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1 Introduction

Consider the Cahn-Hilliard equation

∂u

∂t
= �(φ(u)− α�u), x ∈ Ω, t ∈ (0, T ], (1.1)

∂u

∂ν

∣
∣
∣
∣
∂Ω

= 0,
∂ (φ(u)− α�u)

∂ν

∣
∣
∣
∣
∂Ω

= 0, t ∈ (0, T ], (1.2)

u(x, 0) = u0(x), x ∈ Ω̄, (1.3)

where φ(·) = ψ′(·), ψ(u) = 1
4γ(u

2 − β2)2, Ω is a bounded domain in R
n, u is the relative concentration

difference of the mixture components, � is the Laplace operator, α, β and γ are positive constants, and ν

is the unit normal vector to the boundary. The Cahn-Hilliard equation is a fourth order reaction-diffusion

equation and was originally introduced to describe the phase separation of binary mixtures [10, 21, 37],

for example, the cooling processes of alloys, glasses or polymer mixtures. More recently, it has been used

to study phase transitions, interface dynamics, species competition and exclusion.

The wellposedness of the Cahn-Hilliard equation was discussed by many authors, for example, Elliott

and Zheng [22], Elliott [17], Yin [46], Blowey and Elliott [8], Elliott and Luckhaus [20], Elliott and

Garcke [19] and Barrett and Blowey [3]. The dynamical properties and its limit to certain free-boundary

∗Corresponding author



806 Li J et al. Sci China Math April 2012 Vol. 55 No. 4

problems were investigated in [1,12,36,38]. The linear instability has been studied recently by Burger et

al. [9].

There are many of studies on numerical solutions to the normal boundary conditions and periodic

boundary conditions of the Cahn-Hilliard equation.

Finite element approximations of the Cahn-Hilliard equation have been analyzed by many researchers

such as Elliott and French [18], Copetti and Elliott [15], Barrett and Blowey [2, 3], Feng and Prohl [25],

Du [16] and Zhang [47]. The discontinuous Galerkin methods were considered in [24,33,41]. The subject

of a posteriori error estimates and adaptive methods for finite element approximations of the Cahn-

Hilliard equation has recently been taken up by Feng and Wu [27], and Bartels and Müller [5]; see also

the applications to the Cahn-Hilliard equation with a double obstacle free energy in [6, 7], and to the

Allen-Cahn equation in [4, 26, 34].

The Fourier collocation method and the Fourier spectral method have been applied to the Cahn-Hilliard

equation in [11, 23, 29–32,42–45].

Sun [39] presented a three level linearized difference scheme of second order convergence in discrete

L2-norm. Choo [13,14] developed a conservative nonlinear difference scheme, and Khiari et al. presented

a nonlinear difference scheme in [35]. They proved the convergence of the difference scheme by supposing

the boundedness of the difference solution. Furihata [28] constructed a stable and conservative finite

difference scheme. Zhao [48] considered a two-level nonlinear and a three-level linear high accurate differ-

ence schemes for the one-dimensional Cahn-Hilliard equation and proved the conditional L2 convergence

without noticing the boundary discretization errors.

Up to now, there are many works on the second order finite difference scheme but few works on the

high accuracy difference scheme for the Cahn-Hilliard equation.

In this article, we establish a compact difference scheme for the Cahn-Hilliard equation with the

normal boundary conditions and prove that the compact scheme is unconditionally convergent with the

convergence order of O(τ2 + h4) in the discrete L∞-norm. The method is completely applicable to the

periodic boundary value conditions.

The remainder of the article is arranged as follows. In Section 2, a compact difference scheme is derived

for the one-dimensional Cahn-Hilliard equation. The mass conservation and the non-increasing of the

total energy with the unique solvability of the difference scheme are discussed in Section 3. The L∞
convergence of the difference solution is shown by the discrete energy method in Section 4. The outline

for the two- and three-dimensional Cahn-Hilliard equation are presented in Section 5. Section 6 provides

two numerical examples to verify the theoretical results. The article ends with a brief conclusion.

2 The derivation of the difference scheme

Consider the one-dimensional problem

∂u

∂t
=

∂2

∂x2

(

φ(u)− α
∂2u

∂x2

)

, x ∈ (0, L), t ∈ (0, T ], (2.1)

∂u

∂x

∣
∣
∣
∣
x=0

= 0,
∂u

∂x

∣
∣
∣
∣
x=L

= 0, t ∈ (0, T ], (2.2)

∂

∂x

(

φ(u)− α
∂2u

∂x2

)∣
∣
∣
∣
x=0

= 0,
∂

∂x

(

φ(u)− α
∂2u

∂x2

)∣
∣
∣
∣
x=L

= 0, t ∈ (0, T ], (2.3)

u(x, 0) = u0(x), x ∈ [0, L]. (2.4)

We assume that the problem has a smooth solution.

Take two positive integers M and N and denote h = L/M, τ = T/N, Ωh = {xi | xi = ih, 0 � i �M}
and Ωτ = {tk | tk = kτ, 0 � k � N}.

Let Wτ = {w | w = (w0, w1, . . . , wN )} be a grid function space on Ωτ . For any w ∈ Wτ , denote

wk+ 1
2 =

1

2
(wk+1 + wk), δtw

k+ 1
2 =

1

τ
(wk+1 − wk),
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wk̄ =
1

2
(wk+1 + wk−1), �tw

k =
1

2τ
(wk+1 − wk−1).

Let Vh = {v | v = (v0, v1, . . . , vM )} be a grid function space on Ωh. For any u, v ∈ Vh, denote

ui+ 1
2
=

1

2
(ui+1 + ui), δxui+ 1

2
=

1

h
(ui+1 − ui), 0 � i �M − 1;

(Au)i =

⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

5

6
u0 +

1

6
u1, i = 0,

1

12
(ui+1 + 10ui + ui−1), 1 � i �M − 1,

1

6
uM−1 +

5

6
uM , i =M ;

(δ2xu)i =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2

h
δxu 1

2
, i = 0,

1

h
(δxui+ 1

2
− δxui− 1

2
), 1 � i �M − 1,

− 2

h
δxuM− 1

2
, i =M,

and

(u, v) = h

(
1

2
u0v0 +

M−1∑

i=1

uivi +
1

2
uMvM

)

, 〈δxu, δxv〉 = h

M−1∑

i=0

(δxui+ 1
2
)(δxvi+ 1

2
),

(δ2xu, δ
2
xv) = h

(
1

2
(δ2xu0)(δ

2
xv0) +

M−1∑

i=1

(δ2xui)(δ
2
xvi) +

1

2
(δ2xuM )(δ2xvM )

)

,

‖u‖∞ = max
0�i�M

|ui|, ‖u‖ =
√

(u, u), |u|1 =
√

〈δxu, δxu〉, |u|2 =
√

(δ2xu, δ
2
xu).

Then have

Lemma 2.1. The following hold,

(Au, v) = (u,Av), (2.5)

(δ2xu, v) = (u, δ2xv) = −〈δxu, δxv〉, (2.6)

5

12
‖u‖2 � ‖Au‖2 � ‖u‖2. (2.7)

If v = {vki | 0 � i � M, 0 � k � N} is a grid function on Ωτ
h = Ωh × Ωτ , then we have vk =

(vk0 , v
k
1 , . . . , v

k
M ) ∈ Vh and vi = (v0i , v

1
i , . . . , v

N
i ) ∈ Wτ . For simplicity, denote (Au)i and (δ2xu)i by Aui

and δ2xui, respectively.

We need the following lemma for the derivation of difference scheme.

Lemma 2.2. Denote α(s) = (1− s)3[5− 3(1− s)2].

