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1 Introduction

Let R™ be the n-dimensional real Euclidean space and f a real valued measurable function, the classical
Hardy-Littlewood maximal operator M is defined by

1
Mf(@) = swp o /Q 1F()ldy,

where @) is a non-degenerate cube with its sides paralleled to the coordinate axes and |@Q| is the Lebesgue
measure of Q.

Let u, v be two weights, i.e., positive measurable functions. As is well known, if u = v and p > 1, [9]
showed that the inequality

/ (M@ e@)ds <C [ 1@ Pu@)ds, VS e L)

Rn

holds if and only if w € A4,, i.e., for any cube @) in R"™ with sides parallel to the coordinates

(a1 7o) (10 /Q”(’”)_‘“ildx)pl <C (11)
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Recall that a couple (u,v) of nonnegative measurable functions is said to be in A, if

w (g /Q“(x)dx) (10 /Q”(‘”)_”ildx)pl <o

But (u,v) € A, is not in general sufficient for the boundedness of M from LP(v) to L”(u) (see [13] or [2,
p. 395]). However, the correct necessary and sufficient condition has been established (see [13] or [3]). In
fact, for 1 < p < ¢ < oo, [13] established a necessary and sufficient condition in order that the weighted
inequality

(/n(Mf(x))"u(ac)dac)é < C(/ |f(x)|Pv(x)dx) ;, fel(v) (1.2)

holds. Without the restriction of 1 < p < g < oo, [12] obtained a characterization for the weak-type
inequality

MM S > A < c(/ |f(x)|%(x)dx)’l’, fer’).

Rn

Let ¢ be a positive nondecreasing right continuous function on R* with ¢(0+) = 0 and lim, o ¢(s) =
oo, we define Young’s function @ by &(t) = f; ¢(s)ds and denote g¢ = infy~q tg((f)) A Young’s function
P is said to satisfy A and A’ condition, if there is a constant C' such that &(2t) < CP(t), Vt > 0
and @(st) < CP(s)d(t), Vs,t > 0 respectively. For two Young’s functions ¢; and &, we also denote
1 < Py, if there is a constant C' such that Y Pg0 @1 1 (a;) < CPr0 P 1 (3" a;) holds for every nonnegative
sequence (a;);. 1(See [10] for the details of Young’s function.)

For 0 = v~ »-1, substituting &;(t) = tP, $5(t) = t9 and f = go into (1.2), we recast it in the form

(/n(M(gcf)(x))qu(ac)dac)é < C(/n |g(x)|1’a(x)dx) ;7 g€ LP(0). (1.3)

Therefore, for a pair of weights (u,v) and two Young’s functions @, and &2, we have at least two types
of weighted inequalities on Olicze spaces, i.e.,

o' ([ s <ot (o [ als@hwi). setao. )

and

o' ([ wmiro@n) <cot(c [ adf@hioe), fernw. 09

Similarly, we also have the following weak types of weighted inequalities:

n

oyt (/{Mf>A} QQ(A)u(x)d:r) <Ot (C /Rn @1(|f(x)|)v(x)dx>, f€Lg (v)and A >0, (1.6)
and

oyt (/{M(fv)»\} @2(A)U($)d$> <Co;t (C/n Q51(|f(x)|)v(x)dx>, f€Lg (v)and A >0. (1.7)

When &; = &, [14], [1] and [6] gave characterizations of the pair of weights (v, v) for which (1.4)—(1.6)
hold, respectively. Without the restriction of @1 = &y, [5] characterized the inequalities (1.5) and (1.7)
in detail.

Comparing with the above results, [8] and [7] examined the boundedness of Doob’s maximal operator
M from LP(u) to L%(v) on martingale spaces. As for martingale Orlicz setting, if @1 = &y, [4] gave
some necessary and sufficient conditions for the inequality (1.6) to hold. Recently, [11] considered the
inequality

B (NI{Mf > A\ < C /Q 81(|f)vdp, f € Loy () and A >0,
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which improved the results of [4]. In this paper, we characterize weighted integral inequalities (1.5) and
(1.7) for Doob’s maximal operator on martingale Orlicz setting. The rest of Section 1 consists of the
preliminaries for the following sections.

