0.05) 0.13 (0.05)
LSE 0.14 (0.04) 0.49 (0.33) 0.36 (0.11)
robust  LAD 0.20 (0.09) 0.27 (0.23) 0.24 (0.10)
HUB 0.18 (0.08) 0.27 (0.14) 0.25 (0.11)

Model (II1)
LSE 0.10 (0.03) 0.28 (0.19) 0.23 (0.09)
oracle  LAD 0.12 (0.04) 0.14 (0.05) 0.14 (0.05)
HUB 0.10 (0.03) 0.13 (0.05) 0.14 (0.05)
LSE 0.14 (0.04) 0.45 (0.27) 0.36 (0.12)
robust  LAD 0.21 (0.08) 0.26 (0.25) 0.24 (0.10)
HUB 0.19 (0.09) 0.26 (0.14) 0.25 (0.10)

Model (IV)
LSE 0.10 (0.04) 0.31 (0.50) 0.23 (0.08)
oracle LAD 0.13 (0.04) 0.14 (0.05) 0.15 (0.05)
HUB 0.11 (0.04) 0.13 (0.05) 0.13 (0.05)
LSE 0.14 (0.04) 0.49 (0.39) 0.36 (0.11)
robust ~ LAD 0.20 (0.09) 0.28 (0.29) 0.23 (0.11)
HUB 0.18 (0.08) 0.26 (0.21) 0.25 (0.10)

LSE, LAD and HUB, are considered here. It can be seen that the general robust estimation and the
non-concave penalized robust estimation have quite similar performance, both of which are very close to

the oracle estimates. The phenomenon, once again, verifies our theoretical observations in Theorems 3
and 6.

Variable selection

To measure the performance of the penalized robust estimation procedure in terms of variable selection,
we calculated the average proportions of the zero coefficients, which are summarized in Table 4, in which
the column labeled “C” presents the average proportion restricted only to the true zero coefficients, while
the column labeled “IC” depicts the average of coefficients erroneously set to zero. All numbers in the
“IC” columns are exactly zero, indicating that three methods can identify successfully all five important
predictors. A closer inspection finds that the numbers of LSE in the “C” columns are smaller that those
of the robust estimations such LAD and HUB, indicating that the penalized robust estimation procedures
are better than the penalized least squares in terms of variable selection.

4.2 An application

Motor-car manufactures produce different types of vehicles with different levels of attributes such as miles
per gallon and horsepower. Given these attributes, the manufacturers would like to know how they can
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Table 3 The average (“aver.”) and standard deviation (“stdev.”) of median absolute deviation values obtained from
nonconcave-penalized robust estimation procedure

Error Standard normal t(2) distribution Mixture normal
aver. stdev. aver. stdev. aver. stdev.
Model (I)

LSE 0.18 (0.03) 0.36 (0.06) 0.39 (0.06)
oracle LAD 0.22 (0.03) 0.27 (0.04) 0.28 (0.04)
HUB 0.20 (0.03) 0.26 (0.04) 0.26 (0.04)
LSE 0.25 (0.09) 0.70 (0.49) 0.62 (0.29)
robust LAD 0.28 (0.09) 0.66 (0.49) 0.56 (0.27)
HUB 0.26 (0.09) 0.65 (0.50) 0.55 (0.28)
LSE 0.24 (0.10) 0.50 (0.25) 0.46 (0.12)
penalized  LAD 0.27 (0.09) 0.42 (0.24) 0.37 (0.11)
HUB 0.25 (0.10) 0.41 (0.24) 0.35 (0.12)

Model (II)
LSE 0.19 (0.03) 0.37 (0.07) 0.39 (0.06)
oracle LAD 0.23 (0.03) 0.27 (0.04) 0.28 (0.04)
HUB 0.20 (0.03) 0.27 (0.04) 0.26 (0.04)
LSE 0.27 (0.11) 0.72 (0.47) 0.58 (0.23)
robust LAD 0.30 (0.11) 0.68 (0.46) 0.53 (0.25)
HUB 0.28 (0.11) 0.66 (0.46) 0.51 (0.25)
LSE 0.23 (0.08) 0.51 (0.26) 0.45 (0.11)
penalized LAD 0.27 (0.08) 0.44 (0.27) 0.36 (0.10)
HUB  0.24 (0.08) 0.43 (0.27) 0.35 (0.11)

