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Abstract This paper deals with the Cauchy problem to the nonlinear pseudo-parabolic system wu; — Au
—aAur = VP, v — Av—aAvy = u? with p,q > 1 and pg > 1, where the viscous terms of third order are included.
We first find the critical Fujita exponent, and then determine the second critical exponent to characterize the
critical space-decay rate of initial data in the co-existence region of global and non-global solutions. Moreover,
time-decay profiles are obtained for the global solutions. It can be found that, different from those for the
situations of general semilinear heat systems, we have to use distinctive techniques to treat the influence from
the viscous terms of the highest order. To fix the non-global solutions, we exploit the test function method,
instead of the general Kaplan method for heat systems. To obtain the global solutions, we apply the LP-L9
technique to establish some uniform L™ time-decay estimates. In particular, under a suitable classification for
the nonlinear parameters and the initial data, various L™ time-decay estimates in the procedure enable us to
arrive at the time-decay profiles of solutions to the system. It is mentioned that the general scaling method for
parabolic problems relies heavily on regularizing effect to establish the compactness of approximating solutions,
which cannot be directly realized here due to absence of the smooth effect in the pseudo-parabolic system.
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1 Introduction

In this paper, we consider the Cauchy problem to coupled nonlinear pseudo-parabolic equations
ur — Au — alAuy =P, (z,t) € RN x (0,7),
v — Av — alAv, = uf, (z,t) € RN x (0,7), (1.1)
u(z,0) = ug(z), v(x,0) =vo(z), =€RY,

where p,q > 1 with pg > 1, @ > 0, up(x) and vo(x) are nonnegative, bounded and appropriately smooth.
This kind of equations models a variety of important physical processes, for example, unidirectional
propagation of non-linear dispersive long waves [1, 4], seepage of homogeneous fluids through a fissured
rock [2] and discrepancy between the conductive and thermodynamic temperatures [6].
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It is well known that the heat equation

w=Au+uP, zeRN, t>0,
(1.2)
u(z,0) = ug(z), =e€RN

has no non-trivial global solutions whenever 1 < p < p. = 1+ ]%,, whereas admits both global and
non-global solutions if p > p., depending on the size of initial data [9,30]. The critical exponents
like such p. have been established for various nonlinear PDEs. See the surveys [7,17] and the recent
papers [24, 25,29, 32, 34] for example. In addition, the so-called second critical exponent was introduced
for (1.2) to describe the critical space-decay rate of initial data in the co-existence parameter region of
global and non-global solutions [16]. Tt was shown with ug(z) ~ |2|~%, || — oo that in the region p > p.,
there exist global and non-global solutions to (1.2) for a > ag = pzl and 0 < a < ag respectively. As for
the coupled heat system

up = Au+0P, v = Av+ul] (1.3)

Escobedo and Herrero [8] determined the critical Fujita curve as (pg). = 1 + ]%, max{p + 1,¢ + 1},
namely, every solution blows up in finite time if 1 < pg < (pq)e, and there exist both global and non-
global solutions if pg > (pq).. With ug(x) ~ |z|=%, vo(z) ~ |2|7?, |2| — oo, Mochizuki [21] obtained

in the coexistence region pq > (pg). that there are global solutions to (1.3) if a > a9 = 21()52) and
b>by= 2}534:1), while there are no global solutions if 0 < a < 21()52) or 0 <b< 21532). The time-decay

profiles for the global solutions were studied as well. For example, when p > p. the global solutions
o (1.2) behave like the fundamental solution G(z,t) = (47t)~ 2 e~ ¥ i the sense of limy_,o0 £ 2 [|u(-, t)
— BG(-,1)]|oo = 0 with B = lim; o ||u(-,)||1 [3], and limy oo 2 |Ju(-, t) — AG(z,t) * (1 + [2]) "%l = 0
with lim|; o [2[*uo(z) = A > 0 and a € (ap, N) [23]. The time-decay profiles for the coupled heat
system (1.3) were obtained also by Mochizuki [21].