(I) If g(x) ∈ C6[x0, x1], then it holds that
[
5

6
g′′(x0) +

1

6
g′′(x1)

]

− 2

h

[
g(x1)− g(x0)

h
− g′(x0)

]

= −h
6
g′′′(x0) +

h3

90
g(5)(x0) +

h4

180

∫ 1

0

g(6)(x0 + sh)α(s)ds

= −h
6
g′′′(x0) +

h3

90
g(5)(x0) +

h4

240
g(6)(x0 + θ0h), θ0 ∈ (0, 1). (2.8)

(II) If g(x) ∈ C6[xM−1, xM ], then it holds that
[
1

6
g′′(xM−1) +

5

6
g′′(xM )

]

− 2

h

[

g′(xM )− g(xM )− g(xM−1)

h

]



808 Li J et al. Sci China Math April 2012 Vol. 55 No. 4

=
h

6
g′′′(xM )− h3

90
g(5)(xM ) +

h4

180

∫ 1

0

g(6)(xM − sh)α(s)ds

=
h

6
g′′′(xM )− h3

90
g(5)(xM ) +

h4

240
g(6)(xM − θMh), θM ∈ (0, 1). (2.9)

(III) If g(x) ∈ C6[xi−1, xi+1], we have

1

12
[g′′(xi+1) + 10g′′(xi) + g′′(xi−1)]− 1

h2
[g(xi+1)− 2g(xi) + g(xi−1)]

=
h4

360

∫ 1

0

[g(6)(xi + sh) + g(6)(xi − sh)]α(s)ds

=
h4

240
g(6)(xi + θih), θi ∈ (−1, 1). (2.10)

Proof. We prove (2.8). From the Taylor expansion

g(x1) = g(x0) + hg′(x0) +
h2

2
g′′(x0) +

h3

6
g′′′(x0) +

h4

24
g(4)(x0)

+
h5

120
g(5)(x0) +

h6

120

∫ 1

0

g(6)(x0 + sh)(1− s)5ds,

we have

2

h

[
g(x1)− g(x0)

h
− g′(x0)

]

= g′′(x0) +
h

3
g′′′(x0) +

h2

12
g(4)(x0) +

h3

60
g(5)(x0)

+
h4

60

∫ 1

0

g(6)(x0 + sh)(1− s)5ds. (2.11)

From the Taylor expansion

g′′(x1) = g′′(x0) + hg′′′(x0) +
h2

2
g(4)(x0) +

h3

6
g(5)(x0) +

h4

6

∫ 1

0

g(6)(x0 + sh)(1 − s)3ds,

we have

5

6
g′′(x0) +

1

6
g′′(x1) = g′′(x0) +

h

6
g′′′(x0) +

h2

12
g(4)(x0) +

h3

36
g(5)(x0)

+
h4

36

∫ 1

0

g(6)(x0 + sh)(1− s)3ds. (2.12)

Subtracting (2.11) from (2.12), we get (2.8). Similarly, we can prove (2.9). The proof of (2.10) can refer

to [40].

Let v = φ(u)− α∂2u
∂x2 . Then Problem (2.1)–(2.4) is equivalent to the following problem of second order

equations,

∂u

∂t
=
∂2v

∂x2
, x ∈ (0, L), t ∈ (0, T ], (2.13)

v = φ(u)− α
∂2u

∂x2
, x ∈ (0, L), t ∈ (0, T ], (2.14)

∂u

∂x

∣
∣
∣
∣
x=0

= 0,
∂u

∂x

∣
∣
∣
∣
x=L

= 0,
∂v

∂x

∣
∣
∣
∣
x=0

= 0,
∂v

∂x

∣
∣
∣
∣
x=L

= 0, t ∈ (0, T ], (2.15)

u(x, 0) = u0(x), x ∈ [0, L]. (2.16)

From (2.13)–(2.15), we can obtain

∂3u

∂x3

∣
∣
∣
∣
x=0

= 0,
∂3u

∂x3

∣
∣
∣
∣
x=L

= 0,
∂3v

∂x3

∣
∣
∣
∣
x=0

= 0,
∂3v

∂x3

∣
∣
∣
∣
x=L

= 0, t ∈ (0, T ], (2.17)
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∂5u

∂x5

∣
∣
∣
∣
x=0

= 0,
∂5u

∂x5

∣
∣
∣
∣
x=L

= 0,
∂5v

∂x5

∣
∣
∣
∣
x=0

= 0,
∂5v

∂x5

∣
∣
∣
∣
x=L

= 0, t ∈ (0, T ]. (2.18)

Define, on Ωh × Ωτ , the following grid functions,

Uk
i = u(xi, tk), V k

i = v(xi, tk), 0 � i �M, 0 � k � N.

Considering (2.13) and (2.14) at the point (xi, t 1
2
), using the Taylor expansion and Lemma 2.2, we can

obtain

AδtU
1
2

i = δ2xV
1
2

i + p0i , 0 � i �M, (2.19)

AV
1
2

i = Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

− αδ2xU
1
2

i + q0i , 0 � i �M, (2.20)

and there exists a constant c1 independent of h and τ such that

|p0i | � c1(τ
2 + h4), |q0i | � c1(τ

2 + h4), 0 � i �M. (2.21)

Considering (2.13) and (2.14) at the point (xi, tk), using the Taylor expansion with the integration

remainder term and Lemma 2.2, we can obtain

A�tU
k
i = δ2xV

k
i + pki , 0 � i �M, 1 � k � N − 1, (2.22)

AV k
i = Aφ(Uk

i )− αδ2xU
k̄
i + qki , 0 � i �M, 1 � k � N − 1, (2.23)

and there exists a constant c2 independent of h and τ such that

|pki | � c2(τ
2 + h4), 0 � i �M, 1 � k � N − 1, (2.24)

|qki | � c2(τ
2 + h4), 0 � i �M, 1 � k � N − 1, (2.25)

|�tq
k
i | � c2(τ

2 + h4), 0 � i �M, 2 � k � N − 2. (2.26)

From (2.16), we have

U0
i = u0(xi), 0 � i �M. (2.27)

Omitting the small terms pki , q
k
i in the equations (2.19)–(2.20) and (2.22)–(2.23), noticing (2.27), and

replacing the grid functions Uk
i and V k

i with their numerical approximations uki and vki , respectively, we

obtain the compact difference scheme for (2.13)–(2.16) as follows,

Aδtu
1
2
i = δ2xv

1
2
i , 0 � i �M, (2.28)

Av
1
2

i = Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

− αδ2xu
1
2

i , 0 � i �M, (2.29)

A�tu
k
i = δ2xv

k
i , 0 � i �M, 1 � k � N − 1, (2.30)

Avki = Aφ(uki )− αδ2xu
k̄
i , 0 � i �M, 1 � k � N − 1, (2.31)

u0i = u0(xi), 0 � i �M. (2.32)

We have the following theorem.

Theorem 2.1. Finite difference scheme (2.28)–(2.32) is equivalent to

A2δtu
1
2

i = δ2x

(

Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

− αδ2xu
1
2

i

)

, 0 � i �M, (2.33)

A2�tu
k
i = δ2x(Aφ(u

k
i )− αδ2xu

k̄
i ), 0 � i �M, 1 � k � N − 1, (2.34)

u0i = u0(xi), 0 � i �M, (2.35)
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and

v
1
2
i = Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

− αδ2xu
1
2
i − h2

12
Aδtu

1
2
i , 0 � i �M, (2.36)

vki = Aφ(uki )− αδ2xu
k̄
i −

h2

12
A�tu

k
i , 0 � i �M, 1 � k � N − 1. (2.37)

Proof. Acting A on both sides of (2.28) and substituting (2.29) into the result, we obtain (2.33). Since

Av
1
2

i = v
1
2

i +
h2

12
δ2xv

1
2

i ,

we have

v
1
2

i = Av
1
2

i − h2

12
δ2xv

1
2

i = Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

− αδ2xu
1
2

i − h2

12
Aδtu

1
2

i .

This is (2.36). Similarly, we can get (2.34) and (2.37). This completes the proof.

We construct the difference scheme (2.33)–(2.35) for (2.1)–(2.4). At each time level, it is a system of

penta-diagonal linear algebraic equations.

Theorem 2.1 implies that the analysis of numerical solution to the difference system (2.33)–(2.35) can

be converted to that to the difference scheme (2.28)–(2.32).

