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1 Introduction

Wavelet analysis has many applications, one of which is to estimate an unknown density function based
on independent and identically distributed (i.i.d.) random samples. The classical kernel method gives
nice estimations.

Let (Q,.7,P) be a probability measurable space and Xi,...,X,, be i.i.d. random variables with
an unknown density function f. We use F(X) to denote the expectation of X, WF(R) to stand for
Ly(R) Sobolev space and WX(R, L) =: {f € W¥(R), [fllwy < L}. If K is a compactly supported and

continuous function satisfying [ K(z)dz =1, [2K(z)dz =--- = [2* 'K (z)dx = 0, then
sup  B(|lfa = fll2) = O(n™ 1), k>2, (11)
FeEWS(R,L)

where f,(z) = 1 S K(%, %) with by, ~n” 2k41 [15,17]. Huang [11] applied a general kernel method
to Lipschicz spaces and obtained the same estimation as in (1.1).
In 1992, Kerkyacharian and Picard [13] defined a wavelet estimator

St () = Zéjk%k(x)a (1.2)
k
where &5 =: !} 3" @ir(X;) and @i (z) =: 25<p(2jx — k) with ¢ being some orthonormal scaling
function. Then for 1 <p < oo, 1 <g< o0, s>0and 2/ ~ nesh , they showed essentially that
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sup  E(lfy" = fllp) = O(n~ 251, (1.3)
feBy L (R.L)

where B (R) is a Besov space and B, (R, L) =: {f € B} ,(R), [|f||ps, < L}. Here, “essentially” means
that some weak conditions on f is assumed when 1 < p < 2. More precisely, f is bounded (almost

everywhere) by another function g € L, /5(R), which is symmetric about a point zy and non-decreasing
for > xp. It should be pointed out that the estimator defined by (1.2) can be used to establish an
estimate for L,(R) Sobolev space W} (R) [10]:

sup  B(| S — fll,) = O(n~2x1), (1.4)

FEWER,L)

where WH(R, L) =: {f € WAR), | flws < L},
Donoho et al. [9] extended (1.3) to unmatched cases: Assume that x4 = max{z,0}, s’ =s— (! — ]1))+
and B‘f,!q(R, L)=:{f¢€B;,R,L), fhas compact support}, then

sup  E(| " = fl,) = O(n~2+1), (1.5)

feBg (R,L)

and for arbitrary estimator f, of f,

sup  B(|[fa = fllp) 202 (1.6)
feBs ,(RL)

That is, the estimate (1.5) attains the best convergence order (called optimal later on) for r > p, according
o (1.6). In case r < p, they proposed a nonlinear estimator f2°" of f,

non Zsjokgojok +ZZ(5 gk 'lp]k ) (1.7)

Jj=jo k

with &5 = L0 0in(Xy), djk = LS00 (X)) and 8(2,\) =: xx{j.>)(2) (hard thresholding).
Here, xg(z) denotes a characteristic function of set S C R, which means xg(z) is 1 if z € S and 0
otherwise. It turns out that

_ s p
1 0 2s+1 >
(P, T
1 Y 1nn 2(s f/r)+l P
nn r =
s B - Al < s DT gt (18)
FEBs  (R,L)
1nn 2(s—1/r)+1
N r< p .
n 2541

Hereafter, § and ¢’ are positive constants depending on r,p, s, possibly different. Moreover, fro" is
optimal for r < p [9].

On the other hand, Miiller and Gasser [14] discussed kernel estimations for density derivatives f(").
In fact, they proved

sup  E(|fI™ = f]o) = O(n~204m41), k> m+2, (1.9)
f(m>€W2’“(]R,L)

with f(m)( ) = h’"“ S K(m)(“’hx ) under some conditions on the kernel function K. Wavelets can

be used to estimate density derivatives f(") as well. In fact, Prakasa Rao [16] defined

s = > 3.apin(@) with — ZS"ET,)
[kl <hn
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and showed that -
k—m
sup  B(| /3™ = [ ]2) = O(n” =), (1.10)
M eWk (R, L)
when f possesses some technical conditions. Moreover, that estimation is extended to unmatched Besov
space B (R, L) [3],
sup  B(If™ = f],) = O(n” =), (111)
FmeB;s (R,L)
It should be pointed out that these estimations can be considered as a statistical linear inverse problem.
There are many related references in that area [1,7,8].
By using an operator introduced by Beylkin [3], we define a new linear estimator f,ljr;n for £(™) in this
paper, and prove (see Theorem 2.5)

sup  E(|fn, — f],) = O(n” 2 smn). (1.12)
f(rrrL)eB;q(R,L)

