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Abstract The classical Schwarz-Pick lemma for holomorphic mappings is generalized to planar harmonic
mappings of the unit disk D completely. (I) For any 0 < r < 1 and 0 < p < 1, the author constructs a closed
convex domain E, , such that

F(A(z,7)) C € *FErp = {e'“2: 2 € Erp}

holds for every z € D, w = pe’® and harmonic mapping F with F(D) C D and F(z) = w, where A(z,7) is
the pseudo-disk of center z and pseudo-radius r; conversely, for every z € D, w = pe'® and w’ € ei“‘E,ﬂ,p7 there
exists a harmonic mapping F such that F(D) C D, F(z) = w and F(z’) = w’ for some 2z’ € dA(z,r). (II) The
author establishes a Finsler metric H(u) on the unit disk D such that

1

HF(Z)(Bsz(Z) + e_iGFz(z)) < 1— 22

holds for any z € D, 0 < 6 < 27 and harmonic mapping F with F(D) C D; furthermore, this result is precise
and the equality may be attained for any values of z, 0, F(z) and arg(e?! F,(z) + e Y F,(2)).
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1 Introduction

A harmonic mapping is a complex-valued harmonic function defined on a domain in the complex plane.
Harmonic mappings have interesting links with geometric function theory, minimal surfaces and locally
quasiconformal mappings. For a survey of harmonic mappings in the plane, see [2].

For a continuously differentiable function f(z), where z = x + iy, we use the common notations for its

formal derivatives 1

. 1 .
fa= 9 (fo—ify), f.= 9 (fe+ify).
Then f is a harmonic mapping if and only if f is twice continuously differentiable and
Denote
Af = max |elefz +6719f2| = |fZ| + |f2|7

0<0<2n
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Denote the unit disc {z : |z| < 1} by D and a disk with the center at the origin and the radius r by
D,.. The classical Schwarz-Pick lemma [1,7,8] is formulated as follows.

Schwarz-Pick lemma. Let f be a holomorphic mapping such that f(D) C D. Then,

Fe) = @) _ Ja -2
1= f(z)f(2)] 11— 222
holds for z1,z2 € D, and
rel
L—f(2)2 "1
holds for z € D.

Using the notations

|21 — 22
d =
p(ZhZQ) |1 —Z2Z1|
for the pseudo-distance between 21,22 € D, and A(z,r) ={( € D : dy(¢,2) <7}, z€ Dand 0 <7 < 1,

for the pseudo-disk with center z and pseudo-radius r, (1.1) may be written in the following form:

f(A(z,r)) C A(f(2),7). (1.1)
For a harmonic mapping F' on the unit disk such that F(D) = D and F(0) = 0, it is known [3] that

4
|F(2)] < arctan|z| (1.3)
T
holds for z € D, and
4
A¢(0) < . (1.4)

Since the composition F o f of a harmonic mapping F and a holomorphic mapping f is harmonic, if the
condition F'(0) = 0 is replaced by F(z) = 0 for some z, as consequences of (1.3) and (1.4),

4
|F(Q)] < - arctan dp(C, z) (1.5)
holds for ¢ € D, and
4 1
A < . 1.
FA<T (1.6)

Unfortunately, the composition f o F' of a harmonic mapping F and a holomorphic mapping f do not
need to be harmonic, so it is a serious problem to seek the estimates corresponding to (1.1)" and (1.2)
for a harmonic mapping F without the assumption F(z) = 0.

This paper gives a complete solution to the problem. (I) For any 0 < r < 1 and 0 < p < 1, the author
constructs a closed convex domain E, ,, which contains p and is symmetric to the real axis, with the
following properties: Let z € D and w = pe’® be given. For every harmonic mapping F with F(D) C D
and F(z) = w, we have F(A(z,7)) C €*E, , = {e"“C : ( € E, ,}; conversely, for every w' € e'®E,. ,, there
exists a harmonic mapping F such that F(D) C D, F(z) = w and F(z') = w' for some 2’ € dA(z,7).
This is the Schwarz-Pick lemma for harmonic mappings corresponding to (1.1) or (1.1)". (II) The author
establishes a Finsler metric H.(u) on the unit disk D such that for any harmonic mapping F with
F(D) c D,

1

if —if
Hp) (e F.(2) +e " F.(2)) < |- a2

holds for z € D and 0 < 6 < 27. Furthermore, the author gives examples to show that the equality can
be attained for any values of 2, F(2), § and arg{e? F,(2) + e " F,(z)}. This is the Schwarz-Pick lemma
for harmonic mappings corresponding to (1.2). As a consequence,

AF(Z) < 1
hpe(T/2) ~ 1=z
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holds for z € D, where h,(7/2) is decreasing from 4/7 to 0 as p increasing from 0 to 1, and h,(7/2) ~
V2y/1—p%asp— 1.

Finally, by using (1.9), the author generalizes the classical Landau theorem for bounded holomorphic
functions to the harmonic case. This improves the known results of Chen et al. [5] and Liu [6].

2 An extremal problem of a functional on L*°[0, 27]

For 0 <r <1, p > 0 and a real number A, define

1 1
Ar 9 == _)\ ) <9<2 ’
A (0) M (1_|_7=2 — 2rsinf ) 0 !

and

27
R(r, A\ p) = 2/ Aron(6) do, I(r,\ p) = de.
7T

/271'
\/1+AM’M 2 \/1+AMH

Lemma 1. Let 0 <r <1 be fized. Then, there exists a unique pair of real functions A = \(r,a,b) and
= p(r,a,b) > 0, defined on the upper half disk {(a,b) : a®> +b*> < 1, b > 0} and analytic in the real
sense, such that R(r, A(r,a,b), p(r,a,b)) = a and I(r,\(r,a,b), u(r,a,b)) = b for any point (a,b) in the
half disk.

Proof. Denote g(0) = (14 A2, ,(8))7%2 for 0 < 6 < 27. Then

OR I OR I

on = any | 9@ Ot == A0,
oI I or 1 [,

oA oy |, A @@an, o= [ a2, a0

It is easy to see that

(i) for the fixed p, R(r, A\, u) — —1 or 1 according to A — 400 or A — —o0;

(ii) OR/OX < 0 for any A and p > 0, and R(r, A\, p) is strictly decreasing as a function of A for a fixed
4

(iii) by the convexity of the square function, g? gﬁ — ?‘9}5 gﬁ < 0 for any A and p > 0.

