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1 Introduction

The boundary theory of Markov chains plays a central role in the theory of random walks, and the
associated discrete potential theory provides a common ground for probability and analysis. Classically,
the state space of a random walk under consideration is usually equipped with a group structure and the
walk is reversible. More recent developments involve broader types of graphs and models, such as those
arising from the study of fractals that have a self-similar structure (see [4,5,10,11,15,18,20]).

In [4,5], Denker and Sato introduced a (non-irreducible) Markov chain on the tree of symbolic space of
the Sierpinski gasket (SG), which moves from a state to its descendants and its neighbors’ descendants.
They showed that the Martin boundary and the minimal Martin boundary (also called the ezit space)
of the chain are homeomorphic to the SG. Based on this setup, they made an attempt [6] to relate this
to the canonical harmonic structure and the Dirichlet form (see Kigami [12-14]). The idea of identifying
the Martin boundary with the self-similar set has been carried out on the pentagasket [8] and extended
to simple post-critically finite self-similar sets [10], and more general cases [18].

In another direction, Kaimanovich [11] observed that there is a natural hyperbolic graph structure on
the symbolic space of the SG, and the SG can be identified with the hyperbolic boundary. This has also
been extended by Wang and the first author to the class of self-similar sets that satisfy the open set
condition [17], and results of Denker-Sato type Markov chains can also be proved on these hyperbolic
graphs [18].
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In this paper we consider a new Markov chain on the space of finite words representing the SG. Our
aim is twofold. First we want to have an example different from the previous ones in that the Martin
boundary is homeomorphic to the SG and contains the minimal Martin boundary as a proper subset.
Secondly we want the induced harmonic structure to coincide with the canonical one on the SG [14]. As
is well known, there are two approaches to establishing the existence of a harmonic structure on a self-
similar set: the analytic approach (see [13,14,23]), and the probabilistic approach (see [2,16]). However,
both approaches can only deal with limited classes of fractals. Ultimately, our goal is to use this Martin
boundary consideration to study the harmonic structure on a wider class of fractals.

Our specific Markov chain { X}, }72 , is defined on the space of finite words ¥, of the SG with a transition
probability P (see Section 2) and initial state 9. Basically, on each level ,,, X} moves on the non-vertex
words according to the nearest neighborhood random walk. When it hits one of the three vertices, it
moves to the three descendants on the next level, and continues the walk in the same way (see Figure 1).
Our main conclusions are as follows.

Theorem 1.1. limg_ oo Xi = Xoo Py-almost surely, where X is a {i, 2, 3}—valued random variable.
Moreover, the Martin boundary of {Xi}52, is homeomorphic to the SG, and the the minimal Martin
boundary is {1,2,3}.

Theorem 1.2.  The class of P-harmonic functions is 3-dimensional, and there is a natural identifica-
tion with the canonical harmonic functions on the SG.

In Theorem 1.1, the limit of { X} }; and the statement concerning the minimal boundary follow easily
from the general convergence theorem of Markov chains. The main effort is to establish the homeomor-
phism between the Martin boundary and the SG. We first find the hitting probabilities p;(z) from a
state € X,, to the three vertices ¢" in terms of the product of some transition matrices (Theorem 2.5).
We then prove the convergence of p;(x|,) for x € ¥o (Theorem 3.3, Corollary 3.6); this makes use of
the concepts of scrambling matrices and the mazimum range of a matrix, both introduced by Hajnal [9].
The convergence is used to study the limit of the Green function (Proposition 4.1) and the Martin kernel
K (z,y) (Proposition 5.2), which in turn enable us to establish the homeomorphism between the Martin
boundary and the SG (Section 6).

It follows that the P-harmonic functions are generated by ;(z) = K (z,i*),i = 1,2,3. Each ; has
a continuous extension to the Martin boundary, i.e., to the SG, denoted by K. It is shown that these
1; =: h satisfy the graph harmonic property on K, i.e.,

he) =, 3 hly), (11)

for x being a non-boundary vertex of the level-n cells of K. (Here ~, stands for the nearest neighborhood
relation.) This yields Theorem 1.2.

Figure 1 The random walk of the Markov chain
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For a continuous function h on K, we define the average value of h on the cell K,,, w € X,, of the

SG by
y=3" le/ h(x) dp(x

where p is the standard self-similar measure on K (see Section 2 for other unexplained notation). In
considering the problem of existence of the Laplacian, Strichartz [22] showed that if & is a harmonic
function on K as in (1.1), then & is P-harmonic on X,. Moreover, he used the average values to consider
the corresponding Dirichlet form and showed a relation between the pointwise definition on K and the
average-value definition on ¥,. This agrees with our Martin boundary consideration. From this point
of view, it will be interesting to consider the above identification problem of the Martin boundaries for
more general self-similar sets, as it would potentially offer another tool to study the harmonic structure
and the Laplacian on such self-similar sets.

2 Basic hitting probabilities

We first introduce some notation for the symbolic space of the SG. Let X, := {i1---4, : ¢; = 1,2,3},

> 1, denote the set of all words on level n (Zg := {¢¥} by convention), and let X, := J;~, ¥, be the
set of finite words. For a word « = iy - - - i,,, we let |z| = n denote the length of x. We also use ng) C X,
i =1,2,3, to denote the three copies of ¥,,_1 in the obvious way. On X,, let V;, := {1™,2",3"} denote
the three vertices, and i)n := 3, \ V,,. Similarly, we let 3., denote the set of infinite words iyis - -, and
let oo = Teo \ {1,2,3}. We use z,y to denote elements in X, and x,y for elements in ¥,

Let K denote the SG and let Sp, 52, S3 be the three similitudes generating it. For v =41 ---i, € X,
we let S, := S;, o---05;, denote the composition and let K,, = S,,(K). We say that u,v € ¥, are
neighbors, denoted u ~ v, if K, N K, # (. We define a Markov chain {X;}72, on the state space X,
with transition probabilities

1/3, ifu,vein, U~ v;
P(u,v) =4 1/3, ifueV,, v=ui, i=1,2,3;
0, otherwise.

See Figure 1 for an illustration of this Markov chain. The words of ¥,, are denoted by solid dots, and
two words are neighbors if and only if they are connected by an edge. On level n, the chain starting at a
state in f)n walks to one of its three neighbors, and when it hits a vertex, it must go down to one of its
three neighbors in 3, 11. The chain moves down from 3,, to ¥,, 1 only through one of the three vertices
inV,.

We also use the following notation throughout the paper. A 1-cell A, in ¥, consists of the three
words of the form wi, where w is a word of length n — 1 and ¢ = 1,2,3. If n > m and w € ¥, _,,,, we
define the (n,m)-cell in ¥,, determined by the word w, denoted A, to be the set of words of the form

w?