The critical Fujita exponent to the pseudo-parabolic equation
uy — Au — aAuy = u? (1.4)

was determined as p. = 1+ ]%, in recent years, i.e., by Kaikina et al. [12] for p > p. and Cao et al. [5] for
p < pe. Currently, the second critical exponent for (1.4) was obtained as well [31]. In addition, Kaikina
et al. [12] obtained that if ug € LE(RY) = {f(z) | [an |2|*|f(2)|dz < 00} and 0 < a < 1, then

u(z,t) = BG(x,t) +o(t™ > 77), t— oo,

with 0 <y < min{, ];7 (p — 1) — 1}. The other studies for pseudo-parabolic equations can be found in,

e.g., [10,14,15,18,19,35]. Based on the above work, this paper investigates the asymptotic behavior of
solutions to the pseudo-parabolic system (1.1), such as the critical Fujita exponent, the second critical
exponent, as well as the time-decay profiles of solutions.

Denote by F¢,,¢ the inverse Fourier transform of ¢, and [[ul[,, = ||ul|pm @y

We deal with mild solutions to (1.1) to treat global solutions. We call (u,v) € C([0,T]; C(RY)
N L% (RY)) a mild solution to (1.1), if (u,v) satisfies

t
u(z,t) = G(t)up(z) +/ G(t — s)BvP(z,s)ds, xRN, >0,
0

, (1.5)
v(z,t) = G(t)vo(x) —l—/ G(t — s)Bul(x,s)ds, ze€RN, >0,
0
with
G(t) = exp(—t(aA —I)'A), B=—(aA 1)1
We have
()
G(t)¢ = Gla,t) x plx) +e o "' B 6+ R(1)o, (1.6)

m=0
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where

B"¢ = . Bm(x =y, )o(y)dy, R(t)¢ = o R(z —y,t)p(y)dy,

and

Bufe.t) = (2r) % [ o1 ey
o ()"

m)!
m=0

2
R(z,t) = Feoo (e_ e — e _ema (1+ 0552)_m>.

Similarly to [5], it is easy to know that there exist mild solutions to system (1.1), which are the classical
solutions in fact if the initial data are appropriately smooth. In addition, the uniqueness of such solutions
is valid with the comparison principle. It seems that the pseudo-parabolic equations like system (1.1)
with viscous terms of highest order do not admit self-similar subsolutions. Moreover, the general energy
blow-up method for scalar equations [5] is difficult to treat the coupled system (1.1). In this paper, we
adopt the rescaled test function method (see, e.g., [20,33]) to fix the finite time blow-up of solutions. The
viscous highest order terms contribute additional dispersal mechanism to the system. In order to treat
the influence of these terms for non-global solutions, it is assumed that the initial data are compactly
supported, or behave negative powers in space infinity. To deal with global solutions, we use the LP-L4
technique to establish some uniform L™ time-decay estimates, with m being in a wider scope, and more
precise even compared with those previously obtained for semilinear heat systems. Corresponding to
a suitable classification to the nonlinear parameters and initial data, the related L™ estimates in the
procedure enable us to arrive at the time-decay profiles of solutions to (1.1). It is mentioned that the
general scaling method for parabolic problems [11,13,22] heavily relies on regularizing effect to establish
the compactness of approximating solutions, which cannot be directly realized here due to absence of
the smooth effect in the pseudo-parabolic system, for which the singular Dirac function presents in the
fundamental function [14].

2 Critical Fujita exponent

We deal with the critical Fuijita curve for the system (1.1) in this section.

Theorem 2.1.  The critical Fujita curve to the system (1.1) is

2
max{p +1,¢ + 1}, (2.1)

=1
(rq) o

namely, the system (1.1) has no nontrivial global solution if 1 < pq < (pq)e, but admits both global and
non-global solutions if pq > (pq)., depending on the size of the initial data.

Proof. Let 1 < pq < (pq)e, and assume p > g without loss of generality. To prove the finite time blow-up
of solutions, it suffices to treat the initial data with compact support by the comparison principle.

We first deal with the case p > ¢ > 1. Choose sufficiently smooth and nonincreasing functions
0 <&(r),n(r) < 1 satistying

§r)=n(r)=1, 0<r<1/2 &(r)=n()=0, r=>1.

