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Abstract In this paper, we discuss the multi-scale homogenization theory for the second order elliptic problems

with small periodic coefficients of the form ∂
∂xi

(aij (x
ε
)∂uε(x)

∂xj
) = f(x). Assuming n = 2 and u0 ∈ W 1,∞(Ω),

we present an error estimate between the homogenization solution u0(x) and the exact solution uε(x) on the

Sobolev space L∞(Ω).
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1 Introduction

Composite materials have been widely used in high technology engineering as well as ordinary industrial
products since they have many elegant qualities, such as high strength, high stiffness, high temperature
resistance, corrosion resistance and fatigue resistance. Most of the composite materials have small periodic
configurations. Thus, the static analysis of the structures of composite materials usually leads to the
boundary value problems of elliptic partial differential equations with small periodic coefficients. Solving
these problems by classical finite element methods is very difficult because it usually requires very fine
meshes and this leads to tremendous amount of computer memory and CPU time.

In order to solve this kind of problem, the multi-scale methods, which is thoroughly described in
numerous sources [1–25], is introduced. It couples macroscopic scale and microscopic scale together, and
it reflects not only global mechanical and physical properties, but also the effect of micro-configuration
of composite material.

Consider the following multi-scale elliptic model problem:
⎧
⎪⎨

⎪⎩

Lεu
ε(x) ≡ ∂

∂xi

(

aij
(
x

ε

)
∂uε(x)
∂xj

)

= f(x), in Ω,

uε(x) = g(x), on ∂Ω,
(1)
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where Ω is a smooth bounded domain contained in R
n (n � 1) and the matrix of coefficients aij(xε ) : R

n →
R
n×n is symmetric and satisfies the following conditions: ∃Γ0 > 0,Γ1 > 0, such that ∀ ξ = (ξ1, . . . , ξn)

∈ R
n,

(A1) aij(ξ) is 1-periodic in ξ,

(A2) Γ0

n∑

i=1

ξ2i �
n∑

i=1

n∑

j=1

aij(ξ)ξiξj � Γ1

n∑

i=1

ξ2i . (2)

Oleinik et al. [18, 22] presented the following multi-scale homogenization method for (1):
First let Nk(ξ), 1 � k � n, be the weak solution of

⎧
⎪⎪⎨

⎪⎪⎩

∂

∂ξi

(

aij(ξ)
∂Nk(ξ)
∂ξj

)

= − ∂

∂ξi
aik(ξ), in R

n,

Nk(ξ) is a 1-periodic function,
∫

Q

Nk(ξ)dξ = 0,
(3)

where Q = {ξ|0 < ξi < 1, 1 � i � n}. Then, define the matrix of coefficients â = (âij) by

âij =
∫

Q

(

aij(ξ) + aik(ξ)
∂N j(ξ)
∂ξk

)

dξ. (4)

Finally, we have an approximation to the weak solution for (1) by

ũ(x) = u0(x) + εNk

(
x

ε

)
∂u0(x)
∂xk

, (5)

where u0(x) satisfies the following homogenization problem:
⎧
⎪⎨

⎪⎩

L0u
0(x) ≡ ∂

∂xi

(

âij
∂u0(x)
∂xj

)

= f(x), in Ω,

u0(x) = g(x), on ∂Ω.
(6)

Remark 1.1. ũ(x) is named as the 1-order approximation of uε(x).

The following lemma, which was obtained by Jikov et al. [18, p. 28], gives an error estimate between
the solutions ũ(x) and uε(x).

Lemma 1.1. Under the assumption that u0 ∈ H2(Ω), there exists a constant c such that

‖uε − ũ− θε‖H1(Ω) � cε‖u0‖H2(Ω), (7)

where θε satisfies
⎧
⎪⎨

⎪⎩

Lεθε(x) = 0, in Ω,

θε(x) = −εNk

(
x

ε

)
∂u0(x)
∂xk

, on ∂Ω.
(8)

From (7) we have

‖uε − u0‖L2(Ω) � cε‖u0‖H2(Ω). (9)

There are many works (see [6–12, 14, 16, 17, 19, 21, 24, 25] etc.) to discuss the numerical methods of
the multi-scale homogenization problem and Lemma 1.1 is the theory basis of them when they discuss
the problem (1). We observe that there exists a problem whether we need u0 ∈ W 2,p(Ω) when we only
discuss the accuracy of displacement of u0. In this paper, using the homogenization theory of Green
function for (1), we propose a new approach to analyze the accuracy of displacement of u0 and have the
following result.
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Theorem 1.1. Assume that n = 2, ∂Ω is smooth enough and u0 belongs to the Sobolev space W 1,∞(Ω).
Then there exists a constant c such that

‖uε − u0‖L∞(Ω) � cε| ln ε|2‖u0‖W 1,∞(Ω). (10)

Remark 1.2. Theorem 1.1 shows that u0 ∈ W 2,p(Ω) is not necessary when we only discuss the
accuracy of displacement of u0.

The rest of this paper is organized as follows: Assume that Gεx0
(x) is the Green function of (1) in point

x0 and G̃x0(x) is the 1-order approximation of Gεx0
(x), θεG(x) is the boundary corrector of Gεx0

(x) and is
defined by

⎧
⎪⎨

⎪⎩

Lεθ
ε
G(x) = 0, in Ω,

θεG(x) = −εNk

(
x

ε

)
∂G0

x0
(x)

∂xk
, on ∂Ω.

(11)

Assume that B(x0, d) = {x ∈ Ω|dist(x, x0) � d}. We present an error estimate between the solutions
G̃x0(x) + θεG(x) and Gεx0

(x) on W 1,1(Ω − B(x0, ε)) in Section 2. Section 3 gives a proof of Theorem 1.1
on the basis of Section 2.

Remark 1.3. In this paper, we establish some notations and conventions. In the following, the Einstein
summation convention is used: summation is taken over repeated indices. Throughout this paper, we
let Ω be a bounded smooth domain in the n-dimensional space, Q = {ξ|0 < ξi < 1, i = 1, . . . , n},
x0 ∈ Ω, B(x0, d) = {x ∈ Ω|dist(x, x0) � d} and dist(x, ∂Ω) denotes the distance between x and ∂Ω.
We also assume that c (with or without subscripts) denotes constants not necessarily the same at each
occurrence, but always independent of ε and d.

2 Estimate for ‖G̃x0 + θε
G − Gε

x0
‖W1,1(Ω−B(x0,ε))

In this section, our main result is as follows.

Theorem 2.1. There exists a constant c such that

‖Gεx0
− G̃x0 − θεG‖W 1,1(Ω−B(x0,ε)) � cε| ln ε|2. (12)

For proving Theorem 2.1, we need to introduce some lemmas. The following result is presented in [6].

Lemma 2.1. There exists a constant c such that

|Gεx0
(x)| �

{
c| ln |x− x0||, n = 2,

c|x− x0|2−n, n = 3.
(13)

Using Lemma 2.1, we present a local estimate for ∇Gεx0
(x) as follows.

Lemma 2.2. Assume that d > 0. Then there exists a constant c such that

‖∇Gεx0
‖L2(Ω−B(x0,d)) � cd

2−n
2 | ln d|, (14)

and
‖∇Gεx0

‖L1(B(x0,d)) � cd| ln d|. (15)

Proof. For simplicity, assume that ‖∇Gεx0
‖L1(∂B(x0,d)) satisfies

‖∇Gεx0
‖L1(∂B(x0,d)) � cd−1‖∇Gεx0

‖L1(B(x0,2d)−B(x0,d)),

which implies

‖∇Gεx0
‖L1(∂B(x0,d)) � cd−1d

n
2 ‖∇Gεx0

‖L2(B(x0,2d)−B(x0,d)) � cd
n−2

2 ‖∇Gεx0
‖L2(Ω−B(x0,d)). (16)
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Assume that ni means the normal derivative in the xi direction. Note that
∫

Ω−B(x0,d)

aij
(
x

ε

)
∂Gεx0

(x)
∂xi

∂Gεx0
(x)

∂xj
dx =

∣
∣
∣
∣

∫

∂B(x0,d)

aij
(
x

ε

)
∂Gεx0

(x)
∂xj

Gεx0
(x)nids

∣
∣
∣
∣. (17)

The combination of (13), (16) and (17) shows

(‖∇Gεx0
‖L2(Ω−B(x0,d)))

2 � c

∫

Ω−B(x0,d)

aij
(
x

ε

)
∂Gεx0

(x)
∂xi

∂Gεx0
(x)

∂xj
dx

= c

∣
∣
∣
∣

∫

∂B(x0,d)

aij
(
x

ε

)
∂Gεx0

(x)
∂xj

Gεx0
(x)nids

∣
∣
∣
∣ � cd2−n| ln d|‖∇Gεx0

‖L1(∂B(x0,d))

� cd2−n| ln d| · dn−2
2 ‖∇Gεx0

‖L2(Ω−B(x0,d))

� cd
2−n

2 | ln d|‖∇Gεx0
‖L2(Ω−B(x0,d)). (18)

This relation implies the desired result (14).

