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1 Introduction

The Drinfel’d-Jimbo quantum group U,(g) (see [6, 7, 12]), associated with a complex simple finite-
dimensional Lie algebra g, plays a crucial role in the study of the quantum Yang-Baxter equations,
two-dimensional solvable lattice models and the invariant of 3-manifolds to the fusion rules of conformal
field theory (see, for instance, [14,15]). In the Lie algebra case, the center of the universal enveloping
algebra U(g) is isomorphic to the algebra S(b)", and the invariants of the Weyl group W are in the
symmetric algebra of a Cartan subalgebra b of g. The isomorphism is given by the Harish-Chandra ho-
momorphism (see [4,5,10]). Gauger [8] gave the explicit algebraically independent generating set for the
center of U(g), in the case, g is one of the simple Lie algebras A,,, By, C,, D, (see also [1]).

When ¢ is not the root of unity, the Harish-Chandra homomorphism can obviously be generalized
to our Drinfel’d-Jimbo quantized enveloping algebra U = U,(g), where we now get a homomorphism
from Z(U,(g)) to the Laurent polynomial algebra U°. It is easy to show that this homomorphism is
injective using the fact that the intersection of the annihilators of all finite-dimensional modules is 0.
Using nontrivial homomorphism between Verma modules, one sees that the image of the Harish-Chandra
homomorphism is contained in (U°)". By analogy with the classical case we might expect equality here,
but that is not quite true, and the image turns out to be (U2, )" where we denote by U?, the span of
all k,, with p an “even” weight, that is, in 2A. Yet, to the best of our knowledge, the minimal generating
set for (U2 )W was not determined in general. However, if g is of Type A;, then Z(U) = (U)W is
generated by the quantum Casimir element and (UZ,)"
This intriguing result motivates the following question: Is it true that (U2,)" is a polynomial algebra?

is isomorphic to the polynomial algebra k[x].

*Corresponding author

(© Science China Press and Springer-Verlag Berlin Heidelberg 2010 math.scichina.com  www.springerlink.com



56 WuJY et al. Sci China Math  January 2011 Vol. 54 No.1

The answer is negative in general. In [9], Farkas proved a version of the Shephard-Todd Chevally theorem,
which characterized the finite subgroup G of GL(n,Z) such that (U°)€ is a polynomial ring.

Now our main problem is to describe explicitly the algebra (U2, )W'. There are several results in the
literature. Using representation theory, for any A € A, one may construct an element z) € Z(U,(g)), and
then obtain a basis for Z(U,(g)), see [2, 11-14]. In [3], Caldero showed that U,(g) is free over its center.
By Noether’s theorem, (U2)" is a finitely generated algebra, see [9,16] for details. Now the question is
how to describe explicitly the minimal generating set and the relations of generators. In [17], we proved
that the center of Uy(sl3) is isomorphic to a quotient algebra of polynomial algebra with three variables
and one relation.

In this paper, we contribute mainly to these questions in the case that g is the complex simple Lie
algebra sl,. We shall prove that (U2,)"W is generated explicitly by four generators with one relation.

2 Quantum group U,(sl;) and Harish-Chandra homomorphism

Throughout this paper, k = C denotes the field of complex numbers and ¢ is a non-zero complex number
which is not a root of unity. We will adopt the following notations that agree with those of [11]. We
denote by U the quantized enveloping algebra over C of the complex simple Lie algebra of Type As. Let

2 -1 0
A= (aij)gxgi -1 2 -1
0o -1 2
be the corresponding Cartan matrix of Type As. Recall that the quantized enveloping algebra U = Uy (sls)

is defined as the C algebra generated by twelve generators E1, Fo, F3, FY, Fs, F3, Kl,Kf17K2, K{l, Ks,
Ky ! subject to the following relations:

K, K;=KK;, KK '=K 'K,=1, KFE;=q%E;K; KF;=q “FK,
0y (Ki — K1)

E;F; — FiE; = ( Ty E\Es = EsEy, FiF3 = F3F,

q—dq
E%EQ — (q -+ qil)ElEgEl + EQE% = 0, E%El — (q + qil)E2E1E2 + E1E§ =0,
E3Es — (¢+¢ ") ExBsEy + B3B3 =0, E3E, — (¢+q ') EsE2Es + B> BS =0,
FiF — (q+ ¢ YREBE + FRFE =0, FiF —(q+q YEBRF + FF; =0,
F3F3 — (g4 q ) FsFy + F3F3 =0, F3F> — (q+q ') FsFoFs + Fo F5 = 0.