Assume for contradiction that (u,v) is a nonnegative nontrivial global solution to (1.1), and denote

T T
t || t
I, = P l(|x|) l( )dxdt, J, :/ / ud l( ) l( )dxdt,
”/O/BR’ER”R? =) L\ R )T R

where R>1,T>R? Br={z e RN | |z| < R} and | > max{ ", ? }. Then,

T
I, :/0 /BR(ut—Au—aAut)§l<|;|)nl(};2>dxdt
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R2
(1] 2 T AWEY WA
=— dr —1 dxdt
Jy, e (oo o f e (G )i (e e )
/ / uA£l<|x|) ( )dxdt + a/ upAE! ( |“’|>dx
Br\B g Br\B g R
+ alR*Q/ / uAE! il n'~t t n dxdt. (2.2)
322 Br\Br R RQ R2 :

When ug is compactly supported, let R be large enough such that

/B . uOAgl(|z|>dx=o, (2.3)

RZ
9 T WS
e fo e (G G (o
R2
|$|>l t
— uA§l< n dzdt
/o /BR\Bg R R?
R2
2 AL AW YN
ol /Rj /BR\Js’RUAg(l%)?7 (R2>77 <32)dxdt

= K|+ Ky + K3. (2.4)

and hence,

By Hélder’s inequality with [ > we have

2q
q—1’

o[ [ (Do
cone([1 oo (J )
cor st ([ [ el o)

where and throughout the paper, C' denotes positive constants independent of R,u and v, and may be
different from line to line. Since A&!(|z|) = 1&1(& + Nrflfr) +1(1 — 1)&172|¢,.|2, by Holder’s inequality

again,
o [y (3o
et ([ (G (Je) s

_N ) R? . 1
<aCRN-2" </R /B . qul(|R|>n <R2)d dt) . (2.7)

It follows from (2.4)—(2.7) that

w5 (1, ()0 o)

Similarly,
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+ RN ) wie (Y 8 Y )
o Joes, R )"\ R
_9_N+2 R? x t 2
+aCRN "% 4 ([?2 /B - uq§l<|R|>Ul(R2)dxdt)

<@2+a)CRN g, (2.8)

and similarly,

go<orv( " e (Y Y war )
7= R2 B R R2
5 R
R? .
N42 t P
+ORN-"Y (/ / vpfl(lgd)nl( )dmdt)
o JBr\Bg R R?
R2 1
N+2 t P
+aCRN2"Y </ / vl’gl<|x|> l< )dxdt)
7> JBRr\Bgr R ! R?

1
<(2+a)CRY- I (2.9)
This yields
- 1 1

I, <(2+a)ta0RYN " (RN ) e = (24 ) TeORN T W I, (2.10)

By Young’s inequality,

1 pa+p _ 2(p+1)

< L +(2+a) T ORN™ patt (2.11)

Noticing pg < (pq)e = 1+ 2(”]\4,_1) implies N — Q;ZE) <0, let R — oo in (2.11) to lead a contradiction. If

pa = (pa)e = 1+ 2000 e, N =20 — 0, we have limpyo Iy = [;° fon 07(2,t)dadt < (2+a)77 C.
It follows from (2.9) that for any e > 0, there exists Ry > 0 such that

J, <(2+a)Cier R0 for R > Ry, (2.12)

with C; > 0 independent of R and e. Combining (2.8) and (2.12), we get with N — 21()22) = 0 that

limp oo I, < (2 + a)Hﬂlzéleplq, where the constant C; is also independent of e. The arbitrariness of ¢
yields a contradiction.
Ifp>qg=1, set

T T
t || t
I, = petr (1210 :/ / 2 f2 dxdt
» /0 /BRU £ (R 7 R dxdt, Jy o Jon ué RU n R x

with {1 — 1> 15 > l; + 1. It is easy to know

i YA AR WA
/ /B uAE" r )" 2 )7\ R dxdt < CJy.
0 R

Together with (2.2) and (2.3), we conclude (2.8). Then, we can follow the same argument for the case of
p = q > 1 to get the finite time blow-up.

The coexistence of global and non-global solutions under pg > (pq). will be quantitatively treated in
the next section for the second critical exponent.
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3 Second critical exponent

In this section, we will determine the second critical exponent for (1.1), i.e., the critical space-decay rate
of the initial data in the co-existence region pq > (pq). for global and non-global solutions. We need the
following notation:

I, = {d)(x) e Cy(RY) \ é(x) > 0, liminf |z|%¢(z) > cl},

|z]—o00

° = {(p(q:) € Cy(RN) ‘ ¢(x) 2 0, limsup [z]*p(z) < C}

|z|— 00
where C (RN ) denotes bounded continuous functions in RY, C;, Cs > 0. Let

_2(p+1) _ 2(qg+1)

, = ) 3.1
pq—1 T pg—1 (3.1)

ao

The second critical exponent of (1.1) can be stated in the following theorem:

Theorem 3.1.  Let pq > (pq)., with nontrivial initial data ug(z) = Mp(x), vo(z) = pp(z), z € RY.
(i) If ¥(x) € 1* and p(z) € 1 for some a > ag and b > by, then there exist Ay = \g > 0 and
1 = o > 0 such that the solutions to (1.1) are global if max{\ — Ao, u — po} < 0, and non-global if
max{\ — Ay, — p1} = 0.
(ii) If Y(x) € I, for some a € (0,a9) or p(x) €I, for some b € (0,by), then the solutions to (1.1) blow
up in finite time.

