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1 Introduction

Let Rn be the n-dimensional real Euclidean space and f a real valued measurable function, the classical
Hardy-Littlewood maximal operator M is defined by

Mf(x) = sup
x∈Q

1
|Q|

∫
Q

|f(y)|dy,

where Q is a non-degenerate cube with its sides paralleled to the coordinate axes and |Q| is the Lebesgue
measure of Q.

Let u, v be two weights, i.e., positive measurable functions. As is well known, if u = v and p > 1, [9]
showed that the inequality

∫
Rn

(Mf(x))pv(x)dx � C

∫
Rn

|f(x)|pv(x)dx, ∀f ∈ Lp(v)

holds if and only if ω ∈ Ap, i.e., for any cube Q in Rn with sides parallel to the coordinates

(
1
|Q|

∫
Q

v(x)dx

)(
1
|Q|

∫
Q

v(x)−
1

p−1 dx

)p−1

< C. (1.1)
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Recall that a couple (u, v) of nonnegative measurable functions is said to be in Ap, if

sup
Q

(
1
|Q|

∫
Q

u(x)dx

)(
1
|Q|

∫
Q

v(x)−
1

p−1 dx

)p−1

< ∞.

But (u, v) ∈ Ap is not in general sufficient for the boundedness of M from Lp(v) to Lp(u) (see [13] or [2,
p. 395]). However, the correct necessary and sufficient condition has been established (see [13] or [3]). In
fact, for 1 < p � q < ∞, [13] established a necessary and sufficient condition in order that the weighted
inequality ( ∫

Rn

(Mf(x))qu(x)dx

) 1
q

� C

( ∫
Rn

|f(x)|pv(x)dx

) 1
p

, f ∈ Lp(v) (1.2)

holds. Without the restriction of 1 < p � q < ∞, [12] obtained a characterization for the weak-type
inequality

λ|{Mf > λ}|
1
q
u � C

( ∫
Rn

|f(x)|pv(x)dx

) 1
p

, f ∈ Lp(v).

Let φ be a positive nondecreasing right continuous function on R+ with φ(0+) = 0 and lims→∞ φ(s) =
∞, we define Young’s function Φ by Φ(t) =

∫ t

0
φ(s)ds and denote qΦ = inft>0

tφ(t)
Φ(t) . A Young’s function

Φ is said to satisfy �2 and �′ condition, if there is a constant C such that Φ(2t) � CΦ(t), ∀t > 0
and Φ(st) � CΦ(s)Φ(t), ∀s, t > 0 respectively. For two Young’s functions Φ1 and Φ2, we also denote
Φ1 � Φ2, if there is a constant C such that

∑
Φ2◦Φ−1

1 (ai) � CΦ2◦Φ−1
1 (

∑
ai) holds for every nonnegative

sequence (ai)i. (See [10] for the details of Young’s function.)
For σ = v−

1
p−1 , substituting Φ1(t) = tp, Φ2(t) = tq and f = gσ into (1.2), we recast it in the form

( ∫
Rn

(M(gσ)(x))qu(x)dx

) 1
q

� C

( ∫
Rn

|g(x)|pσ(x)dx

) 1
p

, g ∈ Lp(σ). (1.3)

Therefore, for a pair of weights (u, v) and two Young’s functions Φ1 and Φ2, we have at least two types
of weighted inequalities on Olicze spaces, i.e.,

Φ−1
2

( ∫
Rn

Φ2(Mf(x))u(x)dx

)
� CΦ−1

1

(
C

∫
Rn

Φ1(|f(x)|)v(x)dx

)
, f ∈ LΦ1(v), (1.4)

and

Φ−1
2

(∫
Rn

Φ2(M(fv)(x))u(x)dx

)
� CΦ−1

1

(
C

∫
Rn

Φ1(|f(x)|)v(x)dx

)
, f ∈ LΦ1(v). (1.5)

