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Abstract In this paper, we discuss the multi-scale homogenization theory for the second order elliptic problems
.. €

with small periodic coefficients of the form aii (a”(’;)agm(jm)) = f(z). Assuming n = 2 and u® € W= (Q),

we present an error estimate between the homogenization solution u°(z) and the exact solution u(z) on the

Sobolev space L ().
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1 Introduction

Composite materials have been widely used in high technology engineering as well as ordinary industrial
products since they have many elegant qualities, such as high strength, high stiffness, high temperature
resistance, corrosion resistance and fatigue resistance. Most of the composite materials have small periodic
configurations. Thus, the static analysis of the structures of composite materials usually leads to the
boundary value problems of elliptic partial differential equations with small periodic coefficients. Solving
these problems by classical finite element methods is very difficult because it usually requires very fine
meshes and this leads to tremendous amount of computer memory and CPU time.

In order to solve this kind of problem, the multi-scale methods, which is thoroughly described in
numerous sources [1-25], is introduced. It couples macroscopic scale and microscopic scale together, and
it reflects not only global mechanical and physical properties, but also the effect of micro-configuration
of composite material.

Consider the following multi-scale elliptic model problem:

0 (T Ouf () .
€ = ] —
L.uf(z) = oz, (a <€> oz, ) flz), in Q )
u®(x) = g(x), on 09,
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where © is a smooth bounded domain contained in R™ (n > 1) and the matrix of coefficients a*/ (*) : R" —
R™*™ is symmetric and satisfies the following conditions: 3Ty > 0,T'; > 0, such that V& = (&1,...,&,)
eR",

(A1) ai;(€) is 1-periodic in &,

(42) ToY @< Y ai(©ag <y & @)
=1 i=1

i=1 j=1

Oleinik et al. [18, 22] presented the following multi-scale homogenization method for (1):
First let N¥(£),1 < k < n, be the weak solution of

O ( G @NMOY 0 g
agl (aj(é-) 8§J >__8§1a (6)7 m R7

N*(€) is a 1-periodic function, / NE(€)de =0,
Q
where Q = {£]0 < & < 1,1 < i < n}. Then, define the matrix of coefficients a = (a*/) by

0 = [ (a0 + a0 ) de ()

Finally, we have an approximation to the weak solution for (1) by

i(z) = u(z) + eN* (x) ul(z). (5)

9 8:Ck

where u°(z) satisfies the following homogenization problem:

Low’(z) = a(aijagl(f)): f(z), in Q

u(x) = g(x), on Of.

Remark 1.1.  a(x) is named as the 1-order approximation of u®(z).

The following lemma, which was obtained by Jikov et al. [18, p. 28], gives an error estimate between
the solutions 4(z) and u®(x).

Lemma 1.1.  Under the assumption that u® € H?(QQ), there exists a constant ¢ such that
[0 =@ = 0l 1 () < cel|u’ll 20, (7)

where 0. satisfies

Lsos(x) =0, m Q,
0 8
0.(z) = —gN"“(x) @) o a0, ®)
€ 8xk
From (7) we have
lu® = w2 () < cellu® | m2()- (9)

There are many works (see [6-12, 14, 16, 17, 19, 21, 24, 25] etc.) to discuss the numerical methods of
the multi-scale homogenization problem and Lemma 1.1 is the theory basis of them when they discuss
the problem (1). We observe that there exists a problem whether we need u® € W?2P(Q2) when we only
discuss the accuracy of displacement of u°. In this paper, using the homogenization theory of Green
function for (1), we propose a new approach to analyze the accuracy of displacement of u® and have the
following result.
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Theorem 1.1.  Assume that n = 2,99 is smooth enough and u® belongs to the Sobolev space W1 (Q).
Then there exists a constant ¢ such that

Ju® = ]l o) < el e [[u = . (10)

Remark 1.2.  Theorem 1.1 shows that u® € W?2P(Q) is not necessary when we only discuss the
accuracy of displacement of u°.

The rest of this paper is organized as follows: Assume that G5 () is the Green function of (1) in point
xo and Gy, (x) is the 1-order approximation of G5 (x), 0(x) is the boundary corrector of G5, (r) and is
defined by

L.0%(x) =0, in Q,

i Y 8Gg0(x) (11)
0% (x) = —eN (6) P on Of.

Assume that B(zg,d) = {x € Q|dist(x,x0) < d}. We present an error estimate between the solutions
Gao(2) + 05 (2) and G5 (x) on WH(Q — B(z¢,¢)) in Section 2. Section 3 gives a proof of Theorem 1.1
on the basis of Section 2.

Remark 1.3. In this paper, we establish some notations and conventions. In the following, the Einstein
summation convention is used: summation is taken over repeated indices. Throughout this paper, we
let 2 be a bounded smooth domain in the n-dimensional space, @ = {£|0 < & < 1,9 = 1,...,n},
xo € Q, B(zg,d) = {z € Q|dist(z,20) < d} and dist(z, ) denotes the distance between z and 0f2.
We also assume that ¢ (with or without subscripts) denotes constants not necessarily the same at each
occurrence, but always independent of € and d.

In this section, our main result is as follows.

Theorem 2.1.  There exists a constant ¢ such that
G, — G — 02| lwrt (o B(zo.e)) < cg|Inel. (12)

For proving Theorem 2.1, we need to introduce some lemmas. The following result is presented in [6].