We first give a preliminary proposition:

Proposition 3.2.  For pq > (pq)., there is n > 0 small such that if
[uolloo + llvolloc + lluoll » + llwoll <, (3.2)
then the solution to (1.1) is global, satisfying
[ullm < CL+ )" 20w ol < CA+6)" 207 m0), >0, (3.3)

wz’thé\gémgooandé\généoo,

Proof. It is known that the following LP-L? estimates hold for ¢ € LP(RV)NLI(RYN) with 1 < ¢ < p
12, 14]:

N
g

1Bl < Clll,, (3.4)
IR, < C(L+1)~2 G072 g]l,, (3.5)
1G()¢ll, < Ce™ < [|g]l, + C(1+ 1)~ 2G|, (3.6)

where 0 < k < 1. Similar to [28], denote
X = ([0, 00); C(RN) N Leo (RY) 0 L=(RY)) x ([0, 00); C(RY) N Lo (RY) 1 L= (RV)),
with

w0l = sup (@l + ol +Q+0 fu®ll+ (1 0% o)l 3T

Set (u,v) € X N Be with B. = {(u,v) | ||(u,v)||x <€}, and € > 0 to be determined. Let
t t
Malul(t) = G(t)uo +/ Gt — )B? (, s)ds, Malv](t) = G(t)vo +/ Gt — 5)Bu(z, 5)ds,
0 0

and denote M[(u,v)] = (M;[u], Mav]).
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Consider the case with p,q > 1 only. If min{p,¢q} = 1, for example p = 1, we can substitute the
representation of v in (1.5) into the equation for u there to treat. Choosing p = 00, ¢ = é\g ;p=00,q= 5];[0

with 1 < 0 < min{é\g, “‘;;FQ, é\g b0+2}, and p = ¢ = oo respectively in (3.6), and then combining with
(3.4), we have

t
[Mi[u]lloo < [|G(t)uol| oo +/0 G (t — 5)BvP(s)]|oods
< Ce % |Juglos + C(1+ 1)~ 2 |ug]| ~ +c/ e~ " NIBvP (5) || o ds
N :
: e t
—I-C'/ (1+t—s) 2 ||va(s)||swods+0/ |1 BvP(s)]|cods
0 “ :
a ; K(t—s)
<O+ )% (fuollc + ol )+ € [ 7 o7 ()]s
0 0

3 . t
+C/ (1+t—s)—52 ||'Up(s)||szv0d8—|-0/ |07 (8)||ocds
0 C" é
= C(1 4+ (lluolloo + uoll ) + Ly + Lo + L. (3.8)

Noticing pby = ag + 2, we obtain with (3.7) that

t

5 K s P ot 2 a,
Lo< [Te s sl < i [T s E sl (o)
0 0
_ a0
<o 40~ ()3, (3.9)

t
La<C / (1+ )~ 7 ~dsl|(w, 0)ll% < CL+ 077 [ (u,0)]%. (3.10)

Moreover, we have with ;5 > 1, p— 5‘10 > 0 and P 5a° < 1 that

sag sag

e [T e ds
<oury® [Faeg " dsl ol
0

Sa, Sap—pb
SO+ = (L8 =" (w0)|%
<CA+0)" % | (u, )l (3.11)
Combine (3.9)—(3.11) to get

[Mifulllee <O +1)” (IIUo||oo+||uO||N)+C(1+t) 2w, v) %

and similarly, ||Ma[v]]|eo < C’(l—l—?ﬁ)_b20 (Ilvollee =+ llvoll év)—l—C’(l—l—t)_bg [|(u,v)||%. By the same procedure,
0
we have

IMalulll x < Clluoll x + Cli(w, )5, [IMe[lll y < Cllvolly + Cll(u, )]
Consequently,
IM[(u )] x < Cllluollos + [[volloe + lluoll 5+ [lvoll x ) + C([I(us )k + | (w, 0)]%)-