Denote by U the subalgebra of U generated by K17K;17K2,K51,K3,K§1. It follows that U° =
C[Ky, K, Ky, Ky ', K3, K5''] is the laurent polynomial algebra over C. Suppose that I = {ay, oz, a3}
is a basis of the root system of the Lie algebra sly. Let ® = {+aq, *asg, tas, £(ag+as), £(ag+ag), £(ag +
as + ag)} be the root system of sly. For each A in the root lattice Z® = ZII = Zay @ Zas ® Zas, we can
define an element K in U° by

Ky=KMK)2K3?,  if A= Aoy + Agag 4 Azas € Z.

Denote the Weyl group of ® by W. It is well known that W is generated by the reflections Sy, , Say; Sas
and W 2 S, the 4-symmetric group. The Weyl group W acts naturally on U° such that

w- Ky =K,), forallweW and A € Z®.

Set U2, = @ czanan kK, where A is the weight lattice. Notice that Z® N 2A is a subgroup of Z& N A
and Z® N 2A is W-stable. It follows that the action of W maps U2, to itself. The following theorem is
well known (see [11]).

Theorem 1.1.  There exists an algebra isomorphism between Z(U) and (U)W, where (U)W = {h €
Ul |w-h=h, YVwe W}
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3 The center subalgebra of U,(sl,)

Let A1, A2, A3 be the fundamental weights corresponding to the root system ®. Then the weight lattice
A =7ZXM 4+ Z)s + Z)3. By direct computations, we get

a1 =20 — Ao, s =—A1+2X 3 — A3, a3 = —Xy+ 2]z,
3

1 1 1 1 1 3
A= 10+t gas, Ag = 5o toz+ Sas, Az = 10t gt jas

Also we have the Weyl group

€, 8015051 Sz SarSass SarSass SasSas, SasSars SasSass
SarSasSars SasSasSass Sar
3O Sars SagSar Sas
s S SaszSass Sar S
S S

S ;

o1 SanSasSass SasSasSarSas,
0y S S

s Sas, SasSasSar SasSas, S

n n »n

It is known that the Weyl group is isomorphic to the symmetric group Sy, and the actions of the reflections
SarsSass Sas ON 1, o, ag are given by

Sa, a1 = —aq, e o+, a3 as;
Sas 101 >0 Fag, Q> —0n, a3z o+ og;
Sas 101 — a1, azr— oo +az, a3— —as.

w

In order to describe the generators and generate relations of (U2,)", we need the following proposition.

Proposition 3.1. Z® N2A =Z(2a1) + Z(202) + Z(a1 + a3).

Proof.  For any 2njoq + 2nsas + n3(ag + agz) € Z(2a1) + Z(2as) + Z(ay + as), ni,na,ng € Z, it is
clear that 2njaq + 2ngas + n3(0q + 043) € Z®. Since 2a1 = 4] — 2)\g € 2A 2000 = —2M1 + 44Xy — 2)X3 €
2A, a1 + a3 = 201 —2Xo +2X3 € 2A. Tt follows that Z(2a1) +Z(2a0) +Z (1 + a3) C ZPN2A. Conversely,
suppose that z € Z® N 2A, and write £ = m12A1 + m22Xs + m32X3, my, mo, mg € Z. Then

3m1 + 2m2 + ms mq + 2m2 + 3m3

T = 5 a1+ (my 4 2mg + ms3)ag + 5 s
3mi +2ms +m mi1 + 2ms + 3m
:( L > 2 3 22 3)a1+(m1+2m2—|—m3)a2
my + 2mg + 3m
1 22 3(a1+a3)

m1 + 2ms + 3mg
2

= (m1 —ma)ag + (my + 2mg + m3)az + (o1 + a3).