Now we consider (15). Assume that d0 = d and dk = d
2k (k � 1, k ∈ N). (14) gives

‖∇Gεx0
‖L1(B(x0,d)) =

∞∑

k=0

‖∇Gεx0
‖L1(B(x0,dk)−B(x0,dk+1)) � c

∞∑

k=0

d
n
2
k ‖∇Gεx0

‖L2(B(x0,dk)−B(x0,dk+1))

� c

∞∑

k=0

d
n
2
k d

2−n
2

k | ln dk| � c

∞∑

k=0

dk| ln dk| � cd| ln d|.

This ends the proof. �

Now we discuss a local estimate for elliptic problems with constant coefficients.

Lemma 2.3. Let x0 ∈ Ω and fε(x) satisfy fε(x) = 0 if x ∈ B(x0, d). Assume that ωε(x) satisfies the
following problem

⎧
⎪⎨

⎪⎩

∂

∂xi

(

âij
∂ωε(x)
∂xj

)

= fε(x), x ∈ Ω,

ωε(x) = 0, x ∈ ∂Ω.
(19)

Then there exists a constant c such that

‖D2ωε‖L∞(B(x0,
d
2 )) � cd

−n
2 ‖fε‖L2(Ω−B(x0,d)). (20)

Proof. Assume that y ∈ B(x0,
d
2 ) and G0

y(x) is the Green function of (19) in point y. Note that

ω0
ε(y) =

∫

Ω

G0
y(x)f

ε(x)dx, ω0
ε(y + Δy) =

∫

Ω

G0
y+Δy(x)f

ε(x)dx. (21)

One finds that

∂ω0
ε(y)
∂yk

=
∫

Ω

∂G0
y(x)
∂yk

fε(x)dx. (22)

Similarly,

∂ω0
ε(y + Δy)
∂yk

=
∫

Ω

∂G0
y+Δy(x)
∂yk

fε(x)dx. (23)

The combination of (22) and (23) yields

∂2ω0
ε(y)

∂yk∂yl
=

∫

Ω

∂2G0
y(x)

∂yk∂yl
fε(x)dx =

∫

Ω−B(x0,d)

∂2G0
y(x)

∂yk∂yl
fε(x)dx. (24)
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Consequently,

|D2ω0
ε(y)| �

∫

Ω−B(y, d
2 )

∣
∣
∣
∣
∂2G0

y(x)
∂yk∂yl

fε(x)
∣
∣
∣
∣dx �

∥
∥
∥
∥
∂2G0

y

∂yk∂yl

∥
∥
∥
∥
L2(Ω−B(y, d

2 ))

‖fε‖L2(Ω−B(y, d
2 ))

� cd
−n
2 ‖fε‖L2(Ω−B(y, d

2 )) = cd
−n
2 ‖fε‖L2(Ω−B(x0,d)). (25)

This ends the proof. �

Assume that d > 0 and Ed = {x ∈ Ω|dist(x, ∂Ω) � d} − B(x0, d). Now we are going to estimate
‖Gεx0

− G̃x0 −θεG‖L2(Ω−B(x0,d)−Ed).

Lemma 2.4. There exists a constant c such that

‖Gεx0
− G̃x0 − θεG‖L2(Ω−B(x0,d)−Ed) � cεd

2−n
2 | ln d|. (26)

Proof. Assume that k � 1 (k ∈ N) and Ωkd = Ω −B(x0, kd) − Ekd. Define φ(x) by

0 � φ(x) � 1, x ∈ Ω,

φ(x) = 1, x ∈ Ω2d,

φ(x) = 0, x ∈ Ω − Ωd,

φ ∈ C∞(Ω), |Dlφ(x)| � cld
−l, x ∈ Ω.

We introduce vε(x), v0
ε(x) and ṽε(x) by the following (27)–(29),

⎧
⎪⎨

⎪⎩

Lεv
ε(x) ≡ ∂

∂xi

(

aij
(
x

ε

)
∂vε(x)
∂xj

)

= φ(x)[Gεx0
(x) − G̃x0(x) − θεG(x)], in Ω,

vε(x) = 0, on ∂Ω,
(27)

⎧
⎪⎨

⎪⎩

L0v
0
ε(x) ≡

∂

∂xi

(

âij
∂v0

ε(x)
∂xj

)

= φ(x)[Gεx0
(x) − G̃x0(x) − θεG(x)], in Ω,

v0
ε(x) = 0, on ∂Ω,

(28)

ṽε(x) = v0
ε(x) + εNk

(
x

ε

)
∂v0

ε(x)
∂xk

. (29)

Note that

∂v0
ε(y)
∂yk

∣
∣
∣
∣
y=x0

=
∫

Ω

∂G0
y(x)
∂yk

∣
∣
∣
∣
y=x0

φ(x)[Gεx0
(x) − G̃x0(x) − θεG(x)]dx.

One observes that
∫

Ω
[Gεx0

− G̃x0 − θεG](x)φ(x)[Gεx0
− G̃x0 − θεG](x)dx can be split into

∫

Ω

[Gεx0
− G̃x0 − θεG](x)φ(x)[Gεx0

− G̃x0 − θεG](x)dx

=
∫

Ω

Gεx0
(x)φ(x)[Gεx0

− G̃x0 − θεG](x)dx −
∫

Ω

G0
x0

(x)φ(x)[Gεx0
− G̃x0 − θεG](x)dx

−
∫

Ω

εNk

(
x

ε

)
∂G0

x0
(x)

∂xk
φ(x)[Gεx0

− G̃x0 − θεG](x)dx −
∫

Ω

θεG(x)φ(x)[Gεx0
− G̃x0 − θεG](x)dx

= (vε − ṽε)(x0) −
∫

Ω

θεG(x)φ(x)[Gεx0
− G̃x0 − θεG](x)dx

+
∫

Ω

ε

[

Nk

(
x0

ε

)
∂G0

y(x)
∂yk

∣
∣
∣
∣
y=x0

−Nk

(
x

ε

)
∂G0

x0
(x)

∂xk

]

φ(x)[Gεx0
− G̃x0 − θεG](x)dx

= I + II + III. (30)

First we estimate I. Denote ξ = x
ε and eεv(x) = vε(x) − ṽε(x), one finds that I can be split into

I = I1 + I2, (31)
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where

I1 =
∫

Ω

∂(aij(xε )
∂eε

v(x)
∂xj

)

∂xi
Gεx0

(x)dx, I2 = −
∫

∂Ω

εNk

(
x

ε

)
∂v0

ε(x)
∂xk

∂Gεx0
(x)

∂nx
dsx. (32)

From (27) and (28) we have
∫

Ω

aij
(
x

ε

)
∂vε(x)
∂xj

∂Gεx0
(x)

∂xi
dx =

∫

Ω

âij
∂v0

ε(x)
∂xj

∂Gεx0
(x)

∂xi
dx. (33)

Consequently,

I1 = −
∫

Ω

aij

(
x

ε

)
∂eεv(x)
∂xj

∂Gεx0
(x)

∂xi
dx

= −
∫

Ω

[

âij
∂v0

ε(x)
∂xj

− aij

(
x

ε

)
∂(v0

ε(x) + εNk(xε )
∂v0ε(x)
∂xk

)

∂xj

]
∂Gεx0

(x)
∂xi

dx

=
∫

Ω

[(

aij

(
x

ε

)

+ aik

(
x

ε

)
∂N j(ξ)
∂ξk

− âij

)
∂v0

ε(x)
∂xj

+ εaij

(
x

ε

)

Nk

(
x

ε

)
∂2v0

ε(x)
∂xj∂xk

]
∂Gεx0

(x)
∂xi

dx. (34)

Set

Gji (ξ) = aij(ξ) + aik(ξ)
∂N j(ξ)
∂ξk

− âij . (35)

From the definitions of âij and N j(ξ), it follows that
∫

Q

Gji (ξ)dξ = 0, (36)

∂Gji (ξ)
∂ξi

= 0. (37)

Then there exist skew-symmetric matrices [18, p. 6] αj(ξ) = (αjki(ξ)) satisfying

Gji (ξ) =
∂

∂ξk
(αjki(ξ)), (38)

∫

Q

αjki(ξ)dξ = 0. (39)

Note that the definition of αjki(ξ) implies

∫

Ω

∂2(αjki(
x
ε )
∂v0ε(x)
∂xj

)

∂xi∂xk
Gεx0

(x)dx = 0.