Let (9, F,u) be a complete probability space and (F,),>0 an increasing sequence of sub-o-fields of
F with F =V, 5, Fn. A weight w is a random variable with w > 0 and E(w) < oco. In this pa-
per, for a Young’s function ¢ and a weight w, a martingale f = (fn)n>0 € Lo(w) is meant as f, =
E(f|F,) and [, (| f|)wdp < co. The Doob’s maximal operator M f is defined by M f = sup,>q |fal-
Let w be a weight and B € F, we denote [, xpdu and [, xpwdp by |B| and |Bl,, respectively. Fix
(Q,F,p) and (Fp)n>0, we always denote the family of stopping times by 7. Throughout this paper, C
will denote a constant not necessarily the same at each occurrence.

2 The inequalities involving two Young’s functions

Theorem 2.1. Let (u,v) be a couple of weights. Suppose that &1 <K Po, P2 € Ao and qg, > 1, then
the following statements are equivalent:
(1) There exists a positive constant C such that

¢21(/ 952(|E(fv|.7-'T)|)udu) < c¢11<c/ ¢1(|f|)vdu)7 Vi=(fn) €La (v) and T €T;
{r<oo} Q

(2.1)
(2) There exists a positive constant C' such that

Pyt (/ ég(th)udu) <CP;t (C/ &, (t)vd,u), VreT andt > 0; (2.2)
{r<o0} {r<o0}

(3) There exists a positive constant C such that

0 (B0 > M) < 007 (€ [ anlfhodn). ¥F=(5) € L) and x>0 (23)

Proof. ~ We shall follow the scheme: (2) < (1) < (3).

(1) = (2) Substituting f = tx{r<sc} into (2.1), we have (2.2).

(2) = (1) If 7 = n for some n € N, we shall show that (2.1) is valid. Fix f = (f,) € L, (v). For each
keZand je Z let

Bij = {2" < |E(fv|F)| <2y n {27 < E(v|F,) < 2711
Then By, ; € F,,. Moreover, { By, j}1 ; is a family of disjoint sets and

(2" < [B(folFa)| <271} = [ By
i€z
Trivially E(fv|F,) = Ey(f|Fn)E(v|F,). Tt follows that

2k < essmf|E(fv|]—' )| < essme (|f|Fn) esssup E(v|Fy).

k.J

Thus

| eBGEude = | (EF) D
{r<oo}

<o > [ me

keZ,jez

<C Z / 452 essme (|f||]—')esssupE(v|]—'n))udu.

k€Z.jez By, ; By,;
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Forl e Z, let
B = {(kJ) - ol < essinva(|f||fn) < 2l+1}
By

and 7O = inf{m : E,(|f||Fm) > 2'}. For k,j € Z, we also define 7 ; = nxp, ; +ooxpe . It is evident
. g
that

U Brs S{M(F]) > 2" = {71 < o0},

(k.j)EE,

and v, X B, ; = VUr, ;XB,,,- Lhus, it follows from (2.2) and &; < P, that
[ (i) ud
{r<oco}