Note that Q(S,f;n)+1 > 5o41- Then our estimation (1.12) improves (1.11). In other words, (1.11) is
not going directly into (1.12) when replaced s’ by s’ + m, because f(™) € Bﬁfgm (R, L) is much stronger
than f(™ ¢ Bﬁ,q(R,L) in that case. Moreover, we show that (1.12) is optimal, when r > p (see
Theorem 3.3). In addition, similar arguments are applied to Sobolev spaces W (R, L) with non-negative
integer exponents. The corresponding result improves (1.10) and reduces to (1.9) if r = p = 2 (see
Theorems 2.6 and 3.5).

When r < p, we introduce a nonlinear wavelet estimator f,

and the estimator f2°" of f given in [9]. It turns out that

o for ™) based on the Beylkin’s operator

_ s+m | s/ p
lnn en s'4+m 2(s+m)+1 r >

1 o’ lnn 2(S+m,i/1/7‘)+l P
sup  E(lfnom - fo,) <4 T () DT s hm) 410
f('m)EBiyq(]R,L)

’

lnn 2(s+m,il/7‘)+l P
, r< :
n 2(s+m)+1

Clearly, this above estimation does better than the linear estimation (1.12) when r < p. Finally, we shall
prove the optimality of that estimation if r < see Theorem 4.3). The situation is unclear for
<r<p.

P (
» 2(s+m)+1
2(s+m)+1

2 Linear estimations

In this section, we shall give a linear wavelet estimation for density derivatives f(") to be in Besov spaces,
as well as in Sobolev spaces with integer exponents.

As usual, L,(R) (p > 1) denotes the classical Lebesgue space on the real line R. In particular, La(R)
stands for the Hilbert space, which consists of all square integrable functions. A function ¢ € La(R) is
called an orthonormal wavelet, if {1, () =: 224(2/x — k)}; xez forms an orthonormal basis of L (R)
(wavelet basis). Many useful wavelets are generated by scaling functions. More precisely, if ¢ is an
orthonormal scaling function with

pla) =Y hiv/2p(2 — k),
k

then ¢ (z) =: 3, (=1)*h1_xV2p(2z — k) defines an orthonormal wavelet [8]. Although wavelet bases
are constructed for Ly(R), most of them constitute unconditional bases for L,(R). We need the next
result [12] later on.
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Lemma 2.1.  Let ¢ be a compactly supported, orthonormal scaling function and 1) be the corresponding
wavelet. Then the scaling expansion

> soegor(@) + Y dinthir()
P

=20,k

of f € Lp(R) (1 <p<o0) converges to f(x) for almost everywhere x € R.

Clearly, when ¢ is compactly supported and continuous, the corresponding wavelet i) has the same
property. As a subspace of L,(R), the Sobolev space with an integer exponent k means

W;(]R) ={f, f(m)ELp(R), m=0,1,...,k}, p=>=1.

The corresponding norm || f[jywr =: [|f]lp + [ f*)|,. Moreover, the Besov space Bj (R) (1 < p,q <
00, s =n+«aand «a € (0,1]) [10] can be defined by
By ,(R) = {f € W}'(R), (2*wp(f™,277))jez € g}

p,q

with the associated norm || f[|gs =t [[fllwy + [{27w2 (™), 279)} |1, z), Where w2(f, t) =: sup|p <t I.f (2 +
2h) = 2f(x +h) + f(z)|p. Then for f € Ly,(R), f € By ™(R) if and only if fm e B; ,(R). In general,
it can be shown that compactly supported and n times differentiable functions belong to B;Q(R) when
0<s<nand1l<p, ¢g<oo.

To introduce the next lemma, we need a projection operator

Pif = {f,05) @ik
k

where ¢ is an orthonormal scaling function and ¢, (z) =: 21 ©(272 — k). A scaling function ¢ is called t-
regular, if ¢ has continuous derivatives of order ¢ and its corresponding wavelet 1 has vanishing moments
of order t, i.e.,

/x’w(x)dx:o, E=0,1,...,t—1.

The following lemma [10] plays important roles in this paper.

