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1 Introduction
Consider the following stochastic Burgers and Ginzburg-Landau equation on the real line:

du(t,z) = [VO2u(t,z) + co - Opu(t,x)® + c1 - u(t, z) — c2 - u(t, v)%]dt

+3 " owlt, zult, z)dWE (1), (1.1)
k
u(0,z) = up(z), =€R,

where cg,c1 € R, v,co > 0, {W¥(t),k € N} is a sequence of independent standard one-dimensional
Brownian motions, and the coefficients {0,k € N} satisfy some smoothness conditions. Up to now,
there are many papers devoted to the studies of stochastic Burgers equation and stochastic Ginzburg-
Landau equation (cf. [1,6,7,19] and references therein). In [6], using heat kernel estimates, Gyongy and
Nualart proved the existence and uniqueness of L?(IR)-solution to stochastic Burgers equation on the
real line. By solving an infinite-dimensional Kolmogorov equation, Réckner and Sobol [19] developed a
new method to solve the generalized stochastic Burgers and reaction diffusion equations. More recently,
Kim [7] studied the stochastic Burgers type equation with the first order term having polynomial growth,
as well as the existence of the associated invariant measures.

Since all of these works are concerned with stochastic Burgers equation driven by space-time white
noises, they had to consider weak or mild solutions rather than strong or classical solutions. A natural
question is: do there exist smooth or classical solutions in x to equation (1.1) if all the data are smooth?
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Of course, for this question, we can only consider it driven by white noises in time and coloured smooth
noises in space. We remark that for the deterministic Burgers equation, i.e., o = ¢; = ¢ = 0 and
co = 1,v > 0, it is well-known that there exists a unique smooth solution if the initial data are smooth
(cf. [8]).

Let us also consider the following stochastic 2D Navier-Stokes equation in R?:

Orur = vAuy — U105, U1 — u203,u1 — gy p + f1,
Opuy = VAU — U1 Oy, ug — U203, us — Dy, + fo, (1.2)
811111 =+ (9z2UJ2 =0,

where v is the viscosity constant, u(t,x) = (u1,us) is the velocity field, p is the pressure function,
and f = (f1, f2) is white in time and additive stochastic forcing. In [17], Mikulevicius and Rozovskii
studied the existence of martingale solutions for arbitrary dimensional stochastic Navier-Stokes equations
in the whole space. In particular, they obtained the existence of a unique weak solution for the above
two-dimensional equation. In the periodic boundary case, using Galerkin’s approximation and Fourier’s
transformation, Mattingly [15] proved the spatial analyticity for the solution to the above stochastically
forced 2D Navier-Stokes equation. However, using his method, it seems hard to consider the multiplicative
noise force.

As for the stochastic 3D Navier-Stokes equation, Rockner and the author [20,21] recently studied the
following tamed or modified scheme in the whole space R? and periodic cases:

3 3
3tuj = VAUj — Zui(’?muj — &ij — gN(Z |ui|2)uj + fj, ] = 1,2,3,
i=1 i=1 (13)

3
Z 8a:iui =0,
i=1

where the taming function gy : Ry — Ry is smooth and satisfies that
gn(r)=0 onr<N and gn(r)=(r—N)/v onr>=N+2.

In [21], we proved the existence of a unique strong solution as well as the ergodicity of the associated
invariant measure under periodic boundary conditions. The proof of the existence is mainly based on
Galerkin’s approximation, and the smooth solution of (1.3) is not obtained therein.

Our main purpose in this paper is to present a unified setting for proving the existence of smooth
solutions to the above three typical nonlinear stochastic partial differential equations. We first consider
an abstract semilinear stochastic evolution equation in the scope of Hilbert scales determined by a sectorial
operator. Here, the analytic semigroup generated by the sectorial operator plays a mollifying role, and will
be used to construct a regularized approximation sequence of stochastic ordinary differential equations in
Hilbert spaces. After obtaining some uniform estimates of the approximating solutions in the spaces of
Hilbert scales, we can prove that the solutions of approximating equations strongly converge to a smooth
solution. Our approach is much inspired by the energy method used in the deterministic case (cf. [14]),
and is different from Galerkin’s approximation and semigroup methods which were extensively used in
the well-known studies of SPDEs (cf. [4,11], etc.). We remark that the regularity of solutions will be
decreasing when we use the semigroup method to deal with SPDEs (cf. [2, Sections 5 and 8]). The main
advantage of our method is that we can obtain better regularity unlike the semigroup method.

In [26], using the semigroup method and nonlinear interpolations, we have already proved the existence
of smooth solutions to a large class of semilinear SPDEs when the coefficients are smooth and have all
bounded derivatives. However, the result in [26] cannot be applied to the above mentioned equations. It
should be emphasized that the existence of smooth solutions for nonlinear partial differential equations,
for example, Navier-Stokes equations, usually depends on the spatial dimensions. Thus, it is not expected
to use our general result (see Theorem 2.2 below) to treat high-dimensional nonlinear SPDEs and obtain
smooth solutions. Nevertheless, we may still apply our general result to achieving the existence of
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strong solutions for a class of semilinear SPDEs with Lipschitz nonlinear coefficients in Euclidean space
(cf. [9,10,16]). We also want to say that although our main attention concentrates on the above three
typical nonlinear SPDEs, our result can also be applied to the stochastic Kuramoto-Sivashinsky equation
and stochastic Cahn-Hilliard equation (cf. [23]), as well as the stochastic partial differential equation in
the abstract Wiener space (cf. [25]).

This paper is organized as follows: in Section 2, we shall give the general framework and state our
main result. In Section 3, we devote to the proof of our main result. In Section 4, we investigate a
class of semilinear SPDEs in the whole space and in bounded smooth domains of Euclidean space, and
obtain the existence of unique strong solutions. In Section 5, we study stochastic Burgers and Ginzburg-
Landau equations on the real line, and get the existence of smooth solutions. In Section 6, we prove
the existence of smooth solutions to stochastic tamed 3D Navier-Stokes equations. In particular, we
obtain the existence of maximal smooth solutions for the genuine 3D SNSE. In Section 7, stochastic 2D
Navier-Stokes equations with multiplicative noises in the whole space are considered.

Convention: The letter C' with or without subscripts will denote a positive constant, which is unim-
portant and may change from one line to another.

2 General settings and main result

Let (H,|| - |lm) be a separable Hilbert space, £ a symmetric and non-positive sectorial operator in H,
which generates a symmetric analytic semigroup (%¥.)eso in H (cf. [18]). It will play a mollifying role in
the sequel. For a > 0, we define the Sobolev space H* by

H* := 2((I — £)*/?)
together with the norm
lulla = [I( = £)*/2ul|s.

The inner product in H® is denoted by (-,-) . The dual space of H* is denoted by H~ with the norm

lull—a := I =€)~ .