CZ Z / 452 essme (|f||]—')esssupE(v|]—'n))udu

€2 (k,j)eE, ¥ Bri Br.j

<c> N / By (22 E(v| F,) ) udp

1€Z (k,j)eE, ” Bri

<C> Y #;o 4511<C/ @1(21—2)vdu>
By,;

leZ (k,j)eE,

< CZ Py 0 P (c/ @1(21—2)1@#)
ez {r(®<eo}
<CY B0 07 (CH (272 {rY < oo}y)
lez
=C> B0 ot <C¢1(2l2) {M("é') > 211} )
lez v
<Cdyo o7t (Cz @, (2172) {M("é') > 211} )
lez v
< Cdyo o]t (CZ(qSl(Qll) —~ @1(212))‘{1\2@(';') > 2”} )
lez v
<Cdyo0 ¢1—1<0/ 451( <|f|>)vdu).
Q
Note that g¢, > 1, we have
[ el < oo ot (¢ [ o) < o cort (¢ [ aiishoan) ).
{r<oo} Q Q
If 7 € T is arbitrary, we shall show that (2.1) is still valid. Fix 7 € T, let By = {r = k} and
v =k, k € N. Obviously

/{ BBl pud = 3 / 85 (| E(fol F ) udy

keN

= Z/ Py (|E(foxs, | F)|udp.

keEN

Using @ < &,, we obtain that

/{ }¢2(|E(fv|]-" Judp < CZ Dy0 & ( /¢1(|fXBk|)UdM>

keEN

< CPyo0 O (C’Z/ & ( |fXBk|)vd,u>

keN
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< &y (mﬂ(c/ﬂ ¢1(|f|)vdu>>.

(1) = (3) Fix f = (fn) € Lo, (vdp) and A > 0. Let 7 = inf{n : |E(fv|F,)| > A}. It follows from (2.1)
that

By (BN (M (o) > M) = 85 ( /{ . ¢2(A)udu)
< oy ( /{ . ¢2(IE(fv|FT)I)udu)

< Cqﬁll(c/Q ¢1(|f|)vdu).

(3) = (1) It suffices to prove that (2.1) holds for 7 = n, for every n € N. Fix n € N, for B € F,, let
g = fxp. Trivially, E(gv|F,) = E(fv|F,)xs. Thus

{|E(fv|Fn)| > A} N B C {M(gv) > A}.

In virtue of (2.3), we have

n) [ iy < 2(3) [ udp
{|B(fvo|Fa)|>AINB {M(gv)>A}
<Cdyo0 @11<c/ Q51(|g|)vdu) =Cdyo0 qsll(c/ @1(|f|)vdu>.
Q B
Thus

/ &5(|E(fo|F,) udy = / &o(|E(folFo) udp
{r<oo} Q

<
keZ

/ &3 (|E(fo|F) Judu
{2F<|E(fv|Fn)|<2k+1}

<C By (28 udp

kez/{2’“<|E(fv|fn)|<2’“+l}

=C Z @2(2’“)/ udp

ez {IB(folFn)>26 )n{28 <|B(fo| Fp)|<26+1})
<CY Brodp! (C/ ¢1(|f|)vdu)
ez {26 <|B(fo]Fn)|<2441}

<omo (0 (1

ez /{2’“<E(fvfn)|<2"‘“}

< Cdyo qsll(c/ﬂ 451(|f|)vdu)

<a(co(c [ adsiean)),
Q
which implies (2.1).

Theorem 2.2.  Let (u,v) be a couple of weights. Suppose that &1 < Do, P2 € Ng and qg, > 1, then
the following statements are equivalent:
(1) There exists a positive constant C such that

oyt (/ ¢2(M(tvx{7<oo}))udu) <O HCP (H)|{T < o0}|), VTET andt > 0; (2.4)
{r<o0}
(2) There exists a positive constant C' such that

o ([ wr(ropuan) <co(c [ asiean). vr= ()€ Lood. (25)
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Proof. (1) = (2) Let f € Lg, (vdu). For all k € Z, define stopping times 7, = inf{n : |f,| > 2¥}. Set

A ={m <oo}nN {2j < E(v|F;,) < 2j+1};
Byj = {1 < 00, Tip1 = 0} N {27 < E(w|F,,) <271}, jeZ

Then Ay ; € Fr,, Br; C Ay ;. Moreover, {By, ;}k,; is a family of disjoint sets and
{28 < Mf <2y ={m <oo,mpp1 =00} = | By, keZ
Jj€Z
Note that E(fv|Fy,) = Ey(f|Fr ) E(v|Fy,), we have