Similarly, we also have the following weak types of weighted inequalities:

Φ−1
2

( ∫
{Mf>λ}

Φ2(λ)u(x)dx

)
� CΦ−1

1

(
C

∫
Rn

Φ1(|f(x)|)v(x)dx

)
, f ∈ LΦ1(v) and λ > 0, (1.6)

and

Φ−1
2

( ∫
{M(fv)>λ}

Φ2(λ)u(x)dx

)
� CΦ−1

1

(
C

∫
Rn

Φ1(|f(x)|)v(x)dx

)
, f ∈ LΦ1(v) and λ > 0. (1.7)

When Φ1 = Φ2, [14], [1] and [6] gave characterizations of the pair of weights (u, v) for which (1.4)–(1.6)
hold, respectively. Without the restriction of Φ1 = Φ2, [5] characterized the inequalities (1.5) and (1.7)
in detail.

Comparing with the above results, [8] and [7] examined the boundedness of Doob’s maximal operator
M from Lp(u) to Lq(v) on martingale spaces. As for martingale Orlicz setting, if Φ1 = Φ2, [4] gave
some necessary and sufficient conditions for the inequality (1.6) to hold. Recently, [11] considered the
inequality

Φ2(λ)|{Mf > λ}|u � C

∫
Ω

Φ1(|f |)vdμ, f ∈ LΦ1(v) and λ > 0,
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which improved the results of [4]. In this paper, we characterize weighted integral inequalities (1.5) and
(1.7) for Doob’s maximal operator on martingale Orlicz setting. The rest of Section 1 consists of the
preliminaries for the following sections.

Let (Ω,F , μ) be a complete probability space and (Fn)n�0 an increasing sequence of sub-σ-fields of
F with F =

∨
n�0 Fn. A weight ω is a random variable with ω > 0 and E(ω) < ∞. In this pa-

per, for a Young’s function Φ and a weight ω, a martingale f = (fn)n�0 ∈ LΦ(ω) is meant as fn =
E(f |Fn) and

∫
Ω Φ(|f |)ωdμ < ∞. The Doob’s maximal operator Mf is defined by Mf = supn�0 |fn|.

Let ω be a weight and B ∈ F , we denote
∫
Ω χBdμ and

∫
Ω χBωdμ by |B| and |B|ω , respectively. Fix

(Ω,F , μ) and (Fn)n�0, we always denote the family of stopping times by T . Throughout this paper, C

will denote a constant not necessarily the same at each occurrence.

2 The inequalities involving two Young’s functions

Theorem 2.1. Let (u, v) be a couple of weights. Suppose that Φ1 � Φ2, Φ2 ∈ �2 and qΦ1 > 1, then
the following statements are equivalent :

(1) There exists a positive constant C such that

Φ−1
2

( ∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ

)
� CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

)
, ∀ f = (fn) ∈ LΦ1(v) and τ ∈ T ;

(2.1)
(2) There exists a positive constant C such that

Φ−1
2

( ∫
{τ<∞}

Φ2(tvτ )udμ

)
� CΦ−1

1

(
C

∫
{τ<∞}

Φ1(t)vdμ

)
, ∀ τ ∈ T and t > 0; (2.2)

(3) There exists a positive constant C such that

Φ−1
2 (Φ2(λ)|{M(fv) > λ}|u) � CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

)
, ∀ f = (fn) ∈ LΦ1(v) and λ > 0. (2.3)

Proof. We shall follow the scheme: (2) ⇔ (1) ⇔ (3).
(1) ⇒ (2) Substituting f = tχ{τ<∞} into (2.1), we have (2.2).
(2) ⇒ (1) If τ ≡ n for some n ∈ N, we shall show that (2.1) is valid. Fix f = (fn) ∈ LΦ1(v). For each

k ∈ Z and j ∈ Z, let

Bk,j = {2k < |E(fv|Fn)| � 2k+1} ∩ {2j < E(v|Fn) � 2j+1}.