Remark 2.1. If we use δ2xu
k
i instead of δ2xu

k̄
i in (2.34), we will obtain an unconditionally unstable

difference scheme. This can be checked similarly to applying von Neumann method to the difference

scheme �tu
k
i = −αδ4xuki .

3 The conservation and unique solvability of the difference scheme

The solution to (2.1)–(2.4) satisfies the mass conservation law [16]

d

dt

∫ L

0

u(x, t)dx = 0, 0 � t � T (3.1)

and the non-increase of the total energy

d

dt

[ ∫ L

0

ψ(u(x, t))dx +
α

2

∫ L

0

(
∂u(x, t)

∂x

)2

dx

]

� 0, 0 � t � T, (3.2)

or
d

dt

[

(ψ(u(·, t)), 1)− α

2

(
∂2u(·, t)
∂x2

, u(·, t)
)]

� 0, 0 � t � T.

We point out that the solution to our difference scheme has the same properties.

Since ψ′(u) = φ(u), we have

ψ(U1
i ) = ψ(U0

i ) +

∫ U1
i

U0
i

ψ′(s)ds = ψ(U0
i ) +

∫ U1
i

U0
i

φ(s)ds

= ψ(U0
i ) + φ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

(U1
i − U0

i ) +O(τ3), 0 � i �M,

ψ(Uk+1
i ) = ψ(Uk−1

i ) +

∫ Uk+1
i

Uk−1
i

ψ′(s)ds = ψ(Uk−1
i ) +

∫ Uk+1
i

Uk−1
i

φ(s)ds

= ψ(Uk−1
i ) + φ(Uk

i )(U
k+1
i − Uk−1

i ) +O(τ3), 0 � i �M, 1 � k � N − 1.

Define

ψ0
i = ψ(u0i ), 0 � i �M,
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ψ1
i = ψ0

i +Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

·A2(u1i − u0i ), 0 � i �M,

ψk+1
i = ψk−1

i +Aφ(uki ) · A2(uk+1
i − uk−1

i ), 0 � i �M, 1 � k � N − 1.

Let

F k = h

(
1

2
A2uk0 +

M−1∑

i=1

A2uki +
1

2
A2ukM

)

, 0 � k � N,

Ḡk = (ψk, 1)− α

2

(

δ2xu
k, A2uk

)

, 0 � k � N, (3.2)

G0 = Ḡ0, (3.3)

Gk =
1

2
(Ḡk + Ḡk−1), 1 � k � N. (3.4)

Then we have

Theorem 3.1. The solution to difference scheme (2.33)–(2.35) satisfies

F k ≡ F 0, 1 � k � N, (3.5)

Gk � Gk−1, 1 � k � N. (3.6)

Proof. Taking the product of (2.33) with 1, we can obtain

F 1 = F 0. (3.7)

Taking the product of (2.34) with 1, we can obtain

F k+1 = F k−1, 1 � k � N − 1. (3.8)

Combining (3.7) with (3.8), we have (3.5).

Taking the product of (2.33) with (Aφ(u(xi, 0) +
τ
2ut(xi, 0))− αδ2xu

1
2

i ) and noticing

Aφ

(

u(xi, 0) +
τ

2
ut(xi, 0)

)

· A2δtu
1
2

i = δtψ
1
2

i , 0 � i �M,

we can obtain

Ḡ1 � Ḡ0. (3.9)

Taking the product of (2.34) with (Aφ(uki )− αδ2xu
k̄
i ) and using

Aφ(uki ) ·A2�tu
k
i = �tψ

k
i , 0 � i �M, 1 � k � N − 1,

we can obtain

Ḡk+1 � Ḡk−1, 1 � k � N − 1. (3.10)

Combining (3.9) with (3.10), we have (3.6).

Remark 3.1. If we define

Ĝ0 = h

(
1

2
ψ0
0 +

M−1∑

i=1

ψ0
i +

1

2
ψ0
M

)

− α

2
(δ2xu

0, A2u0),

Ĝk = h

(
1

2
ψ
k− 1

2
0 +

M−1∑

i=1

ψ
k− 1

2

i +
1

2
ψ
k− 1

2

M

)

− α

2
(δ2xu

k− 1
2 , A2uk−

1
2 ), 0 � k � N,

we have the following non-increase of the total energy,

Ĝk � Ĝk−1, 1 � k � N.

Next, we discuss the unique solvability of the difference scheme.
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Theorem 3.2. Difference scheme (2.33)–(2.35) has a unique solution.

Proof. Consider the homogenous system of (2.33),

1

τ
A2u1i = −α

2
δ2x(δ

2
xu

1
i ), 0 � i �M. (3.11)

Taking the inner product (3.11) with u1, we have

1

τ
(A2u1, u1) +

α

2
(δ2x(δ

2
xu

1), u1) = 0.

Using the basic identities (2.5)–(2.6), we obtain

1

τ
(Au1, Au1) +

α

2
(δ2xu

1, δ2xu
1) = 0.

Consequently,

u1i = 0, 0 � i �M.

Thus, the system (2.33) determines u1 = (u10, u
1
1, . . . , u

1
M ) uniquely.

Now, suppose uk−1 and uk have been uniquely determined. Consider the homogenous system of (2.34),

1

2τ
A2uk+1

i = −α
2
δ2x(δ

2
xu

k+1
i ), 0 � i �M,

we can obtain

uk+1
i = 0, 0 � i �M,

i.e., the system (2.34) has a unique solution uk+1. This completes the proof.

4 The convergence of the finite difference scheme

In this section, we will prove the convergence of the finite difference scheme (2.33)–(2.35).

Lemma 4.1. Let u = (u0, u1, . . . , uN) ∈ Wτ and U = (U0, U1, . . . , UN ) ∈ Wτ . Then there are

ρ ∈ (0, 1) and

ξ ∈ (min{ρuk+1 + (1− ρ)uk−1, ρUk+1 + (1− ρ)Uk−1},max{ρuk+1 + (1− ρ)uk−1, ρUk+1 + (1− ρ)Uk−1})
dependent on k such that

Δt[φ(U
k)− φ(uk)] = φ′(ρuk+1 + (1 − ρ)uk−1)Δt(U

k − uk)

+φ′′(ξ)[ρ(Uk+1 − uk+1) + (1 − ρ)(Uk−1 − uk−1)]ΔtU
k.

Proof. We have

Δt[φ(U
k)− φ(uk)] =

1

2τ
{[φ(Uk+1)− φ(uk+1)]− [φ(Uk−1)− φ(uk−1)]}

=
1

2τ
{[φ(Uk−1 + 2τΔtU

k)− φ(uk−1 + 2τΔtu
k)]− [φ(Uk−1)− φ(uk−1)]}

= φ′(Uk−1 + 2ρτΔtU
k)ΔtU

k − φ′(uk−1 + 2ρτΔtu
k)Δtu

k (4.1)

= φ′(uk−1 + 2ρτΔtu
k)Δt(U

k − uk)

+ [φ′(Uk−1 + 2ρτΔtU
k)− φ′(uk−1 + 2ρτΔtu

k)]ΔtU
k

= φ′(ρuk+1 + (1− ρ)uk−1)Δt(U
k − uk)

+ [φ′(ρUk+1 + (1− ρ)Uk−1)− φ′(ρuk+1 + (1 − ρ)uk−1)]ΔtU
k

= φ′(ρuk+1 + (1− ρ)uk−1)Δt(U
k − uk)

+ φ′′(ξ)[ρ(Uk+1 − uk+1) + (1− ρ)(Uk−1 − uk−1)]ΔtU
k. (4.2)

In obtaining (4.1), we consider φ(Uk−1 + 2τρΔtU
k) − φ(uk−1 + 2τρΔtu

k) as a function of ρ ∈ [0, 1]

and then use the differential mid-value theorem. In obtaining (4.2), we apply the differential mid-value

theorem again. This completes the proof.
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Lemma 4.2. The following hold,

k∑

l=1

ulΔtv
l =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

2τ
(u1v2 − u1v0), k = 1,

1

2τ
(ukvk+1 + uk−1vk − u0v1 − u1v0)−

k−1∑

l=1

(Δtu
l)vl, 2 � k � N − 1,

and

k∑

l=1

ulΔtv
l =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

2τ
(u1v2 − u1v0), k = 1,

1

2τ
(ukvk+1 + uk−1vk − u2v1 − u1v0)−

k−1∑

l=2

(Δtu
l)vl, 2 � k � N − 1.