Model (I1I)
LSE 0.18 (0.02) 0.37 (0.06) 0.39 (0.06)
oracle LAD 0.23 (0.03) 0.27 (0.04) 0.28 (0.04)
HUB 0.19 (0.02) 0.27 (0.04) 0.27 (0.04)
LSE 0.27 (0.11) 0.68 (0.54) 0.59 (0.27)
robust LAD 0.30 (0.10) 0.63 (0.55) 0.55 (0.29)
HUB 0.28 (0.11) 0.63 (0.55) 0.53 (0.29)
LSE 0.24 (0.09) 0.49 (0.23) 0.44 (0.10)
penalized ~ LAD 0.27 (0.08) 0.42 (0.22) 0.36 (0.09)
HUB 0.25 (0.09) 0.41 (0.23) 0.35 (0.10)

Model (IV)
LSE 0.18 (0.03) 0.36 (0.06) 0.38 (0.06)
oracle LAD 0.23 (0.03) 0.27 (0.04) 0.28 (0.04)
HUB 0.20 (0.03) 0.26 (0.04) 0.26 (0.04)
LSE 0.26 (0.11) 0.82 (0.98) 0.59 (0.26)
robust LAD 0.29 (0.10) 0.77 (1.01) 0.54 (0.28)
HUB 0.27 (0.11) 0.76 (1.03) 0.52 (0.28)
LSE 0.23 (0.09) 0.53 (0.29) 0.45 (0.11)
penalized LAD 0.27 (0.08) 0.45 (0.27) 0.36 (0.10)
HUB  0.24 (0.09) 0.44 (0.27) 0.34 (0.11)

charge the highest price that consumers are willing to pay. It is then of natural interest to investigate
how the prices of vehicles depend upon their attributes. We collect a data set which contains information
about 428 new vehicles for the year 2004 [19]. Sixteen observations with missing values are removed from
our subsequent analysis, leaving 412 data points.
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Table 4 The average proportion of zero coefficients obtained by SCAD-penalized estimators, where LSE, LAD and
HUB denote the penalized least squares estimation, the penalized least absolute deviation and the penalized Huber
function estimation, respectively, “C” denotes the average proportion of the zero coefficients which are correctly estimated

as zero, and “IC” denotes the average proportion of the nonzero coefficients which are erroneously set to zero

Error Standard normal t(2) distribution Mixture normal
Model Method C 1c C IC C 1c
LSE 0.90 0.00 0.90 0.05 0.91 0.03
) LAD 0.95 0.00 0.99 0.04 0.99 0.02
HUB 0.97 0.00 0.97 0.02 0.97 0.01
LSE 0.91 0.00 0.90 0.06 0.89 0.02
(I1) LAD 0.95 0.01 0.98 0.06 0.98 0.02
HUB 0.97 0.00 0.97 0.03 0.97 0.01
LSE 0.91 0.00 0.90 0.06 0.91 0.03
(I11) LAD 0.96 0.00 0.98 0.06 0.98 0.03
HUB 0.97 0.00 0.97 0.03 0.97 0.02
LSE 0.90 0.00 0.90 0.07 0.90 0.03
Iv) LAD 0.95 0.00 0.99 0.07 0.98 0.02
HUB 0.97 0.00 0.98 0.03 0.97 0.01

The manufacturer suggested retail price (MSRP) in U.S. dollars serves as the response variable. This
price is what the manufacture thinks the vehicle is worth given the set of attributes, including adequate
profit for the manufacturer and the dealer. There are twelve covariates which classify the vehicles. The
first seven covariates are binary variables: The sport car (X7), the sport utility vehicle (X5), wagon
(X3), mini-van (X4), pickup (X5), all-wheel drive (X) and rear-wheel drive (X7). Other five covariates
are continuous: Engine size (Xg), number of cylinders (Xo), horsepower (X1¢), weight (X11) and wheel
base (X12). In addition, we choose z = (Z1, Z5) T where Z; denotes city miles per gallon (MPG) and Z,
denotes highway MPG.