Lemma 2.1.  There exists a constant ¢ such that
cllnz —xo|], n=2,
G2, (@)] < (13)
cle —xzol*™™, n=3.
Using Lemma 2.1, we present a local estimate for VG5, (x) as follows.
Lemma 2.2. Assume that d > 0. Then there exists a constant ¢ such that
2—n
HVGEOHLz(Q—B(Ig,d)) < cd 2 |h’ld|, (14)
and
IVGLollL1(B(zo,a)) < cd|Ind]. (15)
Proof. For simplicity, assume that |[VGS [|L1(9B(x0,qa)) Satisties

VG5 I @B(o,a)) < cd VG, | L2 (B(xo,2d)— B(zo.d))»
which implies

n n—2
VG5, |21 (0B(0,a)) < cd™'d2 VG | L2(B(wo2a) - Bao.ay) < ¢d 2 VG52 @-B@oay-  (16)
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Assume that n; means the normal derivative in the z; direction. Note that

iy 0Ge 0Ge »» 0G:,
[ ()@@ [ (M) . )
Q—B(z0,d) € Ox; 0x; 9B (z0,d) € Ox;

The combination of (13), (16) and (17) shows

2\ OGE, (x) 9GS, (z)
Ge 2o 2 < 7] € zo zo d
VG omnanf < [ a (1) 550

. 0Ge
/ al] <£C) xo (J,‘) GZD (x)nlds
9B(x0,d) e) Oxj

n—2
<ed®Mnd|-d "> | VG |l 2(0- B(zo.d)
<

2—n
cd 2 |1nd|HVG;O|‘L2(Q_B(IO7d))- (18)

— < ed® " Ind|||[ VG5, |11 (08(20.))

This relation implies the desired result (14).
Now we consider (15). Assume that dy = d and dj, = 2‘1 (k>1,ke N). (14) gives

IVGE 2 (Baoay = D IVGS |11 (B@odn) - Baodi) <€D A2 VG lL2(B(o.d)— Baodis))
k=0 k=0

o0 n 2-m oo
<c) did.? |Indg| <c)_ dillndy| < ed|lnd|.
k=0 k=0

This ends the proof. |
Now we discuss a local estimate for elliptic problems with constant coefficients.

Lemma 2.3.  Let xo € Q and f¢(x) satisfy f¢(x) =0 if v € B(xo,d). Assume that we(z) satisfies the
following problem

0 (.. 0w:(x)
ij _ f€ Q
o (“ O, ) f@), seb (19)
we(z) =0, x € 0f.
Then there exists a constant ¢ such that
HD?“’E”L""(B(ro,g)) <cd 2 || f¥l L2 B(wo,a))- (20)
Proof.  Assume that y € B(zo, ¢) and Gy (x) is the Green function of (19) in point y. Note that
L) = [ @ @in, L+ dn) = [ 6@ @ (21)
One finds that
02(y) oGy (x)
M = (x)dx. 22
O " o [ (@) (22)
Similarly,
2wy + Ay) [ 0G5, (@)
€ = “(x)dx. 23
O L o [ (@) (23)
The combination of (22) and (23) yields
2.0 920 02GY
P we(y) = v(@) . x)dx 2/ (@) fe(x)dx. (24)
Yk Oy o Oyrdy Q- B(wo,d) OYOUI
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Consequently,
092G (x) 02GY
D%, (y S/ Y 5x‘dm<” Y fe _B(y.d
| E( )| Q_B(y7g) aykayl aykayl Lz(QiB(y7g))|| ||L2(Q B(y’2))
<cd 1 2By, 9y = cd 2 || £l L2 B(oo.d))- (25)
This ends the proof. ]

Assume that d > 0 and Eg = {z € Q|dist(z,09Q) < d} — B(xo,d). Now we are going to estimate
1G5, — Gy =051 220 B(wo,d)—Ea)-

Lemma 2.4.  There exists a constant ¢ such that
1G5, = Gy = 03l 2(0-Beo)-£0) < cod 2 |Ind]. (26)
Proof.  Assume that k > 1 (k € N) and Qg = Q — B(xo, kd) — Ejq. Define ¢(z) b
0<g(z) <1, €9,
p(z) =1, x € Qaq,

1
(b(a:) 0, =€ -—Qy,
C>(Q), |D'¢(zx)| <qd™t, ze.

We introduce v¥(z),v?(z) and 0. (x) by the following (27)-(29),

L) = 0 (@(2)%57) = o(6, (@) - Gl ~ G50, i

(27)
ve(z) =0, on 09,
— 9 ~ij 8’[)2(26) _ € A — 05 (x in
tidte) = o7 (@775 ) = 665, (0) - Guuli) ~ B, 2 o)
v9(z) = 0, on 09,
x ’U0 X
fze(x)=vg($)+st<E>aa;(k). (29)
Note that
avg(y) aGg( ) € N _ e
ou | " Jo ou y:m0¢(w)K1m(w) Gao(2) — O (2)]dz
One observes that [[G5, — Gy — 0z)(x)o(2) (G5, — Gy — 05](x)dz can be split into
[165, = Gy = 051(@)0()(G5, = Gy — 05w
:/@&w@ , — Gay — 03](z m—/G 2o — Gy — 03] (2)da
Q
x\ 0GY - -
_légNk<€> iﬁ:)¢@ﬂG;——G cm—x/ef G, — Gy — 02 (z)da
=(vs—ikﬂxw-—/£93@0¢@0Kﬁm-@wo—9%Kxﬁh
20\ 9GY (x) z\ 9GY, (x) o i
o CEE - we(2) e oz, - G - delis
=TI+ II+1III. (30)

First we estimate /. Denote £ = ¥ and e (x) = v°(x) — c(x), one finds that I can be split into

I=1+1I, (31)
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where

8xi *o (%ck 8719;

Pl a; de; (x) 0 -
I — / (ai;(2) ox; )Gs (@)de, I = _/ ENk<x) o2 (x) 0G5, (x) ds..
Q o0 €

From (27) and (28) we have

/ i <x> v (z) 0G5, () dp — / 40 ol (z) OGS, (x) e
Q 9 8$j 8331 Q 8a:j 8331
Consequently,

- z 0¢s (x) OGS, ()
Il n /Q i (é‘) 8a:j 8331 du
A0 (x)

/ [ ol (z) <x> Al (x) +eN*(?) Ok )] 9G;, ()
= — aij — aq;j d.’E
o Ox; € Ox; Ox;

) o)) o 2 ] e

Set
. ONJ .
G1(6) = ay(©) + ()™ @ .
238
From the definitions of d;; and N7(¢), it follows that
/ G (€)de = 0,
G (€)

o€, =0.

Then there exist skew-symmetric matrices [18, p.6] o/ (€) = (al, (€)) satisfying
0 (i
CHO)

/Qakl(f)dﬁ =0.