Proof. Since

k∑

l=1

ulΔtv
l =

1

2τ

k∑

l=1

ul(vl+1 − vl−1)

=
1

2τ

( k∑

l=1

ulvl+1 −
k∑

l=1

ulvl−1

)

=
1

2τ

( k+1∑

l=2

ul−1vl −
k−1∑

l=0

ul+1vl
)

,

we have

k∑

l=1

ulΔtv
l =

1

2τ
(ukvk+1 + uk−1vk − u0v1 − u1v0)−

k−1∑

l=1

(Δtu
l)vl

=
1

2τ
(ukvk+1 + uk−1vk − u2v1 − u1v0)−

k−1∑

l=2

(Δtu
l)vl.

This completes the proof.

Lemma 4.3 (See [49]). For any grid function v ∈ Vh, there is a constant κ1 such that the following

holds,

‖v‖∞ � κ1‖v‖3/4 (| v|2 + ‖v‖)1/4 .
Let

c3 = max
0�x�L,0�t�T

|u(x, t)|, c4 = max
|u|�c3+1

|φ′(u)|, c5 = max
|u|�c3+1

|φ′′(u)|,

c6 = max

{(

1 +
8c24
α2

)(

4 +
4c24
α

)

,
8

α

(
6

5
c24 + c25 +

1

2

)}

,

c7 = 2

[(

T 2 +
T

α

)

c21 + 2

(

1 +
1

α

)

Tc22

]

L, c8 =

[

4

(
T

α
+

4

α2

)

+

(

16 +
8T

α
+

2

α2

)

c22

]

L,

c9 =

(

1 +
8c24
α2

)

c7 + c8, c = 2κ1
√

c9L exp

(
c6T

2

)

. (4.3)

Theorem 4.1. Assume that the solution u(x, t) to (2.1)–(2.4) is sufficiently smooth. Then the solution

to difference scheme (2.33)–(2.35) unconditionally converges to the solution to (2.1)–(2.4) in the discrete

L∞-norm and the rate of convergence is the order of O(τ2 +h4) when h and τ are small. More precisely,

denote

eki = Uk
i − uki , 0 � i �M, 0 � k � N.

Then, there exists a positive constant c such that, if τ2 + h4 � 1/c, then the following estimate holds,

‖ek‖∞ � c(τ2 + h4), 0 � k � N. (4.4)
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Proof. Let c be defined in (4.3). Denote

fk
i = V k

i − vki , 0 � i �M, 0 � k � N.

Subtracting (2.28)–(2.32) from (2.19)–(2.20), (2.22)–(2.23) and (2.27), respectively, we obtain the follow-

ing error system,

Aδte
1
2

i = δ2xf
1
2

i + p0i , 0 � i �M, (4.5)

Af
1
2
i = −αδ2xe

1
2
i + q0i , 0 � i �M, (4.6)

A�te
k
i = δ2xf

k
i + pki , 0 � i �M, 1 � k � N − 1, (4.7)

Afk
i = A(φ(Uk

i )− φ(uki ))− αδ2xe
k̄
i + qki , 0 � i �M, 1 � k � N − 1, (4.8)

e0i = 0, 0 � i �M. (4.9)

(I) We estimate ‖Ae1‖ and | e1|2.
(1) Taking the product of (4.5) with Ae

1
2 , we have

(Aδte
1
2 , Ae

1
2 ) = (δ2xf

1
2 , Ae

1
2 ) + (p0, Ae

1
2 ).

Taking the product of (4.6) with 1
αAf

1
2 , we have

1

α
‖Af 1

2 ‖2 = −(δ2xe
1
2 , Af

1
2 ) +

1

α
(q0, Af

1
2 ).

Adding the two equalities above, we obtain

(Aδte
1
2 , Ae

1
2 ) +

1

α
‖Af 1

2 ‖2 = (p0, Ae
1
2 ) +

1

α
(q0, Af

1
2 ) � (p0, Ae

1
2 ) +

1

α

(
1

4
‖q0‖2 + ‖Af 1

2 ‖2
)

.

Noticing (4.9), we have

1

2τ
‖Ae1‖2 � 1

2
(p0, Ae1) +

1

4α
‖q0‖2 � 1

2

(
τ

2
‖p0‖2 + 1

2τ
‖Ae1‖2

)

+
1

4α
‖q0‖2.

Using (2.21), we obtain

‖Ae1‖2 � τ2‖p0‖2 + τ

α
‖q0‖2 �

(

τ2 +
τ

α

)

c21L(τ
2 + h4)2 �

(

T 2 +
T

α

)

c21L(τ
2 + h4)2. (4.10)

(2) Taking the product of (4.5) with Aδte
1
2 , we have

‖Aδte 1
2 ‖2 = (δ2xf

1
2 , Aδte

1
2 ) + (p0, Aδte

1
2 ).

Taking the product of (4.6) with δ2xδte
1
2 , we have

(Af
1
2 , δ2xδte

1
2 ) = −α(δ2xe

1
2 , δ2xδte

1
2 ) + (q0, δ2xδte

1
2 ).

Adding the two equalities above, we obtain

‖Aδte 1
2 ‖2 + α(δ2xe

1
2 , δ2xδte

1
2 ) = (p0, Aδte

1
2 ) + (q0, δ2xδte

1
2 ) � ‖Aδte 1

2 ‖2 + 1

4
‖p0‖2 + (q0, δ2xδte

1
2 ).

Noticing (4.9), we have

α

2τ
| e1|22 � 1

4
‖p0‖2 + 1

τ
(q0, δ2xe

1) � 1

4
‖p0‖2 + 1

τ

(
1

α
‖q0‖2 + α

4
|e1|22

)

,

or

| e1|22 � τ

α
‖p0‖2 + 4

α2
‖q0‖2.
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Using (2.21), we obtain

| e1|22 �
(
τ

α
+

4

α2

)

c21L(τ
2 + h4)2 �

(
T

α
+

4

α2

)

c21L(τ
2 + h4)2. (4.11)

(II) Suppose (4.4) is true for k from 0 to m (1 � m � N − 1). Then, when τ2 + h4 � 1/c, we have

‖ek‖∞ � c(τ2 + h4) � 1, 1 � k � m.

Then it follows that

‖uk‖∞ = ‖Uk − (Uk − uk)‖∞ � ‖Uk‖∞ + ‖ek‖∞ � c3 + 1, 1 � k � m (4.12)

and

|φ(Uk
i )− φ(uki )| � c4|eki |, 0 � i �M, 1 � k � m. (4.13)

Consequently, we arrive at

|A(φ(Uk
i )− φ(uki ))| � A|φ(Uk

i )− φ(uki )| � c4A|eki |, 0 � i �M, 1 � k � m

and

‖A(φ(Uk)− φ(uk))‖ � c4‖Aek‖, 1 � k � m. (4.14)

Using Lemma 4.1, we have

|Δt[φ(U
k
i )− φ(uki )]| � c4|Δt(U

k
i − uki )|+ c5(|Uk+1

i − uk+1
i |+ |Uk−1

i − uk−1
i |)

= c4|Δte
k
i |+ c5(|ek+1

i |+ |ek−1
i |), 0 � i �M, 1 � k � m− 1. (4.15)

We will prove that (4.4) is valid for k = m+ 1.

(1) Taking the product of (4.7) with Aek̄, we have

(AΔte
k, Aek̄) = (δ2xf

k, Aek̄) + (pk, Aek̄).