With these notations, one can rewrite I1 into

I1 =
∫

Ω

[
∂

∂ξk
(αjki(ξ))

∂v0
ε(x)
∂xj

+ εaij

(
x

ε

)

Nk

(
x

ε

)
∂2v0

ε(x)
∂xj∂xk

]
∂Gεx0

(x)
∂xi

dx

= −
∫

Ω

ε
∂2(αjki(

x
ε )
∂v0ε(x)
∂xj

)

∂xi∂xk
Gεx0

(x)dx− ε

∫

Ω

∂

∂xi

[(

− αjki

(
x

ε

)

+aij

(
x

ε

)

Nk

(
x

ε

))
∂2v0

ε(x)
∂xj∂xk

]

Gεx0
(x)dx

= ε

∫

Ω

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2v0

ε(x)
∂xj∂xk

∂Gεx0
(x)

∂xi
dx = I1,1 + I1,2, (40)

where

I1,1 = ε

∫

B(x0,
d
2 )

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2v0

ε(x)
∂xj∂xk

∂Gεx0
(x)

∂xi
dx, (41)
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I1,2 = ε

∫

Ω−B(x0,
d
2 )

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2v0

ε(x)
∂xj∂xk

∂Gεx0
(x)

∂xi
dx. (42)

Note that the combination of Lemmas 2.2, 2.3, (28) and (41) gives

|I1,1| � cε‖D2v0
ε‖L∞(B(x0,

d
2 ))

∫

B(x0,
d
2 )

|DGεx0
(x)|dx � cεd

−n
2 d| ln d|‖φ(Gεx0

− G̃x0 − θεG)‖L2(Ω)

� cεd
2−n

2 | lnd|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω), (43)

and the combination of Lemma 2.2, (28) and (42) implies

|I1,2| � cε‖D2v0
ε‖L2(Ω−B(x0,

d
2 ))‖DGεx0

‖L2(Ω−B(x0,
d
2 )) � cεd

2−n
2 | ln d|‖φ(Gεx0

− G̃x0 − θεG)‖L2(Ω). (44)

One finds from (40), (43) and (44) that

|I1| � cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω). (45)

Now we estimate I2. Similarly to Lemma 2.3, we deduce from the definition of φ(x) and (28) that

|Dv0
ε |L∞(∂Ω) � cd

2−n
2 | ln d|‖φ(Gεx0

− G̃x0 − θεG)‖L2(Ωd) = cd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω). (46)

Consquently,

|I2| =
∣
∣
∣
∣

∫

∂Ω

εNk

(
x

ε

)
∂v0

ε(x)
∂xi

∂Gεx0
(x)

∂nx
dsx

∣
∣
∣
∣

� cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω)

∫

∂Ω

∣
∣
∣
∣
∂Gεx0

(x)
∂nx

∣
∣
∣
∣dsx

� cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω). (47)

The combination of (31), (45) and (47) shows that

|I| � cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω). (48)

Now we estimate II and III. Using the definitions of θεG(x) and φ(x), one finds that

|II| =
∣
∣
∣
∣

∫

Ω−B(x0,d)−Ed

θεG(x)φ(x)(Gεx0
− G̃x0 − θεG)(x)dx

∣
∣
∣
∣

� cε‖G0
x0
‖H1(Ωd)‖φ(Gεx0

− G̃x0 − θεG)‖L2(Ωd) � cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ωd)

� cεd
2−n

2 | ln d|‖φ(Gεx0
− G̃x0 − θεG)‖L2(Ω). (49)

Similarly,

|III| � cεd
2−n

2 | lnd|‖φ[Gεx0
− G̃x0 − θεG]‖L2(Ω). (50)

Hence by the definition of φ(x), (30) and (48)–(50),

‖φ 1
2 (Gεx0

− G̃x0 − θεG)‖L2(Ω) � cεd
2−n

2 | ln d|. (51)

Note that d is an arbitrary positive number. This relation implies the desired result (26). �

Now we estimate ‖Gεx0
− G̃x0 − θεG‖H1(Ω−B(x0,d)).

Lemma 2.5. Assume that d � ε and B(x0, d) is defined as above. Then

‖Gεx0
− G̃x0 − θεG‖H1(Ω−B(x0,d)) � cεd

−n
2 | ln ε|. (52)

Proof. Assume that k � 1 (k ∈ N) and Ed is defined as above. Set

Ωkd = Ω −B(x0, kd) − Ekd, eεG(x) = (G̃x0 + θεG −Gεx0
)(x). (53)
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One finds that eεG(x) can be decomposed into

eεG(x) = eεG,1(x) + eεG,2(x), (54)

where eεG,1(x) satisfies

⎧
⎪⎨

⎪⎩

Lεe
ε
G,1(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂eεG,1(x)
∂xj

)

=
∂

∂xi

(

aij
(
x

ε

)
∂eεG(x)
∂xj

)

, in Ωkd,

eεG,1(x) = 0, on ∂Ωkd,
(55)

and eεG,2(x) satisfies
⎧
⎪⎨

⎪⎩

Lεe
ε
G,2(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂eεG,2(x)
∂xj

)

= 0, in Ωkd,

eεG,2(x) = eεG(x), on ∂Ωkd.
(56)

First we estimate ‖eεG,1‖H1(Ωkd). Assume that αj(ξ) = (αjki(ξ)) are defined as Lemma 2.4. Similarly to
Lemma 2.4, one observes that, for any v ∈ H1

0 (Ωkd),

∫

Ωkd

aij

(
x

ε

)
∂eεG,1(x)
∂xj

∂v(x)
∂xi

dx

=
∫

Ωkd

[

ε
∂

∂xk

(

αjki

(
x

ε

)
∂G0

x0
(x)

∂xj

)

+ ε

(

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

))
∂2G0

x0
(x)

∂xj∂xk

]
∂v(x)
∂xi

dx. (57)

Notice that the definition of αjki implies, for any v ∈ H1
0 (Ω),

∫

Ωkd

∂

∂xk

(

αjki

(
x

ε

)
∂G0

x0
(x)

∂xj

)
∂v(x)
∂xi

dx = −
∫

Ωkd

∂2

∂xk∂xi

(

αjki

(
x

ε

)
∂G0

x0
(x)

∂xj

)

vdx = 0.

Hence by (57),

(‖eεG,1‖H1(Ωkd))2 � c

∣
∣
∣
∣

∫

Ωkd

ε

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2G0

x0
(x)

∂xj∂xk

∂eεG,1(x)
∂xi

dx

∣
∣
∣
∣

� cε‖G0
x0
‖H2(Ωkd)‖eεG,1‖H1(Ωkd) � cεd

−n
2 ‖eεG,1‖H1(Ωkd),

which gives

‖eεG,1‖H1(Ωkd) � cεd
−n
2 . (58)

We now turn to the estimation of ‖eεG,2‖H1(Ωkd). Define the function φ(x) by

0 � φ(x) � 1, x ∈ Ωkd,

φ(x) = 1, x ∈ ∂Ωkd,

φ(x) = 0, x ∈ Ω(k+1)d,

φ ∈ C∞(Ωkd), |Dlφ(x)| � cl
dl
.

One observes that eεG,2(x) can be split into two parts:

eεG,2(x) = eεG,2,1(x) + eεG,2,2(x), (59)

where

eεG,2,1(x) = eεG(x)φ(x), (60)
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and eεG,2,2(x) satisfies the problem
⎧
⎪⎨

⎪⎩

Lεe
ε
G,2,2(x) = − ∂

∂xi

(

aij
(
x

ε

)
∂eεG,2,1(x)

∂xj

)

, in Ωkd,

eεG,2,2(x) = 0, on ∂Ωkd.
(61)

Note that (60) leads to

‖eεG,2,1‖H1(Ωkd) = ‖eεG,2,1‖H1(Ωkd−Ω(k+1)d)

� ‖φ‖L∞(Ωkd−Ω(k+1)d)‖eεG‖H1(Ωkd−Ω(k+1)d) + ‖φ‖W 1,∞(Ωkd−Ω(k+1)d)‖eεG‖L2(Ωkd−Ω(k+1)d)

� ‖eεG‖H1(Ωkd−Ω(k+1)d) + cεd
−n
2 | lnd|, (62)

and

‖eεG,2,2‖H1(Ωkd) � c‖eεG,2,1‖H1(Ωkd) � c1‖eεG‖H1(Ωkd−Ω(k+1)d) + c2εd
−n
2 | ln d|. (63)

The combination of (62) and (63) implies

‖eεG,2‖H1(Ωkd) � c1‖eεG‖H1(Ωkd−Ω(k+1)d) + c2εd
−n
2 | ln d|. (64)

Note that d � ε. One finds from (58) and (64) that

‖eεG‖H1(Ωkd) � c1 ‖eεG‖H1(Ωkd−Ω(k+1)d) + c2εd
−n
2 | ln ε|. (65)

Now we use (65) to estimate ‖eεG‖H1(Ωd). The inequality (65) gives

‖eεG‖2
H1(Ωkd) � c1[‖eεG‖2

H1(Ωkd) − ‖eεG‖2
H1(Ω(k+1)d)] + c2ε

2d−n| ln ε|2, (66)

which leads to

c1 ‖eεG‖2
H1(Ω(k+1)d) � (c1 − 1) ‖eεG‖2

H1(Ωkd) + c2ε
2d−n| ln ε|2

= (c1 − 1)[‖eεG‖2
H1(Ωkd) − c2ε

2d−n| ln ε|2] + c2c1ε
2d−n| ln ε|2.