2k < essmf|E(fv|.7—'Tk)| essme (|f1|F~,) esssup E(v|Fr,).

k.j

It follows that

/452( (fo))udp < C > / By (2" Yudp

kez,jez " Br.i

<C Z / 452 ess me (If1|F,) ess sup E(v |]:Tk))udu.

kez jez "’ Br.i Ak

Forl e Z, let
- {(k,j) . 2! < ess inf By (|f]|Fn) < zl+1}
Ag,j

and
O = inf{n : E,(|f||F,) > 2'}.

It is clear that
U Bwc U Ak COLAF) > 21 = {0 < oo},

(k,j)EE; (k,j)EE;

It follows from (2.4), #; < &9 and g4, > 1 that

/452( (fv))udp < CY Z/

952 ebb 1nfE (If1|F~,) ess sup E(v|.7-}k))udu

€2 (k,j)eE, ¥ Bri Ak,
<CY Y [ @ BN
leZ (k,j)EE,; Br,j
<CY N [ MO o <o
1€Z (k,j)eE, ’ Bri
<O [ M@ oo ) uds
ez {T(l)<00}

<O &0 &7 (CH(27){7Y < oo}y)
lez
— (J; By o H; 1 <C¢1(2l2) {M,(";') > 211}
2, (c¢;1(c / ¢1(|f|)vdu))-

(2) = (1) It is trivial and we omit it.

)

Corollary 2.3.  Let (u,v) be a couple of weights and 1 < p < q¢ < 0o. Suppose that o0 = v~ e L'(9),
then the following statements are equivalent:
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(1) There exists a positive constant C' such that

</ (|E(f|]—'7)|)qudu> "< c(/ |f|%du>p7 Vf=(f) € LP(v) and 7 € T;
{r<oo} Q

(2) There exists a positive constant C' such that

</ (UT)qudu)q <CHr < o}y, V7TeT,;
{r<o0}

(3) There exists a positive constant C such that

A{Mf > A} <C</9|f|pvdu>p, Vf = (fa) € LP(v) and A > 0.

Corollary 2.4.  Let (u,v) be a couple of weights and 1 < p < q < 0o. Suppose that o0 = v~ s LY(Q),
then the following statements are equivalent:
(1) There exists a positive constant C such that

() 0toxeyudn) < Cltr <oo}iz, vreT;
{r<oo}

(2) There exists a positive constant C' such that

(/Q(Mf)qudu)é < C(/Q|f|1"vd,u);, fe Ll

For the couple of weights (u, o), substituting ®; = ¢t and $» = t¢ into Theorems 2.1 and 2.2, we have
Corollaries 2.3 and 2.4, respectively.

3 The inequalities involving one Young’s function
Proposition 3.1. Let (u,v) be a couple of weights. Suppose that & € Ao and q¢ > 1, then the following

statements are equivalent:
(1) There exists a positive constant C' such that

[ eUB(rvE Dudn < ¢ [ ofhedn 5= (fa) € Latodp) and € T: (1)
{r<oo} Q
(2) There exists a positive constant C such that

/ P(tvr )udp < CO(t){1 < oo}]y, V7T andt > 0; (3.2)
{r<oo}

(3) There exists a positive constant C such that

FM(f0) > M <C [ 0 fDudiss f = (£2) € Lolvdi) and 2> 0. (3.3)
Q
Proposition 3.2. Let (u,v) be a couple of weights. Suppose that & € Ao and qg > 1, then the following

statements are equivalent:
(1) There exists a positive constant C' such that

| ety < COOr <}, VrET: (3.4)
{T<o0}
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(2) There exists a positive constant C' such that

/ S(M(fv))udp < C / 5(fodp, Y f = (fu) € La(vdp). (3.5)
Q Q

Propositions 3.1 and 3.2 follow from Theorems 2.1 and 2.2 respectively.