Then (H%),er forms a Hilbert scale (cf. [12,22]), i.e.,
(i) for any o < 8, H® C H;
(ii) for any oo < v < B and u € HP,

TR
[ully € Capryllulla™ - HuHﬁ - (2.1)
Set H* := 1,y H™. Then (cf. [18])

Proposition 2.1. For all integer m € Z, we have
(i) H™ is dense in H™, and for every ¢ >0 and v € H™, Tu € H*>;
(ii) for every e > 0 and u € H™,

(I —&)"?Tu =T (I — &)™ ?u;

(iii) for every e >0, k =1,2,... and u € H™**,

52l

”Eeu - u”m < Cm,k s
(iv) for every e >0 and u € H™, £k =0,1,2,...,

Ci
[ Feullmir < 6:;2 N2/l
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Let {2 be the usual Hilbert space of square summable sequences of real numbers. Let (Q, F, (F;)t>0, P)
be a stochastic basis. A family of independent standard one-dimensional (F;)-adapted Brownian motions
{Wk(t);t > 0,k =1,2,...} on (Q,F,P) are given. Then {W(t),t > 0} can be regarded as a cylindrical
Brownian motion in /2 (cf. [4]).

Consider the following stochastic evolution equation

du(t) = [Su(t) + F(t,u(t)]dt + 3 Bit,u(®)dW (), u(0) = uo, (2.2)
k

where the stochastic integral is understood as Ito’s integral, and for some K € N the coefficients
Ft,w,u) : Ry x Qx HE = H™' and B(t,w,u): Ry x Q@ x H° — H’ @ 2
are two measurable functions, and for every ¢t > 0 and u € H¥,
F(t,-,u) € Fi/BMHY), B(t,-,u) € Fi/BMH’ ®1?).

We also require that F(t,w,u) € H? for u € HX*! and By (t,w,u) € H™ for any m € N and u € H™L.
We make the following assumptions on F' and B:
(H1g) There exist ¢1,¢2 > 1 and constants g, A1, A2, A3, Ay > 0 such that for all (¢,w) € R4 x Q and
u,v € HX,

[F(tw,u) = F(t,w,v)l|-1 < Ao - ([[ullF + [v% +1) - lu—vlo, (2.3)
> IBr(t,w,u) = Bi(t,w,v)|[§ < A flu—v]3, (2.4)
k
and for v € HX*1!,
1
(u, F(t,w,u)) < —2Hu|\f+>\2 ~([lull§ + 1), (2.5)
[F(tw,u)llo < As - (lullg+1 + lullZ + 1), (2.6)
D Bt w, w)llg < Ao - (lullg + 1) (2.7)
k

(H2x) For some integer K > K, and each m = 1,... K, and any § € (0, 1), there exist v, Bm = 1
and constants A1, A2 > 0 such that for all u € H* and (¢,w) € Ry x Q,

(u, F(t,w,u)), = (I —£)" 2u, (I — £)"2 F(t,w,u)),

1 «
< 2|\U|\?n+1+A1m (flullmmy +1) (2.8)
and
S Bkt w, w)ll2, < SllullZ, 0+ Nam - (lulliry +1). (2.9)
k

Our main result is that

Theorem 2.2. Under (Hlg) and (H2x) with K > K > 1, for any ug € H¥, there erists a unique
process u(t) € H such that
(i) the process RT >t +— u(t) € HO is (F;)-adapted and continuous, and for any T > 0 and p > 2,

T
B( sup [u@E)+ [ Elu(s)fds < +oo
s€[0,T] 0

(i) u(t) satisfies the following equation in H°: for all t > 0,

u(t) = ug —|—/0 [Lu(s) + F(s,u(s))]ds + Z/o By (s,u(s))dW*(s), P-a.s.
%
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Remark 2.3. By (2.6), (2.7) and (i), one knows that all the integrals appearing in (ii) are well defined.
Moreover, if for some C' > 0, p > 1 and any u € H**!,

1£(s, u)llc—1 < C(lJullcrr + llullie + 1),

then we can find an H*-valued continuous version of u (cf. [22]).

Remark 2.4.  The solution u(t) also satisfies the following integral equation via the analytic semigroup
((ft)@oi

u(t) = Truo + /0 T F(s,u(s)ds + 3 /0 T, \By(s, u(s))dW*(s).
k

Using this representation, we can further prove the Holder continuity of u(¢) in ¢ (cf. [25]).

3 Proof of Theorem 2.2

3.1 Regularized stochastic differential equations

For m =0,...,K, consider the following regularized stochastic ordinary differential equation in H™:

du(t) = A“(t,u(t))dt + > Bi(t, ut (1) AW (1), u(0) = uo, (3.1)
k

where the regularized operators are defined by:
At w,u) =T LT u+ T F(t,w,Teu), Bp(t,w,u): =T Bi(t,w,Teu).
The following two lemmas are direct from (H1lg) and (H2x). We omit the proof.
Lemma 3.1. There exists a constant C > 0 such that for any e > 0 and all (t,w) € Ry x Q, u € HO,
(1, A%t 0, 0)) < = [Tl + C(hull3 + 1),
DBkt w,w)llf < C(llullf + 1)
k

Lemma 3.2. For anym =1,...,K and § € (0,1), there exist two constants C,,Cy,.5 > 0 such that
for any € >0 and all (t,w) € Ry x Q and uw € H™,

€ 1 Qm
<u7A (tvwvu»m < _2”Seu|‘3n+1 + Cm(”“' m—1 + 1)7

Yo IBitw, w3, < STl + Craslullpy + 1),
k

where auy, and By, are the same as in (H2x).
We also have
Lemma 3.3. For any m = 0,..., K, the functions A® and B are locally Lipschitz continuous in H™
with respect to w. More precisely, for any R > 0 there are Crc, C}%}E > 0 such that for all (t,w) € Ry xQ
and u,v € H™ with ||u||m, ||v]|m < R,
|A€(t,w,u) — A (t,w,v)||;m < Cr.e|

)

D Bt w.u) = Bi(t,w,v)l[, < Cpellu =7,
k

U — Ul|m,

Proof. By (ii) and (iv) of Proposition 2.1, we have

[TeL(Teu) — TL(Tev)[lm = |1£F2e(u — V) [lm < Cel|u = v|lm,
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and by (Hlg),

ITF (t, Teu) = TF (8, Te0) |5, + Y 1T Bi(t, Teu) — TeBi(t, Tev) 7,
k
< Cel|F(t, Teu) = F(t,Tev)| 2y + Ce Y | Bilt, Teu) — Bu(t, Tev)ls
k

< CrelTeu = Toll3 < Crellu - v

The proof is complete.