Then Bk,j ∈ Fn. Moreover, {Bk,j}k,j is a family of disjoint sets and

{2k < |E(fv|Fn)| � 2k+1} =
⋃
j∈Z

Bk,j .

Trivially E(fv|Fn) = Êv(f |Fn)E(v|Fn). It follows that

2k � essinf
Bk,j

|E(fv|Fn)| � essinf
Bk,j

Êv(|f ||Fn) esssup
Bk,j

E(v|Fn).

Thus ∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ =
∫

Ω

Φ2(|E(fv|Fn)|)udμ

� C
∑

k∈Z,j∈Z

∫
Bk,j

Φ2(2k)udμ

� C
∑

k∈Z,j∈Z

∫
Bk,j

Φ2

(
essinf
Bk,j

Êv(|f ||Fn) esssup
Bk,j

E(v|Fn)
)
udμ.
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For l ∈ Z, let
El =

{
(k, j) : 2l < essinf

Bk,j

Êv(|f ||Fn) � 2l+1
}

and τ (l) = inf{m : Êv(|f ||Fm) > 2l}. For k, j ∈ Z, we also define τk,j = nχBk,j
+ ∞χBC

k,j
. It is evident

that ⋃
(k,j)∈El

Bk,j ⊆ {M̂v(|f |) > 2l} = {τ (l) < ∞},

and vnχBk,j
= vτk,j

χBk,j
. Thus, it follows from (2.2) and Φ1 � Φ2 that

∫
{τ<∞}

Φ2(|E(fv|Fn)|)udμ

� C
∑
l∈Z

∑
(k,j)∈El

∫
Bk,j

Φ2

(
essinf
Bk,j

Êv(|f ||Fn) esssup
Bk,j

E(v|Fn)
)
udμ

� C
∑
l∈Z

∑
(k,j)∈El

∫
Bk,j

Φ2(2l−2E(v|Fn))udμ

� C
∑
l∈Z

∑
(k,j)∈El

Φ2 ◦ Φ−1
1

(
C

∫
Bk,j

Φ1(2l−2)vdμ

)

� C
∑
l∈Z

Φ2 ◦ Φ−1
1

(
C

∫
{τ (l)<∞}

Φ1(2l−2)vdμ

)

� C
∑
l∈Z

Φ2 ◦ Φ−1
1

(
CΦ1(2l−2)|{τ (l) < ∞}|v

)

= C
∑
l∈Z

Φ2 ◦ Φ−1
1

(
CΦ1(2l−2)

∣∣∣∣
{

M̂v

(
|f |
2

)
> 2l−1

}∣∣∣∣
v

)

� CΦ2 ◦ Φ−1
1

(
C

∑
l∈Z

Φ1(2l−2)
∣∣∣∣
{

M̂v

(
|f |
2

)
> 2l−1

}∣∣∣∣
v

)

� CΦ2 ◦ Φ−1
1

(
C

∑
l∈Z

(Φ1(2l−1) − Φ1(2l−2))
∣∣∣∣
{

M̂v

(
|f |
2

)
> 2l−1

}∣∣∣∣
v

)

� CΦ2 ◦ Φ−1
1

(
C

∫
Ω

Φ1

(
M̂v

(
|f |
2

))
vdμ

)
.

Note that qΦ1 > 1, we have
∫
{τ<∞}

Φ2(|E(fv|Fn)|)udμ � CΦ2 ◦ Φ−1
1

(
C

∫
Ω

Φ1(|f |)vdμ

)
� Φ2

(
CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

))
.

If τ ∈ T is arbitrary, we shall show that (2.1) is still valid. Fix τ ∈ T , let Bk = {τ = k} and
τk ≡ k, k ∈ N. Obviously

∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ =
∑
k∈N

∫
Bk

Φ2(|E(fv|Fτ )|)udμ

=
∑
k∈N

∫
Ω

Φ2(|E(fvχBk
|Fk)|)udμ.