{U}llzmllvvzme{l’273}}

Note that the three vertices of Al are wl1™,w2™, w3™. In particular, a 1-cell is an (n, 1)-cell; ¥, is the
only (n,n)-cell. Also, two words @ =414y, y = j1---Jjn belong to the same (n,m)-cell if and only if
i1 e = 1 Jr—m.

For C' C %, we let p, ¢ be the probability for the chain {X,,}22, starting at x, to ever reach C at
some positive time. If C'is a single point y, we will denote it by p, ,. In the sequel we will repeatedly use

the following elementary identity to set up systems of linear equations to calculate the probabilities pg
pw,y = P(x7y)+zp(xvz)pzy (21)
27y

For the random walk on each X,,, we regard 1™,2" 3™ € V,, as absorbing states (via which the chain
moves to X,41 and will not return). For any x € X, let p(x) = [p1(x), p2(x), p3(x)], where p;(z) is
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the probability for the chain, starting at =, to be absorbed by the vertex i in 3., i.e., pi(z) = pgin.
If v = j” € V,, we simply define p;(x) = d;;. In order to calculate these probabilities, we need some
additional notation. Let a, by, ¢, be the probabilities for the chain starting at 1”2 to reach the vertices
17,27, 3", respectively; analogously let a,,, 3,7 be the probabilities if the chain starts at 127! instead
(see Figure 2). For n > 2, let ¢, := 1 — a,,. Lastly, we let e;, i = 1,2, 3, be the standard basis of R3.
Proposition 2.1. Let n > 2.

(a) (ag, bg, Cg) = (012, ﬁg, ’}/2) = (5/8, 1/4, 1/8)

(b) a1 = (5—=3as)/(8 = 3an), Bpit1=2/(8—3an), and Yni1 = Bni1/2.

(€) ant1 = (5/2)Bnt1,
o] 1, ()"
ll gl l(%)” - ()"

(d) {an},{Bn}, {1} are monotone increasing, while {b,},{cn}, {an} are monotone decreasing.

Proof.  (a) That (a2, bs, c2) = (aw, B2,72) follows by definition, and their values are obtained by solving
the following equations (by (2.1) and symmetry):

1

+1 +1ﬁ 3 1 +1 lﬁ—f—l
g = a = _« = .
2 3 32 32, 2 32 3727 72 32 372

(b) We only consider the case n = 3; the proof for any n > 3 is the same because all equations involved

have exactly the same pattern. Write u = p1(121), v = p1(123). By using (2.1) and symmetry, and
. ) (1)

applying the values ag, bz, ca for 3s to X3, we have

1 1 1
a3 = 3ﬁ3—|—3u—|—3v7 u = by + asag + caag, V= oy + asaz + boas.
Eliminating « and v, and using as + b2 + co = 1, we obtain

(2 — a2)ag = B3 + (b2 + c2).
Applying the same argument to 53 and vz, we get

(3 — 2&2)&3 = a3 + (bg + 82)73, (2 — 2&2)’}/3 = (bQ + Cg)ﬁg.

These three equations together with as + by + ¢o = 1 imply (b).
(c) Similarly we can express (as, bs, c3) in terms of as, b, co and 3 as follows:

5
az = az + baas + cooiz = 2537

C
bs = baf3s + coy3 = <b2 + ;)ﬁ?ﬂ
bo
c3 = boyz +c2ff3 = 5 e Bs.

111

By

~__~ 33 222 7 333 222 7 333

G =" C3 Vs

Figure 2 The probabilities ay, bn, cn and an, Bn,vn forn =2,3
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Likewise for n > 2,

5 Cn by
Ap4+1 = 2ﬁn+17 anrl — (bn + 9 )Bn+17 Cn41 = ( 9 +Cn>ﬁn+1~

Putting b, 41, cpy1 in a matrix form, we have

el Y =
Cn+1 1/2 1 Cp,
Observe that the eigenvalues of the matrix are 3/2 and 1/2 with corresponding eigenvectors [1, 1]* and
[—1, 1], respectively. By diagonalizing the matrix and iterating (2.2), we arrive at the second equality
in (c).

(d) From (a) and (b), it follows that the statement holds for n = 2,3. Let n > 3. Since 8,41 < 2/5, it
can be checked directly that

bnr| 1, (32" (12T |ba
LnJgSB s [(3/2)“*—(1/2)"—11 H

This shows that {b,}, {c,} are decreasing to 0, and hence {a,} is increasing to 1. Consequently, S,+1 =
2/(8 = 3a,) and Y41 = Bnt1/2 are increasing, and thus a,, 41 is decreasing.

As a direct consequence, we have
Corollary 2.2.  Let a,b,c,«, 3,7 be the respective limits of an,bp,Cn,an,Bn,¥n. Then (a,b,c) =
(1,0,0) and (o, B,7) = (2/5,2/5,1/5).

Recall that €, := 1 — a,.
Corollary 2.3.  There exists a constant ¢ > 0 such that for all n > 3, ¢(3/5)" < €, < (3/5)™.

Proof. By Proposition 2.1(b) and (c¢), B3 = 16/49 and 8,, < 2/5 for n > 2, and thus for all n > 3,

4 3 n—1 3 n

On the other hand, by Proposition 2.1(b), 8y = (8 — 3ax-1)/2 = (5/2)(1 + 3ex_1/5). In view of
S e <302, (3/5)" ! < oo, there exists C' > 0 such that

= () () () < ()

This implies that €, > ¢(3/5)" for some ¢ > 0, proving the corollary.

For n > 2, we define

1 0 0 Bn n Bn Yn Qn
AS) =lan Bn Yl A»ELQ) =10 1 01, Agzg) = |7 Bn anf- (23)
On Yn Pn T Cn PBn 0 0 1

Note that Agf ) denotes the probabilities for the chain starting at the vertices of ng ) to reach the vertices
of 3,, i.e.,

p(il" )
AD = | pe2n-1|, i=1,2,3. (2.4)

Note also that each Agf ) is stochastic, i.e., nonnegative with each row sum equal to 1. We can use this to
express the probability to reach a vertex from an arbitrary point in ¥,, in terms of a matrix product.
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Remark 2.4. For i € {1,2,3}, and for any ny,...,ng, the i-th row of the product of Aﬁff AS,Z is
e;. This can be proved easily by induction.

Theorem 2.5. Letn>2andx=1i1---i, € X,. Then

plr) = e;, AF™ - A,

n

Proof. For x € V,, the expression for p(z) follows from Remark 2.4. So we assume that z € .
First consider the case i,_1 # i,. The (n,2)-cell that contains x is A;,..;,_,, which has vertices
i1 in—okk, k=1,2,3 (see Figure 3).

By first expressing p(x) in terms of these p(iy---i,_2kk) using the definition of Ag"‘l), and then
using induction, we get

.