Gl(e) =

Note that the definition of a{“- (&) implies

82 a 3” (=)
/ (@)%, )G;O(m)dm:o.
Q

8x18xk

With these notations, one can rewrite I; into

b= [ [oa @5 e (D)3 (2) ] "Gl

(32)

(35)

(38)

(39)

82@%'( )Bgs(z)) 0 [z x z\\ 0200 ()
_ the T e _ _ ol . k e €
B /Qg Ox;0xy, Gy (@)de E/Q Ox; [( Vi <5) iy <5)N <5)> 8@-8%](}% (@)de

B RN NEAYENE. O*02(x) 0G5 () .
—s/ﬂ[ aki<€)+am<€)N <5)]8xj8xk O, dr =11+ 12,

where
j 0%00(r) OGS, (2)
I = — J‘ x i € Nk €z 1> o
o E/Buo,g) [ a’”(ﬁ) HLJ(E) (E Ow;Oxy  Ox o
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B NN N P 82vg(x) 8G§0(a¢)
o I A R e

Note that the combination of Lemmas 2.2, 2.3, (28) and (41) gives

LIRTES C€||Dzvg||L°°(B(zo,g))/B DG, (w)|dx < ced 2 d|nd|[|¢(G5, — Gy = 02) | 22(0)

(JUO»g)

<ced 2 |Ind|||¢(G5, — Gay — 08)| 120

and the combination of Lemma 2.2, (28) and (42) implies

2—n ~
12| < el D*02 ] L2 oo, ) 1PG5, | 2@ Blao, 4y < ced 2 [Ind|[[¢(G5, — Gay — 05)l|L2()-

One finds from (40), (43) and (44) that

2—n ~
[L] < ced 2 [Indll|¢(G, = Gay = 0520

Now we estimate 5. Similarly to Lemma 2.3, we deduce from the definition of ¢(x) and (28) that

2—n ~ 2—n ~
|Dve| (a0 < ed 2 |Ind[| (G5, — Guy = 05) 1200 = cd 2 [Ind[|¢(G5, — Gy — 05) | L2(9)-

Consquently,

|Ia] =

/ N (a:) ol (z) 0G;, () ds.
o9

€ 0x; ong

oG5, ()

O, ds,

<eced 2" |Ind|||¢(Gs, — Gay — 05)12() /89 ‘

<ced 2" |nd|]|¢(G5, — Gy — 08) | L2002

The combination of (31), (45) and (47) shows that
1] < ced 3" [ Ind]|$(G5, — Gy — 03) | 2(c)-

Now we estimate I] and I11. Using the definitions of 6Z,(z) and ¢(x), one finds that

=1/ 02, (£)0(2) (G5, — Gy — 02:)(2)d
Q—B(z0,d)—Eq
< e[| G, i @ 16(G5, = Gag = 02|20 < c2d 2" ||| (G5, = Gy — 02)]| 22020
<ced 2 [nd|| (G5, — Gay — 02) | L2(0)-
Similarly,

111 < 2”3 | d) 191G, — Giay — 021200y,
Hence by the definition of ¢(z), (30) and (48)-(50),

162 (G5, — Gy — 05) || 12() < ced =" |Ind].

Note that d is an arbitrary positive number. This relation implies the desired result (26).

Now we estimate [|G5 — Gy — 0% || 11 (0= B(wo,d))-
Lemma 2.5. Assume that d > € and B(xo,d) is defined as above. Then

1G5, = Gay — 05 1 (0 B(ao.ay) < ced ? |Ingl.
Proof.  Assume that k > 1 (k € N) and E, is defined as above. Set

Qa = Q — B(wo, kd) — Era,  eg(z) = (Gap + 05 — G5,)(2).

(45)

(46)
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One finds that ef,(z) can be decomposed into

eg(x) = eg 1 (x) + g 2 (x), (54)
where eg; | () satisfies
9 [ ..(x\0e (x) 0 ( ;i\ 0e5(x)
L.es = ij s _ ij G . 0
1) = g, (a (E) O, ) O (a (5) O, ) e (55)
eg1(r) =0, on  Oa,

and e 5(7) satisfies

iy des
Leeg o(x) = 0 (alj (a:) eG’Q(x)) =0, in O,

0x; 5 8xj
62‘,2(95) = eg(2), on O0Qq.

(56)

First we estimate [le& ;[|r1(q,,)- Assume that o/ (§) = (aii (£)) are defined as Lemma 2.4. Similarly to

Lemma 2.4, one observes that, for any v € Hg (Qq),
e (x) 9
/ Qjj (a:) G’l( ) V(@) dx
Qo € Ox;  Ox;

B /Q |:€8§k (agﬂ(”;) a(fa%ﬁj(x)) + 5( —ay, (f) +a;; (f)N’“ (Zf)) a;ggg;j)] a;i? dz. (57)

Notice that the definition of a{“- implies, for any v € Hi (),

O (g (%) 9C% @) o), _ 92 [, (2\0G (@) .
/de axk (aki <5) axj 81‘1 dz = — Qo 333149@ A c axj vdx = 0.

Hence by (57),
, 2G0 des, ()
— o’ r (* NF x 9 Ga:o(x) G,1
[]kdg[ O(I”(E) +a”<€> <E>:| 8xjaxk axz de

—n
< CEHGQO||H2(de)|‘e%,1||H1(de) < ced 2 |\€E,1||H1(de)7

(leg il @pa)® < e

which gives
ez 11l (@) < ced 2 (58)
We now turn to the estimation of [leg o[/ 1 (q,,)- Define the function ¢(x) by
0<¢(x)<1, r € Qpa,
=1, z€ 0%y,
p(x) =0, =€ Q1)

6 € C(Ua), |Dio(z) <

d’
One observes that eg 5(x) can be split into two parts:
€G2(7) = ega1(x) +ega0(T), (59)

where

g 21 (2) = eg(2)o(z), (60)
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and ef, 5 5(x) satisfies the problem

0 i T deg (J)) .
Lse%’lz(x) = ~ o (a J (E) Gail ), in Qgq, (61)
i J

686‘,2,2(56) =0, on O0Qq.