Using Φ1 � Φ2, we obtain that
∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ � C
∑
k∈N

Φ2 ◦ Φ−1
1

(
C

∫
Ω

Φ1(|fχBk
|)vdμ

)

� CΦ2 ◦ Φ−1
1

(
C

∑
k∈N

∫
Ω

Φ1(|fχBk
|)vdμ

)
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� Φ2

(
CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

))
.

(1) ⇒ (3) Fix f = (fn) ∈ LΦ1(vdμ) and λ > 0. Let τ = inf{n : |E(fv|Fn)| > λ}. It follows from (2.1)
that

Φ−1
2 (Φ2(λ)|{M(fv) > λ}|u) = Φ−1

2

( ∫
{M(fv)>λ}

Φ2(λ)udμ

)

� Φ−1
2

( ∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ

)

� CΦ−1
1

(
C

∫
Ω

Φ1(|f |)vdμ

)
.

(3) ⇒ (1) It suffices to prove that (2.1) holds for τ ≡ n, for every n ∈ N. Fix n ∈ N, for B ∈ Fn, let
g = fχB. Trivially, E(gv|Fn) = E(fv|Fn)χB. Thus

{|E(fv|Fn)| > λ} ∩ B ⊂ {M(gv) > λ}.

In virtue of (2.3), we have

Φ2(λ)
∫
{|E(fv|Fn)|>λ}∩B

udμ � Φ2(λ)
∫
{M(gv)>λ}

udμ

� CΦ2 ◦ Φ−1
1

(
C

∫
Ω

Φ1(|g|)vdμ

)
= CΦ2 ◦ Φ−1

1

(
C

∫
B

Φ1(|f |)vdμ

)
.

Thus ∫
{τ<∞}

Φ2(|E(fv|Fτ )|)udμ =
∫

Ω

Φ2(|E(fv|Fn)|)udμ

�
∑
k∈Z

∫
{2k<|E(fv|Fn)|�2k+1}

Φ2(|E(fv|Fn)|)udμ

� C
∑
k∈Z

∫
{2k<|E(fv|Fn)|�2k+1}

Φ2(2k)udμ

= C
∑
k∈Z

Φ2(2k)
∫

({|E(fv|Fn)|>2k}∩{2k<|E(fv|Fn)|�2k+1})
udμ

� C
∑
k∈Z

Φ2 ◦ Φ−1
1

(
C

∫
{2k<|E(fv|Fn)|�2k+1}

Φ1(|f |)vdμ

)

� CΦ2 ◦ Φ−1
1

(
C

∑
k∈Z

∫
{2k<|E(fv|Fn)|�2k+1}

Φ1(|f |)vdμ

)

� CΦ2 ◦ Φ−1
1

(
C

∫
Ω

Φ1(|f |)vdμ

)

� Φ2

(
CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

))
,

which implies (2.1).

Theorem 2.2. Let (u, v) be a couple of weights. Suppose that Φ1 � Φ2, Φ2 ∈ �2 and qΦ1 > 1, then
the following statements are equivalent :

(1) There exists a positive constant C such that

Φ−1
2

( ∫
{τ<∞}

Φ2(M(tvχ{τ<∞}))udμ

)
� CΦ−1

1 (CΦ1(t)|{τ < ∞}|v), ∀ τ ∈ T and t > 0; (2.4)

(2) There exists a positive constant C such that

Φ−1
2

(∫
Ω

Φ2(M(fv))udμ

)
� CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

)
, ∀ f = (fn) ∈ LΦ1(vdμ). (2.5)



1220 Chen W et al. Sci China Math June 2011 Vol. 54 No. 6

Proof. (1) ⇒ (2) Let f ∈ LΦ1(vdμ). For all k ∈ Z, define stopping times τk = inf{n : |fn| > 2k}. Set

Ak,j = {τk < ∞} ∩ {2j < E(v|Fτk
) � 2j+1};

Bk,j = {τk < ∞, τk+1 = ∞} ∩ {2j < E(v|Fτk
) � 2j+1}, j ∈ Z.

