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1 Introduction and main results

Let K be an algebraic number field of finite degree n over the rational filed Q. The Dedekind zeta-function
Ck (s) of the field K is defined by, for o > 1,

CK(S)ZZm(la)S, s =0 +1it,

where a varies over the integral ideals of K, and 9(a) denotes its norm. If a; denotes the number of
integral ideals in K with norm k, then we have (x(s) = > p—; axk™*. It is known that a, is a multiplicative

function and satisfies
ap < d(k)", (1.1)

where d(k) is the divisor function, and n is the degree of K/Q, see e.g. [1].
It is a classical problem to study the [-th integral power sum of ay, i.e.,

> ah,  1=1,23,... (1.2)

k<z
Let K be an arbitrary algebraic number field of degree n > 2 over Q. Landau [12] proved that

> ap = cx+ O w1,

k<Lz
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where c¢ is the residue of (x(s) at its simple pole s = 1. It is a hard problem to improve Laudau’s
result. Later, Huxley and Watt [6] and Miiller [14] improved the results for the quadratic and cubic
fields, respectively. For any algebraic number field of degree n > 3, Nowak [15] established the best result
hitherto

6 (1.3)

Zakzcx—I—

O(xl— 2+ nomi2) (log z) s ), for 3<
k<Lx "z

n <
O(xl_i+2i2 (logz) =), for 7.

The case [ = 2 of the sum (1.2) was first considered in [2], where it was shown that if K is a Galois
extension of Q@ of degree n, then

Z ai ~ciz(logz)"™t,  asx — oo, (1.4)
k<z

for a suitable constant ¢; = ¢1(K).

If [l = 2 and K is a quadratic field with discriminant D = —4, then aj; denotes the number of integral
solutions of k = 22 + »2. In this case, Ramanujan [17] gave Formula (1.4) with the error term O(x5<).
Its proof can be found in [20].

In [1], Chandraseknaran and Good showed that if K is a Galois extension of Q of degree n, then for
any € > 0 and any integer | > 2, we have

S al = 2P(loga) + O~ 79), (15)

k<zx

where Pj(t) denotes a suitable polynomial in ¢ of degree n!=! — 1.

In this paper, we are able to prove the following results.

Theorem 1.1. If K is a Galois extension of Q of degree n, then for any e > 0 and any integer | > 2
_ 3

we have ) o, al = zP(logx) + O(a:1 w6 %) where Py(t) denotes a suitable polynomial in t of degree
ni=1 —1.

For some special fields, we are able to further improve Theorem 1.1.
Theorem 1.2. If K is an abelian emtenswn of(@ of degree n > 4, then for any € > 0 and any integer
I > 2, we have ) o, al. = zP(logz) + O(z' ’+s), where Pi(t) denotes a suitable polynomial in t of
degree n'=1 — 1.

Similarly for cubic fields, we have the following result.
Theorem 1.3. If K is an abelian cubic field, then for any € > 0 and any integer I > 3, we have

3

> k<a al = xP,(logz) + Oz~ 51 79), where Py(t) denotes a suitable polynomial in t of degree 3= — 1.

If 1 =2, we have 3, ., aj = xPy(logx) + O(z77).

For quadratic fields, we have the following result.
Theorem 1.4. If K is a quadratic field, then for any e > 0 and any integer | > 4, we have Zkgx a%e =
xP,(log z) + O(a:lfzsl *9), where Py(t) denotes a suitable polynomial in t of degree 2= — 1.

Ifl =2, we have 3, ., ai = aPy(log ) +O(x2+). If I = 3, we have D k< a3 = aPs(log ) +O0(23+9).

As an application of Theorems 1.1-1.4, we consider the number of solutions of certain congruences.
Let f(z) = 2% + 12?1 + -~ + ¢4, c1,...,¢q4 € Z, d > 2 be an irreducible polynomial, and Ny (n) the
number of solutions of f(x) = 0 (mod n). It is an important problem to study the function Ny(n). Let
L be the splitting field of f with the Galois group G = Gal(L/Q). If the Galois group G is abelian, the
field L is called an abelian field. In this case we also call f(z) an abelian polynomial.