‘ p(i1---in_211)
p(x) = e, A | piy -+ in—222)
p(il e in_233)
= -+ (inductively)
= e, Ay AT A (by (24)).
Next we consider the case x =iy -« - ip_mi™ for some m > 2, where i,,_,, # i. By Remark 2.4 again,
einAg"—l) ... Agriln—mﬂ) — eiAgi) ...Agril) —e;.
Thus, a similar proof as above yields the same expression for p(z).

We will give a detailed study of the convergence of the above product in the next section. In the
following we prove some simple consequences of the hitting probabilities using Proposition 2.1. The next
proposition is intuitively clear (see Figure 1). It is an important step in proving the limit properties of
the Green function (Proposition 4.1).

Proposition 2.6.  Assume that n > m+1. Then lim,, o pim i» = 1 and nf} = limy, o0 pim jn ewists
and is positive. Moreover, lim,, 77:? = 0.

Proof. Tt follows from the definitions of the transition probability P on X, that

2

1 2
Pik jlt1 = 3 + _ap41 =1 €kt1- (2.5)

3 3

Since pr in = pik k1Pt g for k <n — 1, by induction and Corollary 2.3, we have

n—1 n—1 9 n—1 2/3 k+1
Pim in 2 klz_[’n’b pik‘,ik'*'l = kgn (1 - 3€k+1) 2 kgn (1 - 3 <5) ) (26)

IR

J11 7

n-3

Ty, 511

Tyeeed, 3222 e, 3333

i, 22 Oy

Figure 3 The (n,)-cells (¢ = 1,2, 3) in the portion of 3, containing the word z =11 ---in
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This implies that lim,, oo pim i» = 1.
Now to consider lim, o pim j», we assume without loss of generality that i = 1. First we have

1 1
plm’,1m+1 = 3 + Sam+1 and plm,’2m+l = p1m73m+1 = 3(1 — am+]_).

Inductively we have

1+ 2a 1-a 1-a
plm,,ln = plm’ln—l 3 " —|— p1771’2n71 3 " —|— p1m73n—1 3 " . (27)

Similar expressions hold for pjm on and pim 3». To put these in a matrix form, we let

1 1+ 2ax 1—ax 1—ax
Mk:z3 l—ap 142w l—ax|, Mm+2<k<n.
l—ak l—CLk 1+2ak

Hence from (2.7), we have

prma (14 20m11)/3
prmon | = My Mpio | (1= ame1)/3 |- (2.8)
pim 3n (1—ams1)/3
For i,j € {1,2,3} with i # j,
% 2 - 1
| My (i,i) — 1| = o € and | My (i,5) — 0] = s

If we let || M]| := max; >, [M(i, )], a norm satisfying || MM'|| < [[M||[|M"]| for all matrices M, M’, then
by Corollary 2.3,
)L“éo; 1My, — I} = lim (4/3) ;ek =0.
As the M, are stochastic matrices, for any ¢ < n, {||M,, - -- My||}¢,, is bounded by 1, and it follows easily
from the above limit that lim,, oo My, - - - My, 42 exists. Hence for j = 1,2, 3, lim,,_,o p1m ;» exists.
Since limy, ;o0 My, - - - My = I and each entry of M; is positive, we conclude that lim, o pm j» > 0.
Lastly, it follows from (2.8) that lim,, nmy = 01;-

To conclude this section, we will estimate the probability py A for a 1-cell A C X,,. It is necessary
in Section 5 (Proposition 5.1) to obtain an upper bound for the Green function. We use A’ = Agm-1,
A" = Aszm-1 to denote the two 1-cells at the left and right corners of ¥,,.

Lemma 2.7. Let m > 2 and A be any 1-cell in ¥,,. Then
Prm—1 A Z Prm-1 AL = Prm—1 Ar 2 Cy(3/5)™

for some constant C7 > 0 (independent of m).

Proof. It is clear that pym-1 At = pim-1 ar, and from the transition probabilities and Corollary 2.3
that 1
Prm—1 AL Z Prm—1 om = 3(bm =+ Cm) > Ch (3/5)m~
To prove the first inequality, we use induction. It can be verified directly for m = 2 or 3. Assume that
it holds for some m > 2, and consider ¥,,,1. For the clarity of induction, we denote A, A*, A" € %,, by
Ay, AL AT respectively. Recall that for i = 1,2, 3,

29 ={G,): T €%y},

ie., E;?H are the three sub-triangles making up 3,,+1. Consider the following two cases.
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Case 1. A1 C Es,ll)ﬂ. Note that X,, can be identified with Efwzrl We let A,, be the 1-cell in %,
corresponding to A,, 1. Then

P1m A 2 Pim=—1.A,, Z Prm=1 AL 2 pim Al T pim,AT L

(The first and third inequalities are clear by considering the paths that reach the points; the second
inequality is by induction hypothesis.)

Case 2. A1 C Eg)ﬂ. Note that any path that reaches A,,11 or Aﬁnﬂ must first hit one of the
two vertices 21™~1 or 23™~! of 2(2)“ Hence we can apply induction hypothesis to conclude that
P1™ A g > plm,Alm

Proposition 2.8.  There exists a constant Co > 0 such that for any m > 2 and x € ¥,,,
po.e = Ca(3/5)™

Proof. Assume without loss of generality that = € Efﬁb). Let A be the (unique) 1-cell containing . Then
by Lemma 2.7,

>1 1 >C 3"
Pﬁ,z/gﬂlm 11/901'" VAN 5 .

(The second inequality holds since any path reaching A has a probability of at least 1/3 to reach z.)

3 Random product of the A,(f)

One of our main purposes in this section is to show that any random product A;i”’l) cee ASZ‘) of the

matrices in (2.3) converges to a stochastic matrix whose rows are identical. To this end, we need two

parameters A and 4, both introduced by Hajnal [9], which measure the difference of the rows of a matrix.
For any stochastic matrix M = (M (i, 7)), define

AMM):=1-— mmme{M(zl, 7), M(iz, )} € 10,1].

11,12

M is called scrambling if \(M) < 1 (see [9]). In other words, M is scrambling if and only if for every pair
of rows 41 and i, there exists a column j (which may depend on i and is) such that M (i1,5) > 0 and
M (i, j) > 0. Also, A(M) = 0 if and only if the rows of M are identical.

There is another parameter that measures how different the rows of M are. Define

§(M) := maxmax |M (i1, j) — M(i2, 7)] € [0,1].

J 12

In other words, 6(M) is the maximum difference between any pair of elements in the same column. Hajnal
called 6(M) the mazimum range of M. Note that §(M) = 0 if and only if A(M) = 0.