Then Ak,j ∈ Fτk
, Bk,j ⊆ Ak,j . Moreover, {Bk,j}k,j is a family of disjoint sets and

{2k < Mf � 2k+1} = {τk < ∞, τk+1 = ∞} =
⋃
j∈Z

Bk,j , k ∈ Z.

Note that E(fv|Fτk
) = Êv(f |Fτk

)E(v|Fτk
), we have

2k � essinf
Ak,j

|E(fv|Fτk
)| � essinf

Ak,j

Êv(|f ||Fτk
) esssup

Ak,j

E(v|Fτk
).

It follows that∫
Ω

Φ2(M(fv))udμ � C
∑

k∈Z,j∈Z

∫
Bk,j

Φ2(2k)udμ

� C
∑

k∈Z,j∈Z

∫
Bk,j

Φ2

(
ess inf

Ak,j

Êv(|f ||Fτk
) ess sup

Ak,j

E(v|Fτk
)
)
udμ.

For l ∈ Z, let
El =

{
(k, j) : 2l < ess inf

Ak,j

Êv(|f ||Fτk
) � 2l+1

}

and
τ (l) = inf{n : Êv(|f ||Fn) > 2l}.

It is clear that ⋃
(k,j)∈El

Bk,j ⊆
⋃

(k,j)∈El

Ak,j ⊆ {M̂v(|f |) > 2l} = {τ (l) < ∞}.

It follows from (2.4), Φ1 � Φ2 and qΦ1 > 1 that
∫

Ω

Φ2(M(fv))udμ � C
∑
l∈Z

∑
(k,j)∈El

∫
Bk,j

Φ2

(
ess inf

Ak,j

Êv(|f ||Fτk
) ess sup

Ak,j

E(v|Fτk
)
)
udμ

� C
∑
l∈Z

∑
(k,j)∈El

∫
Bk,j

Φ2(2l−2E(v|Fτk
))udμ

� C
∑
l∈Z

∑
(k,j)∈El

∫
Bk,j

Φ2(M(2l−2vχ{τ (l)<∞}))udμ

� C
∑
l∈Z

∫
{τ (l)<∞}

Φ2(M(2l−2vχ{τ (l)<∞}))udμ

� C
∑
l∈Z

Φ2 ◦ Φ−1
1 (CΦ1(2l−2)|{τ (l) < ∞}|v)

= C
∑
l∈Z

Φ2 ◦ Φ−1
1

(
CΦ1(2l−2)

∣∣∣∣
{

M̂v

(
|f |
2

)
> 2l−1

}∣∣∣∣
v

)

� Φ2

(
CΦ−1

1

(
C

∫
Ω

Φ1(|f |)vdμ

))
.

(2) ⇒ (1) It is trivial and we omit it.

Corollary 2.3. Let (u, v) be a couple of weights and 1 < p � q < ∞. Suppose that σ = v−
1

p−1 ∈ L1(Ω),
then the following statements are equivalent :
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(1) There exists a positive constant C such that

( ∫
{τ<∞}

(|E(f |Fτ )|)qudμ

) 1
q

� C

( ∫
Ω

|f |pvdμ

) 1
p

, ∀ f = (fn) ∈ Lp(v) and τ ∈ T ;

(2) There exists a positive constant C such that

( ∫
{τ<∞}

(στ )qudμ

) 1
q

� C|{τ < ∞}|
1
p
σ , ∀ τ ∈ T ;

(3) There exists a positive constant C such that

λ|{Mf > λ}|
1
q
u � C

( ∫
Ω

|f |pvdμ

) 1
p

, ∀ f = (fn) ∈ Lp(v) and λ > 0.