We first examine the empirical distribution of the MSRP values. The histogram of the standardized
MSRP is presented in Figure 1(b). It is revealed that the distribution of the MSRP is highly skewed.
We also examined the boxplot of the standardized MSRP in Figure 1(b), through which it can be seen
that there exist a number of outliers. The presence of non-normality and outliers in the response imposes
serious challenges for variable selection and subsequent inference. One may suggest to impose logarithm
transformation on the response variable. However, our preliminary analysis indicates that the transformed
response is still non-normal. Since the transformation may not remove the outliers and often brings
additional issues for interpretability, we choose to analyze the response on its standardized scale.

We fit a partially linear model (1.1) and apply three different estimation procedures to this data

250 10
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Figure 1 The empirical distribution of the MSRP values
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set: LSE, LAD and HUB. The results are summarized in Table 5. The resulting estimators using all
covariates are used as a benchmark for comparison. Next we apply penalized estimation procedures
corresponding to LSE, LAD and HUB, respectively. The estimated coefficients and their standard errors
are summarized in Table 6. Because all three penalized algorithms identify X5, X5, Xg, X710 and X153 as
important variables, we re-run the above three un-penalized algorithms on this dataset. The results are
again charted in Table 5. All above analysis conveys similar messages. For example, given other features,
the sport utility vehicle (X5) and pickup (X5) are more expensive than other type of vehicles. The engine
size (Xg), horsepower (X10) and wheel base (X12) are important factors affecting the MSRP, while others
are not. It can also be seen that the penalized robust estimates (LAD and HUB) have smaller standard
errors than the penalized least squares estimate (LSE), indicating that the penalized robust estimates are
more accurate than the penalized least squares estimate when outliers and nonnormal errors are present.

Figure 2 presents the scatter plots of the observed MSRP values (on the vertical axis) versus the
fitted values (on the horizontal axis) obtained from three estimation procedures, from which it can be
seen that the penalized least squares estimate (LSE) is more influenced by the outliers than the other
two procedures (LAD and HUB) because the fitted values are closer to the observed value on the right
boundary.

5 Discussion
In this paper we study several robust estimation procedures to estimate the parameters in partially linear

model. In many biomedical applications, however, the condition p, = o(n'/?) may be violated. In
particular, in studies with microarray data as covariate measurements, the number of genes (covariates)

Table 5 The estimated coefficients of x in analysis of the new vehicle data, where LSE, LAD and HUB denote the
least squares estimation, the least absolute deviation and the Huber function estimation, respectively. For each method,

the first line utilizes all covariates (X1, ... ,Xlg)T, and the second line merely utilizes (X2, X5, Xg, X10, Xlg)T
X1 X2 X3 Xy X5 X6 X7 Xs X9 X10 X11 X12

LSE
all —0.009 —0.534 —0.023 —0.124 —0.545 —0.026 0.091 —0.300 0.052 0.009 0.000 —0.024
subset —0.518 —0.520 —0.214 0.010 —0.023
LAD
all —0.008 —0.434 —-0.002 —-0.172 —-0.663 —0.014 0.181 —0.259 0.010 0.006 0.000 —0.012
subset —0.376 —0.625 —0.252 0.007 —0.010
HUB
all 0.034 —0485 —0.036 —0.261 —0.674 —0.021 0.086 —0.328 0.060 0.006 0.000 —0.013
subset —0.388 —0.571 —0.229 0.007 —0.014

Table 6 The estimated coefficients of & and their corresponding standard deviations in analysis of the new vehicle
data, where LSE, LAD and HUB denote the penalized least squares estimation, the penalized least absolute deviation
and the penalized Huber function estimation, respectively