Since p,q > 1, we have C(||(u, v)|% + || (u,v)[|%) < 5 provided € > 0 small enough. Take n = n(e) > 0 in
(3.2) small such that C([|uo|loc + [[vollec + [[uoll » + [[voll 5 ) < 5. Thus, M maps X N B into itself.
ag 0
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Furthermore, for (uq,v1), (ug2,v2) € X, we know by (3.4) and (3.6) that
t
[Mifw] = Mafuslll v < /O 1G(t = 5)B(v1(s) — vy (s)) x ds
; k(t—s)
< [T et ) - ok o)y ds
0 “0
t
2 ~Da
+/‘ﬂ+t—$7w?0Mﬂ$—vﬁ@MN%
0 a0
¢
+ [ Mot (s) = vp(s)ll x ds.
2
By Holder’s inequality,

t
/2  R(t—s)
e [e3
0

t
2 k(t—s) _ —
</ e o Jloi(s) —va(s)on ([0} (s) 05T ()] en ds
0 @0

vi(s) = va(s)ll v ds

(p—1)ag

5 _ k(t—s) p—1 p—1
SO e lols) = vals)llon (lon(s)Fon + llva(s) )
ag aq
t

2 k(t—s) p“b% 1— :b%
< [ oem e loa(s) = va(s)[ % [loa(s) = va(s)]lo
0 0

(p—g)ao
x (ol o™
0

(p—1)ag

P ds

(p—1)ag (p—1ag p—1—

p—1— .
IO I O]/
0

[[01(8)[lo

—s)

5 _ w(t _ _ _
: / e e (L) (|| (ur, o) 5T+ ([ (uz, v2) 5 [ = wz, 01 — wa) | x
0
< O(|(ur, o)l + [[(uz, v2) 5 ) (ur = uz, 01 = va)]x, (3.12)
and similarly,

t
[ 17 (s) = v3 ()] & ds < C({l(wa, oD% Iz, v2)l5 ) (ur =z, 01 = 02) | x (3.13)

In the same way, we also have

5 _ (6=1)ag P P
A+t—s)" =2 lvi(s) —up(s)ll v ds
0

(6—1)ag
- 2

; 7b0p—5a0 p71 p71
(L+s)7 2 ds((l(ur, )l + [[(u2, v2) 5 DIl (wr = uz, 01 = wv2)llx
0

< O(I(ur, o) 5"+ [l (uz, v2) I | (ur = w2, 01 = v2)| - (3.14)

<C(1+1)

Combine (3.12)—(3.14) to conclude
IMa[u] = Mafusll| x < C(ll(ur, o) 15 + (w2, v2) 5 (w2 = 2,01 = v2)x, (3.15)
and similarly,
IMzv1] = Mafva]ll v < Ol (ur, v)lI5 + (1 (w2 02) [ D (ur = w2, 01 = w2)|x (3.16)
Moreover, it can be obtained that
IMa[ua] = Mifuzllloe < O+ 8)7 % (I(ur, o) [5 + 1z, v2) 5l = uz, o0 —v2)|lx,  (3.17)

[ Mafor] = Mafva]lloe < C(L+1)™ ([l (ur, 00)lI5 "+ (2, 02) | (1 — o, 01— w)[x. (3.18)
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We conclude from (3.15)—(3.18) that M is a strict contraction in X N B, provided ¢ is small enough,
and so, there is a unique global solution to (1.1).
The estimate (3.3) follows by interpolation.

Proof of Theorem 3.1. First, prove the global existence in the part (i). Since a > ag, b > bo, ug(x) =
(), vo() = pp(x) with ¥(x) € I* and p(x) € I°, there exist A\g > 0 and g > 0 such that (3.2) holds
provided max{\ — Ao, — po} < 0. The global existence of solutions to (1.1) comes from Proposition 3.2.