Note that (60) leads to

”e%,2,l| HY(Qpa) — H66G,2,1| HY(Qkd—2(k+1)a)
< H¢||L°°(de_9(k+1)d)He&GHHl(de_Q(kJrl)d) + H¢||W1'°°(de_9(k+l)d)||e%||L2(de_Q(k+l)d)

< HesGHHl(de*Q(k-pmd) + ced _2" | 1nd|7 (62)

and

c < e < ci|€g d 2 |Ind 63
||6G,2,2||H1(de) X C||6G,2,1| H'(Qprq) X 01”6G”H1(de—9(k+1)d) + c2€ | n | ( )

The combination of (62) and (63) implies

||e(62¥,2| H'(Qa) < Cl||e(6:¥||H1(de*Q(k+1)d) + c2ed E |1nd| (64)

Note that d > . One finds from (58) and (64) that
&l < 1 1ol aa ) + c22d [, (65)
Now we use (65) to estimate |leg|| g1 (o,). The inequality (65) gives
2 2 2 —n

et sy < Crlllet s gy — el ge, s ) + c26%d " | Inel?, (66)
which leads to

2 2 —n

1 ey < (€1 = D) Il + c2%d " Inel?
=(c1 — 1)[||e€G||§Il(de) — coe?d | Ine|?] + cocr2d ™| Inel?.

Consquently,

2 —n
(le& 17 () — c2e”d™"|Inef?). (67)

e |12 25— 2 -1
leG I ar (@a) — c287d " Inel” < .

Assume that ¢; and c¢o satisfy (67). Let m; = ¢; and ms = ¢o. Note that the combination of (13) and
(14) gives

~ _n . e
leg21 0 < 1G5 I + 1Gao I3,y < mse®d " Inel?, it de[2,a]. (68)

Define a; (s € N) by

(2s)"
as = 11\ son " (69)
1= ("5, )2
Let sg € N satisfy as, > 0 and as, < as if as > 0. Define a constant m by
m = max{maas,, M3} (70)

Observing that m is a constant, independent of d and &, now we use (67) to prove

. €
le&ll7 o, < me?d™"Inel?, if d> o (71)
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(68) shows that (71) holds if d € [5,e]. Assume that dy > 5 such that ||eg||§pmd0)

di1 = 2dy. Now we prove HGEGH%P(le) <me?d;"|Inel?. Set d = stlo, Note that (67) implies

<me?dy"|Inel?. Let

le& I ) — magd " Inel?

2 - my — 1 2 -
= Hez‘HHl(stod) —mae’d " Inel’ < m [HGEHHl(Q@SO,W) —mae®d " Inel?]
my =1\ o 2 -n 2
SN my [”eG”Hl(QSOd) —mae“d™"|Inel]. (72)

One observes from (72) that

2 _ my — 1\ 2
|e%|H1(Qd1)—m252(250)nd1”|1n5|2<( . ) ||e%||H1(QdO)

1\ % — 1\
< <m1 ) me?dy " Ine|® = <m1 ) 2"me*d; " Inel*. (73)
mia mi

Hence by (69), (70) and (73),

—1\*
el g, < [<2SO>"m2 n (mjm ) 2"4 247" Inef? = me?d; | In< ] (74)
The combination of (69)—(74) implies
el 21t (@ Boo.ty-£0) = lleGll () < ced # [Inel, if d>e. (75)

Assume that E = {z € Q|dist(z,0Q) < 2d} — B(zg,d). One sees that E; C E. Now we estimate
ezl g1 (- Similarly to (54), one observes that e, (x) can be decomposed into

where eg, | () satisfies the problem
9 2 0€g () ) (T Oes ()
L_e< = 17 s _ 17 G : E
caa= g (#(2) 75" ) = 0 (#()75)) m & ()
ega(z) =0, on OF,
and e »(v) satisfies the problem

0 (2 Oeg o(x)
c ij 5 _ :
Leeg o(7) oz, (a (E) oz, ) =0, in E, (78)

€G2(®) = eg (), on OFE.

Similarly to (58), one finds that
lleG 1llm gy < ced 2 . (79)
Similarly to (64), one observes from (26), (75) and (78) that

leg ol ey < clleglla g-pa) + cd™ gl @-£y < cleglm @i +ed legl 2@,

<ced 2 |Ing|+ced 2 |Ine| < ced 2 |Inel. (80)
Hence by (79)—(80),

lleg | mimy < ced 2 |Inel. (81)
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The combination of (75) and (81) gives the desired result (52). a
Finally, we are now in a position to give a proof of Theorem 2.1.
Assume that | € N such that 2'~'e < sup{|z — z¢llz € Q} < 2le. Let dy = &,dy = 2¢,...,d; = 2¢, it
follows from Lemma 2.5 that

!
1G5, — Gy — 0GIlwra (- B(zo.)) = Z 1G%, — Gy — 051 wrr(@n(B(wo,di)— B(zo,di—1))
=1

!
<Y ed? 1G5, = Gy — 05| 11 (@n(B(wodi) —Blaod 1))
=1
l n ~
<Y ed? 1G5, = Gy — 05| 11 (0= Blao.di 1))

i=1
l n —n
< chf ed,* |Ine| < cle|lng| < ce|lngl? (82)
i=1
This ends the proof. o

3 Proof of Theorem 1.1

We observe that Theorem 1.1 can be deduced from the following result, directly.

Theorem 3.1.  Assume that n = 2,z9 € Q, u®(z) and U(x) are the solutions of (1) and its 1-order
approzimation, respectively. Under the assumption that OQ is smooth enough and u® € WH><(Q), N* ¢
WL2°(Q), there exists a constant c, independent of xo, such that

| — ) (o) | < ce| el [~ . (83)

Assume that r = 2e. For proving Theorem 3.1, we shall construct an auxiliary function uZ(z) depending
on zo and estimate |(u® — u})(zo)|, [(u;. — @,)(20)| and ||%, — | 1~ (q), respectively where @, () is the
1-order approximation of us(zx).

The organization of this section is as follows. Assume that r = 2e and xg is defined as above, we
construct auxiliary functions u%(z) € C°°(Q) and ug(x) in Subsection 3.1. Subsection 3.2 presents an
error estimate between the solutions @(z¢) and u®(zg).

3.1 The construction of auxiliary functions u?(x) and ué(x)

Let No = 2 and r = Noe. We will introduce two functions u () and u ,(z) to construct uf(x).