X1 Xo X3 Xy X5 Xe X7 Xs X9 X0 X1 Xi2

LSE
coef 0 —0.520 0 0 —0.544 0 0 —0.223 0 0.010 0 —0.021
stdev. 0.108 0.164 0.062 0.001 0.005
LAD
coef 0 —0.316 0 0 —0.590 0 0 —0.075 0 0.006 0 —0.022
stdev. 0.037 0.097 0.009 0.001 0.003
HUB
coef 0 —0.456 0 0 —0.592 0 0 —0.255 0 0.007 0 —0.017

stdev. 0.080 0.103 0.043 0.001 0.004
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Figure 2 The scatter plots of the observed MSRP values (on the vertical axis) versus the fitted values (on the
horizontal axis) obtained from three estimation procedures, where LSE, LAD and HUB denote the penalized least
squares estimation, the penalized least absolute deviation and the penalized Huber function estimation, respectively.

is typically greater than the sample size. How to apply the penalized robust estimation to adapt those
studies is of both theoretical and practical importance.

In our context, we allow the covariate vector z to be multivariate. It is remarkable here that, our
estimation procedures may encounter the curse of dimensionality when the dimension of z is large. In
that situation, we may consider partially linear single-index model [4] to tackle this issue. With an
additional single-index structure, more elegant technical derivations are often expected. These issues are
currently under investigation.
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Appendix Proofs of theorems

Appendix A Some regularity conditions

To establish the asymptotics for the robust estimates, we present the following regularity conditions.
These conditions are not the weakest possible conditions, but they are imposed to facilitate the technical
derivations.

(C1) The loss function p(-) is convex on R! with right and left derivative ¢, (-) and ¢ _(-). Choose
(+) such that ¥ () < (-) <4 (-), for all t € RL. Let 1(-) be any choice of the subgradient of p(-) and
denote S as the set of discontinuity points of ¢, which is the same for all choices of ¥(-). We assume that
() satisfies the first order Lipschitz continuity. That is, there exist positive constants k and C such
that |¢(z +t) — ¥ (x)| < CJt|, for all z € R! and |¢| < k.

(C2) The common distribution function F of &; satisfies F(S) = 0. In addition, we assume that
E{¢(e1)} = 0,0 < E{¢p?(e1)} = 0% < 00, and G(t) =: E{¢p(e1 + t)} = vt + o(|t]), as t — 0, where v is a
positive constant.

(C3) Suppose maxi<k<p F(X}) < co. In addition, there exist Ny and constants b and B such that for
n = No,

(1) 0 <b< p1(XBn) < pp, (B) < B, where X,, = cov(x), or

(i) 0 < b < p1(Znr) < pp, (Bnr) < B, where X, = cov(@y).

The subscript I denotes the index set of important predictors in @. Conditions (C1)-(C2) are often
imposed in the M-estimation theory of linear model. Condition (C3) is often assumed to study problems
with diverging number of covariates. See [1] and [31] for more discussions about these conditions.

(C4) The kernel function K (+) used in (2.3) has a compact support [—1, 1]. It satisfies fil K(v)dv = 1,
fil vK (v)dv = 0. The bandwidths hy in (2.3) satisfy nhy — 0 and nh?? — oo, here d is the dimension
of z.

(C5) The density function f(-) of z is continuous, and f(z) > 0.

(C6) The conditional density function g(y*|z) given z is continuous in z for each y* = Y —x ' 8,,9. More-
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over, there exist positive constants € and ¢ and a positive function G(y*|z) such that sup|, . <.g(y*[zn) <
Go(y*|z) and that

/ G {5 — v(@)} [P Goly* |2)du(y") < oo,
and

/lV(y* —t) —v(y") =V (y" )t Goly*|2)duly”) = o(t?), ast— 0.

(CT7) The function v(z) has a continuous second derivative.