Let (a,b) in the upper half disk be given. By (i) and (ii), there exists a unique function A,(u) such
that R(r, Aq(pt), ) = a for p > 0. Furthermore, by (ii), one may use the implicit function theorem, and
sees that \,(u) is a continuous function of p and

OR /R
Aalp) = — < / ) '
O/ ONJ xu )
Thus, by (ii) and (iii),

dI(r, Ma(p), ) ((8R oI OR 8]) /8R)
= — >0 for p>0.
dp oNou opoN) | 0N ) o K

This shows that I(r, \q (), 1) is strictly increasing as a function of p on (0, 00).

The author claims that I(r, Ao (1), ) — 0 as u — 0, and I(r, Ao (1), #) — V1 — a2 as p — ~+oo.

There exists a subsequence of p,, such that A, (u,) tends to co or has a finite limit I. In both cases,
one has \/1 + Az,ka(un),un (0) tends to oo except for two values of 6 at most and, by the Lebesgue’s

dominated convergence theorem, I(r, Aq(fin), tn) — 0. The first claim is proved since I(r, Ao (), p) is
strictly increasing.

If there exists a sequence pi, — 00 such that \q(in)/pn — 00, then A,z (4., (0) — oo uniformly
for 0 < 0 < 2w, and |a| = |R(r, Ao (ttn), in )| — 1, a contradiction. This shows that A, (u)/w is bounded
as ft, — o0o. If pu, is a sequence such that A\q(in)/ i, tends to a finite limit [, then A, x_ (), (0) — =1
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uniformly for 0 < @ < 27, and a = R(r, \o(ftn), fin) — —1/+/1 +12. Consequently, | = —a/+/1 + a2. This
shows that Ao (p)/p — —a/v/1 — a2 and I(r, \q(), 1) — /1 — a2 as u — oo. The second claim is proved.

It is proved that I(r, A, (1), pt) is continuous and strictly increasing from 0 to v/1 — a2 as y is increasing
from 0 to +oc. Thus, there exists a unique g such that I(r, \q(p), ) = b since 0 < b < V1 — a2.
We have proved that there exist a unique pair of functions A = A\(r,a,b) and u = u(r,a,b) such that
R(r,A\(a,b), u(a,b)) = a and I(r,N(a,b), u(a,b)) = b on the upper half disk. The real analyticity of
A= A(rya,b) and p = u(r,a,b) is asserted by the implicit function theorem. The lemma is proved. O

Let a and b be two numbers such that 0 < b < 1, =1 < a < 1 and a® + b? < 1. Let U, denote the
class of real-valued functions u € L°°[0, 27] satisfying the following conditions:

1 2m 1 27
< — 2 > b.
N S R0 R IRVCERC OV Y

Every function u € L*°[0, 27| defines a harmonic function
12 11—z
U(z) = o /0 it — Z|2u(9)d9 for ze D.
Let 0 < r < 1 and define a functional L, on L*°[0,27] by
1 [ 1—72
L.(u) =U(ri) = 0)do.
() (i) 27 /0 1472 — 2rsin9u( )

Then we have the following result.

Theorem 1.  For any a, b and r satisfying the above conditions, there exists a unique extremal function
Uq,b,r € Uqp such that L, attains its mazimum on Ugp at Uqp r-

Proof. Let a, b and r be fixed. First assume that b > 0. From Lemma 1, one has unique A = A(r, a, b)
and p = p(r,a,b) > 0 such that R(r, A\, u) = a and I(r, A\, u) = b. Let

w(o)=  A®
J142,,0)
Then |luolleo < 1 and

1
21

1

27
/ V1 - ug(0)d0 = 1(r, A, ) = b.
27T 0

21
/ wo(0)d0 = R(r. A\ 1) = a,
0

This means that ug € Uy .
Let uw € U, and let U and Uy be the harmonic functions corresponding to v and ug respectively. Then

Uo(ri) — U(ri) 1 /27r uo(0) — u(6)
0

1—7r2 o 1472 —2rsinf

1 ug(6) — u(6) N
> /0 d /0 (uo(8) — u(0))do

~ or 1+72—2rsing  2r
27
H 2 _ 9
+27T/0 (/1 = u3(6) = /1 — u2(6))de.

By the convexity of the function v/1 — 22,

2(0) — — u? uo(6) uo(0) —u
V1-u2(6) = 1 (ORI TORIO)
Thus,
Uo(ri) — U(ri) 1 [ 1 oy Huwo(9) " u B
1-p2 7 277/0 <1+7‘2—2rsin0 A \/1_ug(9))( o(6) — u(8))d6 = 0.
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Thus Uyp(ri) > U(ri) with equality if and only if u(f) = u(f) almost everywhere. This shows that ug(68)
is the unique extremal function, which will be denoted by g 4 ().
The case that b = 0 is much simpler. Let

o) 1, —am/2<0<m+an/2;
U, =
0 -1, m+ar/2<0 <27 —an/2.

The author wants to show that ug is just the unique extremal function, which will be denoted by w40, (6).
It is obvious that ug € Uy 0. For uw € U, o and 0 < r < 1, one has

. . 1 2m 1— 2
Uo(ri) = U(ri) =, i 2rsing (uo(6) — u()) do
1 27 1 —7’2 1 _7«2
2 /0 (1 +72—2rsing 1412+ 2rsin(a7r/2)> (uo(6) — u(®)) do.

If —ar/2 < 0 <7+ am/2, then

1—7r2 1—7r2

_ _ > 0.
1472 —2rsing 1472+ 2rsin(br/2) >0, uo(0) —u(6) >0

The opposite inequalities occur in the case that 7 + an/2 < § < 2w — aw/2. Thus, for 0 < 6 < 27, one
always has

1— 72 B 1—1r2 (u (6) - u(e)) -
1472 —2rsind 1472 +2rsin(an/2) ) “° Z v

This shows that U, o(ri) > U(ri) with the equality if and only if u(6) = uq,0(¢) almost everywhere. The
theorem is proved. O

3 The Schwarz-Pick lemma for harmonic mappings (I)

Let a and b be two real numbers with a? +b* < 1, and 0 < r < 1. If b > 0, ugp,, has been defined in
Theorem 1. Now, define

Va b (0) = \/1 —u2, (0) for 0<60<2m,

a,b,r
and
1 [2" 1—z]?
Vapr(z) = A a.b.r(0)d0,
0=y [ e e )
I e R P
Uapr(z) = , abr(0)d0,
@)=y [ e s ®
Fopr(z) =Uspr(z) +iVapr(z), z€D.
For b < 0, let

Ua,b,r(z) = Ua,fbw(z)» Va,b,r(z) = _Va77b,r(z)~

Then, the harmonic mapping Fy, p »(2) = Uq p.r(2)+iVa . (2) satisfies F, p »(0) = a+bi and F, 5 (D) € D.
The functions Fy , are the extremal functions in the following theorem. It is not difficult to obtain

) i(r4am/2) _
Uago,r(2) = - arge i —W(l—a)], Vaor(2) =0,

e—tam/2 _ 4 2 [l
and
4 i 2
Fao,0(rt) = Ua 0, (ri) = _arctan " —CFOZ?;S?;;/) )4
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Lemma 2. Let F' = U + iV be a harmonic mapping such that F(D) C D and F(0) = a + bi. Then,
for0<r<1and0<0<2m,
U(rew) < Ugp,r(11)

with equality at some point 7e'? if and only if F(2) = Fup,(e!™/2792). Furthermore, U(z) < U, p.(71)
for |z] <r.