Corollary 2.4. Let (u, v) be a couple of weights and 1 < p � q < ∞. Suppose that σ = v−
1

p−1 ∈ L1(Ω),
then the following statements are equivalent :

(1) There exists a positive constant C such that

(∫
{τ<∞}

(M(σχ{τ<∞}))qudμ

) 1
q

� C|{τ < ∞}|
1
p
σ , ∀ τ ∈ T ;

(2) There exists a positive constant C such that

( ∫
Ω

(Mf)qudμ

) 1
q

� C

( ∫
Ω

|f |pvdμ

) 1
p

, f ∈ Lp(v).

For the couple of weights (u, σ), substituting Φ1 = tp and Φ2 = tq into Theorems 2.1 and 2.2, we have
Corollaries 2.3 and 2.4, respectively.

3 The inequalities involving one Young’s function

Proposition 3.1. Let (u, v) be a couple of weights. Suppose that Φ ∈ �2 and qΦ > 1, then the following
statements are equivalent :

(1) There exists a positive constant C such that
∫
{τ<∞}

Φ(|E(fv|Fτ )|)udμ � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ) and τ ∈ T ; (3.1)

(2) There exists a positive constant C such that
∫
{τ<∞}

Φ(tvτ )udμ � CΦ(t)|{τ < ∞}|v, ∀ τ ∈ T and t > 0; (3.2)

(3) There exists a positive constant C such that

Φ(λ)|{M(fv) > λ}|u � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ) and λ > 0. (3.3)

Proposition 3.2. Let (u, v) be a couple of weights. Suppose that Φ ∈ �2 and qΦ > 1, then the following
statements are equivalent :

(1) There exists a positive constant C such that
∫
{τ<∞}

Φ(M(tvχ{τ<∞}))udμ � CΦ(t)|{τ < ∞}|v, ∀ τ ∈ T ; (3.4)
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(2) There exists a positive constant C such that
∫

Ω

Φ(M(fv))udμ � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ). (3.5)

Propositions 3.1 and 3.2 follow from Theorems 2.1 and 2.2 respectively.

Theorem 3.3. Let (u, v) be a couple of weights. Suppose that Φ ∈ �′ and qΦ > 1, then the following
statements are equivalent :

(1) There exists a positive constant C such that
∫
{τ<∞}

Φ(|E(fv|Fτ )|)udμ � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ) and τ ∈ T ; (3.6)

(2) There exists a positive constant C such that
∫
{τ<∞}

Φ(vτ )udμ � C|{τ < ∞}|v, ∀ τ ∈ T ; (3.7)

(3) There exists a positive constant C such that

Φ(λ)|{M(fv) > λ}|u � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ) and λ > 0. (3.8)

Proof. It suffices to prove (2) ⇒ (1), when τ ≡ n for some n ∈ N. Fix f = (fn) ∈ LΦ(vdμ). Following
the process (2) ⇒ (1) in Theorem 2.1, we have

∫
{τ<∞}

Φ(|E(fv|Fτ )|)udμ =
∫

Ω

Φ(|E(fv|Fn)|)udμ

� C
∑

k∈Z,j∈Z

∫
Bk,j

Φ(2k)udμ

� C
∑

k∈Z,j∈Z

Φ
(

essinf
Bk,j

Êv(|f ||Fn)
) ∫

Bk,j

Φ(E(v|Fn))udμ.

It is clear that ϑ is a measure on X = Z2 with

ϑ(k, j) =
∫

Bk,j

Φ(E(v|Fn))udμ.

For the above f ∈ LΦ(vdμ), define

Tf(k, j) = Φ
(

essinf
Bk,j

Êv(|f ||Fn)
)
,

and denote

Eλ =
{
(k, j) : Φ

(
essinf
Bk,j

Êv(|f ||Fn)
)

> λ
}

and Gλ =
⋃

(k,j)∈Eλ

Bk,j

for each λ > 0. Recall that Gλ ∈ Fn, we have τλ ∈ T and {τλ < ∞} = Gλ, where τλ = nχGλ
+ ∞χc

Gλ
.