Taking the product of (4.8) with 1
αAf

k, we have

1

α
‖Afk‖2 =

1

α
(A(φ(Uk)− φ(uk)), Afk)− (δ2xe

k̄, Afk) +
1

α
(qk, Afk).

Adding the two equalities above and using (4.14), we obtain

(AΔte
k, Aek̄) +

1

α
‖Afk‖2 =

1

α
(A(φ(Uk)− φ(uk)), Afk) + (pk, Aek̄) +

1

α
(qk, Afk)

� 1

α
‖A(φ(Uk)− φ(uk))‖ · ‖Afk‖+ ‖pk‖ · ‖Aek̄‖+ 1

α
‖qk‖ · ‖Afk‖

� 1

2α
(c24‖Aek‖2 + ‖Afk‖2) + 1

2
(‖pk‖2 + ‖Aek̄‖2)

+
1

2α
(‖qk‖2 + ‖Afk‖2), 1 � k � m.

Consequently,

1

4τ
(‖Aek+1‖2 − ‖Aek−1‖2) � c24

2α
‖Aek‖2 + 1

2
‖Aek̄‖2 + 1

2
‖pk‖2 + 1

2α
‖qk‖2, 1 � k � m.

Replacing the superscript k by l in the inequality above and summing up for l from 1 to k, we have

1

4τ
(‖Aek+1‖2 + ‖Aek‖2 − ‖Ae1‖2 − ‖Ae0‖2)
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� c24
2α

k∑

l=1

‖Ael‖2 + 1

2

k∑

l=1

‖Ael̄‖2 + 1

2

k∑

l=1

‖pl‖2 + 1

2α

k∑

l=1

‖ql‖2, 1 � k � m,

or,

‖Aek+1‖2 + ‖Aek‖2

� ‖Ae1‖2 + 2c24τ

α

k∑

l=1

‖Ael‖2 + 2τ

k∑

l=1

‖Ael̄‖2 + 2τ

k∑

l=1

‖pl‖2 + 2τ

α

k∑

l=1

‖ql‖2, 1 � k � m.

Suppose τ � 1/2. Using (2.24)–(2.25) and (4.10), we have

‖Aek+1‖2 + ‖Aek‖2 � 2

(

2 +
2c24
α

)

τ
k∑

l=1

‖Ael‖2 + c7(τ
2 + h4)2, 1 � k � m. (4.16)

(2) Taking the product of (4.7) with AΔte
k, we have

‖AΔte
k‖2 = (δ2xf

k, AΔte
k) + (pk, AΔte

k), 1 � k � m.

Taking the product of (4.8) with δ2xΔte
k, we have

(Afk, δ2xΔte
k) = (A(φ(Uk)− φ(uk)), δ2xΔte

k)

− α(δ2xe
k̄, δ2xΔte

k) + (qk, δ2xΔte
k), 1 � k � m.

Adding the two equalities above, we obtain

‖AΔte
k‖2 + α(δ2xe

k̄, δ2xΔte
k) = (A(φ(Uk)− φ(uk)), δ2xΔte

k) + (pk, AΔte
k) + (qk, δ2xΔte

k),

or,

‖AΔte
k‖2 + α

4τ
(| ek+1|22 − |ek−1|22) � (A(φ(Uk)− φ(uk)), δ2xΔte

k) +
1

2
‖pk‖2

+
1

2
‖AΔte

k‖2 + (qk, δ2xΔte
k), 1 � k � m.

Replacing the superscript k by l in the above inequality and summing up for l from 1 to k, we get

1

2

k∑

l=1

‖AΔte
l‖2 + α

4τ
(|ek+1|22 + |ek|22 − |e1|22 − |e0|22)

�
k∑

l=1

(A(φ(U l)− φ(ul)), δ2xΔte
l) +

1

2

k∑

l=1

‖pl‖2 +
k∑

l=1

(ql, δ2xΔte
l), 1 � k � m. (4.17)

Owing to Lemma 4.2, we have

k∑

l=1

(

A(φ(U l)− φ(ul)), δ2xΔte
l
)

=
1

2τ
[(A(φ(Uk)− φ(uk)), δ2xe

k+1) + (A(φ(Uk−1)− φ(uk−1)), δ2xe
k)

− (A(φ(U0)− φ(u0)), δ2xe
1)− (A(φ(U1)− φ(u1)), δ2xe

0)]

−
k−1∑

l=1

(ΔtA(φ(U
l)− φ(ul)), δ2xe

l), 1 � k � m.

Applying the Cauchy-Schwarz inequality and noticing (4.9), (4.14)–(4.15) and (2.7), we have

∣
∣
∣
∣

k∑

l=1

(A(φ(U l)− φ(ul)), δ2xΔte
l)

∣
∣
∣
∣
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� 1

2τ
[‖A(φ(Uk)− φ(uk))‖ · |ek+1|2 + ‖A(φ(Uk−1)− φ(uk−1))‖ · |ek|2]

+

k−1∑

l=1

‖ΔtA(φ(U
l)− φ(ul))‖ · |el|2

� 1

2τ
[c4‖Aek‖ · |ek+1|2 + c4‖Aek−1‖ · |ek|2]

+

k−1∑

l=1

(c4‖Δte
l‖+ c5‖el+1‖+ c5‖el−1‖) · |el|2, 1 � k � m,

or
∣
∣
∣
∣
∣

k∑

l=1

(

A(φ(U l)− φ(ul)), δ2xΔte
l
)

∣
∣
∣
∣
∣

� 1

2τ
(c4‖Aek‖ · |ek+1|2 + c4‖Aek−1‖ · |ek|2)

+

√

12

5

k−1∑

l=1

(c4‖AΔte
l‖+ c5‖Ael+1‖+ c5‖Ael−1‖) · |el|2, 1 � k � m. (4.18)

For the last term of (4.17), using Lemma 4.2, we have

k∑

l=1

(ql, δ2xΔte
l) =

1

2τ
((qk, δ2xe

k+1) + (qk−1, δ2xe
k)− (q2, δ2xe

1)− (q1, δ2xe
0))−

k−1∑

l=2

(Δtq
l, δ2xe

l)

� 1

2τ
(‖qk‖ · |ek+1|2 + ‖qk−1‖ · |ek|2 + ‖q2‖ · |e1|2 + ‖q1‖ · |e0|2)

+

k−1∑

l=2

‖Δtq
l‖ · |el|2, 1 � k � m. (4.19)

Substituting (4.18) and (4.19) into (4.17), noticing (4.9), we get

1

2

k∑

l=1

‖AΔte
l‖2 + α

4τ
(|ek+1|22 + |ek|22 − |e1|22 − |e0|22)

� 1

2τ
(c4‖Aek‖ · |ek+1|2 + c4‖Aek−1‖ · |ek|2)

+

√

12

5

k−1∑

l=1

(c4‖AΔte
l‖+ c5‖Ael+1‖+ c5‖Ael−1‖) · |el|2 + 1

2

k∑

l=1

‖pl‖2

+
1

2τ
(‖qk‖ · |ek+1|2 + ‖qk−1‖ · |ek|2 + ‖q2‖ · |e1|2) +

k−1∑

l=2

‖Δtq
l‖ · |el|2

� 1

2τ

(
2c24
α

‖Aek‖2 + α

8
|ek+1|22 +

2c24
α

‖Aek−1‖2 + α

8
|ek|22

)

+
k−1∑

l=1

(
1

2
‖AΔte

l‖2 + 6

5
c24|el|22 +

6

5
‖Ael+1‖2 + 1

2
c25|el|22 +

6

5
‖Ael−1‖2 + 1

2
c25|el|22

)

+
1

2

k∑

l=1

‖pl‖2 + 1

2τ

(
2

α
‖qk‖2 + α

8
|ek+1|22 +

2

α
‖qk−1‖2 + α

8
|ek|2 + 1

2α
‖q2‖2 + α

2
|e1|22

)

+
1

2

k−1∑

l=2

(‖Δtq
l‖2 + |el|22), 1 � k � m.