Proof. By the symmetry and passing through a rotation, one may assume that b > 0 and § = 7/2. Let
F(e") = u(#) + iv(f) be the non-tangential boundary value of F. Then, u € U, ;. Applying Theorem 1,
one has U(ri) < Uy p,»(1ri) with equality if and only if u(€) = uep-(0) a.e. If w = ugpp, then U = Uy p.r,
v(0) < vgpr(0) for 0 < 6 < 27, and

1 27 1 2m
b / v(0)d < / Vapr (8)d0 = b.
0 0

:271' = or

Thus, v = v4,p,r a.e. and F' = F, 3 .

By the maximum principle, U(z) < Uqpr(14) for |z| < r. If the equality holds for some z with |z| < r,
then U must be equal to U, (%) identically. However, by what one proved above, it results U = Uy p
It is not possible since Uy 3 is not a constant. This shows that U(z) < U »(ri) for |z| < r. The proof
of the lemma is complete. O
Lemma 3. For fited 0 <r <1 and z € D, Fyp (%), as a function of variables a and b, is analytic in
the real sense on the open half disk {(a,b) : b >0, a® +b* < 1} and is continuous to the real radius.

Proof. Let 0 < r < 1and z € D be fixed. It is obvious that F, ; ,(z) is analytic in the real sense on
the open half disk, since it is determined there by the functions A(r,a,b) and u(r,a,b) formulated in
Lemma 1, which are analytic in the real sense on the open half disk {(a,b) : b > 0, a? +b* < 1}. One
only needs to prove the continuity at the points of the real diameter.

Let —1 < ag < 1 be given. The author wants to prove that U, -(2) and V,4..(2) is continuous at
(@0, 0). Recall that

o) 1,  —aom/2 <6 <7+ aom/2,
Uag,0,r =
’ -1, m4aon/2 <0 <21 —agm/2,

and that v(ag,0,7) = 0.
Assume that there exists a sequence (an,b,) — (ap,0) with b, > 0 such that u, = p(an,b,) has a
positive lower bound. Since

1 [ 1 A\ 2\ /2
1 e b0,
27r/o ( " (un(1+r2—2rsm9) un) ) df = 1(r, An, pin) = by — 0

then A, /u, — oo and, consequently, \,, — oco. One may assume that A\, — +o0o. Then,

! -1
An (1472 —2rsin 6) ]

—1)2)1/2

Uay, by ,r = )

n, 1
()\% + ()\,L(1+r272r sin 0)
uniformly for 0 < 0 < 27, and a,, — —1, a contradiction. This proves that u(r,a,b) — 0 as (a,b) — (ao,0)
with b > 0.
Now, the author wants to prove that

1

A(r,a,b) — Ao =
(’]"7CL, )_) 0 1_|_7‘2—|—2’/‘Sin(a0ﬂ-/2)7

as (a,b) — (ag,0) with b > 0. On the contrary, assume that there is a sequence (a,,b,) — (ag,0) with
b, > 0 such that A, = A(an,b,) — N # Xo. If X = oo, then, as the above, |a,| — 1, a contradiction. In
the case that )\ is finite, one has

1
= A 1
Uy (0) = 14+7r2—2rsinf — gon . X ,
b ( ) (M% + (1+r2—12rsin0 - )‘n)2)1/2 & 1 + 7’2 —2r Slne
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! /27T (0)dé ! /27r s ! Ao pdo
n — a r - n X —
“ 27 Jo Yan bn, 27 Jo BN 1402 —2rsing °

= , —l<ad <1, d .
1472+ 2rsin(a’m/2) “ @ 7 ao

This contradicts a,, — ag. Thus, @’ = a and [ = \g. This shows that

1

A(r,a,b) — Ao =
(r,a,b) = Ao 1+ 72 + 2rsin(apn/2)

as (a,b) — (ag,0) with b > 0.
It is proved that u(r,a,b) — 0 and \(r,a,b) — X\ as (a,b) — (ag,0) with b > 0. Thus,

1

ab,r (0 -
Ua,b,r( )_’Sgn{1+r2—2rsin9

)\O} = uao,O,r(9)7 Va,b,r (9) — Vag,0,r (9) = 07

and, consequently, Uq p.r(2) — Ugg.0,r(2) and Vg p.r(2) — Vag.0,-(2) =0 as (a,b) — (ag,0) with b > 0. By
the symmetry, Fopr(2) = Foor(2) as (a,b) — (ap,0) with b # 0. The continuity of Fy, ; »(2) at (ag,0)
is proved. The proof of the lemma is complete. o

For —m < 8 < 7 and real number o, denote the straight line {(3,0) and closed half plane P(/3,0) by
1(B,0) = {w=u+1iv: Re{we ™} =ucos f+vsinf = o}

and
P(B,0) = {w =u+1iv : Re{we "} = ucos f 4+ vsin 3 < o}.

Theorem 2. Let0<7r <1 and0<p<1. Denote
Py = P(B,Upcos 8,—psin ,r (7)), 1g = UB, Upcos 8,—psin g,r(r1)),
and define

Ero= () Po Trpiw=fop(8) = ¢ Freonp—puinprlri), —m<f<m.

U

Then:

(i) Er,p ts a closed convex domain and symmetrical with respect to the real azis, and p is an interior
point of B, p;

(ii) For any harmonic mapping F such that F(D) C D and F(0) = p, one has F(D,) C E, ,, where
D, ={z € C: |z| < r}; conversely, for any w' € E, ,, there is a harmonic mapping such that F(D) C D,
F(0) = p and F(ri) =w'.

(iii) Ty, is a convex Jordan closed curve and OE, , =T, ,.