Next, we deal with the blow-up of solutions under the mentioned large initial data. Suppose for
contradiction that there is a nontrivial global solution (u,v) to (1.1), and treat the large ug only. Tt
follows from (2.2) and (2.8) that

I+ / updz < Co(2+ a)RN~ 4" Ji + CoR™2 uodz,
Bg BR\BI;

provided R large enough, where and throughout this section Cy > 0 denotes constants independent of «,
R and A. For simplicity, assume ug ~ Az|~® with A > 1, || — co. Thus, for sufficiently large R,

1 N_N+2 ! 9 1
I, + updr < C2(24+ )R « Ji +CoR ugdx — uodx
2 Br Br\Br 2 Br\Br

2 2 4

2
1
Co(2+a)RN™ 4" Jg + CoRN =27 — C,RN @

P 1

<
<Co(2+a)RN " g,

and hence, I, + } fBR updz < Co(2 + a)RN ™ Nk Jg' . Together with (2.9), we get
2

1 1
I, + / uodr < Co(2+ )t RN =0~ 00 Ip7. (3.19)
2 /B,
2
By Young’s inequality,
1 1 p(a+1) _nr_ 2(p+1)
I, + 5 updx < 2Ip +Co(2+ @) ot RT pa-t . (3.20)
Br
2

Due to IBR ugdx > fBR\BR ugdr > CoARN %, we conclude from (3.20) that
2 2 4

I, + CoARN =9 < Oy(2 + a) vt RN= 5 (3.21)
— 2(p+1) ; ot _ 2(p+1)
Ifo<a<ag= b1 (3.21) with R large enough leads to a contradiction. If a > ag = b1 another

p(g+1

contradiction comes from (3.21) provided A > A\j(a) =: 14 C2(2 + «) pitt Roo—a.,

Remark 3.3. Theorem 3.1 means that in the co-existence region of global and non-global solutions,
the space-decays of the initial data in the item (ii) are slow enough to yield a finite time blow-up of
solutions. Differently, for realizing the blow-up of solutions in the case (i), the coefficients associated with
the initial data should be large with e.g. A > A1(a) to overcome the additional dispersal mechanism due
to the third order term, since A\ («) is obviously increasing with .

4 Global profile of solutions

In this section, we further investigate time-decay profiles for the global solutions to (1.1). This is stated
in the following theorem:

Theorem 4.1.  Assume pq > (pq).. Let (u,v) be a solution to (1.1) with ug(x) = Mp(x), vo(z) = pep(zx),
P(z) € 1%, and p(z) € I°.
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(i) If ap < a < min{N,bp — 2} and by < b < min{N, aq — 2}, with agp and by defined in (3.1), X\ and p
small enough, im0 (14 |2])®uo(z) = A > 0, im0 (1 + |2])Pv0(z) = B > 0, then

lim t3{|u(-,1) = AG(z,1) % (1 + |2)) ™o = 0, (4.1)
Jim ¢ [u(-,t) = BG(x, ) % (1+ |a) " |loc = 0. (4.2)

(ii) If ap < a <min{N, Np—2}, N <b < aq—2, with X\ and p small enough, lim,|_,o (1 + |z[)*uo(x)
= A >0, then (u,v) satisfies (4.1) and

lim ¢ [[u(-, 1) = MoG(-, )| s = 0, (4.3)

with o]
Mo = lim [Jo(-,2)]lx = [[vollx +/ [[u?(s)[[1ds.
t—o00 0

(i) Ifa,b> N, p,g > 1+ ]%,, with A and p small enough, then (u,v) satisfies (4.3) and
lim ¢ [lu(-,t) = NoG(-, t)l|oe =0, (4.4)

with, -
No = lim [lu(-,1)[[x = |luollx +/ [0 (s)][1ds.
t—o00 0

To prove the theorem we need more precise time-decay rates for the global solutions, namely, the
following lemma.

Lemma 4.2.  Assume the conditions of Theorem 4.1 for the items (i)—(iii) are satisfied respectively.
(i) It is true with v € (max{ 2;)“, 2(;;5}, 1) that
lull v ol x <O, ulle <CA+6)T%, oo <O +1)7F (4.5)
(ii) It is true with v, € (max{ 2])"]’\}1, 2:;;\7}, 1) that
lull xS lolls €, lullo S CA+87F, ol < CA+8) 2. (4.6)
(iil) It holds that
luli ol SC, - Jlulle SCA+H, o)l <O+ 2 (4.7)

Proof. Similarly to the proof of Proposition 3.2, assume p,q > 1. Under the conditions of the case (i),
set
Y = C([0,00); C(RN) N L= (RY) 1 L=(RY)) x C([0, 00); C(RY) 0 L (RY) 1 L®(RY)),

with
[(w, 0)lly = sup {{lu®)]l » +[lo@®] x + 1+ £ JJu(t)]|oe + (1+ 1) % [[0(t)]| o }- (4.8)

te(0,00)