Let an = max{|p} (|Bno.jl)| : Bnoj # 0} and b, = max{|p} (|Bno;l)|: Bnoj # 0}, where we write \ as
An to emphasize that \,, depends on the sample size n. Then the conditions are as follows:

(C8) liminf, o liminfe o4 p\ (0)/An > 0.

(C9) a, = O(n~=1/?).

(C10) b,, — 0 as n — oo.

(C11) There are constants C' and D such that [py (61) —p} (02)| < D|01 — 02 for any 01,02 > C\,.

Because Theorems 1-3 are respectively parallel to Theorems 4-6. In the sequel, we will only prove
Theorems 4-6 and point out how the technical derivations can be adapted to prove Theorems 1-3.

Appendix B Proof of Theorem 4

In the sequel we will only sketch some key procedures because the major derivations are very standard
in the nonconcave-penalized likelihood literature. One can refer to [9] and [11] for more technical details.

Let o, = pnl/Q(n_l/2 + ayn). We will show that, for any given € > 0, there exists a large constant C
such that

Pr{ i 1ﬂ1£ Qn(Bno + apu) > Qn(ﬁno)} z1l-—e (B.1)

Denote

~

n

n = AT ~
u) = Z oY, —z, (Bpo +anu)} — Z p(Yi—; Bpo)-

i=1 =1

Let s = (Y; — Y;) — (%z — ;)" B,,0- Then by Condition (C1) .J,,(u) can be expressed as follows,

Z/oanmiu{z/’(&—i-t-l-s) }dt—anzw :1: w = o () + Jna(u).

Invoking Condition (C2), for J,1(u) we have
n —« %Tu
By =3 | [ {v(t+s>+o(|t+s|>}dt}
i=1 0

= T A S 0,8 w? — 2V - T — B - 3) Buo)end,
=1

=: Jnu(u) + Jn12(u)'

It is easy to see that J,11(w) is positive if 7 is positive. In addition, Condition (C3) and the uniform
~T

convergence of &, u [24,33] entail that J,11(u) = O(na?||ul?). Following similar arguments, we can

have,

natu)] = | [Z{ - G- ) s ]| = o000, ul)

Recall the definition of «,. We can see that E {J,1(u)} is dominated by J,11(uw) because J,12(u) =
o(na?||u||?). That is,

E{Jn(w)} = O(noy|ul?). (B.2)
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Recall the definition of . We have E(a,,Z ' u) = 0. By invoking Condition (C3), we have var(a,®'u) =

O(a2||ul|?). Thus, a, 'u = Op(ay||ul]), which tends to zero as n — oo because ||u| = C and
pr log(n)/n — 0 as n — oco.
Next we prove that

var {Jn1(uw)} = O(npZat||u|*), asn — occ. (B.3)

To prove (B.3), we note that Condition (C1) yields that

var{Jp1(u)} = var { Z/ n (e 414 8) — (e}t

n

<Y Cvar{(an@ w)*H1+o(1)} = O(nagpj [[ul*).

i=1

~T
The last inequality follows again due to the uniform convergence of &, u, and the last equation holds by
invoking Condition (C3).
By combining (B.2) and (B.3), it can be seen that

Tnr(w) = Jna(w) = B {1 (w)} + E {1 (w)} = Op(n'*ppad |u]|?) + O(nad ul]?), (B.4)

which is positive when ||u|| is sufficiently large, because p2 /n — 0 as n — oo. In addition, following similar
arguments in [20], we can show that J,,1(u) dominates J,2(u) by taking a sufficiently large constant C.
We remark here that this proves Theorem 1.

Recall the equation defined in (B.1). We write that

Dy (u) == Qn(Bpo + anu) — Qn(Bpo)

kn

2 Jni(w) + Jn2(u +nZ{PAn (|Bno,;i + anujl) — pa, (1Bno,1)} (B.5)
j=1

where k,, is the dimension of B,;. As shown in [20], the third term in (B.5) is bounded by J,2(u) by
invoking the assumptions (C8)—(C10). Therefore, by taking C large enough, J,1(u) dominates Jy,2(u)
and the third term in (B.5). Recall that J,1(u) is positive, which is shown in the statement about (B.4).
This proves (B.1), and hence completes the proof of Theorem 4.