It is not difficult to see that for any stochastic matrix M, we have §(M) < A(M). In fact Hajnal [9,
Theorem 2] (see also [25, Lemma 2]) proved the more general result that for any stochastic matrices
My, ..., My,

k
S(M; -+ My) < [[A(0). (3.1)
i=1

It can also be proved that for any 2 x 2 or 3 x 3 stochastic matrix M, §(M) = A(M). We do not need
such generality; instead we only need to use the following special case.

Lemma 3.1. Fork >2 andi=1,2,3, each A(i) defined in (2.3) is a scrambling matriz and
AAD) =6(AD) =1 - qp < 1.

Moreover, for any m > 2 and k1, ..., kyn > 2, we have

im) A(im- i 3\"
6(A](<7'm )A](C'mfll) e A](Cll)) g <5> .
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Proof. It is straightforward to check that )\(A,(f)) =1—ay. Since 1 — ay, = B + Vi, we also have
6(A,(f)) = max{1l — ay, Bk, %} =1 — ay.

For the second part, we use (3.1), and observe that 1 — ag = B + v < 3/5.

For i = {1,2,3}, let
AD = lim AW, (3.2)

n—roo

The limit exists because a,, — 2/5, 3, — 2/5 and v, — 1/5 by Corollary 2.2. In fact,

1 0 0 2/5 2/5 1/5 2/5 1/5 2/5
AW =95 25 15|, AP =0 1 of, A¥ =15 2/5 2/5], (3.3)
2/5 1/5 2/5 1/5 2/5 2/5 0 0 1

with all A® being invertible. We fix a sequence i1is - - - € Yoo, and let

To= AL AT AT - AT = QuaRa, (3.4)

where R, j is the product of the last £ matrices. Define R, := limy, 00 Ry ;-

Lemma 3.2. With the above notation, then

(a) the diagonal entries of R, i are positive, and for each s € {1,2,3}, Ry k(s,t) = ds if and only if
ij=sforallj=1,...,k;

(b) Roo ko = AUE) - AGY and (a) holds the same for Roo k-

Proof.  (a) Observe that R, 41 = ASE;ﬂr)an,k, and

R (i,) = AU (6,0 Ry (i, 1) 2 Briopr Rup (i, 1) > 0.

The first statement follows by induction on k.
For the second statement, the sufficiency follows directly from (2.3). To prove the necessity, we use
induction. Assume that Ry, x+1(1,%) = d1;. Suppose that ix41 # 1. Then

6n—k+1 Un—k4+1  Yn—k+1 /Bn—k+1 Yn—k+1 On—k+1
Afffz;l)l: 0 1 0 or AfffZﬁZ Yn—k+1 Brn—k+l OQn—kt1
Vn—k+1  Cn—kt1 Bn-k+1 0 0 1
In either case,
1 0 O
o x| = Ry =AY Ry
x k%

would imply

*

0 O
R,r=1+« 0 0,
* 0 0

contradicting the first part that the diagonal is positive. Thus ix41 = 1. Now by equating the first rows
of both sides of R, 11 = Aﬁll_)kHRn,k, we get Ry, 1(1,t) = 1¢. By induction hypothesis, i; = 1 for all
j=1,...,k. The proofs for s = 2 or 3 are similar.

(b) The existence of the limit R follows from (3.2). The proof for the other properties can be
established similarly.
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Theorem 3.3.  For any iyiz- - € Yo, let T, = Aéi”) e Af:i)l be as in (3.4). Then the limit

Too:= lim T,y = lim AU ... A (3.5)
—00

n— o0
ezists. Moreover, Ty is stochastic and the rows of Too are identical.

Proof.  For € > 0, using Lemma 3.1, we can let k be sufficiently large so that

This implies that for i = 2, 3,
€

Rp(1,1) — ; < Roa(i1) < Rux(L1) + 3. (3.6)

By Lemma 3.2, there exists ng such that for n > ng, |Rn,x — Rook|| < €/2, where || - || is the norm defined
in the proof of Proposition 2.6. We write T, = Qp 1Ry 1 as in (3.4). By using (3.6) and the fact that the
row sums of @, 1 are 1, we get

3

To(1,1) = Qui(1, k) Ry i (k, 1)
k=1
< Qui(1, 1) Rui(1,1) + Qui(1,2) (Rn,ka, 1)+ ;) + Qui(1,3) <Rn,k(1, 1)+ ;)
< Rog(1,1) + ;
Similarly, R, x(1,1) — €/2 < T,,(1,1) and thus |T},(1,1) — Ry, x(1,1)| < €/2. Hence
|T,(1,1) — Roo k(1,1)] <€, ¥ n =ng,

proving that {7,(1,1)} is a Cauchy sequence. The same proof holds for the other {T},(4, j)}. This proves
the existence of the limit (3.5).

Since for each n > 2, the product Ag")Ag”‘l) e AS-lqr)l is stochastic, it follows that 7o, must also be
stochastic.

Finally, by Lemma 3.1, 6(Ag“) e Agj_)l) < (3/5)™ — 0. Thus the rows of T must be identical.

Define
10 0 01 0 0 0 1
Li=11 0 of|, La=1]0 1 0|, L3y=1]0 0 1
1 0 0 01 0 0 0 1

Corollary 3.4.  Foriyis--- € o, we have lim,,_,oc T, = Lg for some s € {1,2,3} if and only ifi; = s
for all j € N.

Proof. ~ We prove the lemma for the case s = 1; the cases s = 2,3 are the same. Assume lim,, . T, =
Ly. Fix any k € N and let n > k£ + 2. By Theorem 3.3, we have

a b 1—a-—0
lim Qni:=CQok = |a b 1—a—b]. (3.7)
n— o0

a b 1l—a->»

By assumption, we have L1 = Qoo 1 Roo, k- By comparing the entries and making use of the fact that the
diagonal of R  is positive (Lemma 3.2(b)), we have a = 1,b = 0 and R ; = I, the identity. The last
statement of Lemma 3.2(b) implies that ¢; = 1 for all j = 1,...,k. Since k is arbitrary, the assertion
follows.
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To prove the converse, we assume that i; = 1 for all 7 € N. Note that

T = lim T, = ( lim A% ... A;”) ( lim Aﬁjjl).
n— 00 n—00 n—r00

It follows that T, = T A, where A is given by (3.3). Also by Theorem 3.3, T, has the same form

as the matrix in (3.7). It is straightforward to solve the system of equations T, = T A to obtain that

a =1, and hence b =0 and 1 — a — b = 0. Therefore lim,, ,o T, = L.

As a consequence we have

Proposition 3.5. Let Ty be the matriz product for x = iyis--- € Yo as above, and let T._ be the
corresponding matriz product for'y = ji1ja--- with iy # j1. Then Too = T2 if and only if x = ijj---
and 'y = jii--- with i # j.