In 1952, Erdés [3] proved the asymptotic formulae

x Ny(p) _
ZNf loga: * O((loga:)2>’ Z p = loglogz + c(f) + o(1),

p<z p<T
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and the lower estimate Y _ Nf(n) > x. In 2001, Fomenko [9] showed that

n<w

> Nyt =cpe+o( | ")

< log x
where C(f) is a positive constant depending on f. And for abelian polynomials f(x),
> Ni(n) = C(f)x + O(w exp(—B(log 2)))
n<w

holds for a certain positive constant B and an arbitrary fixed g < g Recently, Kim [8] proved that
unconditionally we have

> Ny(n) = C(f)a+ O'sHi7);
n<w
for abelian polynomials f(z), we have }: . N¢(n)=C(f)z + O(z ato +e).
It seems to us that no result about >, lec (n), I > 2 has been established. Following the same method
as Theorems 1.1-1.4, we are able to show similar results. For example, corresponding to Theorem 1.2,
we have the following result.

Corollary 1.5.  For any Abelian polynomial f(x) with degree d > 4, we have that for 1 > 2,
> Nin) = eQilog) + Ofa' it ),
n<w

where Q;(t) denotes a suitable polynomial in t of degree d'~' — 1.

After we completed this work, we found that one result about generalized divisor problems of Kane-
mitsu, Sankaranarayanan and Tanigawa [7]. If we apply their results to our problem directly, a slightly
weaker result can be established: If K is a Galois extension of Q of degree n, then for any € > 0 and any
integer | > 2, we have -, aj = xP,(logz) + Oz~ nlen *), where P, denotes a suitable polynomial of
degree n!=1 — 1.

2 Proof of Theorem 1.1

To prove Theorem 1.1, we need the following lemmas.

Lemma 2.1.  Let K be a Galois extension of degree n over Q, and ay, be defined in (1.1). Define
Di(s)=> apk™, o>1 (2.1)
k=1

Then we have Dy(s) = C}gfl (s)U;(s), where Uj(s) denotes a Dirichlet series, which is absolutely convergent
for o > é

Proof.  This is Lemma 1 in [1], whose proof is based on the decomposition law for prime ideals in Galois
extension. See, e.g., Section 1.5 in [19]. O

Lemma 2.2. Let K be an algebraic number field of degree n, Then Cx(1/2 4 it) < toT5(t = 1) for
any fixed € > 0.

Proof.  Heath-Brown [5] applied an n-dimensional variant of van der Corput’s method to establish this
subconvexity bound for the Dedekind zeta-function. |

Now we begin to complete the proof of Theorem 1.1. By (1.1), (2.1) and Perron’s formula (see
Proposition 5.54 in [11]), we have

1 b+iT 8 plte
I _
> aj = ori /7‘ Dy(s) Sds—i—O( T ) (2.2)
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where b =14+¢ and 1 < T < z is a parameter to be chosen later.
Next we move the integration to the parallel segment with Re s = ; +¢. By Cauchy’s residue theorem,
we have

. e 1 3 +e+iT b+iT 34e—iT e plte
.= s=1D . D d
Zak Ress=1 l(s)s +27rz{/2 +/2 +/b } l(s)s s+0< T )

h<ux lye—iT L de+iT —iT
X

1+e
::xPl(logx)—i—Jl—sz—i—Jg—kO(xT ) (2.3)

where P;(t) denotes a suitable polynomial in ¢ of degree n'~1 — 1.
By Lemma 2.2, and the Phragmen-Lindelof principle for a strip (see, e.g., Theorem 5.53 in [11]), we
have that for ; <o<1+¢,
Cr (o +it) < (14 |t])sGmte, (2.4)
Therefore, we have for ; <o<1+¢,
_ nl
G (o it)] < (|t + 1) 5 (=, (2.5)
For Ji, we have

T T
Ji <<x%+€+a:%+€/ |Dl(1/2+s+it)|t*1dt<<x%+€+a:%+€/ K (1/2 4 € +it) [t dt.
1 1

Then by (2.5) we have

T _
J < zate 4 pate log T max {Tll/ i (1/2 + € + it)|™ 1dt}
1x

Ty /2
l+e 3 +e —1 . ”l—O—s 1te l+e nl+s
Lz 422" log T max ¢ 17 teodty K x2 T 42T 6 TE, (2.6)
T<T T1/2

For the integrals over the horizontal segments, we have

b - 7Ll
J2+J3<</ 27| (0 +4T)|T 'do < max 2°T s (1=o)tep—1

é+5 %—Fséogb
4 1+e
s nt _ X 1 nt _
= max L) TE M« + a2t s Tite, (2.7)
l+e<o<b \T% T

From (2.3), (2.6) and (2.7), we have

1 nl
Z al = zP/(logz) + Oz TeT~ 1) + O(x2 T s ¢). (2.8)

k<Lz

3 _ 3
By taking 7' = z»'+¢ in (2.8), we have D, al = 2P/ (log z) + O(a:1 ni+s %) This completes the proof
of Theorem 1.1. |