Since x € Z®, we have 3m1+2;”2+m3, m1+2”;2+3m3,m1 + 2mgo + mg3 are integers. It follows that
M € Z, i.e., 3my +mg € Z and hence 3m; + m3z + my — m3 = 4my. Then m; — mz € 2%
and so my +ms € 2Z, i.e., my +2mq + mg € 2Z. Thus we have Z® N2A C Z(2a1) + Z(2c2) + Z(a1 + a3).
All these show that Z® N 2A = Z(2a1) + Z(2a2) + Z(a1 + a3).

By Proposition 3.1 we know that U9, = k[Ki%, K52, K Ki']. Now for any

fKq, Ko, K3) = Z atsmKlth2s(K K3)™ EUSV,

t,s,mEZ
we define
degr, f = max{2t + mlassm # 0,t,s,m € Z},
degr, f = max{2s|a; sm # 0,t,5,m € Z},
degKa f = max{m‘at,s,m 7é 0,t,s,m € Z}
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For any ¢, s € Z, set

om = K12t+mK228K§n + K12t+mK§s 3257m + K12t+mK22t+2m72sK§n
+ K12t+mK22t+2m—23K§t+m—2$ + K12t+mK22tK§s—m
+ K12t+mK22tK§t+m—2s + K125—2t—mK223K§n + K123—2t—mK223K§s—m
+ K12572t7mK272tK§n + K12572t7mK272tK372t7m
+ K12572t7mK22572t72mK3257m + K12572t7mK22572t72mK372t7m
+ K{n—QsK22t+2m—2$K§n + KIn—23K22t+2m—23K§t+m—23
+ K{n_25K2_2tK3_2t_m + Kirn—QsK2—2tK§n + KIn—QsK2—2SK§t+m—28
+ K{n72sK272sK372t7m + K;ngtKgsfm + Kfm 22tK§t+mf2s
+ K;ngsf2t72mK§sfm 4 K;m 22572t72mK372t7m

+ Kl—mK2—2sK§t+m—2s + Kl_mKQ_QSKg_Qt_m.

We shall call fi sm,t,s,m € Z the quantum Weyl symmetric polynomials.
Propsition 3.2.  The invariant subalgebra (U)W is spanned by f; s.m, where t,s,m € Z.

Proof.  On the one hand, it is easy to see that the actions of the generators S,,, Sa, and Sy, of W
on the element f; s, are invariant, and so the subspace V spanned all f; s, of U2, is in (U)W, i.e.,

Zt,s,mGZ a/t,&mft,s,m € (USV)W
On the other hand, take

Y anamKPEP(E K™ = Y apmKTTTKEKY € (U)W, apem € k.

t,s,mEZ t,s,meEZ

Since the action of S,, on this element is invariant, we get

2t+m 1 -2s grm __ 25—2t—m 1-2s rm
E at,s,m K3 K3y K3" = § at,s,m K7 K3°K3".

t,s,mEZL t,s,mEZL

It follows that a; s m = a(s—t—m),s,m- Similarly, using the actions of the element of W, we get a; (¢ 4m—s),m =

QAt,s;m> At—s4+m,s,2s—m) — At,s;my - -+
Thus we have

2t+m 7-2s grm
Z at,sm BT KK = Z at,s,m fts,m € V.

t,s,meEZL t,s,meEZ
Let
_ 1 _ 2 —1 —1 —17-—1 —17—27—1
I = 4f071’1 = K1K2K3 +K1K3 +K1K3 +K1 K3 +K1 K3 +K1 K2 K3 s
1 _ o P S
2= cfas= KiK3KS + K KK + K Ky 2Ky + KPP Ky P K Y
1

23 =—fi11=K{KiKs+ K{'KZK3 + K; 'Ky 2 Ks + KT VK 2K,

6
1

= gfora = K2K3K? + K?K2 + K3K2 + K? + K2 + K2 + K; 2

+ K32+ K32+ K2Ry 2 4+ Ky P Ky 2+ K 2Ky 2 K 2.

We call x1, 22, x3, x4 the quantum elementary Weyl symmetric polynomials. Now we have the following
theorem.

Theorem 3.3. The quantum elementary Weyl symmetric polynomial x1,z2, 23,24 are the minimal
generators of (US)W.