We now prove the following key estimate about the solution of regularized stochastic differential equa-
tion (3.1).
Lemma 3.4. For any uy € H®, there exists a unique continuous (F;)-adapted solution u to (3.1) in
H* such that for anyp > 1 and T > 0,

T
sup E( sup Hue(t)HIQCp) + sup / E[|Tcu(s)|[f41ds < Cpor. (3.2)
c€(0,1)  \te[o,T) ce(0,1) Jo

Proof. First of all, it is a standard fact by Lemma 3.3 that there exists a unique continuous (F;)-
adapted local solution u*(¢) in H™ for any m = 0,...,K (e.g., [4]). We now use the induction method to
prove that

u€(t) is non-explosive in H™ and, for any p > 1 and T > 0,

sup IE( sup ||u€(t)||3f> <Cpmpr, m=0,...,K.
e€(0,1) te[0,T]

(me);

By the standard stopping times technique, it suffices to prove the estimate in (£2,,). In the following,
we fix T' > 0. By It6’s formula, we have for any p > 1,

a2 = lluoll72 + Im1 (t) + Im2(t) + Ims(t) + Ima(t), (3.3)

where
Imi(t) := 2p/0 [[u ()27~ (u (), A(u(s))),, ds,

Ima(t) = QPZ/ [u ()27~ (u(s), Bi.(s, u(s))),,, dWF,
k=170
— = ! ut(s 2(p—1) €(s u(s 2 s
I3 (t) - p%/{) [ ()57 1 Bic(s, u(9)) 7 ds,

0ot
Ima(t) = 2p(p = 1) 3 / e ()27~ (u (), B (s, u”(s)),, s
k=1
Let us first look at (Zy). By Lemma 3.1 and Young’s inequality, we have

Ion() + Toa(t) + Toa(t) < Gy / ()| + 1)ds (3.4)

Taking expectations for (3.3) with m = 0 gives that

Eflus($)5" < lluollg” + Cy / (B[lu(s)5” + 1)ds
By Gronwall’s inequality, we obtain that for any p > 1,

sup EfJu ()15 < Cpr([luolls” + 1)- (3.5)
te[0,7)
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On the other hand, by Burkholder’s inequality and Lemma 3.1 again, we have
’ 4(p—1) Yz
B sup o)) < GE( [ I V(o). B o)y s )
s€[0,T] 0
T
<GE( [ ey (Z B3 (IR Jas ) 1/2
0

<ci( [ T(Huf(s)l\ép " 1>ds)1/2
<o/ @)1 + 1>ds)1/2

< Cpr(lluollg” + 1),

where the last step is due to (3.5). Thus, by (3.4) and (3.5), it is easy to see that (Z) holds.
Suppose now that (£2,,—1) holds. By Lemma 3.2 and Young’s inequality, we have

t
L (1) gp/o [l ()77 Teu (8) 1+ 2Cm[[u ()5 - (Ju ()5 + 1)]ds
t t
—p/o IIUE(S)II%’H)I\SEUE(S)II%HdS+Cm,p/0 luc(s)|77ds
t
+ Cmyp | ([ ()l 27 + 1)ds, (3.6)
0

and for any 0 € (0,1),

t
I 0) + Tna(®) < p(20=1) [ eI ( )y |Bz<s,u€<s>>|?n)ds
0 k
t
<p(2p—1)5 / () 2D T (5) 2,1 s
t t
+Co / () 22ds + Cop / (lu(s)[Z%% + 1)ds. (3.7)
0 0

Choosing § = 2(2;71) and taking expectations for (3.3), one finds that

t
€ p € — €
Ellu ()7 + 2/0 E(|fu(s) 387~ - 1Teu(s) 7 q1)ds

t t
< uoll7% + Comp | Ellu(s)l[77ds + Crn.p ; E(llu(s) [l 1 + 1ds,

where p,, :=p - (Qn V Bm).
By Gronwall’s inequality again and (£,,,—1), we get for any p > 1,

T
sup EIW(t)IIier/0 E([[u(s)[5P VI Teu(s)741)ds < Compr (3-8)

t€[0,T

Furthermore, by Burkholder’s inequality and (3.8), we have

5 sup 1oate) < ([ @l ||<u€<s>,Bf<s,u€(s>>>m|%ds)m
<G [ I (S sl ) a) "

T
<0pE( sup s (s)|1 - [ / Ju (5)] 20

s€[0,T]
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1/2
% (B Tet () Poss + Coms () |12 1+1>>} )

1 T ~ .
< 2E( sup Hue(t)llilf) +Cp5/0 E([[u ()77 V|1 Teu () 741 ds

t€[0,7)
T
+Cm,p/0 E([Jus ()71 (Ju(s) [y +1))ds

1
<LE( sup [u ®)I2) + Conpur,
2 \iepo,1)

which together with (3.3) and (3.6)—(3.8) yields

1 T
LE( sup W OI2) < Cunpr + Conp [ E(lu(5)[12721 + 1)ds < Conpr
t€[0,T) 0

So, () holds. The proof is complete.
3.2 Convergence of u¢(t)

Lemma 3.5. For any R > 0, there exists a constant Cr > 0 such that for any 0 < ¢ < e < 1,
(t,w) € Ry x Q and u,v € HEFL with ||u| k., |v] x < R,

(u—v, A°(t,w,u) = A% (,w,0)) < Cr - Ve (1+ [ Tev|l 1) + Cr - [[u— |5,
Y IBi(t w,u) = B (tw,v)llg < Cr - Ve (1+ [ Tev]3) + Cr - [lu —vl5.
k

Proof.  We only prove the first estimate. The second is analogous.
First of all, by (ii) and (iii) of Proposition 2.1, we have

(u—0,TL(Feu) — T L(Terv))y = (Te(u —0), L (u — v)) g + (U — v, (Tae — Taer) L),
< —[[Te(u = )|} + |Te(u = 0)[I§ + Cr - [[(T2e — Taer)vllx
< —[[Te(u—0)[} + Cllu—v[[§ + Cr - Ve [|Tevll2. (3.9)

Second, we decompose the term involving F' in A€ as:

(u—v,TF(t,Teu) — T F(t,Tev))y = (Te(u —v), F(t, Teu) — F(t, Tov)),
+((Fe = Ter)(u = v), F(t, Terv))g
= Il + IQ.

By (2.3) and (iii) of Proposition 2.1, we have for I,
< 1Tl = ) + I F( Tew) — B o) 12
< 1Tl =)l + Cr - | Tew — Tl
< ITu =)} + Cr - Ve + Cr - Ju— ol
and for I, by (2.6),
I < (5 = o) = 0)lo - IF (L Tov)llo < Cr Ve ([Tevllis +1).

Combining the above calculations yields the first one.