Consquently,

‖eεG‖2
H1(Ω(k+1)d) − c2ε

2d−n| ln ε|2 � c1 − 1
c1

(‖eεG‖2
H1(Ωkd) − c2ε

2d−n| ln ε|2). (67)

Assume that c1 and c2 satisfy (67). Let m1 = c1 and m2 = c2. Note that the combination of (13) and
(14) gives

‖eεG‖2
H1(Ωd) � ‖Gεx0

‖2
H1(Ωd) + ‖G̃x0‖2

H1(Ωd) � m3ε
2d−n| ln ε|2, if d ∈

[
ε

2
, ε

]

. (68)

Define as (s ∈ N) by

as =
(2s)n

1 − (m1−1
m1

)s2n
. (69)

Let s0 ∈ N satisfy as0 > 0 and as0 � as if as > 0. Define a constant m by

m = max{m2as0 ,m3}. (70)

Observing that m is a constant, independent of d and ε, now we use (67) to prove

‖eεG‖2
H1(Ωd) � mε2d−n| ln ε|2, if d � ε

2
. (71)



1240 HE WenMing et al. Sci China Math May 2010 Vol. 53 No. 5

(68) shows that (71) holds if d ∈ [ ε2 , ε]. Assume that d0 � ε
2 such that ‖eεG‖2

H1(Ωd0) � mε2d−n0 | ln ε|2. Let

d1 = 2d0. Now we prove ‖eεG‖2
H1(Ωd1 ) � mε2d−n1 | ln ε|2. Set d = d1

2s0
. Note that (67) implies

‖eεG‖2
H1(Ωd1) −m2ε

2d−n| ln ε|2

= ‖eεG‖2
H1(Ω2s0d) −m2ε

2d−n| ln ε|2 � m1 − 1
m1

[‖eεG‖2
H1(Ω(2s0−1)d) −m2ε

2d−n| ln ε|2]

� · · · �
(
m1 − 1
m1

)s0
[‖eεG‖2

H1(Ωs0d) −m2ε
2d−n| ln ε|2]. (72)

One observes from (72) that

‖eεG‖2
H1(Ωd1) −m2ε

2(2s0)nd−n1 | ln ε|2 �
(
m1 − 1
m1

)s0

‖eεG‖2
H1(Ωd0 )

�
(
m1 − 1
m1

)s0
mε2d−n0 | ln ε|2 =

(
m1 − 1
m1

)s0
2nmε2d−n1 | ln ε|2. (73)

Hence by (69), (70) and (73),

‖eεG‖2
H1(Ωd1 ) �

[

(2s0)nm2 +
(
m1 − 1
m1

)s0
2nm

]

ε2d−n1 | ln ε|2 = mε2d−n1 | ln ε|2. (74)

The combination of (69)–(74) implies

‖eεG‖H1(Ω−B(x0,d)−Ed) = ‖eεG‖H1(Ωd) � cεd
−n
2 | ln ε|, if d � ε. (75)

Assume that E = {x ∈ Ω|dist(x, ∂Ω) � 2d} − B(x0, d). One sees that Ed ⊂ E. Now we estimate
‖eεG‖H1(E). Similarly to (54), one observes that eεG(x) can be decomposed into

eεG(x) = eεG,1(x) + eεG,2(x), x ∈ E, (76)

where eεG,1(x) satisfies the problem
⎧
⎪⎨

⎪⎩

Lεe
ε
G,1(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂eεG,1(x)
∂xj

)

=
∂

∂xi

(

aij
(
x

ε

)
∂eεG(x)
∂xj

)

, in E,

eεG,1(x) = 0, on ∂E,

(77)

and eεG,2(x) satisfies the problem
⎧
⎪⎨

⎪⎩

Lεe
ε
G,2(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂eεG,2(x)
∂xj

)

= 0, in E,

eεG,2(x) = eεG(x), on ∂E.

(78)

Similarly to (58), one finds that

‖eεG,1‖H1(E) � cεd
−n
2 . (79)

Similarly to (64), one observes from (26), (75) and (78) that

‖eεG,2‖H1(E) � c‖eεG‖H1(E−Ed) + cd−1‖eεG‖L2(E−Ed) � c‖eεG‖H1(Ωd) + cd−1‖eεG‖L2(Ωd)

� cεd
−n
2 | ln ε| + cεd

−n
2 | ln ε| � cεd

−n
2 | ln ε|. (80)

Hence by (79)–(80),

‖eεG‖H1(E) � cεd
−n
2 | ln ε|. (81)
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The combination of (75) and (81) gives the desired result (52). �

Finally, we are now in a position to give a proof of Theorem 2.1.
Assume that l ∈ N such that 2l−1ε < sup{|x − x0‖x ∈ Ω} � 2lε. Let d0 = ε, d1 = 2ε, . . . , dl = 2lε, it

follows from Lemma 2.5 that

‖Gεx0
− G̃x0 − θεG‖W 1,1(Ω−B(x0,ε)) =

l∑

i=1

‖Gεx0
− G̃x0 − θεG‖W 1,1(Ω∩(B(x0,di)−B(x0,di−1))

�
l∑

i=1

cd
n
2
i ‖Gεx0

− G̃x0 − θεG‖H1(Ω∩(B(x0,di)−B(x0,di−1))

�
l∑

i=1

cd
n
2
i ‖Gεx0

− G̃x0 − θεG‖H1(Ω−B(x0,di−1))

�
l∑

i=1

cd
n
2
i εd

−n
2
i | ln ε| � clε| ln ε| � cε| ln ε|2. (82)

This ends the proof. �

3 Proof of Theorem 1.1

We observe that Theorem 1.1 can be deduced from the following result, directly.

Theorem 3.1. Assume that n = 2, x0 ∈ Ω, uε(x) and ũ(x) are the solutions of (1) and its 1-order
approximation, respectively. Under the assumption that ∂Ω is smooth enough and u0 ∈ W 1,∞(Ω), Nk ∈
W 1,∞(Q), there exists a constant c, independent of x0, such that

|(uε − ũ)(x0)| � cε| ln ε|2‖u0‖W 1,∞(Ω). (83)

Assume that r = 2ε. For proving Theorem 3.1, we shall construct an auxiliary function uεr(x) depending
on x0 and estimate |(uε − uεr)(x0)|, |(uεr − ũr)(x0)| and ‖ũr − ũ‖L∞(Ω), respectively where ũr(x) is the
1-order approximation of uεr(x).

The organization of this section is as follows. Assume that r = 2ε and x0 is defined as above, we
construct auxiliary functions u0

r(x) ∈ C∞(Ω) and uεr(x) in Subsection 3.1. Subsection 3.2 presents an
error estimate between the solutions ũ(x0) and uε(x0).

3.1 The construction of auxiliary functions u0
r(x) and uε

r(x)

Let N0 = 2 and r = N0ε. We will introduce two functions u0
r,1(x) and u0

r,2(x) to construct u0
r(x).