Lemma 2.2.  Let ¢ be a compactly supported, t-reqular orthonormal scaling function with the corre-
sponding wavelet ¢ and 0 < s < t. If f € L,(R), sox =: (f, pox), djr =: (f, k) and 1 < p,q < oo, then
the following two conditions are equivalent:
() £ € B, (R); (i) llso.lp + {2703 d. [ }ysolly < +oc.
Furthermore,
17115, ~ llso-lp + {27+ 22 dj. 1} 550l

s . k . . . .e .
When B, (R) is replaced by W (R), (i) implies (ii), although the converse is not true.

Motivated by Beylkin’s work [3], we introduce our linear wavelet estimator ,ll”;n for f0m),

i (x) =2 PR () = (P Py) 0 a)
with T = din and fli" defined in (1.2). Then the following lemma holds:
Lemma 2.3. Let ¢ be a compactly supported, t-reqular orthonormal scaling function with the cor-
responding wavelet ¢. If f € Byi™(R) with 1 < r,p < 00,1 < ¢ < 00 and t —m > s > i, then
Prfe Bﬁ’q(R) and

sup [|PRf - f ) S 27 (2.1)

fmeB; (R,L)
Proof.  When m = 1, Chen and Meng [6] showed lim 4 [|PLf — f'||, = 0. In general, for J > 0 and
[ € B; ,(R), one has that

J-1
Prf=2> smpsm = sopor+ Y Y dixthjn-
K k

i=0 &
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Moreover, |sd,| =: |(P; f, vor)| = |sox| and |d; L= Py fobk)| < |dji| for j > 0. Hence,

; 1_ ; 1_
I3[l + 1{27¢+2 L} izollia < llsoll + 1{27¢F2

Note that Py is a bounded operator on L, (R) with r > 1 [11, Proposition 8.3]. Then [P, f|[5; , <
follows from Lemma 2.2. This shows the boundedness of P; on B;  (R) as well. Since f € Bﬁfgm(]R), one
knows that Py f € Bit™(R) and (P; )™ € Bs (R). Finally, PJ'f =: P;(P; )™ € B: (R).

To show (2.1), one assumes r = p firstly. It is easy to see that

f(x) =P f(x +szﬂc¢gk

J=0 k

for almost everywhere « € R due to Lemma 2.1. By Lemma 2.2, f € B;i}m (R) implies

il 11
k] < Nldjllp S 277270 1]

petm. (2.2)

Hence, Z;io >k dikthjk(x) converges uniformly. Note that f € B (R) and s > . Then f is continuous
[11, Corollary 9.2]. On the other hand, the continuity of ¢ implies that of ¢ and Py f. Therefore,

flz) =P f(x +szgk1/1gk

=0 k

pointwisely. Similar arguments show f™)(z) = (Pyf)™)(z) + Z;io Dok djkw](.;:)(x) (here, s > 11) is
needed). This with

P1H@) = (o)) + 3 3 d o)

j=0 k

leads to

S
<

1Py f)™) (z) = f™), = RN (2.3)

>ty

j=J k

p

Since ¢ has compact support, one can assume supp ¢ C [N, M] with N, M being integers. Then

P
’ @) = 2g<m+;>p2ﬂ/ ) (@ — k)
p
k41 k -N
< 24 m+3)po—j Z/ |djk|p|w(m) (z — k)|Pda
k=k' — M+1
< 279D, ||, (2.4)

By (2.4) and (2.2), (2.3) reduces to

< 1_1 = s
(P f)™ = f Y, £ 270 20| dy ||, S 32791 f ||
j=J

Jj=J

sm S 27JSHf||B;)-¢(—1m. (25)

Because f(™) € B3 (R), the coefficients dy, = (f0m), ) satisty [|d7, < 27j(5+57;)|\f(m)|\35,q,
vV j = 0, according to Lemma 2.2. Similar to (2.3) and (2.4), one obtains that

o0

1P = fol, <

]kw]k

1 1
Z p>|\d;ﬂ|\p
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Bs

p,q

[ee]
< Z 2j(§—,£>2—j<s+é—;>”f(m>|

<2771

Batm- (2.6)
Recall that P7'f =: P;(P;f)™ and Pj is bounded on L,(R). Then

[PFf =y = 1Py (P )™ = £,
<P (P )™ = Py fO |y + || Py ) = flm,
SN = fo | + (| Py ) — fom,,

Furthermore, it follows from (2.5) and (2.6) that ||P7f — f(™)|, < 2779 ]

s+m. Finall
Bptz ya

sup [|PFf = f, S 277 (2.7)
femeBy (R,L)
which is (2.1) for r = p. Whenr <p, s =s— ! + 11) and B}, C B;:q [11, Corollary 9.2]. Then (2.7)

T
implies that

sup [PPSO < sup [P V], S 270
fomeBs (R,L) femeBs (R.L)

It remains to show (2.1) for » > p: Note that both f and ¢ have compact supports. Then supp Pj f

is uniformly bounded (independently of J > 0), and so is supp P} f. Since (;)*1 -+ (Tﬁp)*l =1, the

Holder inequality tells us that

Py =5 ([ 1pgs = rmpian) (| tas) " SRR -
supp (P75 f—f(™)

Finally, the desired (2.1) follows from the case r = p.