Appendix C Proof of Theorem 5
To enhance the readability, we split the proof of Theorem 5 into two parts. We first prove the sparsity,

and then turn to the asymptotic normality part.

Proof of sparsity. ~ We now prove the sparsity. Theorem 4 shows that ||8,, — 8,0l = Op(an), where
o, = p1/2( ~1/2 4 @,,). Thus, it suffices to show that, for any j =k, 4+ 1,..., pn, aQn(,Bn)/a,Bm > 0 for
0 < Bnj <e=Cay,, and 3Qn(,6n)/(’“)ﬁm <0 for —e < Bm < 0, where ﬁnj is the j-th component in 3,,.
Let

z; 0 70
A(0) = / (e +1)— (e} dt, and ALO) = / (e + 1) — ¥les — an] w)}dt.

It follows from [2, (3.2) in p. 219 and (3.30) in p. 227] that, for any fixed x > 0,

n

oy 771 (0) S [A(8) - E{A(0))] ] — op(1), (C.1)

sup
10]|< ko, P
and
sup sup |« 171—1 Z — E{A;(6)}] ’ =op(1), (©2)
10]|<ran, lull<C

1=1
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where 7(0) = ||6|| v 1. Then, subtracting (C.2) from (C.1), we obtain that

o tn ” i — @ u) — ()} 0
) _([{v Y o]

i=1

—E[{¢(ei — an® ') — w(si)}iTO])’ =op(1),

sup sup
18] <kan llull<C

from which it can be derived that,

sup  sup
18] =k, llul|<C

B[{(er — and ) - wm)}mn\ — op(L).

o 12 [{(er — an] w) — ¥(c:)}3T 0

This is equivalent to

sup
llull<C

Y (H{er — an®l w) = v(e)}&i] — E[{y(ei — an@ u) — ¥(e:)}])

i=1

By Condition (C2), we can show without much difficulty that

El[{t(ei — an@ u) — P(e:)}a] = E(E[{v(ei — an® w) — (i)}, 2)2)
= —E[Z{anZE u + o(a,Z  u)}]

= —vyapcov(T)u + o(ay,),

which, together with (C.3), entails that

” Shlp Z {(ei — an® w) — (i)} 2] + mncov(.%)u)H = op(1). (C.4)
u||<C
Let 6; =Y, — Y; — (%l — ;)" B,,0- The uniform convergence implies that maxi<;<y [|0;|| = 0,(1) almost

surely. Therefore,

sup
lull<C

S ({06 + 8 00T w) — w(e)}a] + rancov(@u) | = on()

By invoking Theorem 4 that ||B3,, — B,,0l| = o], it follows that

n n

S U3, BB = 3 (e)E: — nyvcov(@) By — Buo) + 0r(1).

i=1 i=1

Use again Condition (C3). It is easy to check that

B> (e ] SN B{X G Xy(ew(e)} = iZE()?%)E{wQ(ei)} = O(npy).
i=1 j=11i=1 =1 j=11i=1

= ~T.. =
Consequently, S°7"  (Y; — &; B,)Xs; = Op{(np,)'/?}. Recall the condition that (p,/n)Y/2/\, — 0.
By using Condition (C8) and the fact that

0Qn(B, (3 BR e e (IF
QA(B ) = _Zw(Yi —x; B,) X +np) (

8671]‘ P NI )Sign(gn,j)

(

,al) g

_ W{ Op{(pn/m) 2/ 20} + P gn(Bnj)|
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9Qn(B,.)
8 3

n,j

we can see that the sign of Enj completely determines the sign of ie.,

0Qu(B,) _ [ >0, for0<p; <e,
O0Bn.j <0, for —e < B,,; <0,

where j =k, + 1,...,p. This completes the proof of sparsity part.