Set (u,v) € Y N B, with Be, = {(u,v) | [[(u,v)|]y <e1}, and €1 > 0 to be determined. By (3.4), (3.6),

and (4.8), with pb > a + 2 and max{ 2;)‘1, 2{;”} <y < 1, we have

t
|Mhhmm<ﬂﬂﬂwmn+£IW@—$BW@Wm®
<cu+w4WMﬂw+wmw»+c/ e u(s) |2 ds
~a 0

: :
+C/(LH—@*HW%WN®+C/HMﬂ&®
0 e :
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<O+ 077 (Juolloo + uoll x ) +C/ (1) ds| ()1

2 - <@ ¢ vybp
+arwr?/‘w@%wwmmgw+c/a+@—3wmmww
0 v ;
<ca+w*?uwwm+mew>+ce€i/ (1+5)~ "% ds|(u, )12
e 0

t

~a 2 ~(pb—a) vbp
wer 7 [ sl w0l + e ) )
0
which indicates that
IMilulloo < O+ 1) % (Juolloo + luoll )+ C(L+8)~ = [ (u, 0)]17,
and similarly,

~b _ b
[Ma[v]llec < CA+1)7 2 (volloo + llvoll )+ C(L+ 1) = [[(u, V)3,
[IMafulll v < Clluoll x + Cli(w, )y, [Ma[v] 5 < Cllvoll 5 + Cl (w, v)]l5-

ya

In addition, we can also have the estimates like (3.15)—(3.18). By similar arguments as in the proof of
Proposition 3.2, we can prove that for £; small enough and ||ug|ls + [|v0|loc + ||U0||—i\; + HUOH% small
enough, M : Y NB., — YNB,, is a contraction, and the global existence of solutions with the estimates
in (4.5) follows immediately.

The case (ii) can be treated in the same way. The proof for (iii) is similar to [5, Theorem 3.4]. We
omit the details.

Lemma 4.2 enables us to fix the time-decay profiles for the global solutions.

Proof of Theorem 4.1. First treat the case (i) with a,b < N. By the representation (1.5),

t
[ = AG(z, 1) (1 + |2)"*[loo <[1G()uo — AG(z, 1) * (1 + [2]) [l +/ 1G(t = 5)Bv"(s)[| oo ds
0
= I?l —|—I?2

It follows from (1.6) with (3.4)—(3.6) that
Ny
K1 < [|G(x,1) xup = AG(z, 8) (L4 |2]) oo + 72 D [1B'u0]lo + [R(t)uo]loo
— ila
¢ (va+2)
<G 1) %o — AG(,£) % (1+]al) ™l + Ce™& (1 + Y Juolloe + €+ 6~ 5 uo]| .
with v € (max{ 21‘1, 2;;1’, “~2},1). In addition, We~know by [23] that lim; o 2 ||G(,t) * ug — AG(x,t)
% (1 + |z))7*||oc = 0. Consequently, lim; ,o,t2K; = 0. On the other hand, choosing §; > 1 with
ypb — d1a > 2 and d1a < N, we have by (3.4), (3.6) and (4.5) that

C/ |w>ww+0/ LH—@‘HW%WN®+/HUIW®

s1a

2 _ r(t—s) _ vbp P 2 _%1a pP— -311 ~b
<o [T s P aslwo)lg +0 @ t— )T @l o)l 3 ds
0 0 7
t
+/u+ﬁﬂwﬂmww
t

2

'wb d1a

<c+0” ol +0 [(1rt-97 Y 1 dslw o)l
0

_d1a P
+CM+)" 2 |[(w )]y
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s1a
2

S1a _d1a
SCL+8)7 2 [(w)ly +CAL+8)7 2 ds|(w,0)[[§ + CA+1)" 2 [[(w, )y,

which indicates lim;_, o tgkg = 0. This proves the part (i).