Remark 2.4. From the proof of Lemma 2.3, we find that the support compactness of f is not needed
for r < p.

Now, we are ready to give the following estimation:

Theorem 2.5.  Let ¢ be a compactly supported, t-regular orthonormal scaling function with the corre-
sponding wavelet 1. If f(™) e B; ,(R) with i <s<t—-m, 1<r, q<oo, then for 2 <p < oo,

sup B £ (x) = fO],) S n et
fmeB;s (R,L)

Proof.  Since f)in =: ’ijfrllin, one knows that frllif;n—f(m) = ’P]mfrllin—f(m) = (Pf“f,llin—fP;”f)—l-(”P;”f—
£y and
i = £ Nl S APFLRS = PP fllp + IPFF = O (2.8)

Clearly, . . 4 .
[Py — P fllp = |12y (Py o = P )|, S 2™ 5 = £l

due to || Pj||, < C and the Bernstein inequality. On the other hand, (1.5) says that

lin <, - (§'+m)
E(”fn - f”p) Sn 2(s +m)+1’

when 27 ~ n2G"+m+1 . This, with (2.8) and Lemma 2.3, shows that

S‘/ m /

B[Py i — f]) S 9mn 2w 4 279 0w e,

which completes the proof.
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Note that B, .(R) = WS(R) for s ¢ N and B}, (R) # WF(R) for k € N, r # 2 [18]. Then it is
important to deal with L, loss of the linear estimator on the Sobolev space Wf (R, L) with an integer
exponent k, where W¥(R, L) =: {f € W¥(R, L), f has compact support}. To compare Theorem 2.6 with
Theorem 2.5, we denote k' =k — (! — 11))4_.

Theorem 2.6.  Let ¢ be a compactly supported, (k+ m+ 1)-regular orthonormal scaling function with
the corresponding wavelet 1. If f™) € WFR) with 1 < r < oo and k € N, then for 2 < p < oo,

. ’
sup E(]| }lmm — f(m)Hp) <n~ 2(k/fm>+1.
Fm) eWk (R,L)

1

Proof. By Lemma 2.2, f € W t™(R) implies (25t7+2=2)|\d; ||,);50 € I, (although the converse is
not true, which differs from the case By} (R)). Because the main ingredient for the proof of Lemma 2.3
is the fact that (2(st™+2=2)7|/d; ||,);50 € l4, one can show that

sup ||PPf— f|, S 277F (2.9)
FOmeWk(R,L)

by the same arguments as in Lemma 2.3.
Similar to the proof of Theorem 2.5, it can be proved that

sup  E([P] A" = M) 2 sup  E(IA" = fll) + 2778
e eWk (R, L) FmeWk(R,L)

. . k+m
Using (1.4) with 27 ~ n2(’c+}">+1, one has that sup o cwe (g, 1) E(||fin — f]|,) £ n~2x+m+1 and finally,

sup B[Py = ) S e
FOm Wk (R,L)

This completes the proof for the case r = p. When r > p, k' = k and Wf (R) C Iﬁ“(R) due to Holder
inequality. Hence,

. . _ k
sup  E(|fn — ™) < osup B(fn, = FOp) S nTaeem

n,m n,m
FMeWk(R,L) FOMEWE(R,L)
Whenr <p, k' =k—! +11) and k' — 11) = k—!. Furthermore, WkR) C ~If' (R) thanks to the Sobolev
embedding theorem [4, Theorem 5.1]. Now, one has

. . _ K/
sup  E(Ifn — ™) < osup B0, = FOp) SnT e,

- n,m g n,m
fOmeWE(R,L) fmewht (R,L)

which finishes the proof.

Remark 2.7. From the proofs of Theorems 2.5 and 2.6, we know that these two theorems still hold
for 1 < p < 2, when f satisfies some additional weak conditions (see p.2). On the other hand, Theorems
2.5 and 2.6 can be considered as natural extensions of (1.5) and (1.4). Moreover, the next part shows the
optimality of our estimations for r > p.