Proof.  Firstly, we prove x1, z2, 3, 24 are the generators of (U2, )W'. Notice that x1,z2, 3,24 € (U)W,
so by Proposition 3.2 we only need to prove that f; s ., is generated by x1,x2,x3, x4 for all t,s,m € Z.
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When t =s=m =0, fi,m =24 €k, it is clear.

When ¢ # 0 or s # 0, by the expression of f; s, it follows that there must exist a monomial such that
the degrees of Ki, Ko, K3 are all larger than zero. We may suppose that the term is the first one, i.e.,
2t +m > 0,2s > 0,2m > 0, where s,t,m € Z. Set w = max{degy, fism | # = 1,2,3}. Notice that if a
monomial appears, then the others certainly appear in f; s ,,. Conveniently, for any ¢, s, m € Z, we denote
ft,5.m only by a monomial containing w. For example, denote by z1 K1 K3K5 + - -+ . In the following, we
shall use induction on w to prove that f; ,,, can be generated by z1,x2, 3, 4.

When w = 2, then f; s, = fo11 = 421 or fism = fo,1,2 = 224, which are clearly generated by
T1,X2,T3,T4.

When w = 3, there are also two terms satisfying the condition:

ftom = f-113 =671, frem = f1,11 = 6x3.

They are clearly generated by x1,xs,x3, 4.
Suppose that when w < n (n > 4), for any t,s,m € Z, f; s m with w = max{degy, fism | i =1,2,3}
are generated by 1,9, x3, 4. Now we prove the case w = n, and we break the proof into seveval cases:
If n is even.
Case 1. n =degg, fism > degg, fts,m (i = 2,3). By our assumption for ¢, s,m, it is clear that we
only need to consider that n = 2t +m,n > 2s > m > 0.

KPREKY 4o = (KPS KE 2R g — (KRB K+
(KRR ) — (KPTRP TR ),

By the inductive hypothesis we know K} *K3* ?Ky" ' + ... K} 'K3Ky + - K]} Ky T2 Ky
4+ ,K?74K22574K§”74 + .- can be generated by z1, T, z3, 4. So KI'K25K5 + -+ can be generated
by T1,T2,T3,T4.

Case 2. n = degg, frsm > degg, fi.sm (i = 1,3). As in Case 1, we only need to consider that
n=2s>2t+m,m>0.

KRR 4+ = (K K2 HE T ey — (KPR )
(KRR ) = (KRR )
_ (K12t+m—2K2n—2K§n—2 4. ) _ (K12t+m—2K;L—4K§n—2 4. ) (31)

Remark. When 2t +2m = 2n — 2, (3.1) is

1
REMMRERE 4= (KPR TR gy — (KPR 4 )
(KPR IR ) = (KPR )
By the inductive hypothesis we know that

2t+m—1 n—2 7 -m—1 2t+m n—2
K Ky Ky +o Ky Ky °K3* +---
2t4+m -n—2 -m—2 2t+m—2 n—2
Kj K"K "4+, K7 Ky K"+ -+,
K%t+M72K;72K§1172 + . K12t+m72K;7,74K§n72 + L.

)

can be generated by x1, xs, 3, 4. SO K12"+mK§‘K§” -+ can be generated by x1, x2, z3, Z4.

Case 3. n =degg, fi,s;m > degy, ftsm (i =1,2). In this case it is clear that we only need to consider
that n =m > 2s > 2t + m > 0. Then the proof is similar to Case 1.

Case 4. n = degg, fi.sm = degy, fis,m > degg, ft.s,m- In this case we only need to consider that
n=2t+m=2s>m >0 and m € 2Z.

KPEDRD + - = (KT 3KD2 2K o ag — (KM KPR + )
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n—4 gon—4 rm n—4 grn—4 yrm—4

Remark. Whenn =4, (3.2)is K] K§KP' +-- = (K} PKy ?K 4 )as —2(KP KPP KP A+ ).
By the inductive hypothesis we know that K7 3K} 2Ky ' ... KA KP Ky + - KA Ky

Kg”“l + .-+ can both be generated by x1, 2, x3, z4. Notice that by Case 2 KIL_4K§LK§” 4 ... is also

generated by x1, 22,3, z4. Thus, K K3 K3" + -+ can be generated by z1,z2, 3, 4.