We now prove that
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Lemma 3.6. For any T > 0, we have
lim IE( sup [Ju(?) —ue’(t)ng) —0.
€€e’l0 - Nielo,T]
Proof. Forany R>0and 1> e > ¢ > 0, define the stopping times
T;%’E/ =1inf{t > 0: ||u ()] x A ||u€l(t)|\K > R}.
Then, by Lemma 3.4, we have

E(supyeqo,ry(|u ()15 A llu ©)11%)) cOr

P(r5¢ < T) < 2 < o (3.10)
Set
o(t) == uc(t) — ut ().
By It6’s formula, we have
[0 = () + J2(t) + J5(t), (3.11)

where

J3(t) =2 / (v(s), Bi(s,u(s)) — B (s,u” (s)))odWP.

k

By Lemma 3.5, we have

’
€

, , T , t/\TR
TUEATS) + Jo(t ATE) < Cr - e (1 +/ I Tous (3)||§(+1d5> n CR/ o(s)|2ds
0 0

T t
< Cp-e- (1 +/ |Zerus (s)||%(+1ds> + C’R/ lo(s A TR° Y|2ds.  (3.12)
0 0

Hence, by Lemma 3.4 and taking expectations for (3.11), we obtain

t
Elfo(t A 52 < Cro - Ve + CR/ Eflo(s A 75%)|[2ds.
0
By Gronwall’s inequality, we get

sup Elv(t AT5)|2 < Cror - Ve. (3.13)
t€[0,T]

On the other hand, setting

B(s,e,¢) ==Y ||Bi(s,u(s)) — Bf. (s,u” (s))|2,
k

by Burkholder’s inequality and Young’s inequality, we have

1/2

T/\T;e/
B( s (n@N) <CB( [ I B s)
0

€ FI
s€[0,TATE ]

1 5 'T/\TI;YE ,
< E( sup ||v(s)||0)+CIE3 B(s, e, ¢')ds ).
2 0

’
s€[0,TATE ]
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Thus, by (3.11)-(3.13) and Lemma 3.5, we obtain

E( sw o)) < Cra - Ve,
sE[O,T/\T;’E/]

Therefore, by Lemma 3.4 and (3.10), we get

E( sup [[v(s 2):]E( sup [[v(s)||2 -1, .o )—HE( sup [lo(s)||2-1, co )
e [v(s)15 e [o(s)lo -1 e oy SG[O,T]H (s)]2 (257}

1/2 €€’
< [E( sw Iw@)IE)] " P < T HE( s o(s)l})
5€[0,T] s€[0,TAT5< ]

< Crr-Ve+Cr/R.

Last, letting € | 0 and R — oo yields the desired limit.
We are now in a position to give
Proof of Theorem 2.2.  First of all, by Lemma 3.6, there is a u(-) € L?(Q, F,P; C([0,T]; H®)) such that

lim IE( sup [uc(s) — u(s)ng) -0, (3.14)
=0 \gepo,1)

which together with Lemma 3.4 yields that for any p > 1,

T
B sup [u®)F) + [ Efu(s)[E 1ds < Cpr.
te[0,7] 0

We now show that wu(t) is a solution of (2.2) and satisfies (ii) of Theorem 2.2. It suffices to prove that
for any v € H*,

(v, u(t))g = (v, uo)o + / (v, Lu(s))ods + / (v, F(5,u(s)))ds
+zk:/0 <U’Bk(37u(3))>odwk(3), P-a.s.
Note that
(v, u(£))g = (v, uo)y + /0 (v, T LT u(s)) s + /0 (v, T F (s, Teu (s))) s

+Z/O (v, T By (s, Teu(s))) o dWF(s), P-aus.
k

We only prove that the third term on the right-hand side converges to the corresponding term, that is,
ase ] 0,

Li;p)
—_—

Pt,e) := /0 (v, TF (s, Teus(s)) — F(s,u(s))),lds 0. (3.15)

For any R > 0, define the stopping times
TR = inf{t > 0: Ju“ ()] x A llu(®)]x = R}.
Thus,
P(t,e) =P(t,€)  1izgzey + Pt €) - Lire <iy- (3.16)
For the first term of (3.16), we have by (Hlg),

E(P(t,€) - 1ire ) S E(P(EATR,€))
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< [ T P T ) - Fls o))
([ " - o F(s, )l

<imat-B( [ 1R Tt o) - ool a0s)
et ol B( [ IR sl

(2.3) t
< CR-Hvlll'/ E([Teu(s) — u(s)llods + Crr - € - [[v]s.
0

For the second term of (3.16), as above it is easy to see by (2.6) and Lemma 3.4 that
E(P(t,€) - 1{rg<ty) < Cr - P(rf, < t)'/? < Cr/R.
Therefore, letting € | 0 and R — oo for (3.16) gives that

lellrgl E(P(t,¢)) = 0.

The uniqueness follows from similar calculations as in proving Lemma 3.6. The proof is thus complete.

Remark 3.7. By (3.14) and Lemma 3.4, using interpolation inequality (2.1) and Hélder’s inequality,
we in fact have for any 0 < o < I,

HmE( sup [u(s) —u(s)|%) = 0.
imE( sup [u°(s) ~ u(o)l)

4 Strong solutions of semilinear SPDEs in Euclidean space

Consider the following Cauchy problem of SPDE in R%:

d
du(t,z) = [Au(t,x) + Z@Iifi(t,w,x,u(t, z)) + g(t,w,z, u(t,z))|dt
i=1

+ Z or(t,w, z, u(t,z))dWk(t),
k

(0, z) = up(x),

where A := Zle 82 is the Laplace operator, and the other coefficients are respectively measurable with
respect to their variables:

f:Ry x QxRYx R — RY
g: Ry x QxR SR,

o:Ry x QxR — 2

We impose the following conditions on f, g and o
(A1) Foreachz € R%, z € Rand t >0, f(t,-,x,2),9(t,-, v, 2) and o(t, -, z, z) are Fi-measurable.
(A2) There exist k1, k2 > 0 and hg, hy € L?(R) such that for all (t,w) € Ry x Q, z € R? and z € R,

Hazf(t,w,x,Z)HRd + |8zg(t,w,x,z)| + ||820(t7w7x7z)||12 < ki,
and for j = 0,1,

||v;f(t7w7xvz)||Rd + |Vig(t,w,x,z)| + ||V;U(t’w7xvz)|‘l2 < '%2|Z| + hj(x)7
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where V, = (04, ..,0z,) is the gradient operator.
For m € Ny := {0} UN, let WJ*(R?) be the usual Sobolev space in R?, i.e., the completion of the space
Cs°(R?) of smooth functions with compact supports with respect to the norm

fulln = ([ Ju@Pae + [ 197uto |dx) ([ o-m%u >|da:)

Set H™ := WZ*(R?%) and £ := A and define for u € W21 (R9),

/2

F(t,w,u) Z@ Silt,w, - u(e) + gt w, - u(-)), (4.1)
By (t,w,u) = Uk(t,w, u(r), kel (4.2)

For the simplicity of notations, the variables ¢t and w in F' and B will be dropped below.