Assume that û0 satisfies ‖û0‖W 1,∞(R2) � c‖u0‖W 1,∞(Ω), û0(x) = u0(x) if x ∈ Ω. We define u0
r,1(x) by

u0
r,1(x) =

∫

R2 û
0(y)e

−|x−y|
r dy

∫

R2 e
−|x−y|

r dy
, x ∈ Ω. (84)

Now we construct u0
r,2(x). Assume that x = (x1, x2), x0 = (x0,1, x0,2), z ∈ Z

2. We define Ω2 by

E2 = {r(Q+ z) ⊂ Ω|ρ(ε(Q+ z), x0) � r, ρ(r(Q+ z), ∂Ω) � r}, Ω2 =
⊔

r(Q+z)∈E2

r(Q+ z). (85)

And the function space V is given by

V = {ψ(ξ) ∈ C∞(R2)|ψ(ξ) is an N0-periodic function, |∇kψ(ξ)| � N−k
0 (k � 0, k ∈ N)}, (86)

and integer l (1 � l � 2) satisfies

sup
ψ∈V

∫

N0Q

âij
∂ψ(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ � sup
ψ∈V

∫

N0Q

âij
∂ψ(ξ)
∂ξj

∂N l′(ξ)
∂ξi

dξ, where l′ = 3 − l. (87)
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We introduce ψ̂(ξ) ∈ V and u0
r,2(x) by

∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ � 1
2

sup
ψ∈V

∫

N0Q

âij
∂ψ(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ, (88)

and

u0
r,2(x) = Mψ̂

(
x

ε

)

(xl − x0,l), (89)

where M is defined by

M =
N2

0 ε
∫

Ω2
âij

∂(u0−u0
r,1)(x)

∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)

∂xk
dx

∫

Ω2

∂G0
x0

(x)

∂xl
(xl − x0,l)dx1dx2 ×

∫

N0Q
âij

∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ
. (90)

Finally, we define u0
r(x), gr(x) and uεr(x) by

u0
r(x) = u0

r,1(x) + u0
r,2(x), gr(x) = u0

r(x), (91)

and
⎧
⎪⎨

⎪⎩

Lεu
ε
r(x) =

∂

∂xi

(

âij
∂u0

r(x)
∂xj

)

, in Ω,

uεr(x) = gr(x), on ∂Ω.
(92)

One observes that u0
r(x) is the homogenization solution for (92). In the next subsection, we shall estimate

(u0 − u0
r)(x0), (uεr − uε)(x0) and (ũr − uεr)(x0), respectively.

3.2 Estimate for |(u0 − uε)(x0)|
First we estimate ‖u0

r − u0‖L∞(Ω) and ‖u0
r‖Wp,∞(Ω).

Lemma 3.1. There exists a constant c, independent of p, such that

‖u0
r − u0‖L∞(Ω) � cε‖u0‖W 1,∞(Ω), (93)

‖u0
r‖Wp,∞(Ω) � cr1−p‖u0‖W 1,∞(Ω). (94)

Proof. From the definition of u0
r,1(x) one gets

‖u0 − u0
r,1‖L∞(Ω) � cr‖u0‖W 1,∞(Ω) � cε‖u0‖W 1,∞(Ω). (95)

Now we estimate ‖u0
r,2‖L∞(Ω). Assume that M is defined by (90). Note that

∣
∣
∣
∣

∫

Ω2

∂G0
x0

(x)
∂xl

(xl − x0,l)dx
∣
∣
∣
∣ � c,

∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ � c. (96)

We have

|M | � cε‖u0 − u0
r,1‖W 1,∞(Ω2)‖N l‖W 1,∞(Q)‖G0

x0
‖W 1,1(Ω2)

� cε‖u0 − u0
r,1‖W 1,∞(Ω2)‖N l‖W 1,∞(Q) � cε‖u0‖W 1,∞(Ω2). (97)

Hence by (86),

‖u0
r,2‖L∞(Ω) � cε‖u0‖W 1,∞(Ω), (98)

which, together with (95), gives the desired result (93).
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Similarly, one concludes from the definitions of u0
r,1(x) and u0

r,2(x) that

|u0
r,1‖Wp,∞(Ω) � cr1−p‖u0‖W 1,∞(Ω), |u0

r,2‖Wp,∞(Ω) � cr1−p‖u0‖W 1,∞(Ω). (99)

These relations imply the desired result (94). �

Now we use Theorem 2.1, Lemmas 2.2 and 3.1 to estimate (uε − uεr)(x0).

Lemma 3.2. Under the assumptions of Theorem 3.1, there exists a constant c such that

|(uε − uεr)(x0)| � cε| ln ε|2‖u0‖W 1,∞(Ω). (100)

Proof. Assume that r, E2 and Ω2 are defined as Subsection 3.1, E1 = {r(Q+z) ⊂ Ω|ρ(ε(Q+z), x0) < r}.
Note that Ω − Ω2 can be split into

Ω − Ω2 = Ω1 ∪ Ω3, (101)

where

Ω1 =
⊔

r(Q+z)∈E1

r(Q+ z), Ω3 = Ω − Ω1 − Ω2. (102)

One finds that (uε − uεr)(x0) can be decomposed into

(uε − uεr)(x0) = −
∫

Ω

âij
∂(u0 − u0

r)(x)
∂xj

∂Gεx0
(x)

∂xi
dx

=
∫

Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂Gεx0
(x)

∂xi
dx +

∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂Gεx0
(x)

∂xi
dx

= A+B. (103)

From (15) it follows that

|A| � c‖Gεx0
‖W 1,1(Ω1)‖u0‖W 1,∞(Ω) � cε| ln ε|‖u0‖W 1,∞(Ω). (104)

Now we estimate B. Observe that B can be split into

B =
∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂G0
x0

(x)
∂xi

dx+
∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂(εNk(xε )
∂G0

x0
(x)

∂xk
)

∂xi
dx

+
∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂θεG(x)
∂xi

dx+
∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂(Gεx0
− G̃x0 − θεG)(x)
∂xi

dx

= B1 +B2 +B3 +B4. (105)

Notice that

(u0 − u0
r)(x0) =

∫

Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂G0
x0

(x)
∂xi

dx +
∫

Ω−Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂G0
x0

(x)
∂xi

dx. (106)

One finds from Lemma 3.1 and (106) that

|B1| � ‖u0 − u0
r‖L∞(Ω) +

∣
∣
∣
∣

∫

Ω1

−âij ∂(u0 − u0
r)(x)

∂xj

∂G0
x0

(x)
∂xi

dx

∣
∣
∣
∣

� cε‖u0‖W 1,∞(Ω) + cε‖u0‖W 1,∞(Ω) � cε‖u0‖W 1,∞(Ω). (107)

We now turn to the estimation of B2. Assume that Ω2,Ω1 and Ω3 are defined as (85) and (102),
respectively. With these notations, we split B2 into

B2 = B2,1 +B2,2 +B2,3, (108)
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where

B2,1 = −ε
∫

Ω−Ω1

âij
∂(u0 − u0

r)(x)
∂xj

Nk

(
x

ε

)
∂2G0

x0
(x)

∂xi∂xk
dx,

B2,2 = −
∫

Ω2

âij
∂(u0 − u0

r)(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx,

B2,3 = −
∫

Ω3

âij
∂(u0 − u0

r)(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx.

One finds that

|B2,1| � cε

∣
∣
∣
∣

∫

Ω−Ω1

∂2G0
x0

(x)
∂xi∂xk

dx

∣
∣
∣
∣ ‖u0‖W 1,∞(Ω) � cε| ln ε|‖u0‖W 1,∞(Ω). (109)

Now we estimate B2,2. Assume that E2 and l are defined as (85) and (87), respectively. Let ω(x) =
∂G0

x0
(x)

∂xl
(xl − x0,l). For any r(Q + z) ∈ E2, let xz ∈ r(Q + z) satisfy ω(xz) = r−2

∫

r(Q+z)
ω(x)dx. Note

that
∫

Ω2
âij

∂u0
r,2(x)

∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)

∂xk
dx can be rewritten into

∫

Ω2

âij
∂u0

r,2(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx =
∫

Ω2

âij
∂[Mψ̂(ξ)(xl − x0,l)]

∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx

=
∑

r(Q+z)∈E2

∫

r(Q+z)

âij
∂[Mψ̂(ξ)(xl − x0,l)]

∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx = I1 + I2 + I3 + I4, (110)

where

I1 =
M

ε

∑

r(Q+z)∈E2

∫

r(Q+z)

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

ω(xz)dx, (111)

I2 =
M

ε

∑

r(Q+z)∈E2

∫

r(Q+z)

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

(ω(x) − ω(xz))dx, (112)

I3 =
M

ε

∫

Ω2

âij
∂ψ̂(ξ)
∂ξj

∂N l
′
(ξ)

∂ξi

∂G0
x0

(x)
∂xl′

(xl − x0,l)dx, (113)

I4 = M

∫

Ω2

âilψ̂(ξ)
∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx. (114)

and the definition of M (see (90)) implies

I1 =
M

ε

∑

r(Q+z)∈E2

[

ω(xz) × ε2
∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ

]

=
M

ε

∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ
∑

r(Q+z)∈B2

ω(xz)ε2 =
M

εN2
0

∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ

∫

Ω2

ω(x)dx

=
∫

Ω2

âij
∂(u0 − u0

r,1)(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx. (115)

One concludes that

B2,2 = −
∫

Ω2

âij
∂(u0 − u0

r,1)(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx+
∫

Ω2

âij
∂u0

r,2(x)
∂xj

∂Nk(ξ)
∂ξi

∂G0
x0

(x)
∂xk

dx

= I2 + I3 + I4. (116)