Proof.  Let

where T}, is defined in an obvious way. Let T/, =: Tv,’LAff}r)l be defined similarly. Using Theorem 3.3, we
have

a b 1—a—-2> c d 1—c—d
To=1la b 1—a—b and i’x,z c d 1l—c—d
a b 1—a—b> c d 1l—c—d

Hence |
Ty = lim T, = ( lim Tn)( lim Aﬁjjr)l) _TAl,
n—o00 n—o0o n—00
where A() is defined in (3.2). Similarly, T7 = T/ AW,
Consider the case iy = 1 and j; = 2. Then T, = T, if and only if T,oAM) = T A®. Solving this

linear system yields

1 1
azg(c—d—l), b:3(c—|—8d—|—2).

Since a > 0, we obtain ¢ > d + 1, which forces a =d = 0,b = ¢ = 1. That is, Tse = Lo and TC’)O = L.
It follows from Corollary 3.4 that i, = 2 and jr = 1 for all £ > 2. The other cases can be proved
similarly.
For x € X, we define
p(x) = [p1 (). pa(x). ps(x)] = lim_p(x],). (38)

It follows from Theorems 2.5 and 3.3 that the limit exists. In terms of the SG, p(x) can be realized as
the probabilities for some random walk starting at x in the SG to reach the three vertices.

Let S;, i = 1,2, 3, be the three similitudes defining the Sierpinski gasket K. Let m : ¥ — K be the
standard projection defined by

m(x) = lim S;; 0---08;, (z9) for x=ryiz - € ¥,
n—oo

where 2o € R? is arbitrary and the definition is independent of 2:5. We say that x,y € ¥, are 7-equivalent,
denoted by x ~ y, if 7(x) = m(y). Note that if we write y = j1jo - -, then x ~, y and x # y if and only
if there exists some m > 0 such that i, = j, for all 1 <p <m and iy19my2 - = ék,jm+1jm+2 o=kl
for some k # L.

It follows easily from Proposition 3.5 that

Corollary 3.6. Forx,y € ¥, p(x) = p(y) if and only if x ~r y.
The proof of Theorem 3.3 also implies the following continuity property of p(x).

Corollary 3.7. Let x € Xo,. Then for any € > 0, there exists n € N such that for anyy € Yo, with
X|n = ¥|n, we have |p(x) — p(y)| < €.
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4 Green function

Recall that the Green function for a Markov chain is
Glz,y) =) P"(x.y),
n=0

where P"(z,y) is the n-step transition probability from z to y, with P°(x,z) := 1. G(x,y) is the expected
number of visits from x to y. It is related to the hitting probabilities by the simple formula

T ]- - Yl X )
Glw,y) = Pyl ( Py.y) #y (4.1)
1/(1 - Pfc,r)7 r=y.
Note that our random walk satisfies
1 ~
Gt x) = 3(G(i"‘1j, )+ G(i" k,x), zeX,, i#j,k. (4.2)
We let
c:= nhjolo pin—1jin—1j, &7 J, (4.3)
and
¢ := lim pjn-1jm-1), wherei,j,k are distinct. (4.4)
n— oo

These limits exist as it is easy to show that the sequences are increasing. To obtain a crude estimate
for ¢ we notice that if the chain starts at i"~'j, it has a probability of 1/9 of jumping to one of the
neighboring non-vertex points and returning directly. Also it can be absorbed by ¢" in one step. Thus,
2/9<e<2/3.

Let o(i1ig--+) = (i2i3---) be the shift operator on the symbolic space Xo. Our main purpose in this
section is to prove
Proposition 4.1.  Let x = %41+ € Yoo, With igy1 # 3. Then for j,k € {1,2,3}\ {i},j # k, we
have

(a) limy 0o G(5" 1, x|n) = 1(2p;(0(x)) + pr(0(x))),

(b) limn oo G(" 1, X|n) = e1(c2pi (0()) + 29;(0/(x)) + 2p(0(x));
where ¢c; = 2/(15(1 — ¢)), ca = (5/2)(c+ ¢), and ¢, are defined as in (4.3) and (4.4), respectively.

We need some additional notation to prove the proposition. For z = iy ---i,, let A, denote the
(n,m)-cell (m < n) containing = (as defined in Section 2); it has vertices i1 - - - in_mj™, j = 1,2,3. For
ye X\ AZ“%?WL, we use the following notation:

G(Zl e infm]-m7 y)
G(AY .y = |Gli1 - in—m2™y)| - (4.5)
G(i1- tn—m3™,y)

We use @y, to denote Ag") . -Affi;;)l as in the previous section. Then

G(AZ---in_l s y) = Qn—l,n—mG(AZ...in_m s y) (46)

This amounts to saying that starting at a vertex of A}, ~, the chain has to go through one of the
vertices of A} ; ~  before it reaches y (as y ¢ A} .,  ); the probabilities of reaching these vertices
are given by Qn—1,n—m (by Theorem 2.5).

Proof of (a).  Note that if x = i%g41ig42--- and y = j1 -+ jn with ji; # 4, then y &€ A7, and (4.6)
implies

G(x[n,y) = €1, G(A%i, iy 10 Y) = €0,Qn-11G(AT,Y).
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Note that by Theorems 2.5 and 3.3,

lim e;, Qn_11= hm e, A;i”’l) . --Affi)l = p(o(x)).

n—oo

In view of G(x,y) = G(y,z) for ,y € &, and the above, it is easy to see that

lim G(j" ", x[n) = pj(o(x)) lim G("~1i5"71) + pr(o(x)) lim G("~1 k™).

n—oo n—oo n—oo

To evaluate the limits on the right-hand side, we note that

lim G(j" 1"t = lim (G(" Y, Y + GG Yk, i)

n—00 3 n—oo

1 n n
= lim A + A
3 n—oo 1— pj”fli,jnfli 1— pj”flk,jnflk
= 261. (47)

By the same argument, we have

: . 1 2 1y
nlLII;OG(] LK) = 30— 0)\5 =c.

It follows that lim,, o G(1" 71, x[,) = c1(2p;(0(x)) + pr(o(x))).

To prove (b) we need some technical adjustments for the hitting probabilities p(x) and the corre-
sponding Agf) in (2.3). Consider ¥,, with the three vertices i", j, k™. We identify i"~1j " 1k, the two
neighboring states of i", as i and use it to replace i" as an absorbing state. Let E be the modified
level-n states. We define the corresponding &, Bn,%, A% and p, etc., as in Section 2. It is clear that
for x =i1i3 -+ € ¥oo, we have p(o(x|,)) = eingg”‘l) - A(”)1 =:e;, Qn 1,1. Moreover,

lim A(l) = lim A(l) =A% and lim Qn 1,1 = hm Qn-1,1- (4.8)

n—o00 n—o00 n— o0
Proof of (b).  We denote i,1 = ¢. Let us first consider G(x|,,i"~'j). From (4.6), we have

G(xln,i" 1)) = €1, Qn-1.441G (A%, ") (4.9)

We cannot use (4.6) dlrectly to expand G(AZ,,,i" 1) further in the form of a matrix product as in the
proof of (a) because i"~!j is in the (n,n — g)-cell A%. We need some slight modification to continue the
reduction.