Theorem 3.3.  Let (u,v) be a couple of weights. Suppose that & € ' and q¢ > 1, then the following
statements are equivalent:
(1) There exists a positive constant C such that

[ sEGFDudn < © [ 6(shudi ¥ f = (1) € Lo(ody) and 7 €T (3.0)
{r<oo} Q
(2) There exists a positive constant C' such that
/ D(v)udp < C{T < o0}y, VT €ET; (3.7)
{r<oo}
(3) There exists a positive constant C' such that

SMN{M(fv) > AHu < C/Q O(|fl)vdu, YV f = (fn) € Le(vdu) and X > 0. (3.8)

Proof. 1t suffices to prove (2) = (1), when 7 = n for some n € N. Fix f = (f,) € Lg(vdp). Following
the process (2) = (1) in Theorem 2.1, we have

/ (B (folF,) udp = / (B (folFo)lyudp
{r<oo} Q

<C Z / (2 udp

kez,jez ’ Bri

<c ¥ @(e%sme (fII7 ))/ BB (0| F,))udp.

keZ,jeZ Br,j

It is clear that ¢ is a measure on X = Z? with
okg) = [ @EGLF)udn
By
For the above f € Lg(vdu), define
7] (k,) = @ essint Bo(| 11 7.).
and denote

EA:{(l@j):@(e%ski’?vaﬂfon)) >Ap and Gh= |J Biy

(k.j)EEN

for each A\ > 0. Recall that G € F,, we have 1\, € 7 and {7\ < co} = G, where T\ = nxg, + OXG, -
Thus

{Tf > Ao = Z /B Fu)udp

k,j)EEx

< /G OB

— [ eBelF )
{ma<o0}
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|{T>\ < OOHU = C|G)\|v
CHS(My(|£1)) > A}e-

<
<
Therefore
| eUEGF puda <€ [T HTS > AYoar
{T<o0}
0/ {BOL,(f]) > AHlodA
e / S D)du < © / (1f)vdg. (3.9)

Theorem 3.4.  Let (u,v) be a couple of weights. Suppose that & € ' and q¢ > 1, then the following
statements are equivalent:
(1) There exists a positive constant C' such that

/ D(M (X {reooy)udp < CH{T < 00}]y, VT ET; (3.10)
{r<oo}

(2) There exists a positive constant C' such that

| #rtoyan<c [ @hodn V5= (1) € Latwda) (3.11)
Proof. (1) = (2) Let f € Lg(vdu). As the process (1) = (2) in Theorem 2.2, we have
[ etsopudu =3 [ B(M(fo)yudy
Q o Jer <y <oty

<C / 2% Vudp
i Jer<M(puy<ary

=C > B(2")|Bk,lu
keZ,jez

<c ¥ qs(eibme (7117:,)) / B(E(o|F,, ))udp.
B .

keZ,jez k.j

It is clear that ¥ is a measure on X = Z2 with 9(k,j) = ka  P(E(v|Fr,))udp. For the above f €
Lg(vdp), define ’

T(k.j) = @(essinf B.(]17,) ).

and denote

EA:{(m);qs(ejski?va(|f||fm)) >)\} and Gh= | Auy

(k,j)€EA

for each A > 0. Then we have

HTf>o= 30 /B (0] F ) udy

(k.j)EEN

<Y [ #BexelF)ud

</ M e,
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A~ ~

Let 7 = inf{n : @(E,(|f]|Fn)) > A}, we have Gy C {&(M,(|f])) > A\} = {7 < oc}. It follows from (3.10)

that

(T > Al < / (M (vxc,))udy

G

< / B(M (X (r <00y uclp
{r<oo}

< C{r < oo}y = C{O(My(If1)) > Ablo-

In the way of (3.9), we have

[ #0royudu< ¢ [ o
Q Q

(2) = (1) It is trivial and we omit it.
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