Case 5. n =degg, fi.s,m = degg, ft.s,m > degy, fism- In this case it is clear that we only need to

consider that n = 2s = m > 2t + m > 0. Then the proof is similar to that of Case 4.

Case 6. n =degy. fism (i =1,2,3). In this case we only need to consider that n = 2s = 2t +m = m.

K?KSK?T,L'F = (K{lilKgingfg’ +)$2 _Q(KIIKSK?A)L_"_)
— (KPR R ). (3.3)

By the inductive hypothesis we know that K7 'Ky 2Ky ™% ... K} 'K} *Ky~* + ... can both be
generated by 1, 79, 73, 24. Notice that by Case 4 KP KFKj3+- - - is also generated by x1, z2, ¥3, 4. Thus,
KT'KYKY + - -+ can be generated by 1, z2, 23, 24.

If n is odd.
Case 1. n=degy, fism > degk, fi,sm (i =2,3). It is easy to see that we only need to consider that
n=2t+m>2s>m>0.

KPKERY 4+ = (KP K3 2K o — (KY T KB K]+
— (KPURERD ) = (KPR R ),

By the inductive hypothesis we know K} *K3* ?Ky" ' + ... | K} *K3Ky + .- K]} Kyt 2Ky
,K{‘_4K225_4K§”_4 + .- can be generated by 1, T9, z3,74. So KMK25K5 + -+ can be generated

by T1,X2,T3,T4.

Case 2. n =degg, fi.sm > degk, fi.sm (i = 1,2). In this case we only need to consider n =m > 2s >

2t +m > 0. Then the proof is similar to that of Case 1.

To sum up, m = n, for any ¢,s,m € Z, fism can be generated by x1, 2,23, z4. By comparing the
degrees, it is obvious that zi, s, x3, x4 cannot be generated by the others, hence 1,3, 23,24 are the
minimal generators of (UZ,)W.

We need the following lemmas before proving the main theorem of this paper.

Lemma 3.4.  The quantum elementary Weyl symmetric polynomials x1,x2, 3, x4 satisfy the relation:
- 495% — 22129 — Taw3 — 2x123 + 824 + 16 = 0.

Proof. By a direct computation it is easy to get the above conclusion. We omit its proof.

Suppose that f € (U2)W, then f € k[K;, Ko, K3]. Using a lexicographic order, the first term is
called the highest term of f. For example, the highest term of x; is K;K2Kj, the highest term of
zy is K1K3K3, the highest term of z3 is Kj K3Kj5. Generally, the highest term of z"zh" 2z 32" is

Klml+m2+3m3+2m4K22m1+2m2+2m3+2m4K?’:n1+3m2+m3+2m4’ where my,ma, ms, My € N.

Lemma 3.5.  For any m;,m; € N,i = 1,2,3,4, we have that the highest term of x7" x5 x5z is
equal to the highest term of x;nlx;n"‘:r;%:c?‘* if and only if there exists d € Z such that m| = my, mb =
ma +d, mh = m3 —d,m) = my + 2d.

/ /

Proof.  “ <" Notice that the highest terms of 2] 25" 25** 2" and " :r2 2y :r4 are

Kiﬂl +ma+3mz+2my K22m1 +2ma+2ms3+2my th +3ma+mz+2my

L +mby+3mi+2m) 7 -2m] +2mb+2mi+2m)y ;-m]+3mby+mi+2m) .
and K{nﬁmﬁ mat m4K2m1+ mat2mat m4K;nl+ M2 METEMA pespectively. It follows that

my + ma + 3ms + 2my = m} +my + d + 3mj + 3d + 2m} — 4d
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=m/ + mb + 3mj + 2m/,
2my + 2mg + 2mg + 2my = 2m} + 2mY + 2d + 2mf + 2d + 2m)y — 4d
=2m + 2m} + 2mj + 2m),
m1+3m2+m3+2m4:m’1+3m§+3d+m§+d+2mﬁlf4d