Consequently, we have

|ek+1|22 + |ek|22 � 8c24
α2

(‖Aek‖2 + ‖Aek−1‖2) + 8

α

(
6

5
c24 + c25

)

τ

k−1∑

l=1

|el|22 + 4|e1|22
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+
4τ

α

k∑

l=1

‖pl‖2 + 8‖qk‖2 + 8‖qk−1‖2 + 2

α2
‖q2‖2 + 4τ

α

k−1∑

l=2

(‖Δtq
l‖2 + |el|22)

� 8c24
α2

(‖Aek‖2 + ‖Aek−1‖2) +
[
8

α

(
6

5
c24 + c25

)

+
8

α

]

τ

k−1∑

l=1

|el|22

+ c8(τ
2 + h4)2, 1 � k � m. (4.20)

It follows from (4.16) that

‖Aek‖2 + ‖Aek−1‖2 � 2

(

2 +
2c24
α

)

τ

k−1∑

l=1

‖Ael‖2 + c7(τ
2 + h4)2, 1 � k � m. (4.21)

Substituting (4.21) into (4.20) gives

|ek+1|22 + |ek|22 � 8c24
α2

[

2

(

2 +
2c24
α

)

τ
k−1∑

l=1

‖Ael‖2 + c7(τ
2 + h4)2

]

+

[
8

α

(
6

5
c24 + c25

)

+
4

α

]

τ

k−1∑

l=1

|el|22 + c8(τ
2 + h4)2, 1 � k � m. (4.22)

Let

Ek = |ek+1|22 + |ek|22 + ‖Aek+1‖2 + ‖Aek‖2, 0 � k � N − 1.

Adding (4.22) with (4.16), we get

Ek � c6τ
k−1∑

l=1

El + c9(τ
2 + h4)2, 1 � k � m.

Using the discrete Gronwall inequality yields

Em � c9 exp(c6T ) · (τ2 + h4)2.

Consequently,

|em+1|22 + ‖Aem+1‖2 � c9 exp(c6T ) · (τ2 + h4)2,

or

|em+1|22 +
5

12
‖em+1‖2 � c9 exp(c6T ) · (τ2 + h4)2.

Applying Lemma 4.3, we may can obtain

‖em+1‖∞ � κ1‖em+1‖3/4(| em+1|2 + ‖em+1‖)1/4 � c(τ2 + h4).

Therefore, (4.4) is valid for k = m+ 1. This completes the proof.

5 The compact difference scheme for the two-dimensional problem

Consider the two-dimensional problem

∂u

∂t
= �(φ(u)− α�u), x ∈ Ω, t ∈ (0, T ], (5.1)

∂u

∂ν

∣
∣
∣
∣
∂Ω

= 0,
∂ (φ(u)− α�u)

∂ν

∣
∣
∣
∣
∂Ω

= 0, t ∈ (0, T ], (5.2)

u(x, 0) = u0(x), x ∈ Ω̄, (5.3)

where Ω = (0, L1)× (0, L2) and suppose that it has a smooth solution.
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Take the three integers M1,M2, N and denote h1 = L1/M1, h2 = L2/M2, τ = T/N, xi = ih1, yj =

jh2, tk = kτ, Ω̂h = {(xi, yj) | 0 � i � M1, 0 � j � M2} and Ω̂τ = {tk | 0 � k � N}. Suppose
u = {ukij | 0 � i � M1, 0 � j � M2, 0 � k � N} is a grid function on Ω̂τ

h = Ω̂h × Ω̂τ . Introduce the

following notations,

u
k+ 1

2

ij =
1

2
(uk+1

ij + ukij), u
k+ 1

2

ij =
1

2
(uk+1

ij + ukij),

uk̄ij =
1

2
(uk+1

ij + uk−1
ij ), �tu

k
ij =

1

2τ
(uk+1

ij − uk−1
ij ),

δxu
k
i+ 1

2 ,j
=

1

h1
(uki+1,j − ukij), δyu

k
i,j+ 1

2
=

1

h2
(uki,j+1 − ukij),

A1u
k
ij =

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

5

6
uk0,j +

1

6
uk1,j, i = 0, 0 � j �M2,

1

12
(uki+1,j + 10ukij + uki−1,j), 1 � i �M1 − 1, 0 � j �M2,

1

6
ukM1−1,j +

5

6
ukM1,j, i =M1, 0 � j �M2,

A2u
k
ij =

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

5

6
uki,0 +

1

6
uki,1, 0 � i �M1, j = 0,

1

12
(uki,j+1 + 10ukij + uki,j−1), 0 � i �M1, 1 � j �M2 − 1,

1

6
uki,M2−1 +

5

6
uki,M2

, 0 � i �M1, j =M2;

δ2xu
k
ij =

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

2

h1
δxu

k
1
2 ,j
, i = 0, 0 � j �M2,

1

h1
(δxu

k
i+ 1

2 ,j
− δxu

k
i− 1

2 ,j
), 1 � i �M1 − 1, 0 � j �M2,

− 2

h1
δxu

k
M1− 1

2 ,j
, i =M1, 0 � j �M2,

δ2yu
k
ij =

⎧

⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

2

h2
δyu

k
i, 12
, 0 � i �M1, j = 0,

1

h2
(δyu

k
i,j+ 1

2
− δyu

k
i,j− 1

2
), 0 � i �M1, 1 � j �M2 − 1,

− 2

h2
δyu

k
i,M2− 1

2
, 0 � i �M1, j =M2.

Let v = φ(u)−�u. Then the problem (5.1)–(5.3) is equivalent to the following problem

∂u

∂t
=
∂2v

∂x2
+
∂2v

∂y2
, (x, y) ∈ Ω, 0 < t � T, (5.4)

v = φ(u)− ∂2u

∂x2
− ∂2u

∂y2
, (x, y) ∈ Ω, 0 < t � T, (5.5)

∂u

∂x
(0, y, t) =

∂u

∂x
(L1, y, t) =

∂v

∂x
(0, y, t) =

∂v

∂x
(L1, y, t) = 0, 0 � y � L2, 0 � t � T, (5.6)

∂u

∂y
(x, 0, t) =

∂u

∂y
(x, L2, t) =

∂v

∂y
(x, 0, t) =

∂v

∂y
(x, L2, t) = 0, 0 � x � L1, 0 � t � T, (5.7)

u(x, y, 0) = u0(x, y), (x, y) ∈ Ω̄. (5.8)

It follows from (5.4)–(5.7) that

∂3u

∂x3
(0, y, t) =

∂3u

∂x3
(L1, y, t) =

∂3v

∂x3
(0, y, t) =

∂3v

∂x3
(L1, y, t) = 0, 0 � y � L2, 0 � t � T, (5.9)
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∂5u

∂x5
(0, y, t) =

∂5u

∂x5
(L1, y, t) =

∂5v

∂x5
(0, y, t) =

∂5v

∂x5
(L1, y, t) = 0, 0 � y � L2, 0 � t � T, (5.10)

∂3u

∂y3
(x, 0, t) =

∂3u

∂y3
(x, L2, t) =

∂3v

∂y3
(x, 0, t) =

∂3v

∂y3
(x, L2, t) = 0, 0 � x � L1, 0 � t � T, (5.11)

∂5u

∂y5
(x, 0, t) =

∂5u

∂y5
(x, L2, t) =

∂5v

∂y5
(x, 0, t) =

∂5v

∂y5
(x, L2, t) = 0, 0 � x � L1, 0 � t � T. (5.12)

Define the grid functions

Uk
ij = u(xi, yj, tk), V k

ij = v(xi, yj , tk), 0 � i �M1, 0 � j �M2, 0 � k � N.