(90) gives

|I2| � M

ε

∑

r(Q+z)∈B2

∫

r(Q+z)

∣
∣
∣
∣â
ij ∂ψ̂(ξ)

∂ξj

∂N l(ξ)
∂ξi

(ω(x) − ω(xz))
∣
∣
∣
∣dx
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� cε‖ω‖W 1,1(Ω2) � cε‖u0‖W 1,∞(Ω)‖Gx0‖W 2,1(Ω2) � cε| ln ε|‖u0‖W 1,∞(Ω), (117)

|I4| � cε| ln ε|‖u0‖W 1,∞(Ω). (118)

Now we estimate I3. Assume that l, l′ are defined in (87) and ω̂(x) =
∂G0

x0
(x)

∂x
′
l

(xl − x0,l). For any

r(Q+ z) ∈ E2, let x̂z ∈ r(Q+ z) satisfy ω̂(x̂z) = r−2
∫

r(Q+z) ω̂(x)dx. We split I3 into

I3 =
M

ε

∑

r(Q+z)∈E2

∫

r(Q+z)

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

ω̂(xz)dx

+
M

ε

∑

r(Q+z)∈E2

∫

r(Q+z)

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

(ω̂(x) − ω̂(xz))dx = I3,1 + I3,2. (119)

Note that l �= l′. Similarly to (115) and (117), one finds that

|I3,1| =
∣
∣
∣
∣
M

εN2
0

∫

N0Q

âij
∂ψ̂(ξ)
∂ξj

∂N l(ξ)
∂ξi

dξ

∫

Ω2

ω̂(x)dx
∣
∣
∣
∣

� c‖u0‖W 1,∞(Ω)

∣
∣
∣
∣

∫

Ω2

∂G0
x0

(x)
∂x

′
l

(xl − x0,l)dx
∣
∣
∣
∣ � cε| ln ε|‖u0‖W 1,∞(Ω), (120)

|I3,2| � cε| ln ε|‖u0‖W 1,∞(Ω). (121)

The combination of (119)–(121) gives

|I3| � cε| ln ε|‖u0‖W 1,∞(Ω). (122)

Hence by (116)–(118) and (122),

|B2,2| � cε| ln ε|‖u0‖W 1,∞(Ω). (123)

Note that

|B2,3| � c‖u0‖W 1,∞(Ω)‖G0
x0
‖W 1,1(Ω3) � cε| ln ε|‖u0‖W 1,∞(Ω). (124)

The combination of (108), (109), (123) and (124) shows that

|B2| � cε| ln ε|‖u0‖W 1,∞(Ω). (125)

Note that

|B3| � c‖u0‖W 1,∞(Ω)‖θεG‖W 1,1(Ω−Ω1) � cε| ln ε|‖u0‖W 1,∞(Ω), (126)

and Theorem 2.1 gives

|B4| � c‖u0‖W 1,∞(Ω)‖Gεx0
− G̃x0 − θεG‖W 1,1(Ω−Ω1) � cε| ln ε|2‖u0‖W 1,∞(Ω). (127)

Hence by (105), (107) and (125)–(127),

|B| � cε| ln ε|2‖u0‖W 1,∞(Ω). (128)

The combination of (103), (104) and (128) gives the desired result (100). �

For estimating |(ũr − uεr)(x0)|, we need the following Taylor expansion.

Lemma 3.3. Let ξ = x
ε and r = 2ε. Assume that |β|L∞(Q) � c and f ∈ C∞(R2), |Dlf(x)| � cr−l

where c is independent of x and r. Then, for any M ∈ N ∪ {0}, there exist positive constants q < 2,
β̂l,α (0 � α � l � M) and 1-periodic functions βM,l,α(ξ) (l � M + 1, 0 � α � l) such that

∫

εQ

β(ξ)f(x)dx =
M∑

l=0

εl

2l

l∑

α=0

Cαl β̂l,α

∫

εQ

∂lf(x)
∂xα1 ∂x

l−α
2

dx
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+
∞∑

l=M+1

εl

2l

l∑

α=0

Cαl

∫

εQ

βM,l,α(ξ)
∂lf(x)

∂xα1 ∂x
l−α
2

dx, (129)

where β̂l,α (0 � α � l � M) and βM,l,α(ξ) (l � M + 1, 0 � α � l) satisfy

|β̂l,α| � ql‖β‖L∞(Q),

∣
∣
∣
∣

∫

Q

βM,M+1,α(ξ)dξ
∣
∣
∣
∣ � qM+1‖β‖L∞(Q), (130)

∣
∣
∣
∣

∫

Q

βM,l,α(ξ)dξ
∣
∣
∣
∣ �

qM+1‖β‖L∞(Q)

(3
2 )l−M−1

, l � M + 2. (131)

Proof. First we obtain (129) by induction. Assume that M = 0. Let x0 = (0, 0). Using the Taylor
expansion, one finds that

f(x) = f(x0) −
∞∑

l=1

1
l!

l∑

α=0

(−1)lCαl x
α
1 x

l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

= f(x0) −
∞∑

l=1

εl

l!

l∑

α=0

(−1)lCαl ξ
α
1 ξ

l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

,

which implies

∫

εQ

β(ξ)f(x)dx =
∫

Q

β(ξ)dξ
∫

εQ

f(x0)dx −
∞∑

l=1

(−ε)l
l!

l∑

α=0

∫

εQ

Cαl β(ξ)ξα1 ξ
l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

dx. (132)

Similarly, from

f(x0) = f(x) +
∞∑

l=1

1
l!

l∑

α=0

(−1)lCαl x
α
1x

l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

,

we obtain
∫

εQ

f(x0)dx =
∫

εQ

f(x)dx +
∞∑

l=1

εl

l!

l∑

α=0

(−1)l
∫

εQ

Cαl ξ
α
1 ξ

l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

dx. (133)

Set β̂0,0 =
∫

Q
β(ξ)dξ. Using (132) together with (133), one finds that

∫

εQ

β(ξ)f(x)dx = β̂0,0

∫

εQ

f(x)dx +
∞∑

l=1

εl

l!

l∑

α=0

∫

εQ

(−1)lCαl [β̂0,0 − β(ξ)]ξα1 ξ
l−α
2

∂lf(x)
∂xα1 ∂x

l−α
2

dx. (134)

For l � 1, 0 � α � l, set

β0,l,α(ξ) =
2l(−1)l

l!
[β̂0,0 − β(ξ)]ξα1 ξ

l−α
2 . (135)

With this notation, we can rewrite (134) as

∫

εQ

β(ξ)f(x)dx = β̂0,0

∫

εQ

f(x)dx +
∞∑

l=1

εl

2l

l∑

α=0

∫

εQ

Cαl β0,l,α(ξ)
∂lf(x)

∂xα1 ∂x
l−α
2

dx. (136)

Then we have obtained (129) for M = 0. Assume that (129) holds for M = m. Now we consider the case
that M = m+ 1. Set

β̂m+1,α =
∫

Q

βm,m+1,α(ξ)dξ. (137)

Similarly to (134), one gets
∫

εQ

βm,m+1,α(ξ)
∂m+1f(x)

∂xα1 ∂x
m+1−α
2

dx = β̂m+1,α

∫

εQ

∂m+1f(x)
∂xα1 ∂x

m+1−α
2

dx
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+
∞∑

s=1

εs

s!

s∑

γ=0

∫

εQ

(−1)s(β̂m+1,α − βm,m+1,α(ξ))Cγs ξ
γ
1 ξ
s−γ
2

∂s

∂xγ1∂x
s−γ
2

(
∂m+1f(x)

∂xα1 ∂x
m+1−α
2

)

dx. (138)

Assume that l � m+ 2. Let α0 = min{α, l−m− 1}. Define βm+1,l,α(ξ) by

βm+1,l,α(ξ) = βm,l,α(ξ)

+
2l−m−1(−1)l−m−1

Cαl (l −m− 1)!