By adopting the notation set up above, we use A” to denote the modified (n,n — g)-cell. It follows
that

G(AL,, i) = ALY G(AL, " Y))

=AY AD L GAL, i)
AD AD LAY GAr, i), (4.10)

Now, by using G(z,y) = G(y,x) for z,y € DN again, we get

G(in_1j7x| ) ean’ﬂ 1,q+1G(Al‘?€7 n_lj)
e AG e A OO A G )

n—q‘ n—q

By (4.8) and Theorems 2.5 and 3.3,

lim elnAg"’l) e Aﬁffgl"flflif) Agl) RS 1215311 = p(o(x)).

n—oo
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To evaluate lim,,_, o G(ﬁ?, i"’lj), we first observe that the three vertices of ﬁi are v1 = 5", vp =
ik" 1 and i? = {i""1j,i" 'k} =: {vs,vs}. We have

n— n—1; 2 5
lim G(v1,i" " j) = lim Pign=tiin =ty / )
n—oo n—oo | pzn—lj in—1j 1—c¢
and the same for lim,, o, G(vq,i""1j). Also
. n—1 - . 1 C
lim G(vs,i" " j)—1= lim —-1= ,
n—00 n—oo | — Pin—1jin—1; 1—c¢
and
n— n—1 /
lim G(vg,i""Yj) = lim P77 — ¢
n—o0 n—=00 1 — pjn—1jm-1; 1-c¢

Note that if the chain starting at x|,, hits ¢ before hitting v; and vs, the conditional probability that it
first hits either vs or vy tends to 1/2 as n — oo. Thus,

lim G(A?,i" 1) = (1—¢) (c+¢)/2,2/5,2/5]".

n—oo

Combining the above and (4.2), we have

lim G(i"~, x|n) = e1((5/2)(c + ¢)pi(o(x)) + 2p;(0(x)) + 2px(0(x)))-

n—roo

This completes the proof of (b).

We remark that if x = ijj--- € X, then p;(c(x)) = 0 = pr(o(x)) and p;j(o(x)) = 1. Thus the
formulas in (a) and (b) coincide. Moreover, we have

Corollary 4.2.  Assume X = iyig--- € oo \ {1,2,3} with iy =i. Define w; = limy oo G x|5).
Then for j # i, we have u; > uj, and equality holds if and only if x =ijj---.

Proof.  Using Proposition 4.1, we have

w; =y = e1((5/2) (¢ + ¢ )pilo (%)) + 20, (o)) + 2p(0(x)) — 1 (205 (7)) + pi(0(x)))
= a1((5/2)(c + ¢)pi(o(x)) + pr((x))) > 0.

Equality holds if and only if p;(0(x)) = 0 = pr(o(x)) and p;(o(x)) = 1. By Proposition 3.5 this happens
if and only if x =455 -.

5 Martin kernel
We define the Martin kernel as

G(z,y)

K@) = G

T,y € M.
Proposition 5.1. There exists C > 0 such that for any x,y € ¥, with |z| < |y|,
K(z,y) < C(5/3)".

Proof.  Since G(V,y) = G(V,x)G(x,y), by using Lemma 2.8 we have

G(z,y) 1 1= pow 1 (5) |zl
K ) < = = ’ < < C .
(m y) G(ﬁvx)G(xvy) G(ﬁvx) PY,x PY,x 3
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Let R =5/3 and define a function g : ¥, x 3, — RT U {0} as

oo =3 (1) s 1K) - K

n—0 zEX,

where 0 < r < 1. By Proposition 5.1, the series converges. Since the chain is transient, o is a metric on
3., called a Martin metric. It is straightforward to verify that with this Martin metric, a sequence {z,, }
in X, is p-Cauchy if and only if z,, is eventually equal to some z € X, or

|zn| — 00 and lim K(z,x,) exists for every z € ¥,. (5.1)

n—oo

We say that two o-Cauchy sequences {x,,}, {y,} are g-equivalent, denoted {x} ~, {yn}, if lim, o0 o(xn,
yn) = 0. We denote the p-equivalence class of {z,,} by [{zn}]. Let X, be the collection of all g-equivalence
classes in ¥, and call it the Martin space. We call M := 0%, = ¥, \ X, the Martin boundary.

We remark that this metric is topologically equivalent to the one defined in [7], both metrics define
the same collection of Cauchy sequences and their completions are also topologically equivalent.

First let us reformulate K (x,y) according to our specific transition probabilities. Let x € X, and
y € X, with m < n. In order for the chain starting at = to reach y, it must first reach one of the three
vertices in V,,, = {1™,2™,3™} and then jump to level m+ 1. Recall that for z € f]m and i =1,2,3, pg im
is the probability for the chain starting at x to be absorbed by i™ (see Proposition 2.5).

Forzxe¥,,,n>m+2 and j =1,2,3, we let

3
m,nfl pa:,i""pim,j”—17 lf T € Em7
b; () := ; (5.2)
p:lt,j"_17 ifz e Vm
These are the probabilities for the chain starting at = € ¥, to reach the three vertices in V,,_;.
Proposition 5.2. Letm e N andz € X,,. Forn>m+2, lety € in Then
3 m,n—1 ‘n—
g 0T ()G y)
K () = 2= . (5.3)

(1/3) 225, GinLy)

Moreover fory € Yo,
(a) K(z,y) :=limy_ 00 K(z,y|n) exists;
(b) for any € > 0, there exists n € N such that for anyy' € Yoo with y|, = y'|n, we have

|K(z,y) — K(z,y")| <e.

Proof.  The symmetry yields G(9,y) = (1/3) Zle G(i"~1,y), which gives the denominator. The nu-
merator follows after regrouping the right-hand side of the following expression:

G,y)= Y peimGE™y) = > paimpim ju1GG" 1 y).

i=1,2,3 i,j=1,2,3

For (a) we need to observe that lim, . 7" '(z) and lim, . G(i""!,y|,) exist (by Proposition 2.6
and Proposition 4.1 respectively). For (b), we make use of, in addition, Corollary 3.7.

6 Martin boundary
For x = iyig -,y = jij2 - € Zuo, since {K(z,x|n)}n and {K(z,y|n)}n are Cauchy sequences for
each z € ¥, (Proposition 5.2), {x|,} and {y|,} are p-Cauchy sequences. Hence o(x|,¥y|.) is a Cauchy

sequence of real numbers. We can extend the Martin metric p to 3 by defining

o(x,y) = lim o(X[n,yln).