3 Optimality

This section is devoted to showing that the linear estimations in Theorems 2.5 and 2.6 attain the optimal
for r > p. The idea of proof comes from the reference [2]. Before introducing our theorems, we need
Kullback distance [19] between two probability measures P and @, when P is absolutely continuous with
respect to Q (denoted by P < Q),

KP.Q = [ pla) 1np(‘”§dm7

p-q>0 q(x

where p and ¢ are density functions of P, @, respectively.
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Lemma 3.1 (see [3, Fano’s lemma]).  Let (2,.%, Py;) be probability measurable spaces and Ay, € F, k =
0,1,...,m. If ApNA, =0 for k # v, then with A® standing for the complement of A and K,, =:
infogvgm ,L Ek?ﬁv K(Pk; Pv);

sup Pp(A%) > mm{ ,/me 3¢ IC}

0<km

In addition to Lemma 3.1, we need another result [19, Lemma 2.9]:

Lemma 3.2. Let © =: {e¢ = (e1,...,6m)}, & € {0,1}. Then there exists a subset {°,... eM} of ©
with €% = (0,...,0) such that M > 25 and

m
. . m
dolek—ell> g, 0<iFj<M

Theorem 3.3. Let f(™) ¢ B;f’q(R,L) with 1 <r, ¢ <oo, 1 <p<ooandsr>1. If frn, is an
estimator of f(™ with n i.i.d. random samples, then

sup  E(|| frm — f|p) 2 0T 2ermsr, (3.1)
fmeB;s (R,L)

Proof.  To prove (3.1), it is sufficient to construct g.: (¢ =0,1,..., M) such that g(m) € BS ¢(R, L) and
SUp B(| fam = g1 llp) 2 ™ 2 (3.2)
3

Let ¢ be a compactly supported, t-regular (¢ > s 4+ m) and orthonormal scaling function, ¢ be the
corresponding wavelet with supp+ C [0,1), I € NT. Here and after, NT denotes the set of positive
integers. Then there exists a compactly supported density function go (i-e., go(z) = 0 and [ go(z)dz = 1)
satisfying

9o € BIi™(R) and  golo, j = co > 0.
Motivated by reference [2], one defines A; =: {0,1,2l,..., (27 — 1){} (the number of elements in A; is 27,
denoted by #A; = 27), a; =: 2-i(s+m+3) and

g-(z) =t go(x) +a; Y exthjn(x)

ke,

with € = (ex)rea; € {0, 1}2j. Then supp ¢;;N supp ¢, = 0 for k # k' € A, and supp ¢ C supp go. By
the assumptions of ¢, the wavelet ¢ is compactly supported and t times differentiable. Therefore, ¥ €
BIi™(R) (t > s+m) and g. € ByI™(R). Moreover, since ;. € {0, 1}, one knows that 7, lex|” <2/

and )
zj<s+m+é%->aj( > w) <1

kEA;

By Lemma 2.2, [|a; 3_jcn, €x¥jk] pstm- Hence gt e BS (R, L).
Note that the supports of %k are mutually disjoint. Then g.(z) > co—a; ||?/1;k”oo > co—277(5tm) 19l o
> 0 for big j. This with [ g.(z)dx = [ go(x)dx = 1 shows that g. is a density function for each ¢ € {0, 1}%.

petm <O, s0is |ge|

Accordlng to Lemma 3.2, there exists {g" ,5 ,oo ., €M} such that M > 227" and
D ek ekl =27 (3.3)
kEAJ‘

Because

m m dm
g (@) =gl @) = Y ajeh—eh) L in(a)

ke,
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and supp ¢;,N supp ¢ = 0 for k # k" € Aj, one knows that
loe™ =gy = 3 aflel — b lug iy = 27T IR 3 [ef — bl

kEA, kEA;
This, with (3.3) and €}, €% € {0,1}, leads to Hg(;n) (m)||p > 277 |y (m)||2 and
loi™ = a1l > 8772 ”nw“mnp =: 0. (3.4)

Clearly, the sets
A= {lam =1y < § im0

satisfy Ao N Az = 0 for i # . By Lemma 3.1, supgc;< s Py', (A%) > min{,, VMe=3/¢e=Kn} Here and
after, P{* stands for the probability measure corresponding to the density function f™(x) =: f(z1)- f(z2)
«+ f(zn). Tt is easy to see that P” < P" from the constructions of g... Note that f,, ,, is an estimator

of (™) with n ii.d. random samples. Then

m 0; 0
Bl =021 > G 72 (1 = o> ) = . (420,
Furthermore,
¥ 0; 1 )
sup B\ fum — gllp) > sup TPy (A%) > 2mn{Q,wMe‘S/EeKM}. (35)
0<i< M 0<i<M

Tll\Text, one shows Ky < n2jcglna?: Recall that K(PJ', P}) =: ff{b~f;>0 fi(x)1In glggdfc, fi(z) =
Hj:l fi(z;) and f3'(z) = Hj:l f2(z;). Then
K (P!, Py) Z/f1 ;) ;da:z =nK (P} P}).