Proof of asymptotic normality.  Next, we prove the asymptotic normality of ,[Ain Theorem 4 proves that
,/(\3” is root-n/p,, consistent. Thus, each component of Bn 1 stays away from zero for n sufficiently large
because B, is away from zero. Therefore, the partial derivatives exist for the first k, components. As
a consequence, the estimate En 1 based on the penalized robust estimation are necessarily the solution of
the following estimation equation

"~ 2 AT R
- Zwﬂ/}(yi = &; Bur) +nPy, (|Bnr]) =0, (C.5)
i=1

o~ ~ ~ = ~T
where Py (|B,1]) is a k, x 1 vector whose j-th element is p) (|Bnr ;])sign(|Bnr j]). Let & =Y —&; B,,.

By using Taylor expansion for (C.5) and re-arranging the resulting terms, we have
n{(’ysln + 2A¢L)(Z\3n1 - ﬁnI) + bn}

= - , =~ 2T ~ 1 ,= =27 2T ~ o=
= Zw(fi)mli Z [— {¢'(ei) —vizrn@(Bnr — Bur) + o ¥ Y —@; B (Bnr — Bur)} ®ri |,
i=1 1

1=

where 3} is a vector between 3,,; and ,@nl. Multiply both sides of the above equation by n‘l/zAnIS;Il/Q,
where S,y = var (Z1;). We can obtain that

124,181 (vSur + B0,) {Bur — Bur) + (¥Sur + ) b} = wi — wa + w32,

where

wy =: n_l/?‘AnIST:Il/2 Z¢(51)§117

i=1
_ - =~ 2T ~
Wy =: nil/zAnISnIl/Q Z {wl (Ei) - ’Y} wIimIi(I@nI - ﬁnI)v
i=1
—-1/2 —-1/2 S AT N 2=
wy =02 A8, Y (Y — & By (Bur — Bar) Y.
i=1

In the sequel, we will show respectively that w, satisfies the conditions of Lindeberg-Feller central
limit theorem, ws = op(1) and ws = op(1).
Using similar arguments to the proof of Lemma 3 in [22], we can show that

= Op(l), (06)

> W' (e) — V@,
=1

which, together with the consistency of ,[Ain obtained Theorem 4, Condition (C3) and the Cauchy-Schwartz
inequality, entails that

lwa|| < n= 20y *(Anr Ao 2 (Sur)or (V)|Bur = Burll = Or (/2 /n) = 0p (1), (C.7)

Since ||ws]|? = tr(wsw, ) and p, log(n)/n — 0, we have

Bfllws]*} < pg(Anr Anp)B/VE{W" (20} E{@ 1 (Bur — Bur)}' = O (ph/n?) = o(1), (C.8)
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as long as p2 /n — 0. From (C.7)—(C.8), we obtain
02 A1, (1Sur + 2, {(Bur = Bur) + (Sur +31,) 7 b} = w1+ op(1). (C.9)

Next, we verify that w; satisfies the conditions of the Lindeberg-Feller central limit theorem. Let w,,; =
nil/QAnIS;Il/Qw(si):E”,i =1,...,n. We note that F(w,;) =0 and

ar(Zwm) = E{y? (1)} Anr S, }/°E ( thwh) S }2AT, - 62G, (C.10)
i=1
since A,7A; — G. For any ¢ > 0, it follows that
n
1/2
> Elllwnill’1 (lwnill > &)} = nB{lwnill’1 (lwnill > &)} < nE(lwnsl )/ {P (Jwonill > £)}'/*. (C.11)
i=1

By Condition (C3), A,rA]; — G and 02 = E{y*(g;)}, we have

Ellwnil* _ 05pg(An1 Ay D) E(Z 1S, 1 21)

P(lowl > <) < 1 e — oY), (C.12)
Let 04 = E{¢* (¢;)}. Similar to Theorem 6 in [16], we have
E(Jloni|*) < "‘; Pa(Anr An o (Sun) B{(2[ 21)*} = O(p;,/n?). (C.13)

Thus, by (C.10)—(C.13), we have

> Bl 1] > )} = 0(n" 1) =ol0

Combining the above arguments, and invoking the Lindeberg-Feller central limit theorem, we complete
the proof of the asymptotic normality part in Theorem 5.