Lemma 4.1. Assume (Al) and (A2). Then Namiki’s operators F and B defined by (4.1) and (4.2)
satisfy (H11) and (H21).

Proof.  Notice that (I — A)~28,, and (I — A)~2 are bounded linear operators from L%(R%) to L2(R%).
It is clear by (A2) that for any u,v € H!,

[ (u) = F(v)|2, + Z 1Bk (u) = Bi(v)|[§ < Cllu—vl3,
[F(u ||O+Z 1Be(w)3 < C(llull + 1),
and by the integration by parts formula and Young’s inequality,

(u, Fu))g < ;HUHf +CIfCuM)IE + CllgCuO)IE < ;HUHf +C(Jlullg + 1)

Hence, (H1;) holds.
For (H2;), we have

1 1
(w, )y < llulls + CIF@G < | llulls + C(lluli+1)
1 1
< Ll + Cllulla - ullo+ 1) < 4 Jully+ Ol + 1),
and by (A2)

Do IBr@)F < O(lullf +1) < 8llull3 + Cs(|[ullf + 1)
k

The proof is complete.
By Lemma 4.1 and Theorem 2.2, we obtain the following result:

Theorem 4.2. Assume (A1) and (A2). For any ug € H', there exists a unique H'-valued continuous
and (F;)-adapted process u(t) such that for any T >0 and p > 1

T
B sup Ju(@lf) + [ Blu(s) s < +oc

s€[0,T]

and the following equation holds in H°: for all t > 0,
t d
u(t, ) = uo(-) +/ {Au(s, D+ Zamfi(s, Su(s, ) +g(s, - uls, )| ds
0 i=1

+Z/ ok (s, uls, ) dAWF(s), P-a.s.
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Remark 4.3.  This result is not new (cf. [16]). However, our general result can be used to treat the
initial-boundary values problem as follows.

We now turn to the initial-boundary values problem. Let O be a bounded smooth domain in R
Consider the following SPDE with Dirichlet boundary conditions:

d
du(t,z) = [Au(t,x) + Z@wifi(uww,u(t, )+ gt w,z,u(t,x))|dt
i=1

+)owlt,w, m,ult, x)dWH(E),
k

u(t,z) =0, (t,z) € Ry x 00,
u(0,2) = up(x).

For m € Ny, let W5"(O) and W5"°(O) be the usual Soblev spaces on O, which are the respective
completions of smooth functions spaces C*°(O) and C§°(O) (with compact supports in O) with respect
to the norm

m 1/2
1l = ( Iij(x)|2dx) .
) ;::0 /O

Set £:= A and 2(£) := W2(0O)NW4°(O). Then (£, ) forms a sectorial operator in L2(O) (cf. [18]),
and we have the corresponding H”. We remark that H' = W%(O) and (I—£)~'/20,, and 8,, (I —£)~/?
are bounded linear operators in L?(0).

We assume that:

(A1) Foreachx € O,z € Rand t >0, f(t,-,x,2),9(t,,x,z) and o(t, -, x, z) are F;-measurable.
(A2)’ There exist x1, k2 > 0 and hg, hy € L*(O) such that for all (t,w) € Ry x Q, x € O and z € R,

1021 (t, w, @, 2)lra + |029(t, w, z, 2)| + [|0z0(t, w, 2, 2) |12 < K1,
and for j =0,1,
IVLf(tw, 2, 2)llra + [Vig(t,w,z, 2)| + [[Vio(tw, @, 2)llie < K2lz| + hy(x).
(A3)’ One of the following conditions holds:
o(t,w,z,0) =0 or o(t,w,z,2z)=0 forall xz € 0.
Remark 4.4. Notice the following characterization of W4 (O) (cf. [24]):
u e Wy°(O) if and only if u € WL(O) and u(z) = 0 for almost all z € JO.

Thus, (A2)" and (A3)’ imply that if u € H!, then oy (t,w, -, u(:)) € HL.
Basing on the similar calculations as above, we have

Theorem 4.5.  Assume (A1)’ ~(A3)'. For any ug € H!, the same conclusions as in Theorem 4.2 hold.
Moreover, u(t,x) =0 for almost all x € 0O and any t > 0.

5 Stochastic Burgers and Ginzburg-Landau equations on the real line

In this section, we consider the following generalized stochastic Burgers and Ginzburg-Landau equation
on the real line R:

du(t,z) = [0%u(t, z) + 0pf(t,w, u(t,x)) + g(t,w, z, u(t, z))|dt + Z or(t,w, z,u(t, z))dWk(t),
k
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where the coefficients f, g and oy, k € N, are measurable with respect to their variables, and satisfy the
following assumptions:

(B1) For each t > 0 and z,z € R, f(t,-,2),9(t,,z, 2) and ox(t, -, x, 2),k € N, are Fy-measurable.

(B2) For every (t,w) € Ry x Q, f(t,w,-) € C®(R), and for each m € N, there exist ¢, > 0 and &/, >0
such that for all (t,w,z) € Ry x Q x R,

0 (1,0, 2)| < wh, - (e + 1),

where q; < 2.
(B3) For every (t,w) € Ry x Q, g(t,w,-,-) € C°(R?), and for each n € Ny and m € N, there exist
Lom, ln = 1, k9, k9 >0 and hY € L*(R) such that for all (t,w,z,2) € Ry x Q x R x R,

m? n

020 g(t,w, @, 2)| < K, - (|2 + 1),
02 g(t, w2, ) < 2"+ B (a),

where 1 < {3 < 7, and for some k9 > 0, 0,¢9(t,w, z,z) < kY.
(B4) For every (t,w) € Ry x Qand k € N, o4 (t,w, -, ) € C*°(R?), and for each n € Ny and m € N, there
exist ppm = 0,pn = 1, K7,,,, k2 > 0 and hS € L*(R) such that for all (t,w,r,2) € Ry x 2 x R x R,

Z 020 o (£, w0, 7, 2)[2 < K - (|2[Pr + 1),

Z|8 orx(t,w, z,2)|? < KT - |2*P" + ho(z),

where pgy =0 and 1 < p; < 5.

Remark 5.1. The growth requirements in (B2)-(B4) are mainly due to the Sobolev embedding. The
condition 0,¢(t,w, z,z) < k9 implies that

z-g(t,w,z,2) <RI - 22+ g(t,w,2,0)- |z, VzeR.

In particular, f(z) = 2% and g(z) = 2z — 22"~ ! for some n € N satisfy (B2) and (B3).
Let WZ'(R) be the usual Sobolev spaces on R. We need the following Gagliardo-Nirenberg inequality:
for any p € [2,+00], m € N and u € WJ'(R) (cf. [5, p. 24, Theorem 9.3]),

2mp—p+2
lullzs < Clhull [ullg =™ < Clluflm- (5.1)
Below, we take H™ = WZ*(R) and £ = 92, and define for u € L*(R),

F(t,w,u) = 0, f(t,w,u(-)) + g(t, w, -, u(+)), (5.2)
By (t,w,u) := ok (t,w,-,u(-)), keN.