Considering (5.4)–(5.5) at the points (xi, yj , t 1
2
) and (xi, yj , tk), then using Lemma 2.2 with (5.6)–(5.7),

(5.9)–(5.12), and the Taylor’s expansion with the integration remainder term, we can obtain

A1A2δtU
1
2
ij = A2δ

2
xV

1
2
ij +A1δ

2
yV

1
2
ij + p̂0ij , 0 � i �M1, 0 � j �M2, (5.13)

A1A2V
1
2
ij = A1A2φ

(

u(xi, yj , 0) +
τ

2
ut(xi, yj, 0)

)

− α(A2δ
2
xU

1
2
ij +A1δ

2
yU

1
2
ij ) + q̂0ij ,

0 � i �M1, 0 � j �M2, (5.14)

A1A2�tU
k
ij = A2δ

2
xV

k
ij +A1δ

2
yV

k
ij + p̂kij , 0 � i �M1, 0 � j �M2, 1 � k � N − 1, (5.15)

A1A2V
k
ij = A1A2φ(U

k
ij)− α(A2δ

2
xU

k̄
ij + A1δ

2
yU

k̄
ij) + q̂kij ,

0 � i �M1, 0 � j �M2, 1 � k � N − 1, (5.16)

where there exists a constant ĉ1 independent of h1, h2 and τ such that

|p̂kij | � ĉ1(τ
2 + h41 + h42), 0 � i �M1, 0 � j �M2, 0 � k � N − 1,

|q̂kij | � ĉ1(τ
2 + h41 + h42), 0 � i �M1, 0 � j �M2, 0 � k � N − 1,

|�tq̂
k
ij | � ĉ1(τ

2 + h41 + h42), 0 � i �M1, 0 � j �M2, 2 � k � N − 2.

Omitting the small terms in (5.13)–(5.16) and noting the initial condition

U0
ij = u0(xi, yj, 0), 0 � i �M1, 0 � j �M2,

we construct for (5.4)–(5.8) the following compact difference scheme,

A1A2δtu
1
2

ij = A2δ
2
xv

1
2

ij +A1δ
2
yv

1
2

ij , 0 � i �M1, 0 � j �M2, (5.17)

A1A2v
1
2

ij = A1A2φ(u(xi, yj , 0) +
τ

2
ut(xi, yj, 0))− α(A2δ

2
xu

1
2

ij +A1δ
2
yu

1
2

ij),

0 � i �M1, 0 � j �M2, (5.18)

A1A2�tu
k
ij = A2δ

2
xv

k
ij +A1δ

2
yv

k
ij , 0 � i �M1, 0 � j �M2, 1 � k � N − 1, (5.19)

A1A2v
k
ij = A1A2φ(u

k
ij)− α(A2δ

2
xu

k̄
ij +A1δ

2
yu

k̄
ij),

0 � i �M1, 0 � j �M2, 1 � k � N − 1, (5.20)

u0ij = u0(xi, yj, 0), 0 � i �M1, 0 � j �M2. (5.21)

Acting A1A2 on both sides of (5.17) and inserting (5.18) into the result, we obtain

(A1A2)
2δtu

1
2

ij = (A2δ
2
x +A1δ

2
y)

[

A1A2φ

(

u(xi, yj, 0) +
τ

2
ut(xi, yj , 0)

)

−α(A2δ
2
xu

1
2
ij +A1δ

2
yu

1
2
ij)

]

, 0 � i �M1, 0 � j �M2. (5.22)

Acting A1A2 on both sides of (5.19) and inserting (5.20) into the result, we get

(A1A2)
2�tu

k
ij = (A2δ

2
x + A1δ

2
y)[A1A2φ(u

k
ij)− α(A2δ

2
xu

k̄
ij +A1δ

2
yu

k̄
ij)],
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0 � i �M1, 0 � j �M2, 1 � k � N − 1. (5.23)

We construct the difference scheme (5.21)–(5.23) for the problem (5.1)–(5.3).

Let

ωij =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1, 1 � i �M1 − 1, 1 � j �M2 − 1,

1

4
, (i, j) = (0, 0), (M1, 0), (0,M2), (M1,M2),

1

2
, otherwise,

(u, v) = h1h2

M1∑

i=0

M2∑

j=0

ωijuijvij , ‖u‖ =
√

(u, u),

|u|2 =
√

‖δ2xu+ δ2yu‖2, ‖u‖∞ = max
0�i�M1,0�j�M2

|uij |.

The solution to (5.1)–(5.3) satisfies the energy decreasing

d

dt

{∫ L1

0

∫ L2

0

ψ(u(x, y, t))dxdy +
1

2
α

∫ L1

0

∫ L2

0

[(
∂u(x, y, t)

∂x

)2

+

(
∂u(x, y, t)

∂y

)2]

dxdy

}

� 0, 0 � t � T,

or

d

dt

{

(ψ(u(·, ·, t)), 1)− α

2

[(
∂2u(·, ·, t)
∂x2

, u(·, ·, t)
)

+

(
∂2u(·, ·, t)

∂y2
, u(·, ·, t)

)]}

� 0, 0 � t � T. (5.24)

Since ψ′(u) = φ(u), we have

ψ(U1
ij) = ψ(U0

ij) +

∫ U1
ij

U0
ij

ψ′(s)ds = ψ(U0
ij) +

∫ U1
ij

U0
ij

φ(s)ds

= ψ(U0
ij) + φ

(

u(xi, yj , 0) +
τ

2
ut(xi, yj , 0)

)

(U1
ij − U0

ij) +O(τ3), 0 � i �M1, 0 � j �M2,

ψ(Uk+1
ij ) = ψ(Uk−1

ij ) +

∫ Uk+1
ij

Uk−1
ij

ψ′(s)ds = ψ(Uk−1
ij ) +

∫ Uk+1
ij

Uk−1
ij

φ(s)ds

= ψ(Uk−1
ij ) + φ(Uk

ij)(U
k+1
ij − Uk−1

ij ) +O(τ3), 0 � i �M1, 0 � j �M2, 1 � k � N − 1.

Define

ψ0
ij = ψ(u0ij), 0 � i �M1, 0 � j �M2,

ψ1
ij = ψ0

ij +A1A2φ

(

u(xi, yj, 0) +
τ

2
ut(xi, yj , 0)

)

· (A1A2)
2(u1ij − u0ij), 0 � i �M1, 0 � j �M2,

ψk+1
ij = ψk−1

ij +A1A2φ(u
k
ij) · (A1A2)

2(uk+1
ij − uk−1

ij ), 0 � i �M1, 0 � j �M2, 1 � k � N − 1

and

G̃k = (ψk, 1)− α

2
(A2δ

2
xu

k +A1δ
2
yu

k, (A1A2)
2uk), 0 � k � N. (5.25)

Let

W 0 = G̃0, W k =
1

2
(G̃k + G̃k−1), 1 � k � N.

We can prove that the solution to difference scheme (5.21)–(5.23) satisfies the energy decreasing

W k �W k−1, 1 � k � N. (5.26)

In order to prove the convergence of the difference scheme (5.21)–(5.23), we need the following lemma.
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Lemma 5.1 (See [49]). For any grid function v on Ω̂h = {(xi, yj) | 0 � i �M1, 0 � j �M2}, there is

a positive constant κ2 such that

‖v‖∞ � κ2‖v‖ 1
2 (|v|2 + ‖v‖) 1

2 .

Using Lemma 5.1 and similarly to the analysis in Section 4, we can prove

Theorem 5.1. Assume that the solution u(x, y, t) to (5.1)–(5.3) is sufficiently smooth. Then the

solution to difference scheme (5.21)–(5.23) unconditionally converges to the solution to (5.1)–(5.3) in the

maximum norm and the rate of convergence is the order of O(τ2 + h41 + h42) when h1, h2 and τ are small.