Proof.  Denote
Py =P(0,Upcosp,—psing.r(r1)); s =1(0,Upcos p,—psin .1 ())-

Pg and lg are obtained from Pé and l’ﬁ by an anti-clockwise rotation of angle 3.

It is obvious that F,. , is a bounded closed convex set and symmetrical with respect to the real axis.
For —m < B <, frp(B) € lg since Fjcos8,—psing,r(11) € l’ﬁ7 and E,., C P by the definition of E, ,.
This shows that f, ,(8) € [3NOE, , and I, , C OF, ,. One has

r 4 sin(pm/2)

4
r = t
fr,p(0) . aretan cos(pm/2)

—pP>p,
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r — sin(pm/2)

4
r = - t
fr,p(m) . arctan cos(pm/2)

—p<p
and, by Lemma 2,

Im{ f, ,(7/2)} = Uo,p,r(1ri) > Up,pr(0) =0,
Im{ f, ,(—=7/2)} = =Up,—p,r(1i) < =Up,—p+(0) = 0.

Thus, E, , is a closed domain with p as its interior point. (i) is proved.

Let F be a harmonic mapping such that F(D) C D and F(0) = p. For —m < 8 < 7, let Fjg = e P F.
Then, Fg(D) C D and Fj(0) = p(cos 8 —isin 3). Using Lemma 3 to the harmonic mapping Fjg, one has
Fg(D,) C P(0,Upcos 8,—psin 8,r(r?)) and, consequently, F(D,) C P(B3,Upcos8,—psing,r(ri)). This shows
the first half of (ii).

The boundary of F, , is a convex Jondan closed curve and is denoted by 7, ,. The part of v on the
upper half-plane or lower half-plane is denoted by *yj,: p Or 7, , respectively.

The curve I',, is continuous by Lemma 3. Assume that there exist 0 < 31 < (2 < 7 such that
wo = frp(B1) = frp(B2). Then, B> — 1 < m and wy is the vertex of the angular domain Pg, N Pg,.
Further, it is easy to see that wg € lg and f, ,(8) = wo for §1 < B < B2, since wy € OE,, C Pz and
frp(B) €1gNOE, , ClgN Pz NPs,. fr,(0)is analytic on (0, 7) in the real sense by Lemma 3. Then, one
concludes that f, ,(3) = wp for 0 < § < 7 and, by the continuity, fr ,(0) = f ,(7) = wy. A contraction,
since fr.,(0) > fr (). This shows that T} 1w = f. (), 0 < 8 < 7, is a Jordan curve. Furthermore,
T}, =, since Im{f, ,(7/2)} > 0. By the same reason, I',, : w = f, ,(8), —7 < 3 < 0, is a Jordan
curve, and I'," ) = ~, .. It is proved that I'; , is a Jordan closed curve and I'; , = v, ,. This shows (iii).

For w' € E,,, draw a straight line ! passing through w’ and intersect OF, , at wy; and ws. Let
w' = kjw; + kowy with ki,ko > 0 and k1 + k2 = 1, and let wy = fr,p(ﬁl) and wq = fT7P(62)' Then,
the harmonic mapping F' = k1 F), cos 8,,—psin 81,7 + k2F) cos 82,—psin 82, satisfies F(D) C D, F(0) = p and
F(ri) = w'. This shows the second half of (ii). The theorem is proved. a

Now, the author formulates the general version of the above theorem.

Theorem 3. Let z,w = pe'® € D and 0 < r < 1 be given. Then, for every harmonic mapping F
with F(D) C D and F(z) = w, one has F(A(z,7)) C €“E,, = {e"*C : ( € E,,}; conversely, for
every w' € €'E, ,, there exists a harmonic mapping F and a point z' € OA(z,r) such that F(D) C D,
F(z)=w and F(z') =w'.

4 The limit of r—(F,p.(ri) — (a + bi)) as r — 0
Lemma 4. Let
R(o,7) = 1 /”/2 (o + 27sin)dd 1 /”/2 db

, I(o,7) = .
T J_nj2 /14 (0 + 275in6)? () T J_nj2 /14 (0 + 275in6)2

Then, there exist a unique pair of functions o = o(a,b) and 7 = 7(a,b) > 0, defined on the upper half
disk {(a,b) : a®> + b* < 1, b > 0}, such that

R(o(a,b),7(a,b)) =a and Z(o(a,b),7(a,b)) =b

hold for any point in this half disk. Furthermore, o(a,b) and 7(a,b) are analytical in the real sense on
the half disk.

Proof. A direct calculation gives

OR 1 [T/? de OR 1 [™/? 2sin 0df

g /7‘-/2 V(A + (o +27sin0)2)3" 0T T /w/2 V(1L + (0 4 275in6)%)3
or 1 (™2 (0+27sin6)dd T 1 (™2 2sin6(o + 27 sin6)dd
oo~ x /,r/2 V4 (0 +2rsin0)2)3” 01 7w /ﬂ/z V(1 + (0 +275in0)2)%
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One asserts:

(i) OR/0c > 0 for any ¢ and 7 > 0, and R(o,7) is strictly increasing as a function of o for a fixed
T > 0

(ii) for the fixed 7 > 0, R(o,7) — 1 or —1 according to ¢ — +00 or ¢ — —00, respectively;

(iii) D = %?gf - %fgi < 0 for any o and 7 > 0;

(iv) Z(o,7) — 0 as 7 — +o0 uniformly for —oco < o < +00.

(i) and (ii) are obvious. (iii) is proved by using the convexity of the square function. To prove (iv),
assume to the contrary that there exist a sequence 7, — 400 and o, such that |Z(o,,7,)| = § > 0 for
n=1,2,... Without loss of generality, one may assume that o, /7, has a limit [ (I may be co). If |I| > 2,

it is obvious that
1 1

\/1 + (0 + 27, 8in 6)? N \/1 + 72(0pn/Tn + 2sin0)?
uniformly for —7/2 < 0 < 7/2. If |I| < 2, one has 0, /7, + 2sin — | + 2sin 0 uniformly for — < 6 < 2,

and, consequently,
1

\/1 + (0 + 27, 8in 6)?
for every —m/2 < 6 < /2 except § = —arcsin(l/2). In both cases, one has Z(o,7,) — 0 (in the second
case, Lebesgue’s dominated convergence theorem is used), and obtain a contradiction. This shows (iv).
Let (a,b), in the upper half disk, be given. By (i) and (ii), there exists a unique function o = o, (7)
such that R(c4(7),7) = a for 7 > 0. Furthermore, by the implicit function theorem, o,(7) is a continuous

function of 7 and
o (r) = — (8R/8R>
@ or | 0o (0a(r)7)
Thus, by (i) and (iii),

dZ(oq(7),7) <8R 0T OR 81) /8R
oa(7),7)

dr do Or Ot Oo Oo (0a(7),7) <0, 7>0.