As in the previous section, the variables ¢t and w will be dropped below. We have
Lemma 5.2.  Assume (B1)~(B4). Then F and B deﬁned by (5.2) and (5.3) satisfy (H11).

Proof.  Noting that (I — 2)~28, and (I — @2)"2 are bounded linear operators on L2(R) and the
following elementary formula

b(u) — H(v) = (u—v) / &' (s(u — v) + v)ds, (5.4)

by (B2), (B3) and (5.1) we have for any u,v € H!,

IF(u) — F(0)]|-1 < CIf () = F(Dllo + llgCul-) = g 0())lo
< O(JJuf £ + (o) P2 + 1) - flu —v]lo
< C(JfullfY" + o] Y + 1) - lu = v]lo.
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It is obvious by (B4) with po; = 0 and (5.4) that
> I1Bi(u) = Be()llg < 2§, - lu = ][5
k

Moreover, by the integration by parts formula, we have for u € H',

/]R (@) f (u /a u(@) f (u(z))dz z—/R@z</0u(.)f(r)dr>da::

By Remark 5.1, we have

/R u(@)g (e, u(@))dz < C(Jul2 +1).

Hence,
(u, F(u))y < C(||ullf +1).

On the other hand, as above, it is easy to see that for some p > 1,
IF@)llo < Cllullf(lull + 1) + Cllull < (lullo + 1) < C(|full} +1)
and

D IBr@)f < C(lullg +1).
k

The proof is complete.
To verify (H2x), we need the following elementary differential formula, which can be proved by induc-
tion.

Lemma 5.3. Let ¢ € C°(R?). For m > 3 and u € H™, we have

+ PO 2u,. .., 0pu) + (02 9) (-, u),

where P is a polynomial function.

Lemma 5.4. For any m € N and v € H™, we have for some Q= 1,
(071, 07 g (- u)) + 07 F(w)[[F < IIU|| 1+ CO(fJullzy +1).
Proof. For m =1, by (B3) and (5.1), we have

(Oxu, 029 (-, u))g = (Ozu, (029)(x,u) + (Drtt, (Oug) (2, u)Ozu),
< l0sullo - (w7 - l1ul™ o + 1 llo) + &2 - [|Ozull3
< O(lullf +1) + w7 -y -l far,

31143

<C - (lulla - lullo+ 1)+ Cllully* - flully *
and by (B2),
10, F )2 < (]2 / (Jul* +1)? - [Ouf*de
<62 (Jull3% +1) - [lul)?
< Clully ully? € Julls - flullo.
Since I3 < 7 and ¢1 < 2, by Young’s inequality, we get for some a; > 1,

1 o
(w11, Dag(u))g + 102 F G < ull3 + CClull§* +1).
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For m = 2, noticing that
979(-,u) = (9ug)(z, w)Ozu + (939) (z, u)(su)? + 2(0:0u9) (2, w)dpu + (979)(x, u),
by (B3) and (5.1), we have
(03u, 029 (-, u))g < K- [9Zullg + 105ullo - [1(059) (-, w)(Dou)?|lo
+2[[(9:0u9) (- W)z ullo + [|(929) (-, w) o]
<RS- Jlull3 + lullz - 5§ (el P2 + 1) 100 2
+ 267, (el + D)l10sullo + w5l1ull Zar, + 1115lo]
<R Jull3 + Jlullz - [C(ull?? + 1)l - fJullf
+ O (lullt + )l + w§llull? + [1hS]lo].
< Cllulls - flully - [1 4+ O (full 2 + 1) - [lull]
+ Ol + ullf" + 1),
and by (B2),

102 f ()] < 2 / (0 ) (u)02u)?dz + 2 / 102 ) (u)(D,u)? 2
R R

< C(Jlule +1) - 102ull3 + C([ul| P + 1) - D0l 24

<O 2+ 1) - flulls + Clall #7772 + 1) - fully>.

Hence, for some ag > 1,
1 «
(07w, 029(w)o + 107 F@IE < 3 + C(llull§* + 1).
The higher derivatives can be estimated similarly by Lemma 5.3.
Lemma 5.5. Under (B1)~(B4), F and B defined by (5.2) and (5.3) satisfy (H2x) for any K € N.
Proof.  For any m € N, we have by Lemma 5.4,
(u, F(w),,, = {u, F () + (0, 07 F(w)),
< O([[ull + 1) + (97w, 071 f(u))g + (97 u, 07 g(-, 1)

1 m m m
<SC(lullg+ 1)+ lullfry + 195 £ @lIG + (07w, 079 ( w))g

1 @
< Ml + CClullzz, + 1)
Similar to the proof of Lemma 5.4, we also have that for any § > 0 and some 3,, > 1,

Y IBr@)l7, < dllulz iy + CClullyzy +1).
k

The proof is complete.
Summarizing the above calculations, by Theorem 2.2 we obtain
Theorem 5.6.  Under (B1)—~(B4), for any uy € H™, there exists a unique process u(t) € H* such that
(i) for any m € N, the process t — u(t) € H™ is (F;)-adapted and continuous, and for any T > 0 and
p=2,

E( sup [[u(s)lI5,) < +oo;
s€[0,T]

(ii) for almost all w and allt > 0, v € R,
¢
u(t.) = uo(e) + [ [0Fu(s.2) + 0, (s, u(s,2)) + gs,7,u(s.)))ds
0

t S, r,u\s,x kS.
+§kj/oak<, (s, 2)) AW (s)
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6 Stochastic tamed 3D Navier-Stokes equations in R?

In this and next sections, we shall use bold-face letters u = (u1, ug, us), ... to denote the velocity fields
in R3 (or R?).
Consider the following stochastic tamed 3D Navier-Stokes equation with viscosity constant v = 1 in R3:

du(t) = [Au(t) — (u(t) - V)u(t) + Vp(t) — g (Ju(t)]*)u(t)dt

+ D [Vik(t) + hy(t,w, z, u(t)|dW) (6.1)
k=1
subject to the incompressibility condition
div(u(t)) =0, (6.2)
and the initial condition

u(0) = uy, (6.3)

where p(t,x) and pg (¢, z) are unknown scalar functions, N > 0 and the taming function gy : RT — R*
is a smooth function with

gn(r) =0, rel0,N],
=r—N >N +2,
gN(r), o T (6.4)
OggN(r)<C7 7"20,
98 (1) < Ch, T3>0, kEN,

and hy, k € N satisfy that

(C1) for each k € Nand t > 0, z, 2 € R3, hy(t, -, 7, 2) are Fi-measurable;