Assume that 4° satisfies || a0y r2) < ||l (), @0(x) = u®(2) if © € Q. We define ul () by

)

—le—yl

e dy
fRQef\m;y\dy

Now we construct u ,(z). Assume that = = (x1,22), 20 = (0,1, %02), 2 € Z*. We define Qy by

, x el (84)

Ey ={r(Q+2) CQp(e(Q+2),20) =1, p(r(Q+2),00) =71}, Q= || rQ+z2). (85
r(Q+z)EE>

And the function space V is given by
V = {4(&) € C®(R?)|1(€) is an Ny-periodic function, |[V¥(€)| < Ny (k >0,k € N)}, (86)
and integer | (1 <! < 2) satisfies

/ &_01/)(5) ON'(€) ¢ > sup/ a (8) ON' (€) d¢, where I'=3-1. (87)
NoQ NoQ

su q 17
it Tog 04 pev Tog 0

Ppev
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We introduce 1(¢) € V and ul ,(z) by

OGE)ONY(E) 1 / . Ov() ON'(€)
i d¢ > _ su Qij dg, 88
/NoQaj 08 04 ¢ 2¢€€ N 08 9& < (88)
and
0 ~f( X
Uy o(2) = My - (w1 — 20,1), (89)
where M is defined by
~ ul—u? T k aG° (z)
N2e ai,a( ~1)(@) ONF(g) 0G, di
M: 0 fﬂz J 8$]‘ 8{1 ark (90)

4G (x) . O¢(€) ON! ’
fQ2 8921 (a:l —$071)d$1d$2 X fNoQ Qij gg(f) 8§E§)d§

Finally, we define u%(z), g.(z) and uS(x) by
up(z) = upy (@) + uln(2),  gr(2) = up(2), (91)

and
0 L oul(x) )
€ = al r
L.u(x) 4<a oz, >7 in Q,
up(x) = gr(2), on 99.

(92)

One observes that u?(z) is the homogenization solution for (92). In the next subsection, we shall estimate

(u® — u®)(zo), (us — u®)(zo) and (@, — us)(zo), respectively.

3.2 Estimate for |(u® — u®)(xo)|

First we estimate [[ul — u°|| (o) and [[ul]|yws.(0)-

Lemma 3.1.  There exists a constant c, independent of p, such that

[y = u|| s ) < cellu®|wroe o), (93)
Hugﬂww(ﬂ) < CTl_pHUOHWlm(Qy (94)

Proof. From the definition of uj ; (x) one gets
[u® — w1 || () < erllu’llwroe ) < cellu’[lwre(o)- (95)

Now we estimate ||u® || feo(q). Assume that M is defined by (90). Note that
r,2 (£2)

oG9 ) Nl
/ 0 (7) (z1 — xo,)dz| > ¢, / Qij 9v(8) oI (€) d¢ > c. (96)
2 Om No@ - 9§ 9%
We have
| M| < cel|u® =y wr @) [N [ wioe (@) | Go llw1 20
< cellu® = u g wr @) [N [lwioe (@) < cellu® s (o) (97)

Hence by (86),

l[ug ol Lo (o) < cellu’[wree(qy, (98)

which, together with (95), gives the desired result (93).
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Similarly, one concludes from the definitions of ) ; () and uf ,(z) that
[up 1 [lwese ) < e Pllulwree (), U ollweeeo) < er' Pllul |l (q). (99)

These relations imply the desired result (94). O
Now we use Theorem 2.1, Lemmas 2.2 and 3.1 to estimate (u® — uZ)(zg).

Lemma 3.2.  Under the assumptions of Theorem 3.1, there exists a constant ¢ such that
[(uF =) (o) < cel Inelju s e - (100)

Proof.  Assume that r, E5 and €2 are defined as Subsection 3.1, By = {r(Q+2) C Q|p(e(Q+2),z0) < T}.
Note that € — Q5 can be split into

Q—Qy =01 UQ3, (101)
where

M= || r@+2), B=0-0-0. (102)
r(Q+z)EE:

One finds that (u® — u$)(xo) can be decomposed into

0’ —u?)(z) 0G5, ()
g _ € — 1) [s xo
(0 —uan) = — [ a1 ) g
. o_,0 0GeE B 0o_,0 O0Ge
C [ DI [0l @) 00,
N 8xj 89@ Q-0 a’,Cj a’,Ci
=A+B. (103)
From (15) it follows that
Al < ellGgllwra @ e’ lwroe ) < celne][[u®[lwr. (- (104)
Now we estimate B. Observe that B can be split into
- O(u0 — u0)(x) G, (v) OO — u0) () DN (%) "m0
B :/ Y r ) d{E—f—/ Y r £ Oz dx
Q-0 8@ 83:1 Q-1 833] 8331
B 0o_,0 € B 0o_,0 9(Ge _ém_s
P[RR [P0 i) (%, = O 0N,
Q- 8a:j 8331 Q-0 8a:j 8331
= By + By + B3 + By. (105)

Notice that

9w — u0)(x) OGL, (z) et / i 0 —u)(@) 0G5 (@) (106)
Q-0

o_,0 _ _ i
(u ur)(x()) /Ql “ 8$j 8331 8$j 8331
One finds from Lemma 3.1 and (106) that

O(u® — u)(z) 0Gy, (v)

By| < [Ju® — u0)| 1 / —a d
B0 < = iy + | [ a0 O g
< C€H’LLOHW1,9<>(Q) + CEHUOHWl,oo(Q) < CEHuOHWLoo(Q). (107)

We now turn to the estimation of Bs. Assume that Q3,0 and Q3 are defined as (85) and (102),
respectively. With these notations, we split By into

By = By1+ B2+ Bajs, (108)
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where

B o_,0 aQGO
Bg’l _ —E/ X a(u ’U,T)(.’E) Nk<x> mO(x) d(E,
Q-0 €

dz; Ox;0xy,
0 __ k 0
B [ @005 DN,
’ Qs 8$j 851 8a:k
0_ k 0
Buam [ @20 S NG,
’ Qs 8$j 851 8a:k
One finds that
0?°GY (x
|Ba1| < ce /9_91 8ariaoagk>dx [[u®][wree @) < g Ing]||[u’ | q)- (109)