3 Proof of Theorem 1.2

Let Q(Gm), G = em , be the least cyclotomic fields which contains the abelian field K. Then we call m the
conductor of the abelian field K. We have Gal(Q((,,)/Q) = (Z/mZ)*, and then H = Gal(Q((,)/K) can
be regarded as a subgroup of (Z/mZ)*. The characters of finite abelian group Gal(K/Q) = (Z/mZ)*/H
are also called the characters of field K. We denote the character group of K by K. Therefore K consists
of Dirichlet characters modulo m that are trivial on H.
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As a simple corollary of abelian class filed theory we can write (x(s) as a product of the Riemann
zeta-function and Dirichlet L-functions. More precisely, we have

=TT £6s.x) = <o) T Lsx)

K xeK
X€ X#X0

where x* is a primitive character modulo m’ with m’|m, which induces x mod m. For simplicity, we
shall write

n—1
Ce(s) = Cs) [T L5 x5), (3.1)
j=1
where L(s, x;) are primitive Dirichlet L-functions.
Therefore from Lemma 2.1, we have
n—1
nlfl nlfl nlfl
Di(s) = (e (s)U(s)=¢" () [T L™ (s.x)U(s), (3.2)
j=1

which admits a meromorphic continuation to the half-plane Re s > é, and only has a pole s = 1 of order
n!~1 in this region.
Now we begin to complete the proof of Theorem 1.2. By (3.2) and Perron’s formula (see Proposi-

tion 5.54 in [11]), we have

1 b+iT s 14
Sl = / Dis)" ds+o(” ), (3.3)
211 b—iT S T
k<Lz
where b=14+¢ and 1 < T < z is a parameter to be chosen later.
Next we move the mtegratlon to the parallel segment with Re s = % +e. By Cauchy’s residue theorem,
we have
1 . . 1 .
Z‘s 1 2 +e+1iT b+iT 2 +e—iT Z‘s xl—‘—s
Zaﬁc = Ress=1Di(s)” + {/ +/ +/ }Dl(s) ds + O( )
<z S 2mi L4e—iT LpetiT b—iT s T
xl—O—s
::xPl(logx)—i—Il—i—Ig—i—Ig—i—O( T ) (3.4)

For Iy, by (3.2) we have (note that n > 4 and | > 2)

T
L <zte +a:é+s/ |Dy(1/2 + ¢ +it)|ttdt
1

T
<z2te +x5+€/ CE(1/2 4+ & +it) |t dt
1

T 3
<<a:5+€+a:5+5/ CB1/2+e+it)C" T3(1/24 ¢ +it) H (1/2 4 ¢ +it, x;)*
1 =1
3 — ljl
x [T L(1/2+ e +it, x;)" ‘3HL 1/24 ¢ +it,x;)" |t~ dt
Jj=1 Jj=4

l_
<<x5+5+x5+5/ t" e gy,

3
CG(1/2 +e+it) H (1/2 + ¢ +it,x;)?
1 :

where we have used L
C(1/2+1at) < (1 + [t])s e, (3.5)

and
|L(1/24¢e+it,x)| < (1 4+ [t])sT=. (3.6)

Then we have

nl_12 Ty i3
I <z 4227 log T ma {T o 1 (/ ¢(1/24¢+it) 12dt> (
1 g7 max (T T1/2|(/ )l 11

1

T
/ L(1/2+e+it, Xj)|12dt> }
T1/2

Jj=1
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e e it (3.7)

where we have used
T1 Tl
/ IC(1/2 + & +it)|*dt < T and |L(1/2 + ¢ + it, x)|*2dt < TFe.
T1/2 T1/2

These results can be established by Gabriel’s convexity theorem (see e.g. Lemma 8.3 in [10]), and the
results of Heath-Brown [4] and Meurman [13], respectively, which state that

T1 Tl
/ IC(1/2 +it)|*dt < TE(logT1)'" and / |L(1/2 +it, x)|*2dt < TF=.
T /2 T1/2

By (2.4), for the integrals over the horizontal segments we have

b

— nl
I+ I <</ 27| (0 +4T)| T 'do <  max 2°T s (1-o)tep—1
%+e ;Jregagb
a 1+e
= max ( v ) T e T gy Sl (3.8)
L+e<o<b \ T T
From (3.4), (3.7) and (3.8), we have

lerE 1 nt

Z al, = xP/(log ) + O( T ) +O(z2TeTs ~17e), (3.9)
k<z

By taking T' = zal in (3.9), we have 37, al = xP(logz) + O(xl_:l *). O

4 Proof of Corollary 1.5

Let f(z) = 2% + 12?1 + - + ¢4, c1,...,¢q4 € Z, d > 2 be an irreducible polynomial, and Ny(n) the
number of solutions of f(z) = 0 (mod n). L is the splitting field of f with the Abelian Galois group
G = Gal(L/Q).