Remark 5.1. The method in this section can apply to the three dimensional Cahn-Hilliard equation

by using the following three dimension space norm relation [49]

‖v‖∞ � κ3‖v‖ 1
4 (|v|2 + ‖v‖) 3

4 ,

where v is any grid function v on Ω̌h ≡ {(xi, yj , zl) | 0 � i �M1, 0 � j �M2, 0 � l �M3}.
Remark 5.2. If we let A1 and A2 be the identity operator I in the difference scheme (5.21)–(5.23),

we will get a new difference scheme for (5.1)–(5.3) as follows:

δtu
1
2
ij = (δ2x + δ2y)

[

φ

(

u(xi, yj, 0) +
τ

2
ut(xi, yj , 0)

)

− α(δ2x + δ2y)u
1
2
ij

]

,

0 � i �M1, 0 � j �M2, (5.27)

�tu
k
ij = (δ2x + δ2y)[φ(u

k
ij)− α(δ2x + δ2y)u

k̄
ij ],

0 � i �M1, 0 � j �M2, 1 � k � N − 1, (5.28)

u0ij = u0(xi, yj , 0), 0 � i �M1, 0 � j �M2. (5.29)

Similarly to the proof of Theorem 5.1, we can show that the solution to the difference scheme (5.27)–(5.29)

is unconditionally convergent to the solution to (5.1)–(5.3) with the convergence order of O(τ2 +h21+h
2
2)

in the maximum norm and the solution meets the mass conservation and the energy non-increasing. The

differece scheme (5.28) is just as that presented in [39], where only L2 convergence was proved.

6 Numerical experiments

Example 1 (1D problem). Let L = 1, T = 0.5, α = 0.5, β =
√
2, γ = 1 and u0(x) = 100x2(1− x)2(x−

0.5) in (1.1)–(1.3) as in [28].

We compute the numerical solutions to this problem by the difference scheme (2.33)–(2.35). Take

h = L/M, τ = T/N. Denote the difference solution by {uki (h, τ) | 0 � i �M, 0 � k � N}. Suppose
max

0�k�N
max

0�i�M
|u(xi, tk)− uki (h, τ)| = O(τp) +O(hq).

If O(τp) is sufficiently small, we have

max
0�i�M

∣
∣
∣
∣
uNi (h, τ)− uN2i

(
h

2
, τ

)∣
∣
∣
∣
= O(hq).

Denote

E(h) = max
0�i�M

∣
∣
∣
∣
uNi (h, τ) − uN2i

(
h

2
, τ

)∣
∣
∣
∣
.

Then

log2
E(h)

E(h2 )
≈ q.

Some numerical results are presented in Table 1. If O(hq) is sufficiently small, we have

max
0�i�M

∣
∣
∣
∣
uNi (h, τ)− u2Ni

(

h,
τ

2

)∣
∣
∣
∣
= O(τp).
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Denote

F (τ) = max
0�i�M

∣
∣
∣
∣
uNi (h, τ) − u2Ni

(

h,
τ

2

)∣
∣
∣
∣
.

Then

log2
F (τ)

F ( τ2 )
≈ p.

Some numerical results are presented in Table 1. From Tables 1 and 2, we see that p = 2, q = 4 and the

difference scheme (2.33)–(2.35) is convergent with the convergence order of O(τ2+h4). This is accordance

with Theorem 4.1. Figure 1 shows the decrease of the total energy Gk defined by (3.3)–(3.4). This is

accordance with Theorem 3.1.

Table 1 Some numerical results of (2.33)–(2.35) when τ = T/36000

h E(h) log2
E(h)

E(h/2)

1
5

4.945e−3 4.4532

1
10

2.258e−4 3.9634

1
20

1.447e−5 4.0119

1
40

8.971e−7 *

1
80

* *

Table 2 Some numerical results of (2.33)–(2.35) when h = L/2000

τ F (τ) log2
F (τ)

F (τ/2)

T
200

1.012e−2 1.9628

T
400

2.596e−3 1.5413

T
800

8.920e−4 2.0093

T
1600

2.216e−4 *

T
3200

* *

Table 3 Some numerical results of (6.1)–(6.2) when τ = T/1000

h E(h) log2
E(h)

E(h/2)

1
100

3.961e−4 2.1235

1
200

9.089e−5 1.8151

1
400

2.583e−5 1.8884

1
800

6.976e−6 *

1
1600

* *

0 0.1 0.2 0.3 0.4 0.5
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

t

G
k

G
 (

uk 
)

0 0.1 0.2 0.3 0.4 0.5
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

t
Figure 1 The discrete total energy of the numerical so-

lution obtained by the scheme (2.33)–(2.35) with α =

0.5, T = 0.5, h = 1/30 and τ = 1/900. The initial state

is u0(x) = 100x2(1 − x)2(x− 0.5).

Figure 2 The discrete total energy (6.3) of the nu-

merical solution obtained by the scheme (6.1)–(6.2) with

T = 0.5, α = 0.5, h = 1/100 and τ = 1/100. The initial

state is u0(x) = 100x2(1− x)2(x− 0.5).
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Table 4 Some numerical results of (5.21)–(5.23) when τ = T/700000

h ˜E(h) log2
˜E(h)

˜E(h/2)

1
5

1.184e−4 4.0976

1
10

6.915e−6 4.0340

1
20

4.221e−7 *

1
40

* *

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
0.78

0.80

0.82

0.84

0.86

0.88

0.90

0.92

0.94

0.96

W
k

t

Figure 3 The discrete total energy (5.26) of the numerical solution obtained by the scheme (5.27)–(5.29) with

T = 0.1, α = 0.1, β =
√
2, γ = 1, h = 1/20 and τ = T/50000. The initial state is u0(x, y) = cos(πx) cos(πy).

We compare our difference scheme with Furihata’s scheme. Let

Φ(u, v) = γ

[
1

4
(u3 + u2v + uv2 + v3)− β2

2
(u+ v)

]

.

Then we have

Φ(u, v)(u − v) = ψ(u)− ψ(v), Φ(u, u) = φ(u).

Furihata’s scheme for (2.1)–(2.4) in [28] is as follows,

δtu
k+ 1

2

i = δ2x[Φ(u
k+1
i , uki )− αδ2xu

k+ 1
2

i ], 0 � i �M, 0 � k � N − 1, (6.1)

u0i = u0(xi), 0 � i �M. (6.2)

Some numerical results are presented in Table 3. We see that the difference scheme (6.1)–(6.2) is conver-

gent at most with second order in space. For the proof of the convergence, Furihata needed a condition

τ = O(h2). Figure 2 shows the decrease of the total energy G(uk) defined by

G(uk) = h

[
1

2
ψ(uk0) +

M−1∑

i=1

ψ(uki ) +
1

2
ψ(ukM )

]

+
α

2
h

M−1∑

i=0

(δxu
k
i+ 1

2
)2, 0 � k � N. (6.3)

Since (6.1)–(6.2) is a system of nonlinear equations at each time level, it needs much more CPU time

compared with our difference scheme (2.33)–(2.35).

Example 2 (2D problem). Let L1 = 1, L2 = 1, T = 0.1, α = 0.1, β =
√
2, γ = 1, u0(x, y) =

cos(πx) cos(πy) in (5.1)–(5.3). Take h1 = h2 = h. We compute the numerical solution to the problem by

the difference scheme (5.21)–(5.23). Denote the difference solution by {ukij(h, τ) | 0 � i � M1, 0 � j �
M2, 0 � k � N}. For sufficiently small fixed τ, denote

Ẽ(h) = max
0�i�M1,0�j�M2

∣
∣
∣
∣
uNij (h, τ) − uN2i,2j

(
h

2
, τ

)∣
∣
∣
∣
.
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Some numerical results are presented in Table 4. We can see that the difference scheme (5.21)–(5.23) is

convergent with the order 4 in spatial step sizes h. The energyW k defined in (5.26) is plotted in Figure 3.

We see that W k is not increasing.

7 Conclusion

In this article, we constructed in detail a three level linearized compact difference scheme for the one-

dimensional Cahn-Hilliard equation. The mass conservation and the non-decrease of the total energy of

the difference solution were presented. The unique solvability and convergence of the difference scheme

in H2-norm and maximum-norm were showed by the discrete energy method. The outline for the high-

dimensional problem was also given. The numerical results verified the theoretical results. The compar-

ison was made with the existing difference scheme. The method in this article can apply to the periodic

boundary value problem.
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