This shows that Z(o,(7),7) is strictly decreasing for 7 > 0. It is easy to see that lim,_.g0,(7) = [ exists
and is finite, and 1/v/1 + (2 = a. Thus,

1
hmIJa T) = :\/1—a2.
I Tou(rr) = 0
On the other hand, Z(0,(7)),7) — 0 as 7 — 400 by (iv). Thus, there exists a unique 7 > 0 such that
I(0o4(7)), 7) = b. This shows the existence and uniqueness of the functions o(a,b) and 7(a,b). By using
the implicit function theorem, one concludes that the two functions are real analytical functions of (a, b),
since R(o, 7) and Z(o, T) are real analytical functions of (o, 7). The lemma is proved. O

Lemma 5. Let A = \(r,a,b) and pn = u(r,a,b) be the functions defined in Lemma 1. Then, for any
fized a,b with a® +b%> < 1 and b > 0,

A(rya,b) — 1 r
_ b -
— 7@ a)

(0. b) 7(a,b), asr—0,

where o(a,b) and 7(a,b) are functions defined in Lemma 4.
Proof. Let a and b be fixed. Then

An—1
nnsin (0
Arnv Ans Nn +0 T g ( ) e 0(1)7

\/1_|_ (An —1)2 \/1+ 2 A\ 7“,1%(0) \/1+ (An —1)2

where o(1) denotes a quantity which tends to 0, as n — oo, uniformly for 0 < 6 < 27. Thus,

\/1 + Onst)?

An—1
a’:R(Tn7)"ﬂ7p”ﬂ) = Hn 0(1)7 b:I(TTH nv/lfn =

\/1 i (,\n 1)2

+o(1).



1110 Chen HH Sci China Math  June 2011 Vol. 54 No.6

Consequently, a® + b2 = 1 + o(1), a contradiction.
In the case that 7, /u, — oo, write

Tn A —1 2sin@ —r,
AT»,L,)\»,“N»,L (9) = <_ ) ’

fhn Tn 1472 —2r,sinf

and, without loss of generality, one may assume that (A, — 1)/r, has a limit { (I may be o). Then,
Ar o (0) = 00 for 0 < 0 < 27 with two exceptions at most. Using Lebesgue’s dominated convergence
theorem, one obtains b = I(r,, An, ) — 0, a contradiction. (i) is proved.

To prove (ii), assume to the contrary that there exists a sequence 1, — 0 such that (A, —1)/u, — oco.

Then,

A—1 71,  2sinf—r,
A, ) =— '
Aot (0) Lin tn 1472 —2r,siné o

uniformly for 0 < 6 < 2, since ry, /py, is bounded by (i). Thus, b = I(rp, An, ) — 0, a contradiction.
This shows (ii).

On the the basis of (i) and (ii), one can prove the conclusion of the lemma. Assume to the contrary
that there exist 7, — 0 and a § > 0 such that

A — 1
fin

+a(a,b)’>5 or ‘r"—T(a,b)‘>5.

fin
By (i) and (ii) proved above, without of loss generality, one may assume that —(\, — 1)/, and 7, /uy,
have finite limits ¢’ and 7/ > 0 respectively, which satisfy

o' —o(a,b)| =6 or |7 —7(a,b)| >4

Then,

A—1 7 2sinf —r

A, H=-"" " " "+ 27" sin 6
n,An,un( ) [in Mnl-l-?“% _ 9, sin® — 0 + 27 sin

uniformly for 0 < 6 < 27 and, consequently,

1 /2 / 27" sin 0)d#

a = R(’r‘n,/\n"un) — / (U + 27’ sin ) _ R(O'/,TI),
T ) )2 \/1 + (0! 4+ 277 sin 6)?
1 [7/? do

b= 1(rn, An, ttn) — / ) =Z(o', 7).
L - \/1 + (0! + 27" sin 6)2

It follows that a = R(¢’,7') and b = Z(¢’,7’). By Lemma 4, ¢’ and 7/ must be equal to o(a,b) and
7(a, b) respectively. A contradiction, and the lemma is proved. ]

Theorem 4. Let a,b be fized real numbers with a® +b%> < 1 and b > 0 Then,

2 /”/ 2 sinf(o + 27sinf)do 2 /’T/ 2 sin 6df b0
i Fabr(rD) = (@+bi) _ ) m ) o (/14 (0 +2rsind)? 7 Jorpp /14 (0 +275in6)2’ ’
=0 r 4 am
Ccos , b=0,
s 2

where o = o(a,b) and T = 7(a,b) are defined in Lemma 4.

Proof.  First assume that b > 0. Then, let A = A(r,a,b) and p = p(r,a,b) be defined in Lemma 1.
Using Lemma 5, one has, as r — 0,
A—1 2rsinf — r? A—1 2rsinf
A u(0) = — . =— 0
Anl0) 1 * w(l+ 72 —2rsin6) I + 1 +0(r)
= o(a,b) + 27(a,b) sin b + o(1),
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and consequently,

1 1
= o, To(h),
\/1+A2>\u(9) V14 (0 +27sin6)?
Apau(0) _ o+ 27 siné +o(1),
\/1+A2>\u(9) V14 (0 +27sin6)?

where o(1) is a quantity which tends to 0, uniformly for 0 < 6 < 27, as r — 0. Thus,

/2 2
oo (ri) — (a4 bi) = / L=r? ) Ana(0)d0
50, ™ —71'/2 1+7‘2_27‘Sln0 \/1+A2 (0)

T

i [7/? 1—7r2 do
+ 112~ 2rsing
T J_r)2 r 7 sin \/1+A%,A,,u(9)

/2 : _ 3
1/ 27"(21n9 7") < (0 +27sinb) —|—0(1))d9
T J 2 1+72=2rsin0 \ \/1 + (0 + 27sin )2

. /2 .
i 2r(sinf — r) ( 1 )
+ ) +o(1) |db.
W/ﬂ/21+r2—2rsm9 V1+ (0 + 275sin )2 o)