Note that K (P, P}) =: [ fi(x § Jdz and Inu < u — 1 for v > 0. Then
(@)
@™

K@) = [ om0 <o [ f@| 10 < 1a=a [1p0@0 1@ - AP

Hence,
M
. 1 -1
’CM - O<111)’1<fM M K(geng“) ~N M ZK(QZ)QQ))
i#v i=1
Moreover,
M
A0S [ lga@)| Mgee(o) - )P (3.6)
i=1
where % =: (0,...,0) and g.o = go. According to the definition of g., supp (g.: — go) C [0,1] and

go(x) = ¢o on [0,1]. Furthermore,
2

[ 1001910~ oo = " [ 19:(0) ~ (o) = 57| Y ehvala)| < el
kEA; 2
by the orthonormality of 1, and ZkeAj let|* < 27. Then (3.6) reduces to
Ka <n2icgt al. (3.7)
By M > 22" and a; =: 273(+m+2) one can take 27 ~ n2e+m+1 such that
VMeRm > 92 =8) g2y lal 5 o5 ) (3.8)

On the other hand, (3.4) tells §; ~ n~ 2+m+1 . This, with (3.8) and (3.5), leads to the desired (3.2). The
proof is completed.
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Note that s’ = s, when r > p. Then we have the following corollary:

Corollary 3.4.  The linear estimator f'»  for fm e B;f’q(R,L) in Theorem 2.5 attains the optimal,

n,m
when r = p.

Similar to Theorem 3.3, we can prove the following result, which shows that the estimation in Theo-
rem 2.6 is optimal as well, when r > p.

Theorem 3.5.  Let f(™ € WF(R, L) with 1 <7 < 0o, 1 <p < oo and k € N. If f,, mm is an estimator
of £ with n i.i.d. random samples, then

Sl.lp E(an,m - f(m)Hp) Z n 2(k+lfn)+1 .
Fm eWE(R,L)

Proof.  As in the proof of Theorem 3.3, it is sufficient to find g, (i = 1,2,..., M) such that ggn) €
WF(R, L) and

sup B[ frm — g [lp) 2 20w (3.9)

Again, let ¢ be a compactly supported, t-regular (¢ > k+m) and othogonormal scaling function, ¥ be the
corresponding wavelet with suppt C [0, ), I € NT. Then there exists a compactly supported density
function go € W *(R) and go|jo, ;j = co > 0. Define a; =: 9—i(ktm+3) Aj, ej as in Theorem 3.3 and

g:(z) =t go(x) +a; Y entjn(x).

kEA;

By supp 95N supp ¢ = 0, one has that

T T
Z EkVjk :/ Z exjn(a)| do
keA; r Unea;SuPP ¥ | pep
T
-y S etbip()| do
B ISuPP Yk | e
= Z/ e j (x)]" d
kK eA; Suplﬂ/}jk’
= el el = 27G7D > Jer] ;-

keA; keA,

Similarly,

T

= Y lenl ™ |n = 2ilttmedr =1l N7 ey g tm
T kEA, keA;

Z €k¢§£+m)

keA;

Then for a; = 277(k+m+3),

k
gellyysm < lgollyprsm +as] D extoin]| +ai| S ernlt™
kEA; r kEA, r
1 1
11 " . 1_1 i
< ”gOHWT’“J”" —|—aj2](2 T)( Z |€k|r> ”er_,_anJ(kerJrz ,,.)< Z |€k|r) |W<k+m)||r

keA; keA,

< L.