= m} + 3mb + m4 + 2m)).
Thus we have

Kinl +mo+3mz+2my K22m1 +2ma+2m3+2my K;nl +3ma+mz+2my

’ ’ ’ ’ ’ ! ’ ’ ’ ’ ’ !
o mi+my+3ma+2my 7-2m7 +2my+2mag+2my p-my+3mo+mg+2my
= K] K K} ,

g . . m/ m/ m:l m/
Tay?xy®xy™ is equal to the highest term of xy 'xy 2x5 2xy *.
!

i.e., the highest term of 27" x5 25" x}

’

61

(3.4)

“ = 7 If the highest term of 2" 5?2332 is equal to the highest term of " x5 223 2", then we

have
my + ma + 3mg + 2myg = mj + mh + 3mf + 2m),
2mq + 2mg + 2ms + 2my = 2m] + 2mf + 2mf + 2my,

my1 + 3mg +mg + 2mg = mj + 3mh + mh + 2m}.

Thus we have m; = mj, ma — msg = mb — ms, 2ms + mg = 2m% + m/,. It follows that
mhy =mg — (m3 —mj), my=myg+ 2(m3 —mj).
Noticing that m4 = mg — (mgs — mj), set mg — m4 = d. Thus we have

my =my,
my = ma — d,
msy =ms — d,

mly = my + 2d.

Hence we complete the proof.

O

By Lemma 3.5, we can define a relation in N* as follows: (my, ma, mg, my) ~ (m}, mh, mh, m}), if there

exists d € Z such that

my =my, mh =mg —d,ms = msz — d,mly = my + 2d.

It is clear that ~ is an equivalence relation. Denote by N/ ~ the quotient set corresponding to ~, i.e.,

N*/ ~={[m1,ma, ms, ma] | m1,ma, ms, my € N},

where

[m1, ma, ms, my] = {(m/.mb, mjs, m}y) € N* | (m}, mh,mh,m}) ~ (mq, ma, ms, my)}.

Now, let k[y1,y2, Y3, y] be the polynomial algebra over y1,y2,y3,ya. For any f = f(y1,y2,y3,y1) =

Zi,j7s,t€N ai,j,s,tyiy%ygyztl € k[yly Y2,Y3, y4}7 let
P = {(Za]757t) | Qi 5 st 7é 0}
Then P is a finite set. Thus there exists r € Z* such that

P = ([t1,s1,m1,n]NPYU--- U ([tr, 8, mp, 0] N P),

where (t;,s;,m;,n;) € Nt i =1,... 7. Note that every [t;, s;,m;,n;] N P is a finite set, so we can properly
choose [t;, s;,m;, n;] such that for any (¢,s,m,n) € [t;, s;,m;,n;] N P we have s; —s > 0. This means that
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if (t,s,m,n) € [t;, $;,mi,n;] N P, then there exists d > 0 such that s; — s = m; — m = d. Thus we can
write f as

f=fit bt where fi= 3 anayiys Ty
0<d<min{s;,m;}

Let
d; = max{0 < d < min{s;,m;} | a; .4 # 0}

Then we have deg,, fi = ni + 2d;.
Now we can give the main theorem.

Theorem 3.6.  Using the notations above, we have

Z(Uq(5[4)) = k[y17y27y37y4]/‘[7

where I is an ideal generated by one element
yi — 497 — 25192 — Yays — 24193 + 8ya + 16.

Proof. By the Harish-Chandra isomorphism we only need to prove (U)W 2 k[y1, y2, y3,y4]/I. Define
a map
)W

o kly,y2, Y3, 94 — (U)W, w121, yoro 22, Yz a3, Yso Ta

By Theorem 3.3 we know o is surjection, thus we only need to prove kero = I.

In fact, on the one hand, since

o(y3 — 47 — 201y2 — y2ys — 201y3 + Bya + 16)
=22 —42% — 22129 — w23 — 271203 + 824 + 16 = 0,

it follows that y3 — 4y? — 2y1y2 — y2y3 — 2y1y3 + 8y4 + 16 € ker o, thus we have I C ker o.
On the other hand, let f(y17y27y37 y4) = Zi,j,s,tGN ai,j,s,tyiy%ygyi € kero. Write f = fl + f2 + -+
frowhere f; = 370 acmingsimi} ai qytiys Ty T4y T24 Then we have that

O'(f(ylay27y37y4)) = U(fl) +eee U(fT)

= E ay grit oy g g2
0<d<min{sy,m1}
+ § : arydxt{x;r—dl,'énr—deT—&-Zd
0<d<min{s,,m,}

=0.