Now we estimate Ba 2. Assume that Es and [ are defined as (85) and (87), respectively. Let w(z) =

8G5§l(I) () — z0,). For any r(Q + z) € E», let z, € 7(Q + 2) satisfy w(z,) = r—2 fT(Q+z) w(z)dz. Note
that [, @ au(g;(z) azngg> 8G§° dx can be rewritten into
/ s u o () ON*(£) 0GY, (x) e / aija[Mw(g)(xl —x0,)] ON*(€) 0G2, (x) "
Qs 8$j 8& oxy, Qs (933]' a& Oz
g b — k() 0GY
— / G 8[M¢(f)($l xO,l)] ON (5) zo (Z‘) do — Il +I2 —|—I;3 —|—I4, (110)
(QF2)EEs r(Q+z) 8xj 8& 8:ck
where
1
n-M / i ag(g) ‘9]\8[ © (a2, (111)
© r(Q¥ner, /(@) & i

" i OB (€) ON'(€)
N ” —wla:))de, 112
2 c r(Q+2)EE> ~/T(Q+z) 0¢; O&; (w(z) —w(z,))dx (112)

M / 1 00(€) ONT (¢) DGY, ()
e Ja, 0¢; o&; Oxy

_ it ONF(8) G, ()
Iy =M o, a"y(§) o€, -

and the definition of M (see (90)) implies
M 4 (&) ON'(€) ]
I = 2) x &2 i d
1 Z {w(x ) x € /NOQ 3

I3 = (x; — zo,)dx, (113)

dz. (114)

< r(Q+z)€EE; 857 i

M 413 O(6) IN'(¢) ., M i 00(€) ON'(€)
— d B J d d

. NOQ 9E, o6 gr(Q.§€BQW(x )t = N7 NOQa o6, ok ¢ QQw(x) x
[0 =l ) (x) ONF(€) G, (x)
_ /Q et v g d (115)

One concludes that

0 0
Byy— — / 49 A(u® —ud 1) (x) ON*(€) 0GY, (x) dr 4+ / 47 oup o(x) ON*(£) 0GY, ()
’ Qs (933]' 0&; Ox Qs (933]' 0¢; Oxy,

=+ I3+ 14 (116)

dx

(90) gives

L 00(€) ON'(©)

o, o6 (w(x) —w(z,))|dx

|12 < ]\j Z /

Q+z)€B Q+Z)
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< ceflwllwiaiay < cellu®lwrm (@) |G w2 0a) < celIne[u®wr=(q), (117)
1| < cenell|u’|lw= (o) (118)
. ’ . . aGY (z)
Now we estimate I3. Assume that [,!’ are defined in (87) and w(x) = 0" (a1 — mo,). For any

Oox,
7(Q + z) € By, let &, € r(Q + z) satisfy &(2,) = r2 Jr(@ - @(@)dz. We split I3 into

n l
= 2 /mmaaijamaaN (f)a(wz)dx

© r(QineE, % O
M O (E) N
i / PX g(g) 5 (&) (W(z) —w(x,))de = I31 + I3 2. (119)
€ r(Qrmer, TT(QF2) & S

Note that [ # I’. Similarly to (115) and (117), one finds that

[I3.1] = M/ aija’/’@aNl(f)dg &(z)dx
NoQ

eN ¢ 0& Q0
<eli®lwreia| [ O @zl < celmellutl o (120
Qo &
| I3,2] < celInel[[u® w0 (121)
The combination of (119)-(121) gives
I5] < ez Il [u w1 = oy, (122)
Hence by (116)—(118) and (122),
[Baal < cel el [u”llwr = a)- (123)
Note that
| B,a| < cl[u’lwioe (@) | G2, lwr(q) < celnel|u’[lwie o) (124)
The combination of (108), (109), (123) and (124) shows that
[Bal < cel el s g. (125)
Note that
|Bs| < cllu®lwre o) 10& lwri@-a,) < celnell|u’[[wi~ ), (126)
and Theorem 2.1 gives
|Bal < a0 |G5, = Gao = 05 lwii@ 0y < cellnel?|u’wi ). (127)
Hence by (105), (107) and (125)—(127),
1Bl < celnel[|u’ w1 (- (128)
The combination of (103), (104) and (128) gives the desired result (100). a

€
T

Lemma 3.3. Let £ = * and r = 2e. Assume that |31~ ) < ¢ and f € C(R?),|D'f(z)| < er™
where ¢ is independent of x and r. Then, for any M € N U {0}, there exist positive constants q¢ < 2,
Bra (0 <a<l< M) and 1-periodic functions Bari,a(§) (12 M+ 1,0 < o <) such that

O s o' f ()
/EQ BlE)f (wde = Z 2! Z B /aQ dx§ ozl o

=0 a=0

For estimating | (@, — uS)(z0)|, we need the following Taylor expansion.
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+ Z ZCI/ B0 (8 O‘J;Z)adm’ (129)

lM+1 a=0

where Bl,a O0<a<<i<M) and Bria(€) (> M+1,0< a <) satisfy

1Bl < ¢'118lL=(q), / ﬂM,M+1,a(§)df‘ < MBI (q) (130)
M+1
‘/ Bartal€ dé‘ Wf R P V) (131)

Proof. First we obtain (129) by induction. Assume that M = 0. Let o = (0,0). Using the Taylor
expansion, one finds that

21 o O f(2) 2, gt Lo O'f(2)
- Z Al Z C1l l2 833?81'[270( = f(x()) - Z Al Z 2 a %833%70[7

=1 a=0 =1 a=0

which implies

(o) 0'f ()
_ 1% l—«
/EQms) dw—/ﬁ d&/ F(wo)da ; ;}/g@clﬁ G ot e (132

Similarly, from

%) 1
1 O'f(x)
z) + (—1)'Crafal ™ T
; ! go O O
we obtain

— c- gl l l acacl—a 8lf(x)
/EQf(xo)dm—/EQf(x)da:+§ 2 2D /Ech e e o (133)