Thus

|{Tf > λ}|ϑ =
∑

(k,j)∈Eλ

∫
Bk,j

Φ(E(v|Fn))udμ

�
∫

Gλ

Φ(E(v|Fn))udμ

=
∫
{τλ<∞}

Φ(E(v|Fτλ
))udμ
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� C|{τλ < ∞}|v = C|Gλ|v
� C|{Φ(M̂v(|f |)) > λ}|v.

Therefore
∫
{τ<∞}

Φ(|E(fv|Fn)|)udμ � C

∫ ∞

0

|{Tf > λ}|ϑdλ

� C

∫ ∞

0

|{Φ(M̂v(|f |)) > λ}|vdλ

= C

∫
Ω

Φ(M̂v(|f |))vdμ � C

∫
Ω

Φ(|f |)vdμ. (3.9)

Theorem 3.4. Let (u, v) be a couple of weights. Suppose that Φ ∈ �′ and qΦ > 1, then the following
statements are equivalent :

(1) There exists a positive constant C such that
∫
{τ<∞}

Φ(M(vχ{τ<∞}))udμ � C|{τ < ∞}|v, ∀ τ ∈ T ; (3.10)

(2) There exists a positive constant C such that
∫

Ω

Φ(M(fv))udμ � C

∫
Ω

Φ(|f |)vdμ, ∀ f = (fn) ∈ LΦ(vdμ). (3.11)

Proof. (1) ⇒ (2) Let f ∈ LΦ(vdμ). As the process (1) ⇒ (2) in Theorem 2.2, we have
∫

Ω

Φ(M(fv))udμ =
∑
k∈Z

∫
{2k<M(fv)�2k+1}

Φ(M(fv))udμ

� C
∑
k∈Z

∫
{2k<M(fv)�2k+1}

Φ(2k)udμ

= C
∑

k∈Z,j∈Z

Φ(2k)|Bk,j |u

� C
∑

k∈Z,j∈Z

Φ
(

essinf
Ak,j

Êv(|f ||Fτk
)
) ∫

Bk,j

Φ(E(v|Fτk
))udμ.

It is clear that ϑ is a measure on X = Z2 with ϑ(k, j) =
∫

Bk,j
Φ(E(v|Fτk

))udμ. For the above f ∈
LΦ(vdμ), define

Tf(k, j) = Φ
(

essinf
Ak,j

Êv(|f ||Fτk
)
)
,

and denote

Eλ =
{

(k, j) : Φ
(

essinf
Ak,j

Êv(|f ||Fτk
)
)

> λ
}

and Gλ =
⋃

(k,j)∈Eλ

Ak,j

for each λ > 0. Then we have

|{Tf > λ}|ϑ =
∑

(k,j)∈Eλ

∫
Bk,j

Φ(E(v|Fτk
))udμ

�
∑

(k,j)∈Eλ

∫
Bk,j

Φ(E(vχGλ
|Fτk

))udμ

�
∫

Gλ

Φ(M(vχGλ
))udμ.
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Let τ = inf{n : Φ(Êv(|f ||Fn)) > λ}, we have Gλ ⊆ {Φ(M̂v(|f |)) > λ} = {τ < ∞}. It follows from (3.10)
that

|{Tf > λ}|ϑ �
∫

Gλ

Φ(M(vχGλ
))udμ

�
∫
{τ<∞}

Φ(M(vχ{τ<∞}))udμ

� C|{τ < ∞}|v = C|{Φ(M̂v(|f |)) > λ}|v.

In the way of (3.9), we have ∫
Ω

Φ(M(fv))udμ � C

∫
Ω

Φ(|f |)vdμ.

(2) ⇒ (1) It is trivial and we omit it.
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