In what follows, we prove the part (ii) with @ < N < b by using the idea in [26]. We first assert that
limy oo ||v(2, t)||1 exists. By (1.5),

[[o(z, )]l = llvoll —/0 [Buf(s)[|1ds

< |[IG(#)vollr — flvoll2| + /Ot G(t = 5)Bul(s)l[x — [|Bu(s)[l1]ds + /too [Buf(s)|[1ds
=: L1+ Lo+ Ls. (4.9)
Dute to (1.6) and [|G(x, ¢) % vo|| = [[vo|}1, we obtain
Ly <|||G(@, 1) # volly = [looll| + Ce™ = (1 + 1)V [lwolls + C(1 + ) wolls < C(L+) " wollr-  (4.10)

Similarly,
IG(t — 5)Bu(s) — Bu(s)[1 < C(1+1t — 5)~ || Bu(s)||x.
Together with (3.4), (4.6) and y1ag > N + 2, we have
t

t t
Lo g/ (1—|—t—s)*1||8uq(s)||1ds+/ ||Bul(s)||1ds
0 5

q N

L : _ N t g— N N
SCO+1)” / [u(s)lloo ™" [[u(s)|| %" ds +/ [u(s)lloo ™ [[u(s)| ¥ ds
0 via ; v1a

1 ; __viag—N t __7viaq—N
<C(1+1) (145~ ds+ | (1+s)" "2 ds
0 2

1— y1aq—N

<O+t +oa+nt~ e, (4.11)

aq—N
— N g

Ls < / 1+~ " Tds < C(1+1) (4.12)
t

It follows from (4.9)—(4.12) that

= O7

lim
t—00

[o(®)[lx = [lvollx —/0 1Buf(s)[l1ds

which together with ||Bo||; = ||¢||1 for arbitrary ¢ € L*(RY) leads to
lim [[o(#)l[1 = [[vollx +/ [[u(s)[l1ds = Mo.
t—o0 0

Write the second equation of (1.5) as v(x,t) = G(t — 7)v(7) + f: G(t — s)Bui(s)ds. Then

[o(8) = MoG (-, ) |oo < [0(58) = G = T)0(7)[loo + G = T)u(7) = [[o(T) LG (st = 7)lloo
FloMIWGCt=7) = [lo(ML G Dl + [[(Jo(M)]l = Mo)G (-5 8)lloo

< / 1G(t — 5)Bu?(s)llseds + |G (t = T)v(7) = [[0(T)[1G (-t = 7)o
+ O +6)7 2 o) +CA+8) 2 [|[o(r)]1 — M-

By using (3.4) and (3.6), we have

/ 1G(t — 5)But(s)]| ods
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Yoo 5 N t
<c/ 0" )HBuq(s)Hoods—i—C/ (1+t—s) > ||uq(s)||1ds—|—C/ 4t (s) | sods

Yy1aqg—N

t
<CO+t)” ="t yca+ > / (1+s)~ "2 dgs. (4.13)
In addition, by (1.6),

1G(t = 7)o(7) = [v(Dh Gt = 7)o < NG(E=7) x0(7) = [[o(N)[1G( = 7)o
+em = (L+ )N [o(m)l|oo + (L4872 [Jo(r)]1.

It is well known that limy_.0 ¢ 2 ||G(a,t — 7) % 0(7) — [[o(7)|1G(-,t — T)||ec = 0, and thus
tim ¢ G(t — 7)o(r) — () Gt — e = 0. (1.14)

By (4.13) and (4.14) with v1aq > N + 2, we have

aq

00 y1aa—N
Jim ¢ o.0) = MG <€ [T ()7 s Cllo(r) s — Mol
Letting 7 — 00, we prove (4.3). The proof for (4.1) is similar to that in (i).

The case (iii) for a,b > N can be proved via the arguments for (4.3) in (ii).

Remark 4.3. Tt is pointed out that the assumptions in Theorem 4.1 are optimal. Consider (iii) with
L' initial data as an example with a,b > N. If p,q > 1 + ]% is not satisfied, e.g., 1 < ¢ < 1+ ]%
with pg > (pq)e, then for ug = vg = e(1 + |z|)~7 with o € (N, N(j'Q) and e small enough, it is known by
constructing a subsolution (similar to [27]) that the unique global solution to (1.1) ensured by Theorem 3.1
satisfies u > C(1 +t + |z|?)~ 2. Hence, by (1.6) and (3.5), it holds for ¢ large enough that

t t
[0, t)lloe = / Gy, t = s)u(y, s)dyds — / (L+8)72 " ul(s)l1ds

t
C// " tst -9y >*”2“dyds—/<1+s>*¥*1||u<s>||1ds
RN t

c// ”4‘ (14s)~ (1+|y|2)—"2‘1dyds—0(1+t)—
]RN

C(l+t)~ —C(1+1)*
> C(1+t)_2

which destroys (4.3), since ||G(-,t)||oo = O(t~N/?) there.
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