In the following we will prove the theorem by induction on deg,, f.

When deg,, f = 0,1 or 2, since deg,, fi =n; +2d;, d; = 0,Vi=1,...,r. Thus we have that for every
fi, and there is only one term a; oy} ysiys yy'. It follows that we have o(fi) = a;ox}ay x5z}, From
the definition of f and Lemma 3.5 we get the highest term of o(f;), different from each other, where
i € {1,...,r}. Applying the lexicographic order to the highest term of o(f;), we get a; 0 =0, Vi=1,...,7.
Thus f(y1,y2,y3,y4) = 0, and then f(y1,y2,y3,y4) € kero.

Now suppose that for any f € k[yi,y2,vs,y4] with 2 < deg,, f < n and f € kero, we have
F(y1,92,3,9a) € I. Let f € [y, y2,y3,y4],deg,, f =n and f € kero. Noting that f = fi+ fo+---+ fr,
we can suppose that

deg,, fi=mn, i=1,2,...,0; deg,, fi<n,i=1+1,...,n
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Moveover, deg,, fi = n; + 2d;, so n; +2d; =n, 1 =1,2,...,1. Thus when 1 <14 <, we have

_ ti —d; TnI d; n —d, m;—d, n;+2d

fi=aiaq,yi'ys " ys E a; dy1 Yo'y Y .

0<d<d;
Thus we have
l
t; s;j—d m~—d.' n t; —d n;+2d
f=3 (%zdj T T S T o VA e ) Z fi-
J=1 0<d<d; i=l+1

It follows that

T

d; m;— —d m;—d
(ajdxlx2 ‘xg? “ Ty + E: ajdxlscz zy” @T)‘*‘E a(fi)

0<d<d; i=l+1

l r
dj mj— n 2 2 j—d —d 20
(% d; ‘Tl wy "y “ it § . aj, dwl wy g Ty ) + E o(fi)

1 0<d<d; i=l+1

MN

Jj=1

J
l

dj m;—d; al 2
(aadfﬁ m2 T3 (

T
—d_mj—d
- Z aj, ary zy ag T 932) + Z o(fi)

0<d<d; i=l+1

4x1 + 2x129 + 22923 + 2x123 — 824

<.
I
—

Let
g = g(y17y2,y3,y4)

—dy mj—d;
- Z (a] WYYy us T Yy (AE 4 200y + 2205 + 201y — Sya — 16)
=1

T
—d —d
+ Z agdyl 'y Y Z>+ > f

i=l+1

Then we have
a(9(y1,y2,Y3,94))

ti ts . d . d. _
= E (aj)djxfxf wy Yy Yl 2(495% + 2z 29 + 22973 + 20123 — 824 — 16)
—

,
t; sj—d _mj—d
+ Z ajdTy Ty T3 fUZ)‘F Z fis

0<d<d; i=1+1

e., 9(Y1,Y2,Y3,y4) € kero. Notice that 2 < deg,, g < n, so by the inductive hypothesis, we have
9 =9(y1,y2,y3,ys) € I. Moveover, we have

F 1,92, Y3, 94) — 9(Y1, Y2, Y3, Ya)
l

ti si—d; i—d;
= laja, vy s’ Vs Yl T (AT + 201y + 202ys + 291y — Sya — 16)]
j=1

el

it follows that f(y1,y2,ys3,y4) € I.
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Thus for any f(y1,y2, Y3, ¥1) = 22, ; sen i s aYilysyl € kero, we have f(y1,ya,y3,ya) € I, it follows
that ker o C I. Hence the assertion holds.

Based on the main results of this paper and [17], we formulate the following.

Problem 3.7. Describe the minimal generators in general for (U2, )" and the relation for the minimal
generators.
We will treat the case g = sl,, 1 in a forthcoming paper.
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