This shows the lemma for b > 0.
For b = 0, recall that u, o is defined in the proof of Theorem 1. Recall that

ei(w+a7r/2) — 2 (
- T

2
Ua,O,T(Z) = . {arg 1- a):|7 Va,O,T(Z) = 07

e—iaﬂ'/Q — 2 2
and A ) )
Foor(ri) = Ugo,,(ri) = . arctan " —C’_OZI(I;(:Z/) ) —a
Thus,
lim Foor(ri) —a _ arctan " + sin(an/2) _ 4 cos &
r—0 T dr \ 7 cos(am/2) ), _, ™ 2
The theorem is proved. O

5 The Schwarz-Pick lemma for harmonic mappings (II)

For 0 < p<1and0< a < 7/2, define

4
cos pﬂ, a=0,
T 2
hy(a) = 9 [7/2 sin@(o + 27 sin 6)df
, 0<a< 77/27
T J_rnj2 \/1+ (0 + 27sin0)?
and
0’ o = 07
k(a) = 92 /2 +
L (a) B / sin 6d0 L 0<a<n/2
T J_nj2 \/1+ (0 + 27sin0)?

where o = o(a,b) and 7 = 7(a,b), with a = pcosa and b = psina, are defined in Lemma 4.

Lemma 6. Let h, and k, be defined as above. Then:
(i) As o — 0, one has
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(ii) hp(a) is strictly increasing for 0 < o < /25

(ili) k(0) = k(m/2) =0, ky(a) > 0 for 0 < o < m/2.

Proof. 1f there exists a positive sequence a,, — 0 such that 7,, = 7(p cos a,,, psin ;) is bounded, then,
on = o(pcosay, psina,) must be unbounded, since otherwise psina,, = Z(o,,7,) will be bounded
from below. By choosing a subsequence, one may assume that o, — oo. However, this results in
pcosay = R(on, Ty) — 1, a contradiction. This shows that 7 = 7(pcosa, psina) — 0o as a — 0.

It is easy to see that if there exists a positive sequence «,, — 0 such that o, /7, — 0, or +o00, or
—00, then pcosa,, = R(opn, ) — 0, or 1, or —1, respectively, which contradicts 0 < p < 1. So,
o(pcosa, psina)/T(pcosa, psina) is bounded from above and below. Let «,, — 0 be a sequence such
that

on/Tn = 0(pcosap, psinay,)/T(pcosay,, psina,) — 1 # 0.
Then,
1 /77/2 (00 + 27, sin6)df 1 /”/2 (I +2sin6)db
P COS Q= — ) ,
T Jonj2 /14 (0, +27,5i060)2 T J)_zpp [l+2sin0)
and consequently,
1 ™% (1+2sin0)d
7r/7r/2 |l +2sin6]

This implies | = 2sin(p7/2) and it is proved that

a(pcos a,pSlanl) — 2sin(pr/2) as a— 0.
7(pcosa, psin )

Thus, as a — 0, one has

kp(a) — 0,
and
2 (™2 sinf(si 2) +sinf)do 2 [7/? 9 [Trm/2 4
hp(a) — / st (éln(mr/ )+ §1n ) = / sin 0d6 — / sinfdf =  cos p7r.
T J_rsp  |sin(pm/2) + sinf| ) _pr/2 ™) r)2 ™ 2

This shows (i).
Now, one proceeds to prove (ii). Let

_ /”/2 sin 0d6
—n/2 /1 + (04 2750 6)2’

and

/2 i
7 :/ sin’ 0df Ci—o012
—n/2 /(1 + (0 + 275in0)2)3

It follows from R(o(a,b),7(a,b)) = a and Z(o(a,b), 7(a,b)) = b that
0o 107 0o 10R Or 107 o0r 10R

da _DOr’ A DIr’ da D 9 Do’
and consequently,

do _ psina A _ peosa OR dr _ psinadZ  pcosadR

da D or D 0’ da D 0o D 9o’
where
D= ORII OROT
9o Ot Ot o’
Thus,
h,(a)__<psina81'+pcosa872) /”/2 sin 0df
, D or D 01 ) ) 72 /(1+ (0+27sin0)2)3
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(psina 0T  pcosa 8R> /”/2 2sin? 0d6
D 9o D 00 ) ) 72 \/(1+ (c+27sin6)2)3
2 . 47T
= Wg (ToTy — TE)(cos  — o sina) = 2D (ToTy — T}),

since p(cosa — osina) = a — ob = R(o,7) — 0Z(0,7) = 27T /7.

Since R(0,7) = 0 for 7 > 0 and OR(o,7)/Jo > 0 for 7 > 0 and any real o, one has ¢(0,b) = 0,
o(a,b) > 0 for a > 0, and o(a,b) < 0 for a < 0. It is easy to see that T =0if 0 =0, T < 0if ¢ > 0
and 7' > 0 if 0 < 0. Therefore, T =0if a =7/2, T < 0if 0 < a < w/2. It is indicated in the proof of
Lemma 4 that D < 0 for any o and 7 > 0. Using the Schwarz inequality gives TyT> — T2 > 0 for any o
and 7 > 0. Thus, one concludes that h)(a) > 0 for 0 < a < 7/2. This shows (ii).

Since k,(a) = —(2/m)T, (iii) follows from what we indicated above for T'. The lemma is proved. O

Lemma 7. Let0<p<1. For0< a< /2, define

_ kp(a)
wp(a) = a + arctan (@)

Then:
(i) wola) = a for a =0,7/2, wy(a) > a for 0 < o < w/2;
(ii) wy() is strictly increasing for 0 < a < /2.
Proof. (i) follows from (iii) in Lemma 6.
For given 0 < ao < < /2, let
Fa = em(hp(a) +ikp(a)), zp= em(hp(ﬂ) + ikp(8))-

Note that arg z, = w,(«®) and arg zg = w,(3). Using Lemma 2 to the function ei(ﬁ*")Fp cos a,p sin a,ry ONE
has

Re{e" "V E, cosapsinar (1)} < Re{Fpcos g,psin p.r (1)},

and consequently,

Re { ei(ﬁ—a) (chos a,psin a,r(ri) - Pem) } g Re { chosﬁ,psinﬁ,r(ri) - pelﬂ } )
r r

Letting » — 0 and using Theorem 4 give
Re{ei(ﬁia)(hp(a) —ikp(@))} < hp(B)-

Thus,
Do = Re{eiiﬁza} < hy(B).