Hence, g. € Wf*m (R, L). Then repeating completely the proof of Theorem 3.3 except for replacing s by
k, one obtains the desired (3.9). This completes the proof of Theorem 3.5.
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4 Nonlinear estimations

In this part, we shall apply the operator P;" (used in Section 2) to the nonlinear estimator f2°" (see
(1.7)) introduced in [9]. Tt turns out that Pm fhom outperforms than fin for r < p. Moreover, it gives

the best convergence order when r < < g +m) 41~ Denote
s+m p
) r > )
2(s+m)+1 2(s+m)+1
o™ = , (4.1)
s +m < p

2(s—1/r+m)+1’ " 2(s+m)+1

Then we have the following result:

Theorem 4.1.  Let ¢ be a compactly supported, t- regular (md orthonormal scaling function with the
corresponding wavelet 1p. If f™) € B? JR) with 1 < q<oo, L <s<t—m, then for 27 ~ (n/Inn)s Fim
and 1 <r <p<oo, fron(e) = men‘m( ) satisﬁes
_ S/(l/?’L p
1 0 s/+m >
(Inn)’n , r os+m)+ 1’
,(Inn +m P
Inn)? =
swp  B(lf2n - ),y g (nn) ( n) T s am) 417
f(m)eBg)q(]R,L) .
Inn +m D
< .
( n ) ' " 2(s+m)+1

Proof. By fron =: P fio", one knows [|fash — fUl, < [P frot = P fllp + [Py f = £l Note
that PP =: P,;T™ ;. Then P f1o% — P f = P[P (2o — f)]0m) and

1P £ = P fllp S NP = DN S 27152 = Sl

due to || Pj][, < C and the Bernstein inequality. On the other hand, Lemma 2.3 says ||P]"f — ™, <
23 Hence B(|f25% — /)],) S 2 (| 12 — f]l,) + 27 Since [ € B2i™,

g P
Inn)’n=° >
(Inn)’n—", r os+m)+1
(In n)el Inn\* - D
B2~ fll) < n ) T o rm) e
o ) )
r
n ’ 2(s+m)+ 1’
thanks to (1.8). Since 2/ ~ (" )<+m, one receives 2 (7)o" ~ (h;")b’im and 2775 ~ ()i,
Moreover,
am »
1 0 s'+m >
(Inn)n ) r 2s+m)+ 1
,(Inn\ Fm D
Inn)? =
E(]l non_f(m)Hp)s (Inn) < n ) > T 2(s+m)+1’
Inn i P
< .
( n > ' " 2(s+m)+1

This completes the proof of Theorem 4.1.

Remark 4.2. By the definition of o™ in (4.1), we find easily ‘9+::L > 2(s’-|f»/n)+1 for r < p. Then,

Theorems 4.1 and 2.5 tell us that the nonlinear estimator does better than the linear one. In particular,
Sla‘ln S’ s— 1 + 1

for 7 < 2(s+m)+1’ s'+m 2(s—1/r+m)+1 — 2(5 1/r+m)

, and Theorem 4.1 say

1,1
s— o+

n n Inn 2(s—}.+mz,))+1
Blfn -1 < (M) . (1.2
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The following theorem indicates that (4.2) is optimal for r < < o +m) 41

Theorem 4.3.  Let f(™) ¢ Biq(R) with1 <7, g <00, 1 <p<ooandsr>1.If f,m is an estimator
of £ with n i.i.d. random samples, then

s— 1+ 1
lnn> 2(s— 1+m)+1

n

sp Bl fum — FI,) (

fmeB; (R,L)

Proof.  One needs only to construct g such that g(m) € BS ¢(R, L) and

§_1+1

m Inn\ 26— 1 +m>+1
s Bl 1) 2 (") . (43)

As in Theorem 3.3, let ¢ be a compactly supported, t-regular (¢ > s + m) and orthonormal scaling
function, 1 be the corresponding wavelet with suppvy C [0, 1), I € N*. Assumes gy € Bs+m(R) and
goljo, 1 = co > 0. Define a; =: 9—d(stm+3—1), A; as in Theorem 3.3 and

gx(x) =: go(x) + ajvx(z), ke A;.

(The function gy here is simpler than that in Theorem 3.3.) Then [ gp(z)dz = 1; gp(z) > co —
2-3(s+m=1)|| 4[| o = 0 for large ;.
Clearly, gi(z) € Bﬁfgm(R,L) due to Lemma 2.2. Moreover, when k, k' € A; and k # k', ||g(m)

a0y = Nla; @57 —0E ) 1 = a;20 [$57, due to supp i N supp e = 0. Since a; =: 2-9(+m+5=1),

one knows
lgs™ — g ||y = 27 | ™) [,2790F =) = 4, (4.4)