Set (o0 = fQ B(€)d¢. Using (132) together with (133), one finds that

o 0@
[ posa=joo | ste dx+Zl,aZ/ DO lBoo ~ HOIEE 7 de (130
Forl>1,0<a</,set

L1\
Boal® = 2 0 (o0 — pleesese. (135)

With this notation, we can rewrite (134) as

/ﬂ dx—ﬂoo/ f(z dx—i—z Z/ Cf* Boa(€ ag(jzadaz. (136)
2

Then we have obtained (129) for M = 0. Assume that (129) holds for M = m. Now we consider the case
that M =m + 1. Set

Bm+1,a:/;ﬂm,m+l,a(§)d€~ (137)

Similarly to (134), one gets

8m+1 R am+1
/sQ ﬁm,erl,a(g) O f(x), dx = ﬁerl,a/ f(x), dx

m+l—a m+l—a
0y cQ 0z 0z
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1247
§ _ 0° gm+1
+ E:s| / ﬂm+1a Bm,m+1,a(8))CTETES Waxla ( f(x) )d

138
8:1;?83:’”“ « (138)
Assume that | > m + 2. Let oy = min{e,! —m — 1}. Define Bp41,1,0(§) by
ﬁm—‘—l,l,a(f) = ﬂm,l,a(f)
2l—m—1( lmlo‘o el 1~
+ Co(l —m —1)! Z O — m+1§1€ (ﬂm—o—l,a—y — Brmmt1,a—~(&)).  (139)
So that (129) holds for M = m + 1.

Now we prove (130) and (131) by induction. Let g =
as (135). One gets

ool = ‘ /Q ﬂ(é)dé‘ < 18lec@)

3 Assume that M = 0 and (81,4(§) is defined

(140)
[ st =2| [ - peiereseae| =2| [ 10— pion(eres - ) )ae
Q Q Q
o 1 agl—a _ 1
=2’/Qﬂ<§>(§?£§ - 2)d£’ <2||ﬂ|Lm<Q>/Q‘(51§% - 2>’d€
1
o 18llz=(Q)- (141)
Note that fQ £2d¢ = é’fQ &i1&dé = ). Let E={{ € Q|&1& > 1} We have
1 1 1 4+4In2—-1 3-2In2 1
~/Q£1§2_4‘d€:/15<§1£2_4)d§+/62E<_§1§2+4)d£< 64 toawa Sy
V3 1
) s /1, , 1 4v/3
[ g <11 | [ (5 —fi)d5+/¢ (¢-3)e] = 5 Wle~cor
Consquently,
2 4V3 8V3
[ uaatrae] < oy xma{ 1Bl @ Wl | < IBlim@r (42)
Similarly, we find
[ a0 < 5y x JBlmco) = gl (143)
o 0,3, X 31 3 L>(Q) 9 L>(Q)*
For [ > 4, one gets
2l (03 — 2l [e3 — (6% —Q
[ nsaterte| = | [ 150 senresae| =) | [ 10— pce) [exeh e — [ exeoae] ag
2! 2!
=0 /Q B(e) [5? 2 - /Q é?fé“df] df’ < 1Bl @) x 2 /Q €1 d
9ol 2 9l+1

The combination of (140)—(144) leads to (130) and (131) for M =0

Assume that (130) and (131) hold when M = m. Now we consider the case that M = m+1. It follows
from (137) that

Brstal = ’ /Q ﬁm,mﬂ,a(g)ds‘ < ™80, (145)
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Now we estimate |fQ(ﬂm+1,z,a(§)d€| (I > m+20< a <I). Note that the definition of g implies
Cpr =3202,01 C; 1. One observes from (139) that

l—m—1

2l—m—1

‘/ ﬂm—kl,l,a(g)df‘ < ( /(Bm—i—l,a—’y _ﬂm,m+1,a—’y(f))f?fé_m_l_’ydf
@ Q

max
I —m— 1) ogy<i-m—1

+‘ [ Baalerds| =1+ 11
Q
Similarly to (141)—(144), one finds that
1 .
2qm+1||ﬁHL°°(Q)7 if Il=m+2,
8V3 ., .
27 q +1||ﬁHL°°(Q)7 if [=m+3,
Isq4 (146)
gqurl”ﬁHLm(Q)» if 1=m+4,
2l_m m—+1 TS
(l—m)!q 18] L), i > m+5.
Note that
2 l—m—1
m<(3) 7 Bl 1)
Hence by (146) and (147),
T " .
67 Bl @ < "1l =) if 1=m+2,
1248v3 . 2 .
o7 0" Bl € 0PIl 1 L=m+3,
20 2\ 2
'/ ﬂm+1,z,a(f)d§' < 27qm+1||ﬁ|\L°°(Q) = <3) 4" 21BN L) if 1=m+4, (148)
@ 2 l—m—1 2l7m
m—+1
[(3) + (l—m)!}q Hﬂ”Lw(Q)
2 l—m—2
< <3) "Bl L~ (@) if 1>m4+5.

The combination of (145) and (148) shows that (130) and (131) hold when M = m + 1. The proof is
completed. O

The following result can be concluded from Lemma 3.3, directly.

Lemma 3.4. Let { = * and r = 2. Assume that |B|p=q) < ¢ and f € C=(R?),|D'f(z)| < er™
where c is independent of v and r. Then there exist constants [ o such that

o i !
e'Cy 0" f(x)
BE)f () = Pha [ ) dz,
/aQ ;ogo 2! cQ 83:‘1"8arl2
where ﬂAl,a satisfies

oo 1 R o
DD Ihal g 7 < Bl (149)
=0 a=0

Now we use Theorem 2.1, Lemmas 2.2, 3.1 and 3.4 to estimate |(@, — u$)(xo)|.