Symmetrically, ps = Re{e *“z3} < h,(a). Note k,(a),k,(3) = 0 by (iii) in Lemma 6.
Since wy(a) < a+ /2, to prove that w,(a) < w,(B), one may assume that w,(f) = argzg < a + /2.
Then, ps > 0, 23 = ppe'™ +ilzg — pge’®|e’® and, consequently,
h,(8) = Re{e 25} = pscos(B — ) + |25 — pge'®|sin(B — ).
On the other hand,
Pa = hp(@) cos(8 — a) + k() sin(B — ).
Thus, it follows from p, < h,(8) and pg < h,(a) that
hpy(a) cos(8 — o) + kp(a) sin(8 — «)
Pp cos(B — @) + kp(a) sin(8 — ),

ppcos(a — B) + |z — ppe’®|sin(6 — o) >
>
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from which one obtains k,(a) < |25 — pge’®|. Now, one has

_ e k
26 = pac™] > o + arctan hp(a) = w,(a).

wp(B) = arg zg = a + arctan
. bs p(@)

This shows that w,(«) is increasing for 0 < o < 7/2.

Assume that w,(a2) = wy(a) for some o, e with 0 < a1 < as < 7/2. Then, w(a) is a constant
for oy < a < ag. Since R(o,7) and (o, T) are analytical functions of (o, 7) in the real sense and, by
Lemma 4, o(a,b) and 7(a,b) are analytical functions of variables (a,b) in the real sense, one sees that
hp(a), ky(a) and w,(c) are analytical functions for 0 < a < /2 in the real sense. Thus, w(«) is a
constant for a1 < a < @, which implies that w(«) is a constant on (—m/2,0). However, w,(0) = 0 and
wp(m/2) = /2. Then one receives a contradiction since w is continuous. This shows (ii), and the lemma
is proved. O

Lemma 8. Let0<p<1. For 0 < a < w/2, define
gp(@) = (h2(a) + k2 ()2

Then:

(1) gp() s strictly increasing for 0 < a < 7/2;

(i) g(w, (@) < hy(a) for 0 < o < /2.
Proof. Let 0 < 8 < /2 be given. Since w(f) > f3, by the continuity of w, there exists a § > 0 such
that w(a) > B for 8 —§ < o < B. Assume that o € (8 — §,3). As in the proof of the above lemma,
denoting z, = ¢*(h,(a) + ik,(a)), one has

Po = Re{e 2,1 < h,(B).
Since 8+ 7/2 > w(B) > w(a) > B by the above lemma,

9o(@) = |zal? = e za? = P (1 + tan®(w(a) - B))
< hp(B)(1 + tan®(w(B) — B)) = hy(B) + k5 (B) = g;(5)-

It is proved that g,(a) < g,(5) if « is very close to § from left. Also, one can prove that g,(e) > g,(5)
if « is very close to 8 from right. Thus, by a normal argument one can conclude that g,(«) is strictly
decreasing for 0 < o < 7/2. (i) is proved.

To prove (ii), let 0 < a < 7/2, 8 = w,'(a) and z = 28 (h,(B) +ik,(B)). Then, argzs = w,(B) = «
and, as in the proof of the above lemma, g,(w, ' («)) = |z5| = Re{e™"*z3} < h,(a). This shows (ii). The
lemma is proved. O
Lemma 9. Letw = F(z) =U(z)+1iV(z), z = = + iy, be a harmonic mapping such that F(D) C D.
If p=F(0) >0 and F,(0) = te~*> with t > 0, then

[F2(0)] < gp(w™ (k(a))), (5.1)

where
{|a|, ol < 7/2;
k(o) =

T —|al, /2 < |a] < 7.

Proof. First assume that 0 < o < 7/2. Let 0 < 8 = w™!(a) < a. Applying Lemma 2 to ¢’ F, one has,
for z > 0,
Re{e" F(2)} < Upcos g,psin g0 (%),

and consequently,

Re {eiﬁF(x) - p} < Upcosﬁ,psinﬁ,m(ﬂji) - pCOSﬁ
x
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Letting  — 0, by Theorem 4, one obtains

tcos(a — ) < hy(A).

On the other hand,

_5_ CB—ar nkp(ﬁ)

a—fB=w(B)— P = arcta ho(3)’
1 k2(6)
co2(a—g) = LT =T g

Thus,
t < (h2(B) + ko (8)? = gp(w ™ (a)).

This shows (5.1) for 0 < a < /2.
If —7/2 < a<0or /2 < |a <7, one can prove (5.1) by considering the mapping G defined by
G(z) = F(2), G(z) = F(—z) or G(z) = F(—=z) for z € D. The lemma is proved. a
Now, define a Finsler metric H on the unit disk D. For z € D and u € C\ {0}, define

. [u
Ho(u) = Uuf, qu = 1 '
o) = gl M= o efarg 1))

Theorem 5.  Let F' be a harmonic mapping such that F(D) C D and z € D. Then,

H|F(z)‘(619FZ(Z) + e_leFZ(Z)) < 1— |Z|2 (52)

holds for z € D and 0 < 6 < 27.
Proof. Let z € D and 0 < 0 < 27 be fixed. If F(z) =0, then

Hip()) (e Fa(2) + e F.(2)) = Zlesz(Z) +e F.(2)] < ZAF(Z),

and (5.2) follows from (1.6). Now, assume that F(z) = pe’ with p > 0, and eF,(z) + e ¥ F,(z) =
te!(0o+a) with ¢t > 0. Let 4
z+ 6104—

0O =1 oy for C=E+ineD,

and G = e~ F o ¢. Then, G is a harmonic mapping such that G(D) € D, G(0) = p, and
e (1 — [2]) (e Fy(2) + e F.(2)) = G¢(0) + G, (0) = Ge(0).
Note that G¢(0) # 0 and arg G¢(0) = . Thus, using Lemma 9 to the mapping G, one obtains
(1= [z[)[e“Fo(2) + e " F.(2)] = |Ge(0)] < gplw, *(r(a)).

(5.2) follows and the theorem is proved. a

6 AF and )\F

Theorem 6. Let F'(z) be a harmonic mapping such that F(D) C D. Then,

Arp(z) 1
hip(z)(m/2) S1o |22 (6.1)
and
Ar(2) 4 1 o)

cos(|[F(2)|m/2) ~ 7 (1 —|z[?)
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holds for z € D.