Furthermore, Ay =: {||fr,m — gkm)”p < 2’} satisfies Ay N Ay = 0 for k # k. Recall that #A; = 27,
Then Fano’s lemma implies that

sup 25 (I =1y > § ) 2 min {5 vaiese oo |

kEAj 2

On the other hand, it follows that Ko < ¢ lna? from the similar arguments to the proof of Theo-

rem 3.1. Take 27 ~ ( s )2<5*1/"1'+"">+1. Then na? =n2 %tmt =0 I, Now, one can choose C' > 0
such that na < C'lnn and [4(s — 1/r +m) + 2]C < ¢o. Therefore,

—1
n~¢c >1

V2ie K > ( "

[4(s—1/r4+m)+2]7!
lnn)

m &5
and supgen; Py ([ frm — g,(c )||p> 5 ) = C. Hence,

sup Elfon = o102 05 sup P (Ui = o7 >

keA,;

53') > 09;.

Note that §; = 2;)||w(m)|\p2_j(s+rl7_i) by (4.4) and 27 ~ (h:’n)2<s—1/i+m)+l. Then the desired (4.3)
follows.

Remark 4.4. We have known that the linear estimator attains the optimal for > p; the nonlinear
estimation performs better than that of the linear one (up to Inn factor) if » < p, and reaches the

optimality for r < o(s +’7’n )1 However, we believe that our nonlinear estimation is not optimal for
a(stmyt1 < T <p by the work of references [1] and [7]. This will be investigated later on.

Acknowledgements This work was supported by National Natural Science Foundation of China (Grant No.
11271038) and Natural Science Foundation of Beijing (Grant No. 1082003). The authors would like to thank the
referees for their helpful comments and suggestions.



Liu Y M et al. Sci China Math March 2013 Vol. 56 No.3 495

References
1 Abramovich F, Silverman B W. Wavelet decomposition approaches to statistical inverse problems. Biometrika, 1998,
85: 115-129
2 Baldi P, Kerkyacharian G, Marinucci D, et al. Adaptive density estimation for directional data using needlets. Ann
Statist, 2009, 37: 3362-3395
3 Beylkin G. On the representation of operators in bases of compactly supported wavelets. SIAM J Numer Anal, 1992,
29: 1716-1740
4 Chang K C. Critical Point Theory and its Applications (in Chinese). Shanghai: Shanghai Scientific and Technical
Publishers, 1986
5 Chaubey Y P, Doosti H, Prakasa Rao B L S. Wavelet based estimation of the derivatives of a density for a negatively
associated process. J Stat Theory Pract, 2008, 2: 453-463
6 Chen D R, Meng H T. Convergence of wavelet thresholding estimators of differential operators. Appl Comput Harmon
Anal, 2008, 25: 266-275
7 Cohen A, Hoffmann M, Reifl M. Adaptive wavelet Galerkin methods for linear inverse problems. STAM J Numer Anal,
2004, 42: 1479-1501
8 Donoho D L. Nonlinear solution of linear inverse problems by wavelet-vaguelette decomposition. Appl Comput Harmon
Anal, 1995, 2: 101-126
9 Donoho D L, Johnstone I M, Kerkyacharian G, et al. Density estimation by wavelet thresholding. Ann Statist, 1996,
24: 508-539
10 Hardle W, Kerkyacharian G, Picard D, et al. Wavelets, Approximation and Statistical Applications. New York:
Springer-Verlag, 1997
11 Huang S Y. Density estimation by wavelet-based reproducing kernels. Statist Sinica, 1999, 9: 137-151
12 Kelly S, Kon M A, Raphael L A. Local convergence for wavelet expansions. J Funct Anal, 1994, 126: 102-138
13 Kerkyacharian G, Picard D. Density estimation in Besov spaces. Statist Probab Lett, 1992, 13: 15-24
14 Miiller H G, Gasser T. Optimal convergence properties of kernel estimates of derivatives of a density function. In:
Lecture Notes in Mathematics 757. Berlin: Springer, 1979, 144-154
15 Parzen E. On estimation of a probability density function and mode. Ann Math Statist, 1962, 35: 1065-1076
16 Prakasa Rao B L S. Nonparametric estimation of the derivatives of a density by the method of wavelets. Bull Inform
Cybernet, 1996, 28: 91-100
17 Rosenblatt M. Remarks on some nonparametric estimates of a density function. Ann Math Statist, 1956, 27: 832-835
18 Triebel H. Theory of Function Spaces. Basel: Birkhauser Verlag, 1983
19 Tsybakov A B. Introduction to Nonparametric Estimation. Berlin: Springer-Verlag, 2009