490 Lau K-S et al. Sci China Math March 2012 Vol. 55 No.3

Lemma 6.1. Ifx ~; Yy, then lim, o K(z,%|,) = lim, 00 K(2,¥|n) for all z € .. It follows that
Yoo/~ 18 in the Martin boundary and o is well defined on Yoo/~ .
Proof.  We write X =iy - iplk and y = iy - - - iy k. Then for n sufficiently large and i = 1,2, 3,

n7m72A£LelmflG(in_l7Ail"'im)7
G L yla) = eAY) ALY AW G A ).

n—m-—2“-"n—m-—1

G %) = e AP ... AW

According to Proposition 3.5,

: ‘n—1 N ‘n—1
Jim G x[n) = lim G yla).
Therefore, lim,_,oc K(%,X|y) = limp 00 K(2,¥]n). It follows that o(x,y) = 0 and hence g is well defined
on Yoo/ ~o.

We will show that g is a metric on Yo/~ . The main difficulty lies in showing that if x 4, y, then
o(x,y) > 0 (Proposition 6.3). We need a lemma.

Lemma 6.2.  Suppose X = iyig---, y = jij2- €Yo\ 1,2,3}, and x o, y. Assume k # i1, j1, and let

G xl) im G0 ¥ln)
R N N s L)

Then (ri,rj) # (si,85) for distinct i, j # k.

Proof.  We use the same notation of Proposition 4.1. First we consider the case i1 = j1. For convenience
we let 1 be the common index, k£ = 3, and write

p(o(x)) = [p1,p2,p3]  and  p(o(y)) = [11,72,n3]-

Since x 4, y, Corollary 3.6 implies that [p1, p2, p3] # [n1, 12, n3]. We observe that 2p3+p2 > 0 (otherwise
by Corollary 3.4, x = 1) and 213 + 75 > 0. Hence by Proposition 4.1, the limits defining r; and s; exist.
Suppose on the contrary that (r1,72) = (s1, s2). Then by using Proposition 4.1 and a direct calculation
we get
pPL _ P2 _ P3
moon2 3
It follows that [p1, p2, p3] = ¢[n1,m2,m3] for some number c¢. As these are probability weights, we have
¢ = 1. This leads to a contradiction and completes the proof for the case i; = j; = 1.
Next we consider the case i1 # j1. Without loss of generality, we let i1 = 1, j; = 2 and k = 3. Since
X on y, we have x # 120ry #* 21. We also abbreviate the notation in the lemma as: r; = i fug, $; =

v;/vg. Suppose on the contrary that (r1,72) = (s1,s2). Then this, together with Corollary 4.2, would

imply
U2 < U1 U1 V2 u2

S = S =

ug  uz v Uz U3z

Hence u; = up and v; = v,. By Corollary 4.2 again, we would have x = 12 and y = 21, a contradiction.
The proof is complete.

Proposition 6.3. ¢ is a metric on Yoo/~ .
Proof. In view of Lemma 6.1, the only part we need to show is that if x ¢, y, then o(x,y) > 0. By
(5.1), it suffices to show that there exists zg € X,,, such that

lim |K(zo,%|n) — K(20,¥|n)| > 0. (6.1)

n—o0

We first consider the case x,y ¢ {1,2,3}. Let x = iyig---, y = jijo--- and assume i1,j; € {1,2}.
Suppose on the contrary that (6.1) does not hold. Hence for ¢ > 0 and for any m > 0, we have

€
sup K (2,x]0) = K (2 yh)| < (62)
ZEXm
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for sufficiently large n. Then Lemma 6.2 with k = 3 together with (5.3) yields

by (2)rn 4 by " (2)ra + b5 (2) BT (2)s1 + 057" (2) 82 + b5 (2)

(1/3)(r1 +7r2 +1) (1/3)(s1 + 52+ 1) <e€ (6.3)

for all z € 3, and for all m. Letting z = 3™, we have lim,, oo b;”"(z) = d3; (by Lemma 2.6). This
implies that vy + ro = s; + s2, and hence the denominators are equal. Next, choose z = 1". Then
lim,, oo b;n"(z) = 015, and we get 11 = s1. A similar argument shows that 7o = sp. This contradicts
that (r1,72) # (s1, $2). o . -

Next we consider the case that x,y € {1,2,3}. Assume x = 1 and y = 2. Then take z = 1™.
By using (4.1), it is straightforward to show that |K(z,1") — K(2,2")] = 3|pim,in — pim 2n|. Since
limy,, 00 p1m 17 = 1 and limy, o0 p1m 2n = 0, (6.1) follows.

Finally we consider x € {1,2,3},y & {1,2,3}. We assume that x = 1. Then by using lim,,, by (1)
= 01, and the approximation of K (1™,y|,) as in (6.3), we see that lim, o K(1™,y|) < 3 (as s14+s2 > 0

by Corollary 3.4). Hence (6.1) follows.

Recall that the standard metric d on X is defined as d(x,y) = r—m@{n:x[n=yln} where 0 < r < 1. Let
Q be the induced quotient topology on ¥/~ . It follows that the Sierpinski gasket with the Euclidean
norm | - | is homeomorphic to (Xo/~,, Q). To prove our main theorem, we need to establish the second
and third homeomorphisms below:

(K, [ ) = (Boo/~m, Q) = (Boo/ v, p) = (M, p).

Theorem 6.4.  The Martin boundary of {X,}5°, is homeomorphic to the Sierpinski gasket K.

Proof.  We first identify (Yoo/~r,p) with (M, p). Define ¢ : ¥oo/n. = M by ¢(x) = [{x|n}]- Tt
follows from Lemma 6.1 and Proposition 6.3 that the map ¢ is well defined and injective. We show that
¢ is surjective. This follows from a diagonal argument as follows: Let {w,} be a p-Cauchy sequence in
¥, with limit w € M. Since ¥, is the finite set {1, 2,3}, there exists a subsequence {wg)} of {wy} such
that w |y = i1 for all n. Denote the first element of this subsequence by {wgl)}. For the same reason,
there exists a subsequence {wg)} of {wg) :n > 2} such that w£2)|2 = 410z for all n > 2. Denote the
first element of this subsequence by wéQ). Inductively, for each k& > 1, there exists a subsequence {w;’“)}n
of {w,(f‘” :n > k} such that w&k)|k = d1ig-- -1 for all n > k, and we denote the first element of this
subsequence by w,(ck). Using a diagonal argument, we extract the g-Cauchy subsequence {wﬁln)}n Clearly
its o-limit is also w.