α0∑

γ=0

Cγl−m−1C
α−γ
m+1ξ

γ
1 ξ
l−m−1−γ
2 (β̂m+1,α−γ − βm,m+1,α−γ(ξ)). (139)

So that (129) holds for M = m+ 1.
Now we prove (130) and (131) by induction. Let q = 5

3 . Assume that M = 0 and β0,l,α(ξ) is defined
as (135). One gets

|β̂0,0| =
∣
∣
∣
∣

∫

Q

β(ξ)dξ
∣
∣
∣
∣ � ‖β‖L∞(Q), (140)

∣
∣
∣
∣

∫

Q

β0,1,α(ξ)dξ
∣
∣
∣
∣ = 2

∣
∣
∣
∣

∫

Q

[β0 − β(ξ)]ξα1 ξ
1−α
2 dξ

∣
∣
∣
∣ = 2

∣
∣
∣
∣

∫

Q

[β0 − β(ξ)]
(

ξα1 ξ
1−α
2 − 1

2

)

dξ

∣
∣
∣
∣

= 2
∣
∣
∣
∣

∫

Q

β(ξ)
(

ξα1 ξ
1−α
2 − 1

2

)

dξ

∣
∣
∣
∣ � 2‖β‖L∞(Q)

∫

Q

∣
∣
∣
∣

(

ξα1 ξ
1−α
2 − 1

2

)∣
∣
∣
∣dξ

=
1
2
‖β‖L∞(Q). (141)

Note that
∫

Q
ξ2i dξ = 1

3 ,
∫

Q
ξ1ξ2dξ = 1

4 . Let E = {ξ ∈ Q|ξ1ξ2 � 1
4}. We have

∫

Q

∣
∣
∣
∣ξ1ξ2 −

1
4

∣
∣
∣
∣dξ =

∫

E

(

ξ1ξ2 − 1
4

)

dξ +
∫

Q−E

(

− ξ1ξ2 +
1
4

)

dξ � 4 + 4 ln 2 − 1
64

+
3 − 2 ln 2

4 × 4
� 1

4
,

∣
∣
∣
∣

∫

Q

β(ξ)ξ2i dξ
∣
∣
∣
∣ � ‖β‖L∞(Q)

[∫
√

3
3

0

(
1
3
− ξ2i

)

dξ +
∫ 1

√
3

3

(

ξ2i −
1
3

)

dξ

]

=
4
√

3
27

‖β‖L∞(Q).

Consquently,
∣
∣
∣
∣

∫

Q

β0,2,α(ξ)dξ
∣
∣
∣
∣ � 22

2!
× max

{
4
√

3
27

‖β‖L∞(Q),
1
4
‖β‖L∞(Q)

}

� 8
√

3
27

‖β‖L∞(Q). (142)

Similarly, we find
∣
∣
∣
∣

∫

Q

β0,3,α(ξ)dξ
∣
∣
∣
∣ � 23

3!
× 1

3
‖β‖L∞(Q) =

4
9
‖β‖L∞(Q). (143)

For l � 4, one gets
∣
∣
∣
∣

∫

Q

β0,l,α(ξ)dξ
∣
∣
∣
∣ =

2l

l!

∣
∣
∣
∣

∫

Q

[β0 − β(ξ)]ξα1 ξ
l−α
2 dξ

∣
∣
∣
∣ =

2l

l!

∣
∣
∣
∣

∫

Q

[β0 − β(ξ)]
[

ξα1 ξ
l−α
2 −

∫

Q

ξα1 ξ
l−α
2 dξ

]

dξ

∣
∣
∣
∣

=
2l

l!

∣
∣
∣
∣

∫

Q

β(ξ)
[

ξα1 ξ
l−α
2 −

∫

Q

ξα1 ξ
l−α
2 dξ

]

dξ

∣
∣
∣
∣ � 2l

l!
‖β‖L∞(Q) × 2

∫

Q

ξα1 ξ
l−α
2 dξ

� 2l

l!
‖β‖L∞(Q) × 2

l+ 1
=

2l+1

(l + 1)!
‖β‖L∞(Q). (144)

The combination of (140)–(144) leads to (130) and (131) for M = 0.
Assume that (130) and (131) hold when M = m. Now we consider the case that M = m+1. It follows

from (137) that

|β̂m+1,α| =
∣
∣
∣
∣

∫

Q

βm,m+1,α(ξ)dξ
∣
∣
∣
∣ � qm+1‖β‖L∞(Q). (145)
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Now we estimate | ∫
Q

(βm+1,l,α(ξ)dξ| (l � m + 2, 0 � α � l). Note that the definition of α0 implies
Cαl =

∑α0
γ=0C

γ
l−m−1C

α−γ
m+1. One observes from (139) that

∣
∣
∣
∣

∫

Q

βm+1,l,α(ξ)dξ
∣
∣
∣
∣ � 2l−m−1

(l −m− 1)!
max

0�γ�l−m−1

∣
∣
∣
∣

∫

Q

(β̂m+1,α−γ − βm,m+1,α−γ(ξ))ξ
γ
1 ξ

l−m−1−γ
2 dξ

∣
∣
∣
∣

+
∣
∣
∣
∣

∫

Q

βm,l,α(ξ)dξ
∣
∣
∣
∣ = I + II.

Similarly to (141)–(144), one finds that

I �

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2
qm+1‖β‖L∞(Q), if l = m+ 2,

8
√

3
27

qm+1‖β‖L∞(Q), if l = m+ 3,

4
9
qm+1‖β‖L∞(Q), if l = m+ 4,

2l−m

(l −m)!
qm+1‖β‖L∞(Q), if l � m+ 5.

(146)

Note that

II �
(

2
3

)l−m−1

qm+1‖β‖L∞(Q). (147)

Hence by (146) and (147),

∣
∣
∣
∣

∫

Q

βm+1,l,α(ξ)dξ
∣
∣
∣
∣ �

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

7
6
qm+1‖β‖L∞(Q) � qm+2‖β‖L∞(Q), if l = m+ 2,

12 + 8
√

3
27

qm+1‖β‖L∞(Q) � 2
3
qm+2‖β‖L∞(Q), if l = m+ 3,

20
27
qm+1‖β‖L∞(Q) =

(
2
3

)2

qm+2‖β‖L∞(Q), if l = m+ 4,
[(

2
3

)l−m−1

+
2l−m

(l −m)!

]

qm+1‖β‖L∞(Q)

�
(

2
3

)l−m−2

qm+2‖β‖L∞(Q), if l � m+ 5.

(148)

The combination of (145) and (148) shows that (130) and (131) hold when M = m + 1. The proof is
completed. �

The following result can be concluded from Lemma 3.3, directly.

Lemma 3.4. Let ξ = x
ε and r = 2ε. Assume that |β|L∞(Q) � c and f ∈ C∞(R2), |Dlf(x)| � cr−l

where c is independent of x and r. Then there exist constants β̂l,α such that

∫

εQ

β(ξ)f(x)dx =
∞∑

l=0

l∑

α=0

εlCαl
2l

β̂l,α

∫

εQ

∂lf(x)
∂xα1 ∂x

l−α
2

dx,

where β̂l,α satisfies

∞∑

l=0

l∑

α=0

|β̂l,α|C
α
l

2l
r−lεl � c|β|L∞(Q). (149)

Now we use Theorem 2.1, Lemmas 2.2, 3.1 and 3.4 to estimate |(ũr − uεr)(x0)|.
Lemma 3.5. Under the assumptions of Theorem 3.1, there exists a constant c such that

|(ũr − uεr)(x0)| � cε| ln ε|2‖u0‖W 1,∞(Ω). (150)
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Proof. Set eεr(x) = uεr(x) − ũr(x). We split eεr(x) into

eεr(x) = wεr(x) + θεr(x), (151)

where wεr(x) satisfies the problem
⎧
⎪⎨

⎪⎩

Lεw
ε
r(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂wεr(x)
∂xj

)

=
∂

∂xi

(

aij
(
x

ε

)
∂eεr(x)
∂xj

)

, in Ω,

wεr(x) = 0, on ∂Ω,
(152)

and θεr(x) satisfies the problem

⎧
⎪⎪⎨

⎪⎪⎩

Lεθ
ε
r(x) ≡

∂

∂xi

(

aij
(
x

ε

)
∂θεr(x)
∂xj

)

= 0, in Ω,

θεr(x) = −εNk

(
x

ε

)
∂u0

r(x)
∂xk

, on ∂Ω.
(153)

First we estimate |wεr(x0)|. Assume that αj(ξ) = (αjki(ξ)) is defined as Lemma 2.4. Similarly to Lemma
2.4, one observes that, for any v ∈ H1

0 (Ω),
∫

Ω

aij

(
x

ε

)
∂wεr(x)
∂xj

∂v(x)
∂xi

dx

= −
∫

Ω

ε

[
∂

∂xk

(

αjki

(
x

ε

)
∂u0

r(x)
∂xj

)

+
(

aij

(
x

ε

)

Nk

(
x

ε

)

− αjki

(
x

ε

))
∂2u0

r(x)
∂xj∂xk

]
∂v(x)
∂xi

dx

= −
∫

Ω

ε

[(

aij

(
x

ε

)

Nk

(
x

ε

)

− αjki

(
x

ε

))
∂2u0

r(x)
∂xj∂xk

]
∂v(x)
∂xi

dx. (154)

Consquently,

wεr(x0) = −
∫

Ω

aij

(
x

ε

)
∂wεr(x)
∂xj

∂Gεx0
(x)

∂xi
dx

= ε

∫

Ω

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2u0

r(x)
∂xj∂xk

∂Gεx0
(x)

∂xi
dx =

∫

Ω

F̂r,i(x)
∂Gεx0

(x)
∂xi

dx,

where

F̂r,i(x) = ε

[

− αjki

(
x

ε

)

+ aij

(
x

ε

)

Nk

(
x

ε

)]
∂2u0

r(x)
∂xj∂xk

.