(C2) for every (t,w) € Ry x Q and k € N, hi(t,w,-,-) € C°(R3? x R*R?), and for each n € Ny and
m € N, there exist knm, kn > 0 and b, € L'(R?) such that for all (t,w,x,2) € Ry x Q x R? x R3,

> 107 0T g (t w, 7, 2)* < K
k

and
> 1omh(tw, 3, 2)* < fi - [2]* + b ().
k

For m € Ny, set
H™ := {u € WJ*(R?)? : div(u) = 0}, (6.5)

where div is taken in the sense of Schwartz distributions. The following Gagliardo-Nirenberg inequality
will be used frequently below (cf. [5, p. 24, Theorem 9.3]): for r € [2,400] and 3(5 — 1) <m €N,

, 3(r—2) po3(r=2)
[ullz: < Cllullm®™ fullg > - (6.6)

Let & be the orthogonal projection operator from L?(R?)? to HY. It is well-known that & can be
restricted to a bounded linear operator from W% (R?)3 to H™, and that & commutes with the derivative
operators (cf. [13]). For any u € H? and v € L?(R?)3, we have

<u7V>H0 = <11, ‘@V>H0 = <11, V>L2'
For u € H?, define

Lu = ZAu= Au, (6.7)
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F(u):=-2((u-V)u) - Z(gn(Ju*)u), (6.8)
By (t,w,u) := Z(hi(t,w, -, u)).

Using & to act on both sides of (6.1), we may consider the following equivalent equation of (6.1)—(6.3):

du(t) = [Lu(t) + F(u(t))]dt + i B (t,u(t)dWr,  u(0) = uo.
k=1

Lemma 6.1. Under (C2), the operators F and B defined by (6.8) and (6.9) satisfy (Hls).
Proof.  Noting that (I — £)"2VZ and (I — £)~2 2 are bounded linear operators on H° and

we have by (6.6),

[F(u) = Fv)l|-1 < Cllu®@u—v@vlo+ Clgn(ful*)u —gn(v[*)v]o
< C(ullz + [[vlze)llu = vlo + ClulZ + V<)l = vl
< C(all3 + VI3 + Dla = vlo.

Moreover, it is easy to see by (C2) that
D IBiltw) = Bi(t, w)§ < Cllu— v|3
k
and
D IBk(tw|§ < C(llulfs + 1)
k
On the other hand, observing that
1 2
(u,(a- V)u)y = o, VIuf)y =0

and
(u, g (lul*)u), > 0,
we have
(u, F(u)), <0. (6.10)
Last, by (6.6) we also have
[l < [[al|y + [[ul|7s

<

3/4 1/4
< Clfully* - [lufly™ - [lufly + Cllulf}
<

C(l[ullz + [[ull? +1).

I1E ()]0

The proof is complete.

In order to check (H2x ), we need the following Moser-type calculus inequality (cf. [24, p. 294, Propo-
sition 21.77]):
Lemma 6.2. For any m € Ny, there exists Cy,, > 0 such that for any u,v € L= NH™,

w-vim < Cnllallzee - [[Vllm + [[vlize - flm]- (6.11)

We now prove the following key estimate.
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Lemma 6.3. Under (C2), the operators F' and B defined by (6.8) and (6.9) satisfy (H2x) for any
K e N.

Proof.  Let us first verify (2.8) for m = 1. By Young’s inequality, we have

1 1
—(u, 2((u- V)w), < Juf3+ [[(a- V)ul§ < [full3 + [l - [Valllg,

where
3 3
[l = ful?, [Vl =) |0 ul
k=1 k=1

From the expression of gy, we also have
—(u, Z(gn(Jul*)w)), = —(V(gn ([u*)u), Vu), — {gn (Jul*)u, u),

3
- Z / Otk - O, (g (0] Yug)da — / lul? - gn(Jul?)dz
R3 R3

k=1

3
<=3 [ But (o) - Du = g0 - )
ki=1“R

1
— = [ 19uP gylluPde [ o (uP) Tl
R3 R3
< —/ |Vu|? - [u?dz + N||Vul|2.
R3
Hence,
Lo 2 L, 9 2
(u, F(u)), < lluflz + Nluly < ullz + Cn|lulfs. (6.12)
For m > 2, by calculus inequality (6.11),

—(u, Z((u- V), = —((I = 2)"u, (I - 2)"2((u- V)u),

m
1
< Sl + 2l Pul?,
1
< gl + Gl Z< a7 + Vel Ze a7 )-
Noting that by Agmon’s inequality (cf. [8]),
[ullz~ < Cllullz - ul,
we have
2 2 3 3 3
[al|Ze full7, < Cllally, - [ally < Callall7, - lull5 - -l
and
2 2 2 3 2 2 3 3
Lo m—1 = 3 2 m—1 3 1 m—1 m+1" m—1°
IVl Ze [lull5, 1 < Clhalls - flullz - a1 < Cllall3 - [[ull - [Jull5, -y < Clu]| [[a
Thus, by Young’s inequality, we get
Lo 10
—(u, Z((u-V)u)),,, < lulli 41 + Cmllull s
4
Let us now look at the term —(u, 2(gn(Jul*)u)),,. By the calculus inequality (6.11) again, we have

llgn (la)ull7, 1 < Con(llgn ()7 - allf, 1 + llgn ()17 - - ull7-)
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and
al)7,—1 < CllallZ,—; - [Jul|F -

Noting that for any k£ > 2
|g(k)( ))=0 onr< N andr >N +2,

we have
lgn ([u*)lm—1 < Crll[ullm—1 + Cnm(all g + 1), ym > 2.

As above, we obtain

—(u, Z(gn(Juf)u)),, < Hull 11+ 2lgw (fu)ul, -

1
< Il + Cllullze - fJullf—s + Cnml[wlze - (a7 +1)

1 m
< 4Hu||%1+1 + Co(llally + 1), ym > 2.
Combining the above calculations yields that for some «a;,, > 1,

1 a
(u, F(u)), <, [all7 i1+ Con(llullfyy +1).