Let x := i1iz- -+ € Yoo. We claim that p(x) = w; that is, [{x|,}] = [[{wé”)}ﬂ, or equivalently,

lim,, 00 0(X| 1, wén)) = 0. This follows from

lim |K(z,x],) = K(z,w(")| = lim |K(z,x]5) = K(z.Xnjos1 - juse)| = 0,
n—roo n—oo
for all z € ¥, (by Proposition 5.2(a) and (b)). Hence we can identify (X /~,, 0) with (M, p).
Next we let ¢ : (Boo,d) = (Zoo/~,, 0) be the natural map. In terms of the metric d on ¥, Proposition
5.2(b) implies that for each x € X, K(x,) is continuous on (X, d) and hence ¢ is continuous. Being a
continuous surjection on the compact space (oo /~ ., 0), it induces a homeomorphism 7 : (Yoo /mr, Q) —

Yoo/ s p)-

Our next objective is to identify the minimal Martin boundary My, (see [24]) of our Markov chain.
For this, we use a result in [21, p.235]. Let {E)} be an increasing sequence of events such that the state
space E = J;—, E) and assume that for each k, the Green function G(-, E)) is bounded. Let Ly be the
last hitting time defined as

Li(w) :==sup{n > 0: X, (w) € Ey}.

Then Ly < Li41 on {Ly < oo} and limy_, o Ly = 00 a.s. Define

Zk = XLk~
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Theorem 6.5. lim, o X, (w) = Xoo(w) Py-almost surely, where X is a {i,?,3}—valued random
variable. Moreover, Muin = {1,2,3}.

Proof.  Since {X,} is a transient Markov chain, it converges Py-almost surely to an Mpyi,-valued
random variable X, [7, Theorems 4 and 5]. It remains to show that My, = { 1,2, 3} Define

E) = U )

n<k
Then for each k, G(-, E) is bounded, and Z;, = X1, takes values in {1*,2% 3%}. Since
Li(w)=inf{n >0: X,,(w) € Zp41} — 1,

it is a stopping time. Therefore, {Z;} is also a Markov chain. It follows that Zj(w) = Zo(w) as k — o0
Py-almost surely, where Z,, takes values {1,2,3}. Now

X (@) = Zn(w)] = [Xn(w) — X1 ()| =0, Py-as.

Hence lim,, 00 X, (w) € {1,2,3} Py-a.s. This completes the proof.

7 Harmonic functions

We call h: ¥, — R a harmonic (or P-harmonic) function on ¥, if

Ph(zx) := Z P(x,y)h(y) = h(z), VzeX,.

IS

It is well known that for any y € M, K(-,y) is a harmonic function on ¥, and any bounded harmonic
function h has a unique integral representation

Ma)= [ K@y,

where v is the measure on M, representing the constant harmonic function 1, and ¢ is some bounded
v-integrable function. In our case, My, = {i, 2, 3} and v(k) = 1/3 for k = 1,2,3. We define

Yi(z) = K(z,i™), SIS
Then all the bounded harmonic functions are linear combinations of the 1;,i = 1,2, 3.

Proposition 7.1.  For the above ;, the extension
¥i(x) := nhHH;O Vi(x]n), xeM,
is well defined and is continuous on M.
Proof. ~ We show that 1;(x|,) = K(x]|,,7%°) is a Cauchy sequence, and the limit follows. For m < n,

(K (%0, 177) = K (X, 17))]
= lim |K(x|n, 1%) = K (x|, 1))
k—o00

=3 lim |G(x|n, 1%) — G(X|m, 1%)|
k—o00

3 3
E :len,jnpj"zlk - E :Px\mjmpjm,lk
j=1 j=1

3 3
n m
E Px|n,in 51 — § Px|m,im 5,1
j=1 j=1

where the last equality follows from Proposition 2.6. Thus by Proposition 2.6 and Theorem 3.3, { K (x|,
1)}, is a Cauchy sequence and hence v; is well defined on M. The above estimation also shows that
1; is uniformly continuous on ¥, and hence it has a continuous extension to its closure M.

=3 lim
k—o00

=3

)
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Let K denote the SG, K, = S,,(K) for w € ¥,, v; = wj™ correspond to the three vertices of K,
and v, correspond to the intersection of K,,; and K,y. We have the “1/5 —2/5 rule” as in [23].

Proposition 7.2.  Assume the above notation and let j, k,¢ € {1,2,3} be distinct. Then

Gilvik) = pUi(vi) + i)+ ilv), =123

n:
J

j=1,2,3 and w € %,,. Consider the following six words around the center of A”: v% := wjk" ™ 1.

J
We have

Proof.  Fix m and for any n > m, let A”, C X, be an (n,n —m)-cell with vertices v wj™ ™", where

K(v},,i%°) = lim K(v},,i?) = lim o ) _ 1 lim G(v};,,1%)
ik _q~>oo ik _q—>oo G(ﬁ/ﬂ) N 3 g—oo gk

= 1t (@G0 19) 4 Ba G0 i9) + AnmG (P, i)

q—00
= A K (v],7%) + Bnm K (vg,17) + yn—m K (v, i%).
Since limy,— 00 p—sm = limy, 00 Br—m = 2/5 and lim,— o0 Yn—m = 1/5, the result follows.

The above v;; has four neighboring vertices in K,,; U K. We denote this neighborhood relation by
~. By solving the system of equations above, we obtain the following graph harmonic property of v;
on the SG.

Corollary 7.3.  Let x = vj; be given as above. Then

1
Gk = > wily),  i=123.

We remark that the above graph harmonic property is the defining property for the canonical harmonic
functions considered by Kigami [14]. We call them the K-harmonic functions; they are of three dimension.
It follows from above that the K-harmonic functions are generated by 1;, ¢ = 1,2,3. On the other hand,
in [22], Strichartz showed that for a continuous function ¢ on K, if we define the average

h(w) = 371 / o(y) duly), we S,

w

then ¢ is K-harmonic if and only if & satisfies the identities

1
h(u):?)Zh(v), u,v € Xy \ Vi, n>2,

u~v

and thus h is a P-harmonic function under the present random walk.

The existence of the Laplacian is still a major open question in the analysis of fractals. The harmonic
structures and random product of matrices can be used to induce Laplacians [14,16]. It is seen from
the above that on the Sierpinski gasket, the harmonic functions obtained through this Martin boundary
approach coincide with the classical ones obtained by the minimal energy approach [12]. For the latter
approach, Kigami introduced the class of post-critically finite (p.c.f.) self-similar sets [13], and extended
the theory to a certain subclass of strongly symmetric p.c.f. sets. It is still not clear whether the symmetry
condition can be removed, as it hinges on the existence of a self-similar energy identity. In the present
consideration, it changes the problem to the identification of the Martin boundaries and the self-similar
sets. It is likely that this method can offer another approach to showing the existence of the Laplacian
on more general self-similar sets.
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