Assume that Ω1 is defined as (102). We split wεr(x0) into

wεr(x0) =
∫

Ω1

F̂r,i(x)
∂Gεx0

(x)
∂xi

dx+
∫

Ω−Ω1

F̂r,i(x)
∂Gεx0

(x)
∂xi

dx = A+B. (155)

It follows from Lemmas 2.2 and 3.1 that

|A| � cε‖u0
r‖W 2,∞(Ω)‖Gεx0

‖W 1,1(Ω1) � cε| ln ε|‖u0‖W 1,∞(Ω). (156)

Now we estimate B. One finds that B can be decomposed into

B =
∫

Ω−Ω1

F̂r,i(x)
∂G0

x0
(x)

∂xi
dx+

∫

Ω−Ω1

F̂r,i(x)
∂(εNk(xε )

∂G0
x0

(x)

∂xk
)

∂xi
dx

+
∫

Ω−Ω1

F̂r,i(x)
∂(Gεx0

− G̃x0)(x)
∂xi

dx = B1 +B2 +B3. (157)
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First we estimate B1. Assume that Ω2 and Ω3 are defined by (85) and (102), respectively. We split B1

into

B1 =
∫

Ω2

F̂r,i(x)
∂G0

x0
(x)

∂xi
dx+

∫

Ω3

F̂r,i(x)
∂G0

x0
(x)

∂xi
dx = B1,1 +B1,2. (158)

Set

βijk(ξ) = −αjki(ξ) + aij(ξ)Nk(ξ), wijk(x) =
∂2u0

r(x)
∂xj∂xk

∂G0
x0

(x)
∂xi

. (159)

With these notations, we rewrite B1,1 into

B1,1 = ε

∫

Ω2

βijk

(
x

ε

)

wijk(x)dx. (160)

The combination of Lemma 3.4 and (160) shows that there exist constants β̂l,α,ijk such that

|B1,1| � ε
∞∑

l=0

l∑

α=0

∑

1�i,j,k�2

εlCαl
2l

|β̂l,α,ijk|
∣
∣
∣
∣

∫

Ω2

∂lwijk(x)
∂xα1 ∂x

l−α
2

dx

∣
∣
∣
∣

� cε
∑

1�i,j,k�2

∣
∣
∣
∣

∫

Ω2

wijk(x)dx
∣
∣
∣
∣ +

∞∑

k=1

l∑

α=0

∑

1�i,j,k�2

εl+1Cαl
2l

|β̂l,α,ijk |‖wijk‖W l−1,1(∂Ω2)

= B1,1,1 +B1,1,2. (161)

Assume that nk means the normal derivative in the xk direction. Note that

|B1,1,1| � cε
∑

1�i,j,k�2

∣
∣
∣
∣

∫

Ω2

∂2u0
r(x)

∂xj∂xk

∂G0
x0

(x)
∂xi

dx

∣
∣
∣
∣

� cε
∑

1�i,j,k�2

∣
∣
∣
∣

∫

Ω2

∂u0
r(x)
∂xj

∂2G0
x0

(x)
∂xk∂xi

dx

∣
∣
∣
∣ + cε

∑

1�i,j,k�2

∣
∣
∣
∣

∫

∂Ω2

∂u0
r(x)
∂xj

∂G0
x0

(x)
∂xi

nkds

∣
∣
∣
∣

� cε‖u0‖W 1,∞(Ω)‖G0
x0
‖W 2,1(Ω2) + cε‖u0‖W 1,∞(Ω)‖G0

x0
‖W 1,1(∂Ω2) � cε| ln ε|‖u0‖W 1,∞(Ω), (162)

and Lemma 3.4 gives

|B1,1,2| � c

∞∑

l=1

l∑

α=0

∑

1�i,j,k�2

εl+1Cαl
2l

|β̂l,α,ijk|r−l‖u0
r‖W 1,∞(Ω2)‖G0

x0
‖W 1,1(∂Ω2)

� cε| ln ε|‖u0‖W 1,∞(Ω). (163)

One concludes from (161)–(163) that

|B1,1| � cε| ln ε|‖u0‖W 1,∞(Ω). (164)

Note that

|B1,2| � cε‖u0
r‖W 2,∞(Ω)‖G0

x0
‖W 1,1(Ω3) � cεε−1‖u0‖W 1,∞(Ω)cε| ln ε| � cε| ln ε|‖u0‖W 1,∞(Ω). (165)

Hence by (158), (164) and (165),

|B1| � cε| ln ε|‖u0‖W 1,∞(Ω). (166)

We now turn to the estimation of B2 and B3. Similarly to (164) and (165), we have

∣
∣
∣
∣

∫

Ω2

F̂r,i(x)
∂(εNk(xε )

∂G0
x0

(x)

∂xk
)

∂xi
dx

∣
∣
∣
∣ � cε| ln ε|‖u0‖W 1,∞(Ω), (167)
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∣
∣
∣
∣

∫

Ω3

F̂r,i(x)
∂(εNk(xε )

∂G0
x0

(x)

∂xk
)

∂xi
dx

∣
∣
∣
∣ � cε‖u0

r‖W 2,∞(Ω)ε‖G0
x0
‖W 2,1(Ω3) + cε‖u0

r‖W 2,∞(Ω)‖G0
x0
‖W 1,1(Ω3)

� cεε−1‖u0‖W 1,∞(Ω)ε| ln ε| + cεε−1‖u0‖W 1,∞(Ω)ε| ln ε| � cε| ln ε|‖u0‖W 1,∞(Ω). (168)

The combination of (167) and (168) shows

|B2| � cε| ln ε|‖u0‖W 1,∞(Ω). (169)

It follows from Theorem 2.1 that

|B3| �
∣
∣
∣
∣

∫

Ω−Ω1

F̂r,i(x)
∂(Gεx0

− G̃x0 − θεG)(x)
∂xi

dx

∣
∣
∣
∣ +

∣
∣
∣
∣

∫

Ω−Ω1

F̂r,i(x)
∂θεG(x)
∂xi

dx

∣
∣
∣
∣

� cε‖u0
r‖W 2,∞(Ω)‖Gεx0

− G̃x0 − θεG‖W 1,1(Ω−Ω1) + cε‖u0
r‖W 2,∞(Ω)‖θεG‖W 1,1(Ω−Ω1)

� cεε−1‖u0‖W 1,∞(Ω)ε| ln ε|2 + cεε−1‖u0‖W 1,∞(Ω)ε| ln ε| � cε| ln ε|2‖u0‖W 1,∞(Ω), (170)

which, together with (157), (166) and (169), leads to

|B| � cε| ln ε|2‖u0‖W 1,∞(Ω). (171)

Hence, by (155), (156) and (171),

|wεr(x0)| � cε| ln ε|2‖u0‖W 1,∞(Ω). (172)

Notice that

|θεr(x0)| � cε| ln ε|‖u0‖W 1,∞(Ω). (173)

The combination of (172) and (173) implies the desired result (150). �

Now we give an error estimate between the solutions ũr(x) and ũ(x).

Lemma 3.6. Under the assumptions of Theorem 3.1, there exists a constant c such that

‖ũr − ũ‖L∞(Ω) � cε‖u0‖W 1,∞(Ω). (174)

Proof. Using Lemma 3.2, we have

‖ũr − ũ‖L∞(Ω) � ‖u0
r − u0‖L∞(Ω) + cε‖u0

r − u0‖W 1,∞(Ω)

� cε‖u0‖W 1,∞(Ω) + cε‖u0‖W 1,∞(Ω) � cε‖u0‖W 1,∞(Ω). (175)

This completes the proof. �

Finally, we are now in a position to give a proof of Theorem 3.1.

Proof of Theorem 3.1. Combining Lemma 3.2 with Lemmas 3.5 and 3.6, we have

|(uε − ũ)(x0)| � |(uε − uεr)(x0)| + |(uεr − ũr)(x0)| + ‖ũr − ũ‖L∞(Ω)

� cε| ln ε|2‖u0‖W 1,∞(Ω) + cε| ln ε|2‖u0‖W 1,∞(Ω) + cε‖u0‖W 1,∞(Ω)

� cε| ln ε|2‖u0‖W 1,∞(Ω). (176)

This ends the proof. �
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