To prove Corollary 1.5, we firstly introduce the L-function associated with N ]lc (n),

= Nj(n)
f
L(s) = . 4.1
@=3", (11)
Since Ny(n) is multiplicative, for Re s > 1 we can write
Nl P Nl p2
L(s):H(1+ f£)+ fis)+.--). (4.2)
» p p

Essentially, Kim [8] showed that except for finitely many primes,
ap = Ng(p), (4.3)

where a,, denotes the number of integral ideas of L of norm p. See [3] for a detailed argument.

From Lemma 2.1, we have
o0

L 1—1
Di(s) =\ = (&)U s),
k=1

where Uy (s) denotes a Dirichlet series, which is absolutely convergent for o > J. Then we have

g1 al alz
4 (s)Ul(s):H(1+ps+p2s+~-~>. (4.4)

p
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From (4.2), (4.3) and (4.4), we have that for Res > 1,

= Nj(n)

nS

L(s) = = (S)UL(s)Us(s) = Dis)Ua(s), (4.5)

n=1

where Uj(s), j = 1,2 denote two Dirichlet series, which are absolutely convergent for o > % Therefore,
L(s) admits a meromorphic continuation to the half-plane Re s > %, and only has a pole s = 1 of order
d'~1 in this region.

By (4.5) and the same arguments in Theorem 1.2, we obtain Corollary 1.5. ad

5 Proofs of Theorems 1.3 and 1.4

The proofs of Theorems 1.3 and 1.4 are similar to that of Theorem 1.2. As an example, we give a sketch
proof of Theorem 1.4.
To this end, let us recall one result of Sankaranarayanan.

Lemma 5.1. Let K be a quadratic field. Then we have that for T > 1 and any € > 0, f;T [Cr (1/2 +
it)|®dt < T?Fe.

Proof.  See the main result in [18]. O

Now we begin to prove Theorem 1.4. For the case [ = 2, for I; in (3.4) we have
1 1 T 2 1
L <<x2+5+x2+5/ ICk (1/2+e+it)|t " dt
1
: ; g 2 2,1
<<x2+5+x2+5/ |C(1/2 4 & +it)*L(1/2 4 & +it, x)?|t 1dt
1

T1 % Tl é
<<xé+6+x§+5logT7rpg)§{Tll</ |<(1/2+s+it)|4dt> (/ |L(1/2+6+it,x)|4dt> }

1S T /2 T /2
<a2te, (5.1)

where we have used

T1 Tl
/ IC(1/2 4 £ + it)|*dt < T+ and IL(1/2 4 £ + it, x)|Adt < T)+<.
T /2 T /2

These results can be established by Gabriel’s convexity theorem (see, e.g., Lemma 8.3 in [10]), and the
two following classical results (see, e.g., Theorems 29.3.1 and 29.3.4 in [16]),

T1 Tl
/ IC(1/2 +it)[*dt < Ty (logT1)* and |L(1/2 4 it, x;)|*dt < Ty(log T1)*.
T1/2 T1/2

Inserting this estimate for I; into (3.9), we obtain the expected result.
For the case | = 3, for I in (3.4) we have

T
L<z2te 4 x5+€/ |Gk (1/2+ e +it)|t " dt
1
1

T 3 T 2
<<x%+€+x%+flongax{T;1</ |CK(1/2+€+z't)|6dt) </ |CK(1/2+5+z't)|2dt) }

™<T T1/2 T1/2
<x2te fpaterate) (5.2)

where we have used

2T1
/T ICk(1/2 4 & +it)|%dt < T**=. (5.3)
1
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These results can be established by Gabriel’s convexity theorem and Lemma 5.1. Inserting this into (3.9)
and choosing T' = xé, we obtain the expected result.
For the case [ > 4, for I; in (3.4) we have

T
L<zate 4 x%+€/ 27 (1)2+ e+ it) [t dt
1

ol 12 T
<x27¢ 4 221 log T max {Tl o 1/ |CK(1/2+e+it)|6dt}
LT T /2

<<x5+5+x5+5T26l’1+5, (5.4)

where we have used (5.3), and Lemma 2.2 with n = 2. Inserting this into (3.9) and choosing T = 3l ,
we obtain the expected result.
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