Proof.  Since g,(w, ' (k())) < hp(r()) < hy(m/2) for p> 0 and —7 < oo < 7 by (i) of Lemma 8 and 6,
(6.1) is a consequence of (5.2). Note that ho(7/2) is regarded as 4/7. To prove (6.2), let z € D be fixed.
If F(z) =0, (6.2) follows from (6.1). Now, assume that F'(z) # 0 and Ap(2) = ||F.(2)| — |F.(2)|| > 0.
Then, there exists a 6 such that

arg{e”F,(z) + ¢ F.(2)} = arg F(2).
By (5.2), one has

: . 0)  hyp)(0) 4 cos(|F(z)|n/2)

Ae(2) < | F g () < IFEIO) _ Prei©) .
rESIEEEHEREIS Y e T Te -l

This shows (6.2) and the theorem is proved. a

According the definition of h,,

) (w> B 2/”/2 sinf(o + 27sin 0)do
P\ 2 T ) _n)2 \/1—1—(0—}—27'31110)27

where o = 0(0, p) and 7 = 7(0, p) are defined in Lemma 4. It is easy to see that (0, p) = 0. Thus,

b (71’) 47 /”/2 sin? 0d6
"\ 2 T J rj2 /144725026

where 7 = 7, = 7(0, p) is the unique number such that

1 /”/ 2 o -
T J wj2 \/1+ 4725in2 0 g
It is obvious that
(i) 7, and h,(7/2) are continuous as functions of p, and are strictly decreasing as p is increasing;
(ii) 7, — oo and h,(7/2) — 4/mas p — 0, 7, — 0 and h,(7/2) — 0 as p — 1.
It follow from (i) and (ii) that h,(7w/2) < 4/7 for 0 < p < 1. Thus, one has the following consequence:
If F' is a harmonic mapping of D into itself, then

4 1
ml—|z?

Ap(z) < (6.3)

holds for z € D.
Furthermore, a simple calculation gives dh,(7/2)/dp = —1/7 and p=1—7%+O(7*) as 7 — 0. Thus,

h (/2 1—p2 1—
i P72 Vi-p Volm VTP e
p—=1\/1=p2 »=1  pT TS0 T

This shows that h,(7/2) ~ v/2y/1 — p2? as p — 1. It seems that h,(7/2)//1 — p? is increasing from 4/
to V2 as p increases from 0 to 1.

As a consequence of (6.2), for K-quasiregular harmonic mappings, one has the following theorem.

Theorem 7. If F is a K-quasiregular harmonic mapping of D into itself, then

AF(Z) < 4 K

cos([F(2)|m/2) S 7 (1— |=[2) (64)

holds for z € D.
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7 Examples and applications

It is known that the equality in (1.6) (the special case F(z) = 0 of (5.2)) may be attained. The fol-
lowing examples show that the equality in (5.2) can be attained for any values of z, F(z), # and
arg { (e F.(z) + e "F.(2))/F(z)}. Without loss of generality, consider the case z = 0, § = 7/2 and

F(z) = p > 0 only.
Example 1. For 0 < p < 1, define

9 i(m+pm/2) _
F(z) = arge Z—w(l—p>}
T 2

e—ip'rr/2 — 2

Then, for the real y,

L 4 y +sin(pm/2)
Flyi) = arct -
(yi) , arctan cos(pm/2) p
One has A
¢ 2F.(0) + ¢ FL(0) = i(FL(0) - F1(0)) = Fy(0) = _cos ”2” .

Using (5.2) to the mapping F', z = 0 and @ = /2, one finds that the equality holds, where arg{e® F(2) +
e"F,(2)} = 0. If one takes § = —/2, then the equality holds also with arg{e? F,(z) + e " F,(2)} = 7.

Example 2. For the given 0 < p < 1l and 0 < a < 7/2, let § = wp_l(oz), o = o(pcosf,psin ) and

7 =71(pcos 3, psin B) be defined in Lemma 4. Define

/Lﬁ T _ 2 . _
F(2) e / 1—|z| (0 +27sinf) —i

~ o _x e =22\ /1 + (0 + 275inh)?
One has F(D) C D, F(0) = p, and

¢™2F,(0) + 2 F.(0) = i(F.(0) — Fx(0)) = F,(0)
et 1 /2 1—9? (0 +27sinf) —i

= lim |
T y=0y J_ /2 \1+y?—2ysinb V1+ (0 +275sin)?

= €e?(h,(B) + iky(B3)).

do

Thus,

4 , k
arg{elﬂ'/QFz (0) + e_”"/QFz(O)} = 6 + arctan hpig% = wp(ﬁ) =a,
P
|€i7'r/2Fz (O) + e_iﬂ'/QFZ(O” = gp(wp_l(a))v
and this mapping F' makes the equality in (5.2) be true for z = 0, F'(z) = p, = 7/2 and

arg{e’™2F,(0) + e /2 F,(0)} = o

For any « other than 0 and 7, let F' be the mapping defined for x(«) as the above. Then, the mapping

F(z), F(—z) or F(—z) makes the equality in (5.2) be true for arg{e’™/2F,(0) + e~""/2F_(0)} = a.

For bounded holomorphic mappings on the unit disk, the classical Koebe type theorem of Landau [4]
says: Let f be a holomorphic function on the unit disc D with f(0) = 0 and f/(0) = 1. If |f(2)] < M for

z € D, then f is univalent on D,, = {z: |z] < po} with

1

p0:M+\/M2—17

and f(Dpg) covers a disc Dy, with

1 2
ROZM( )
M+ VM2 -1
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Moreover, this result is sharp. Recently, Chen et al. [5] generalized this classical theorem to the harmonic
mapping, and later Liu [6] improved their results. Now, by using (4.5) and a theorem of Liu in [6], the
author proves the following Landau theorem for harmonic mappings, which has better estimates than
theirs.

Lemma 10 [6]. Let f be a harmonic mapping on the unit disk D such that f(0) =0 and A\f(0) = 1. If
A¢(2) < A for z € D, then f is univalent in o disk D,, with

1

00:1_’_/\_/1\7

and f(D,,) covers a disk Dg, with

1 A=y Po
R0—1+<A—A)10g1+ S>>

Theorem 8. Let [ be a harmonic mapping on the unit disk D such that f(0) =0, f.(0) =0, f.(0) =1,
and |f(z)| < M for z € D. Then, f is univalent on a disk D,, with

1 1
and f(D,,) contains a disc Dg, with Ry = po/2.
Proof.  Let

F(z) = v2f (;2> z€D.

Then, F is a harmonic mapping on D such that F(0) =0, Ap(0) = Ap(0) =1 and F(z) < M for z € D.
Using (6.3) to the mapping f/M, one obtains

z 4 M SM
Ap(z) = A < , D.
r =80 () S a1 ppa < a7

Thus, by Lemma 10, F' is univalent in a disk D, with

p = )
= 8M _ w
L+ 70 — s
and F (D, ) covers a disk Dp/ with R’ > p’/2. The theorem is proved. O
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