We now check (2.9). For m =1, by (C2) and (2.1), we have

SO IVBwIE < S I(Taho) (w2 + 3 (@)t w)Vul?

k=1 k=1 k=1
< C(|ull§ +1) + Ol Vull3
< C(ullg +1) + Cllull2 - [lullo
< 8full3 + C(Jlullg +1). (6.13)
The higher derivatives can be calculated similarly. The proof is complete.
Thus, we obtain the following main result in this section.
Theorem 6.4. Under (C1) and (C2), for any ug € H* there exists a unique solution u(t) € H* to
(6.1) such that
(i) for any m € N, the process t — u(t) € H™ is (F)-adapted and continuous, and for any T > 0 and
p=2,

E( sup [u(s)|ls,) < +oo;
s€[0,T)

(ii) for almost all w and all t > 0
u(t) =ug —|—/ [Au(s) — Z((u(s) - V)u(s))]ds
0

- / P (g (ju(s)Pu(s))ds + 3 / (s, u(s))) AW (s).
0 = Jo

Remark 6.5. Below, the solution in Theorem 2.2 corresponding to the taming function gy will be
denoted by un(t). Set

TN = inf{t >0: sup |un(t,x)| = \/N}
TER3

By the definition of gn, it is clear that uy satisfies the classical SNSE on [0, 7x5]. Moreover, it is easy to
see by the uniqueness that

uyyt1 =uy on [0,7y], P-as.
Thus, we have 7y < Tn41,P-a.s. Define 7 := limy_ 77 and u(t) = uy(t),t < 7n. Then (u,7) is the
unique maximal smooth solution of the classical 3D SNSE. Here, the maximal smooth solution means
that u(t, ) € H*® for any ¢t < 7 and

lim sup |u(t, x)| = +oo.
tIT zcR3
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7 Stochastic 2D Navier-Stokes equations in R?

Consider the following stochastic 2D Navier-Stokes equation in R?:

du(t) = [Au(t) — (u(t) - V)u(t) + Vp(0)ldi + Y [Vir(t) + hi(t,w, @, () |dW}, (7.1)
k=1

subject to the incompressibility condition div(u(t)) = 0, and the initial condition u(0) = ug. As in
Section 6, the functions p(t,z) and pg(t,z) are unknown scalar functions, u(¢, x) is the velocity field in
R?, and hg, k € N satisfy (C1) and (C2) in Section 6.

For m € Ny, set

H™ := {u € Wy (R?)? : div(u) = 0}.

We also have the projection operator & from L?(R?)? to H.
Our main result in this section is

Theorem 7.1. Assume (C1) and (C2). For any uy € H*, there exists a unique solution u(t) € H> to
(7.1) such that

(i) for any m € N, the process t — u(t) € H™ is (Fy)-adapted and continuous, and there exists a
sequence of stopping times T, T 0o such that for any T >0, p > 2 and m € N,

E( sup  [u(s)llh) < o
s€[0,TATy]

(ii) for almost all w and all t > 0,

u(t) =ug —|—/0 [Au(s) — 2((u(s) - V)u(s))]ds + Z/o P(hy(s,u(s)))dW*(s).
k

Here, one cannot directly use Theorem 2.2 to prove this result because H'! does not embed in L°°(R?)2.
However, we can first consider the modified equation like (6.1), and then use the stopping time technique
to obtain the existence of smooth solutions for equation (7.1).

Note that the result in Section 6 also holds for 2D Navier-Stokes equation. In what follows, we shall
use the same notations as in Section 6. As in Remark 6.5, set

7N = inf {t >0: sup lun(t, )| > \/N} (7.2)
z€eR

Then 7y is increasing. For proving Theorem 7.1, it suffices to prove that
™~ | oo, P-a.s.

In particular, 7 is the desired stopping time sequence in (i) of Theorem 7.1.
We first prepare the following lemma.

Lemma 7.2. There exists a constant C > 0 independent of N such that for any u € H3,
2(u, F(w)y + Y [Bi(s, w3 < [l + Cllull3 - (1 + [[u]lf) - (1 + Jullf) + C.
k
Proof. By Young’s inequality, we have
(0, F () < | [l + 2] D)ul + 2 (ful?ul.

Noticing that
[ullze < Cllullf - f[ullg,  [ullz~ < Cllull3 - [[ullg,

we have

V(- V)w)§ < 2[[[u] - [V2ul[|§ + 2/ V7.
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< 2l[ul|7a - V2l Za + Cllul3 - [[ull?
< Cllallo - [[ully - ullz - [[ulls + Cllul3 - [[ull}

1
al3 + Clrallz - Jralf? - (1 + Jlullg)

and
IV (g ([u)u)[|§ < Cllullf - [[ul[? < Cllull3 - lullf - [lull.

Moreover, it is easy to see by (C2) that
D I1B(s, w3 < Cllull3 - (Jullf + 1) + C.
k

The desired estimate now follows.
Now we can give the proof of Theorem 7.1.

Proof of Theorem 7.1. By Ito’s formula, we have for any p > 1,
lan ()2 = |\uo|\2p+zf<” (7.3)

where

1®)(t) = 2 / ()20 (i (5), Auy (5)) . ds,
0

18)(t) = 2p / [un ()] 2P~ (un (s), F(un (s))),,ds.

12 =rY / e ()20 | Bi (5, un () 2, dls,

1)) —2pz / Jan ()12 (n (5), Bi (s, (), AV,

I8)(t) = 2p(p — 1) Z / [un (5)]122~2) | (un (5), By (s, un(s))),|ds.
k=170

For m = 0, by (6.10) and taking expectations for (7.3), it is easy to see that for any T'> 0 and p > 1,
2 ’ 2(p—1)
tes[%%]E”uN(t)Hop‘f'/o E(llun(s)llo” " - [lun(s)[})ds < Crp. (7.4)

Here and after, the constant Cr , is independent of N.
Define

An(t) = /O L+ lan($)I) - (1 + [un(s)ll5)ds

and the stopping times
O :=inf{s>0:An(s) >t}

Then Ay (t) = ) and 0¥ < t. Moreover, by (7.4) we have for any M > 0,
Jim sup P(OY < M) = 0. (7.5)
— 00 N

From (7.3) and using Lemma 7.2, we have for m =2 and p =1,

GN

. oy
(013 < [[uoll? — / HuN<s>||§ds+c/0 luw (s)[2 dan(s) + COY + 1D (6))
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oN t
< HuoH%—/O HuN(s)nidsw/O luy (08)12 ds + Ct + IS (6Y).

Taking expectations and using Gronwall’s inequality, we find that for any 7" > 0,

oy
sup E||uN<0iV>|§+E( / |uN<s>||§ds) < Cr(luol3 + 1).
te[0,7) 0

Using the same trick as in proving (3.2), we further have

E( sw Jun(®)3) =E( sup [lan(8})I3) < Cr(luol} +1).
te[0,05] t€(0,T]

Hence, by (7.2) and Sobolev embedding theorem, we have for any T' > 0,

lim P(ry <6Y) = lim IP( sup sup |un(t,z)| = \/N)
N—o0 N—o0 tE[O,Gg]IGRz

< lim }P’(C sup  [un ()2 = \/N)

N—oo te[0,00]

< lim CE( sup [un(t)3)/N
N—oo t€[0,6%]
< Jim_ Cr(Juollf +1)/N =0. (7.6)

Noting that for any M, N,T > 0,

Pty < M) =P(ry < M; 08 < M) +P(ry < M; 08 > M) <PON < M) +P(ry <6Y),

by (7.5) and (7.6), letting N — oo and T — oo one finds limy_, P(7ny < M) = 0, which means that
limy 00 Ty = 00, P-a.s. The whole proof is complete.
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