The proof of Theorem 3 is almost identical to that of Theorem 6. In the sequel, we will only prove
Theorem 6.

Appendix D Proof of Theorem 6

For notational clarity, we let K; = K (%, *). Recall that ¥(z) =@, and (Zin,gn) minimizes
> oplYi—a!B, —an—b) (2 — 2)}K,.
Let 6, = (nhd)/?[a, — V(z),hn{gn — V()Y si = ® (Bno — Bn), 25 = {1,(zi — 2)T/h,}7, and

6 =Y —x; B, — v(z) — V' (2)(2; — z). Following similar arguments for proving Theorem 4, we obtain
that

= ST1pAY: — 27 By — an — bu(z — 2)} — p(G)IK

i=1

(nhd)=H2(0 z})
[ / (006 +8) — B3}t + (k) Py 01 =) | K (D)

I
]

1=

Given X = (x1,...,z,)" and Z = (z1,...,2,)", we can obtain that

E(D,|X,Z) = (nh?) 1i(f VK {14 0,(1)}/2

+(nhy)~? Z G{v(zi) = v(z) = V' (2)(2i — 2) + s}(6, 2] Ki,

i=1
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where G(t) = E {¢(¢ + t)} is defined in Condition (C2). The above display follows from Condition (C2)
which assumes that there exists a constant v such that G(t) =: E{¢(e +t)} = vt + o(|¢|). This also
implies that

(nhg) ™2y~ Glu(zi) = v(z) = V(2)(zi — 2) + (0, 20 K,

i=1

—(nh) ™12y G{ulzi) —v(z) =V (2)(2i — 2)}(6, 2] K

=1
:7(13 B nhd 1/22581 OT *
_V(nhZ)il/Q Z{(ﬁnfo_anf)—rwfi_ﬁ;;] Ifl}(a—r *)K“

where T and IT denote respectively the sets of estimated indices of important and unimportant predictors.
Next, we show that

(nhy,) 1/22 B,.1o AnI Ai(HIz;*)KFOp{(nhi)”Q}- (D-2)

For positive constant c,
n
d 3 T
{ (nhy) ™! Z B.to — Bnr) Tpi(0, %) K, > C}

:Pr{ (nhd) 12 B,50— B, x50z K; > C

I= I}Pr(f: I

n

+Pr{ (nhd)™> (Bogo — Bup) "5 (0, 27 ) Ki > C‘I;A } (I #1).

i=1
It is easy to show that (nhd)=3/23""  @5;(6,) z;)K; converges in probability to a constant vector A, r,

n

which together with the asymptotic normality of 3, in Theorem 5 entails that (nh%)™*>"" (8,7, —
B,p) w50,z )K; = O L {(nh)Y2}0,(n"12) = o,(1). Therefore, the first term in the above display
converges to zero as n — oo, which together with that Pr(I # I) — 0 [29] proves (D.2). Similarly, we
can show that

(nh) 1/22;3 =277,(0,) 2 K = 0, {(nh})/?}. (D.3)

The results of (D.2) and (D.3) yield that E(D,|X, Z) can be simplified as follows,

n

E(Dy|X. 2) = (nh)™' ) (0, 2))° Ki{l +0p(1)}/2

i=1
+ (k) TV2Y " GHv(z) — v(z) = (2 — 2) TV (2)10, 2)) Ki + 0p{ (k)7
i=1
Similar to the proof of Theorem 4, we can obtain that

n

D, = ()3 (0] = K /2

i=1
n
+ (k) TS GH{u(z) —v(z) — (20— 2) TV (2) 16, 2] ) K + o, { (nh)'/2}.
i=1
The rest of the proof follows literally from [8] by recalling that we treat the dimension of z as fixed. Thus
we omit the details.