Lemma 3.5.  Under the assumptions of Theorem 3.1, there exists a constant ¢ such that

(@ — uz) (0)| < celInel||u’llwr.o o). (150)
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Proof. Set es(x) = us(z) — ur(r). We split e(z) into

T

er(2) = wy(z) + 6;(), (151)
where wg (z) satisfies the problem
Lowt(z) = 0 G F Ows () _ 0 Gl ® Oes(x) CmoQ
Ox; e) Oz 0x; e) Oxj (152)
wi(z) =0, on 01,

and 6% (x) satisfies the problem

0 ([ .z 06(x) .
€ = 3 T -
L.65(x) = oz, (a <E> oz, ) 0, in €

0
05(z) = —eNF (i) 815;(33), on ON.
k

(153)

First we estimate |wg(z¢)|. Assume that o/ (§) = (a{“- (€)) is defined as Lemma 2.4. Similarly to Lemma
2.4, one observes that, for any v € H{ (),

[ol2) 5%
LT G O )2 R
T 2ud( v
L) ) e
Consquently,
w (20) = — /Q . <:Ec> (%gi:(jc) 8G§;fm) e

B L [z w2\ ] 0%ul(z) 0G;, () _/ . 0G;, (x)
_E~/Q|: aki<€>+a”<5)N <5>}3$j393k Ox; = QFM() 3321 4,
R N I EANNE 0?ul(x)
o= () (o (50

Assume that €2 is defined as (102). We split wS(x¢) into

. 0Ge . oG,
wf(xo) = / Fr,z( ) ( )dx+/ Fr,i(x) mO(x)dx =A+B. (155)
N 8331 Q-0 81'1

where

It follows from Lemmas 2.2 and 3.1 that
AT < celullaoe @ IGE, lwra o) < cel el [u]lwm . (156)

Now we estimate B. One finds that B can be decomposed into

G, (x)

0G0 (x) . O(ENF(T) e
B :/ Fi(x dx—i—/ Fi(x ° e T de
Q-0 (@) Ox; Q- (z) Ox;

R o(Ge. — Gy
+ / Fri(x) (G, o)) gy = By + Bs + Bs. (157)
Q- Ox;
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First we estimate By. Assume that Q5 and Q3 are defined by (85) and (102), respectively. We split By

into
. 8GO 8G0 (x)
By = Fri FTl - =B B :
' /Q +(@) axl /Q oo; ¢ = Bt B

Set

. 9240 8Gg
Bign(€) = a3 (€) + aiz(ONM(€),  wije(x) = axjé(ai) 8;:1‘(3:)'

With these notations, we rewrite B ; into

x
B = E/ ﬂijk( )wijk(x)d95~
Qy €

The combination of Lemma 3.4 and (160) shows that there exist constants 3 4 i such that

oo 1 Ele‘ .
Bial<ed > Y ot |Braisl

1=0 a=01<i,j,k<2

Lapys s
0 Uhjkl(f) de‘
Q, 0x§0zy @

€l+1ca

o

<ee Y, /wijk E E ) o Pragelllwigkllwi-11o0,)
1<, j,k<2 | /<2 —10=01<i,j,k<2

= DBi1,1+ Bi,2-

Assume that n; means the normal derivative in the zj direction. Note that

2ul(x) G}
|B1,1,1] < ce Z Ou)(z) 0G5, (v) dx’
1<ij e 1/ 8x38xk ox;
nz) O°GL 0(x) OGO
< e Z 8ur(w) o (m) dx + ce 8’U,T({E) Io(x) nde
< Thea Mo, O 010w 2 on, By 0w

< cef|ullwree (@) 1Go, llw1 (n) + cellu’ [lwroe @) Gy lwrian,) < cel Inell[u’[lwe o),
and Lemma 3.4 gives

S CRNE 1y,,0 0
[Biagl<e) > > o1 Prasigklr ™ [ llwoe () |Gy llwrr ons)

1=1 a=01<4i,5,k<2

< cel el a0l = -
One concludes from (161)-(163) that
|Bi1| < celne|[[u’|lwr.< (o)
Note that
|B2| < celupllwzoe @) |GR, llwrr(ay) < cee™H[ul [ oy cel Ine| < cel ne|[|u[wre o
Hence by (158), (164) and (165),
|B1| < celnell[u’[[w= (o).

We now turn to the estimation of By and Bs. Similarly to (164) and (165), we have

F.i(x dz| < ce|Ine|||[u’||wr.= (o),

0 xT
AN ™)
/92 ' Ox;

(158)

(159)

(160)

(161)

(162)

(163)

(164)

(165)

(166)

(167)
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G, (x)

8xi

< caeil||u0||W1,oo(Q)5| lne| + C5€71|‘UOHW1,90(Q)€| Ine| < ce ln5|HuOHW1,m(Q).
The combination of (167) and (168) shows
| Ba| < celnell[u’[[w= (o).

It follows from Theorem 2.1 that

~ e _ ~$ — pe
/ Fr,i(x) 8(GI0 G 9] G)(x) dx
Q-0

Bs| <
1B i

_|_

- 005, (x)
E.(x) S\ dx
| A

< celulflwee (@) IG5, — Gao — 05 lwia(amay) + cellulwe. @) 10&] w11 @0y
<

cee [ e oyl nef? + cee™ u e eyel Inel] < ce el u oo,
which, together with (157), (166) and (169), leads to
1Bl < celnel[|u’ | wroe ()
Hence, by (155), (156) and (171),
|wi(z0)| < celnel|u’[lwr.()-
Notice that
165 (0)| < celInel]|u’|lwro()-

The combination of (172) and (173) implies the desired result (150).
Now we give an error estimate between the solutions @, (z) and a(x).

Lemma 3.6.  Under the assumptions of Theorem 3.1, there exists a constant ¢ such that
@ — @l Lo ) < cellu’|lwroe (@)-
Proof. Using Lemma 3.2, we have

[y — @l ooy < [y — ul| oo (o) + celluf — u®|lwr (o)
< cellu’lwre (o) + cellu’lwie o) < cellu’fwros ()
This completes the proof.

Finally, we are now in a position to give a proof of Theorem 3.1.

Proof of Theorem 3.1.  Combining Lemma 3.2 with Lemmas 3.5 and 3.6, we have

[(u —@)(xo)

< [(u® =) (@o)| + [(uz — @) (2o)| + [[Gr — | L= ()
< celnel?[[u’|lwroe () + cel Ine?[[u’ [l ) + cellu’ |l @)
<

C€| ln€|2||u0||W1,oo(Q).

This ends the proof.
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. 3(5Nk($) 0 )
/Q F () =0 | < cel|ullweee (€ llGY, lwea (s + cellul e @) |Go llwi )
3

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)

O
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